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Preface 

Neural Networks, or artificial neural networks to be more precise, represent a technol
ogy that is rooted in many disciplines: neurosciences, mathematics, statistics, physics, 
computer science, and engineering. Neural networks find applications in such diverse 
fields as modeling, time series analysis, pattern recognition, signal processing, and con
trol by virtue of an important property: the ability to learn from input data with or 
without a teacher. 

This book provides a comprehensive foundation of neural networks, recognizing 
the multidisciplinary nature of the subject. The material presented in the book is sup
ported with examples, computer-oriented experiments, end-of-chapter problems, and a 
bibliography. 

The book consists of four parts, organized as follows: 

1. Introductory material, consisting of Chapters 1 and 2. Chapter 1 describes, largely 
in qualitative terms, what neural networks are, their properties, compositions, and 
how they relate to artificial intelligence. This chapter ends with some historical 
notes. Chapter 2 provides an overview of the many facets of the learning process 
and its statistical properties. This chapter introduces an important concept: the 
Vapnik-Chervonenkis IVC) dimension used as a measure for the capacity of a 
family of classification functions realized by a learning machine. 

2. Learning machines with a teacher, consisting of Chapters 3 through 7. Chapter 3 
studies the simplest class of neural networks in this part: networks involving one 
or more output neurons but no hidden ones. The least-mean-square (LMS) algo
rithm (highly popular in the design of linear adaptive filters) and the perceptron
convergence theorem are described in this chapter. Chapter 4 presents an 
exhaustive treatment of multilayer perceptrons trained with the back·propagation 
algorithm. This algorithm (representing a generalization of the LMS algorithm) 
has emerged as the workhorse of neural networks. Chapter 5 presents detailed 
mathematical treatment of another class of layered neural networks: radial-basis 
function networks, whose composition involves a single layer of basis functions. 
This chapter emphasizes the role of regularization theory in the design of RBF 
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networks. Chapter 6 describes a relatively new class of learning machines known 
as support vector machines, whose theory builds on the material presented in 
Chapter 2 on statistical learning theory. The second part of the book finishes in 
Chapter 7 with a discussion of committee machines, whose composition involves 
several learners as components. In this chapter we describe ensemble averaging, 
boosting, and hierarchical mixture of experts as three different methods of build
ing a committee machine. 

3. Learning machines without a teacher, consisting of Chapters 8 through 12. 
Chapter 8 applies Hebbian learning to principal components analysis. Chapter 9 
applies another form of self-organized learning, namely competitive learning, to 
the construction of computational maps known as self-organizing maps. These 
two chapters distinguish themselves by emphasizing learning rules that are 
rooted in neurobiology. Chapter 10 looks to information theory for the formula
tion of unsupervised learning algorithms, and emphasizes their applications to 
modeling, image processing, and independent components analysis. Chapter 11 
describes self-supervised learning machines rooted in statistical mechanics, a sub
ject that is closely allied to information theory. Chapter 12, the last chapter in the 
third part of the book, introduces dynamic programming and its relationship to 
reinforcement learning. 

4. Nonlinear dynamical systems. consisting of Chapters 13 through 15. Chapter 13 
describes a class of dynamical systems consisting of short-term memory and lay
ered feedforward network structures. Chapter 14 emphasizes the issue of stabil
ity that arises in nonlinear dynamical systems involving the use of feedback. 
Examples of associative memory are discussed in this chapter. Chapter 15 describes 
another class of nonlinear dynamical systems, namely recurrent networks, that 
rely on the use of feedback for the purpose of input-output mapping. 

The book concludes with an epilogue that briefly describes the role of neural networks 
in the construction of intelligent machines for pattern recognition, control, and signal 
processing. 

The organization of the book offers a great deal of flexibility for use in graduate 
courses on neural networks. The final selection of topics can only be determined by the 
interests of the instructors using the book. To help in this selection process, a study 
guide is included in the accompanying manual. 

There are a total of 15 computer-oriented experiments distributed throughout 
the book. Thirteen of these experiments use MATLAB. The files for the MATLAB 
experiments can be directly downloaded from 

ftp://ftp.mathworks.com/pub/books/haykin 

or alternatively 

http://www.mathworks.com/books/ 

In this second case, the user will have to click on "Neural/Fuzzy" and then on the title 
of the book. The latter approach provides a nicer interface. 

Each chapter ends with a set of problems. Many of the problems are of a chal
lenging nature, designed not only to test the user of the book for how well the material 
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covered in the book has been understood, but also to extend that material. Solutions to 
all of the problems are described in an accompanying manual. Copies of this manual 
are only available to instructors who adopt the book, which can be obtained by writing 
to the publisher of the book, Prentice Hall. 

The book should appeal to engineers, computer scientists, and physicists. It is 
hoped that researchers in other disciplines such as psychology and neurosciences will 
also find the book useful. 

Simon Haykin 
Hamilton, Ontario 
February, 1998. 
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nonlinear activation function of neuron k 
symbol for "belongs to" 
symbol for "union of" 
symbol for "intersection of" 
symbol for convolution 
superscript symbol for pseudoinverse of a matrix 

Open and closed intervals 

• The open interval (a, b) of a variable x signifies that a < x < b. 
• The closed interval [a, b] of a variable x signifies that a s; x < b. 
• The closed-open interval [a, b) of a variable x signifies that a s; x < b; likewise 

for the open-closed interval (a, b]. 

Minima and Maxima 

• The symbol arg minf(w) signifies the minimum of the functionf(w) with respect 
w 

to the argument vector w. 
• The symbol arg max f(w) signifies the maximum of the functionf(w) with respect 

w 
to the argument vector w. 
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Preface 

Neural Networks, or artificial neural networks to be more precise, represent a technol
ogy that is rooted in many disciplines: neurosciences, mathematics, statistics, physics, 
computer science, and engineering. Neural networks find applications in such diverse 
fields as modeling, time series analysis, pattern recognition, signal processing, and con
trol by virtue of an important property: the ability to learn from input data with or 
without a teacher. 

This book provides a comprehensive foundat ion of neural networks, recognizing 
the multidisciplinary nature of the subject. The material presented in the book is sup
ported with examples, computer-oriented experiments, end-of-chapter problems, and a 
bibliography. 

The book consists of four parts, organized as follows: 

1. Introductory material, consisting of Chapters 1 and 2. Chapter 1 describes, largely 
in qualitative terms, what neural networks are , their properties, compositions, and 
how they relate to artificial intelligence. This chapter ends with some historical 
notes. Chapter 2 provides an overview of the many facets of the learning process 
and its statistical properties. This chapter introduces an important concept: the 
Vapnik-Chervonenkis IVC) dimension used as a measure for the capacity of a 
family of classification functions realized by a learning machine. 

2. Learning machines with a teacher, consisting of Chapters 3 through 7. Chapter 3 
studies the simplest class of neural networks in this part: networks involving one 
or more output neurons but no hidden ones. The least-mean-square (LMS) algo
rithm (highly popular in the design of linear adaptive filters) and the perceptron
convergence theorem are described in this chapter. Chapter 4 presents an 
exhaustive treatment of multilayer perceptrons trained with the back·propagation 
algorithm. This algorithm (representing a generalization of the LMS algorithm) 
has emerged as the workhorse of neural networks. Chapter 5 presents detailed 
mathematical treatment of another class of layered neural networks: radial-basis 
function networks, whose composition involves a single layer of basis functions. 
This chapter emphasizes the role of regularization theory in the design of RBF 
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networks. Chapter 6 describes a relatively new class of learning machines known 
as support vector machines, whose theory builds on the material presented in 
Chapter 2 on statistical learning theory. The second part of the book finishes in 
Chapter 7 with a discussion of committee machines, whose composition involves 
several learners as components. In this chapter we describe ensemble averaging, 
boosting, and hierarchical mixture of experts as three different methods of build
ing a committee machine. 

3. Learning machines without a teacher, consisting of Chapters 8 through 12. 
Chapter 8 applies Hebbian learning to principal components analysis. Chapter 9 
applies another form of self-organized learning, namely competitive learning, to 
the construction of computational maps known as self-organizing maps. These 
two chapters distinguish themselves by emphasizing learning rules that are 
rooted in neurobiology. Chapter 10 looks to information theory for the formula
tion of unsupervised learning algorithms, and emphasizes their applications to 
modeling, image processing, and independent components analysis. Chapter 11 
describes self-supervised learning machines rooted in statistical mechanics, a sub
ject that is closely allied to information theory. Chapter 12, the last chapter in the 
third part of the book, introduces dynamic programming and its relationship to 
reinforcement learning. 

4. Nonlinear dynamical systems. consisting of Chapters 13 through 15. Chapter 13 
describes a class of dynamical systems consisting of short-term memory and lay
ered feedforward network structures. Chapter 14 emphasizes the issue of stabil
ity that arises in nonlinear dynamical systems involving the use of feedback. 
E xamples of associative memory are discussed in this chapter. Chapter 15 describes 
another class of nonlinear dynamical systems, namely recurrent networks, that 
rely on the use of feedback for the purpose of input-output mapping. 

The book concludes with an epilogue that briefly describes the role of neural networks 
in the construction of intelligent machines for pattern recognition, control, and signal 
processing . 

The organization of the book offers a great deal of flexibility for use in graduate 
courses on neural networks. The final selection of topics can only be determined by the 
interests of the instructors using the book. To help in this selection process, a study 
guide is included in the accompanying manual. 

There are a total of 15 computer-oriented e xperiments distributed throughout 
the book. Thirteen of these experiments use MATLAB. The files for the MATLAB 
experiments can be directly downloaded from 

ftp://ftp.mathworks.com/pub/books/haykin 

or alternatively 

http://www .mathworks.com/books/ 

In this second case, the user will have to click on "Neural/Fuzzy" and then on the title 
of the book. The latter approach provides a nicer interface. 

Each chapter ends with a set of problems. Many of the problems are of a chal
lenging nature, designed not only to test the user of the book for how well the material 
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covered in the book has been understood, but also to extend that material. Solutions to 
all of the problems are described in an accompanying manual. Copies of this manual 
are only available to instructors who adopt the book, which can be obtained by writing 
to the publisher of the book , Prentice Hall. 

The book should appeal to engineers, computer scientists, and physicists. It is 
hoped that researchers in other disciplines such as psychology and neurosciences will 
also find the book useful. 

Simon Haykin 
Hamilton, Ontario 
February, 1998. 
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inverse of temperature 
bias applied to neuron k 
cosine of the angle between vectors a and b 
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class 'iii 
probability that the visible neurons of a Boltzmann machine are in 

state cr, given that the network is in its clamped condition (i,e" posi
tive phase) 

probability that the visible neurons of a Boltzmann machine are in 
state cr, given that the network is in its free-running condition (i.e., 
negative phase) 

estimate of autocorrelation function of x/n) and xk(n) 
estimate of cross-correlation function of den) and xk(n) 
correlation matrix of an input vector 
continuous time 
temperature 
training set (sample) 
trace of a matrix operator 
variance operator 
Lyapunov function of state vector x 
induced local field or activation potential of neuron j 
optimum value of synaptic weight vector 
synaptic weight of synapse j belonging to neuron k 
optimum weight vector 
equilibrium value of state vector x 
average of state Xj in a "thermal" sense 
estimate of x, signified by the use of a caret (hat) 
absolute value ( magnitude) of x 
complex conjugate of x, signified by asterisk as superscript 
Euclidean norm (length) of vector x 
transpose of vector x, signified by the superscript T 
unit delay operator 
partition function 
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Jiw 
V 
V2 
Vwl 
V·F 
'1 
K 

* 
+ 

local gradient of neuron j at time n 
small change applied to weight w 
gradient operator 
Laplacian operator 
gradient of 1 with respect to w 
divergence of vector F 
learning-rate parameter 
cumulant 
policy 

Abbreviations and Symbols xxi 

threshold applied to neuron k (i.e., negative of bias bk) 
regularization parameter 
kth eigenvalue of a square matrix 
nonlinear activation function of neuron k 
symbol for "belongs to" 
symbol for "union of" 
symbol for "intersection of" 
symbol for convolution 
superscript symbol for pseudoinverse of a matrix 

Open and closed intervals 

• The open interval (a, b) of a variable x signifies that a < x < b. 
• The closed interval [a, b] of a variable x signifies that a s; x < b. 
• The closed-open interval [a, b) of a variable x signifies that a s; x < b; likewise 

for the open-closed interval (a, b]. 

Minima and Maxima 

• The symbol arg minf(w) signifies the minimum of the functionf(w) with respect 
w 

to the argument vector w. 
• The symbol arg max f(w) signifies the maximum of the functionf(w) with respect 

w 
to the argument vector w. 





Introduction 

1 . 1  WHAT I S  A NEURAL NETWORK? 

Work on artificial neural networks, commonly referred to as '''neural networks," has 
been motivated right from its inception by the recognition that the human brain com
putes in an entirely different way from the conventional digital computer. The brain is 
a highly complex. nonlinear, and parallel computer (information-processing system). It 
has the capability to organize its structural constituents. known as neurons. so as to 
perform certain computations (e.g .• pattern recognition, perception, and motor con
trol) many times faster than the fastest digital computer in existence today. Consider, 
for example, human vision, which is an information-processing task (Marr, 1982; 
Levine, 1985; Churchland and Sejnowski, 1992). It is the function of the visual system 
to provide a representation of the environment around us and, more important, to sup
ply the information we need to interact with the environment. To be specific, the brain 
routinely accomplishes perceptual recognition tasks (e.g., recognizing a familiar face 
embedded in an unfamiliar scene) in approximately 100-200 ms, whereas tasks of 
much lesser complexity may take days on a conventional computer. 

For another example, consider the sonar of a bat. Sonar is an active echo-location 
system. In addition to providing information about how far away a target (e.g., a flying 
insect) is, a bat sonar conveys information about the relative velocity of the target, the 
size of the target, the size of various features of the target, and the azimuth and eleva
tion of the target (Suga, 1990a, b). The complex neural computations needed to extract 
all this information from the target echo occur within a brain the size of a plum. 
Indeed, an echo-locating bat can pursue and capture its target with a facility and suc
cess rate that would be the envy of a radar or sonar engineer. 

How, then, does a human brain or the brain of a bat do it? At birth, a brain has 
great structure and the ability to build up its own rules through what we usually refer 
to as "experience." Indeed, experience is built up over time, with the most dramatic 
development (i.e., hard-wiring) of the human brain taking place during the first two 
years from birth; but the development continues well beyond that stage. 

A "developing" neuron is synonymous with a plastic brain: Plasticity permits the 
developing nervous system to adapt to its surrounding environment. Just as plasticity 
appears to be essential to the functioning of neurons as information-processing units in 

1 
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the human brain, so it is with neural networks made up of artificial neurons. In its most 
general form, a neural network is a machine that is designed to model the way in which 
the brain performs a particular task or function of interest; the network is usually 
implemented by using electronic components or is simulated in software on a digital 
computer. Our interest in this book is confined largely to an important class of neural 
networks that perform useful computations through a process of learning. To achieve 
good performance, neural networks employ a massive interconnection of simple com
puting cells referred to as "neurons" or "processing units." We may thus offer the fol
lowing definition of a neural network viewed as an adaptive machine ' : 

A neural network is a massively parallel distributed processor made up of simple processing 
units, which has a natural propensity for storing experiential knowledge and making it avail
able for use. It resembles the brain in two respects: 

1 .  Knowledge is acquired by the network from its environment through a learning process. 
2. Interneuron connection strengths, known as synaptic weights, are used to store the ac

quired knowledge. 

The procedure used to perform the learning process is called a learning algo
rithm, the function of which is to modify the synaptic weights of the network in an 
orderly fashion to attain a desired design objective. 

The modification of synaptic weights provides the traditional method for the 
design of neural networks. Such an approach is the closest to linear adaptive filter the
ory, which is already well established and successfully applied in many diverse fields 
(Widrow and Stearns, 1985; Haykin, 1996). However, it is also possible for a neural net
work to modify its own topology, which is motivated by the fact that neurons in the 
human brain can die and that new synaptic connections can grow. 

Neural networks are also referred to in literature as neurocomputers, connection
ist networks. parallel distributed processors, etc. Throughout the book we use the term 
"neural networks"; occasionally the term "neurocomputer" or "connectionist net
work" is used. 

Benefits of Neural Networks 

It is apparent that a neural network derives its computing power through,first, its mas
sively parallel distributed structure and, second, its ability to learn and therefore gen
eralize. Generalization refers to the neural network producing reasonable outputs for 
inputs not encountered during training (learning). These two information-processing 
capabilities make it possible for neural networks to solve complex (large-scale) prob
lems that are currently intractable. In practice, however. neural networks cannot pro
vide the solution by working individually. Rather, they need to be integrated into a 
consistent system engineering approach. Specifically, a complex problem of interest is 
decomposed into a number of relatively simple tasks, and neural networks are assigned 
a subset of the tasks that match their inherent capabilities. It is important to recognize, 
however, that we have a long way to go (if ever) before we can build a computer archi
tecture that mimics a human brain. 

The use of neural networks offers the following useful properties and capabilities: 

1. Nonlinearity. An artificial neuron can be linear or nonlinear. A neural net
work, made up of an interconnection of nonlinear neurons, is itself nonlinear. Moreover, 
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the nonlinearity is of a special kind in the sense that it is distributed throughout the 
network. Nonlinearity is a highly important property. particularly if the underlying 
physical mechanism responsible for generation of the input signal (e.g .• speech signal) 
is inherently nonlinear. 

2. Input-Output Mapping. A popular paradigm of learning called learning with a 
teacher or supervised learning invol ves modification of the synaptic weights of a neural 
network by applying a set of labeled training samples or task examples. Each example 
consists of a unique input signal and a corresponding desired response. The network is 
presented with an example picked at random from the set. and the synaptic weights 
(free parameters) of the network are modified to minimize the difference between the 
desired response and the actual response of the network produced by the input signal 
in accordance with an appropriate statistical criterion. The training of the network is 
repeated for many examples in the set until the network reaches a steady state where 
there are no further significant changes in the synaptic weights. The previously applied 
training examples may be reapplied during the training session but in a different order. 
Thus the network learns from the examples by constructing an input-output mapping 
for the problem at hand. Such an approach brings to mind the study of nonparametric 
statistical inference, which is a branch of statistics dealing with model-free estimation, 
or, from a biological viewpoint, tabula rasa learning (Geman et. aI., 1992); the term 
"nonparametric" is used here to signify the fact that no prior assumptions are made on 
a statistical model for the input data. Consider, for example, a pattern classification task, 
where the requirement is to assign an input signal representing a physical object or 
e vent to one of several prespecified categories (classes). In a nonparametric approach 
to this problem, the requirement is to "estimate" arbitrary decision boundaries in the 
input signal space for the pattern-classification task using a set of examples, and to do 
so without invoking a probabilistic distribution model. A similar point of view is 
implicit in the supervised learning paradigm, which suggests a close analogy between 
the input-output mapping performed by a neural network and nonparametric statisti
cal inference. 

3. Adaptivity. Neural networks have a built-in capability to adapt their synaptic 
weights to changes in the surrounding environment. In particular, a neural network 
trained to operate in a specific environment can be easily retrained to deal with minor 
changes in the operating environmental conditions. Moreover,when it is operating in a 
nonstationary environment (i.e., one where statistics change with time), a neural net
work can be designed to change its synaptic weights in real time. The natural architec
ture of a neural network for pattern classification, signal processing, and control 
applications, coupled with the adaptive capability of the network, make it a useful tool 
in adaptive pattern classification, adaptive signal processing, and adaptive control. As a 
general rule, it may be said that the more adaptive we make a system, all the time 
ensuring that the system remains stable, the more robust its performance will likely be 
when the system is required to operate in a nonstationary environment. It should be 
emphasized, however, that adaptivity does not always lead to robustness; indeed, it 
may do the very opposite. For example, an adaptive system with short time constants 
may change rapidly and therefore tend to respond to spurious disturbances, causing a 
drastic degradation in system performance. To realize the full benefits of adaptivity, the 
principal time constants of the system should be long enough for the system to ignore 
spurious disturbances and yet short enough to respond to meaningful changes in the 
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environment; the problem described here is referred to as the stability-plasticity 
dilemma (Grossberg, 1988b). 

4. Evidential Response. In the context of pattern classification, a neural network 
can be designed to provide information not only about which particular pattern to 
select, but also about the confidence in the decision made. This latter information may 
be used to reject ambiguous patterns, should they arise, and thereby improve the classi
fication performance of the network. 

5. Contextual Information. Knowledge is represented by the very structure and 
activation state of a neural network. Every neuron in the network is potentially 
affected by the global activity of all other neurons in the network. Consequently, con
textual information is dealt with naturally by a neural network. 

6. Fault Tolerance. A neural network, implemented in hardware form, has the 
potential to be inherently fault tolerant, or capable of robust computation, in the 
sense that its performance degrades gracefully under adverse operating conditions. 
For example, if a neuron or its connecting links are damaged, recall of a stored pat
tern is impaired in quality. However, due to the distributed nature of information 
stored in the network, the damage has to be extensive before the overall response of 
the network is degraded seriously. Thus, in principle, a neural network exhibits a 
graceful degradation in performance rather thau catastrophic failure. There is some 
empirical evidence for robust computation, but usually it is uncontrolled. In order to 
be assured that the neural network is in fact fault tolerant, it may be necessary to take 
corrective measures in designing the algorithm used to train the network (Kerlirzin 
and Vallet, 1993). 

7. VLSI Implementability. The massively parallel nature of a neural network 
makes it potentially fast for the computation of certain tasks. This same feature makes 
a neural network well suited for implementation using very-large-scale-integrated 
(VLSI) technology. One particular beneficial virtue of VLSI is that it provides a means 
of capturing truly complex behavior in a highly hierarchical fashion (Mead, \989). 

8. Uniformity of Analysis and Design. Basically, neural networks enjoy universal
ity as information processors. We say this in the sense that the same notation is used in 
all domains involving the application of neural networks. This feature manifests itself 
in different ways: 

• Neurons, in one form or another, represent an ingredient common to all neural 
networks. 

• This commonality makes it possible to share theories and learning algorithms in 
different applications of neural networks. 

• Modular networks can be built through a seamless integration of modules. 

9. Neurobiological Analogy. The design of a neural network is motivated by 
analogy with the brain, which is a living proof that fault tolerant parallel processing is 
not only physically possible but also fast and powerful. Neurobiologists look to (arli
ficial) neural networks as a research tool for the interpretation of neurobiological 
phenomena. On the other hand, engineers look to neurobiology for new ideas to 
solve problems more complex than those based on conventional hard-wired design 
techniques. These two viewpoints are illustrated by the following two respective 
examples: 
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• In Anastasio (1993), linear system models of the vestibulo-ocular reflex are com
pared to neural network models based on recurrent networks that are described 
in Section 1.6 and discussed in detail in Chapter 15. The vestibulo-ocular reflex 
(VOR) is part of the oculomotor system. The function of VOR is to maintain 
visual (i.e., retinal) image stability by making eye rotations that are opposite to 
head rotations. The VOR is mediated by premotor neurons in the vestibular 
nuclei that receive and process head rotation signals from vestibular sensory neu
rons and send the results to the eye muscle motor neurons. The VOR is well 
suited for modeling because its input (head rotation) and its output (eye rota
tion) can be precisely specified. It is also a relatively simple reflex and the neuro
physiological properties of its constituent neurons have been well described. 
Among the three neural types, the premotor neurons (reflex interneurons) in the 
vestibular nuclei are the most complex and therefore most interesting. The VOR 
has previously been modeled using lumped, linear system descriptors and control 
theory. These models were useful in explaining some of the overall properties of 
the VOR, but gave little insight into the properties of its constituent neurons. This 
situation has been greatly improved through neural network modeling. Recurrent 
network models ofVOR (programmed using an algorithm called real-time recur
rent learning that is described in Chapter 15) can reproduce and help explain 
many of the static, dynamic, nonlinear, and distributed aspects of signal process
ing by the neurons that mediate the VOR, especially the vestibular nuclei neu
rons (Anastasio, 1993). 

• The retina, more than any other part of the brain, is where we begin to put 
together the relationships between the outside world represented by a visual 
sense, its physical image projected onto an array of receptors, and the first neural 
images. The retina is a thin sheet of neural tissue that lines the posterior hemi
sphere of the eyeball. The retina's task is to convert an optical image into a neural 
image for transmission down the optic nerve to a multitude of centers for further 
analysis. This is a complex task, as evidenced by the synaptic organization of the 
retina. In all vertebrate retinas the transformation from optical to neural image 
involves three stages (Sterling, 1990): 
(i) Photo transduction by a layer of receptor neurons. 

(ii) Transmission of the resulting signals (produced in response to light) by 
chemical synapses to a layer of bipolar cells. 

(iii) Transmission of these signals, also by chemical synapses, to output neurons 
that are called ganglion cells. 

At both synaptic stages (i.e., from receptor to bipolar cells, and from bipolar to 
ganglion cells), there are specialized laterally connected neurons called horizon
tal cells and amacrine cells, respectively. The task of these neurons is to modify 
the transmission across the synaptic layers. There are also centrifugal elements 
called inter-plexiform cells; their task is to convey signals from the inner synaptic 
layer back to the outer one. A few researchers have built electronic chips that 
mimic the structure of the retina (Mahowald and Mead, 1989; Boahen and 
Ardreou, 1992; Boahen, 1996). These electronic chips are called neuromorphic 
integrated circuits, a term coined by Mead (1989). A neuromorphic imaging sen
sor consists of an array of photoreceptors combined with analog circuitry at each 
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picture element (pixel). It emulates the retina in that it can adapt locally to 
changes in brightness, detect edges, and detect motion. The neurobiological anal
ogy, exemplified by neuromorphic integrated circuits is useful in another impor
tant way: It provides a hope and belief, and to a certain extent an existence of 
proof, that physical understanding of neurobiOlogical structures could have a 
productive influence on the art of electronics and VLSI technology. 

With inspiration from neurobiology in mind, it seems appropriate that we take a 
brief look at the human brain and its structural levels of organization. 

1 .2 HUMAN BRAIN 

The human nervous system may be viewed as a three-stage system, as depicted in the 
block diagram of Fig. 1.1 (Arbib, 1987). Central to the system is the brain, represented 
by the neural (nerve) net, which continually receives information, perceives it, and 
makes appropriate decisions. Two sets of arrows are shown in the figure. Those point
ing from left to right indicate the forward transmission of information-bearing signals 
through the system. The arrows pointing from right to left signify the presence of feed
back in the system. The receptors convert stimuli from the human body or the external 
environment into electrical impulses that convey information to the neural net (brain). 
The effectors convert electrical impulses generated by the neural net into discernible 
responses as system outputs. 

The struggle to understand the brain has been made easier because of the pio
neering work of Ramon y Cajal (1911), who introduced the idea of neurons as struc
tural constituents of the brain. Typically, neurons are five to six orders of magnitude 
slower than silicon logic gates; events in a silicon chip happen in the nanosecond (10-9 s) 
range, whereas neural events happen in the millisecond (10-3 s) range. However, the 
brain makes up for the relatively slow rate of operation of a neuron by having a truly 
staggering number of neurons (nerve cells) with massive interconnections between 
them. It is estimated that there are approximately 10 billion neurons in the human cor
tex, and 60 trillion synapses or connections (Shepherd and Koch, 1990). The net result 
is that the brain is an enormously efficient structure. Specifically, the energetic effi
ciency of the brain is approximately 10-16 joules (1) per operation per second, whereas 
the corresponding value for the best computers in use today is about 10-6 joules per 
operation per second (Faggin, 1991). 

Synapses are elementary structural and functional units that mediate the interac
tions between neurons. The most common kind of synapse is a chemical synapse, which 
operates as follows. A presynaptic process liberates a transmitter substance that diffuses 
across the synaptic junction between neurons and then acts on a postsynaptic process. 
Thus a synapse converts a presynaptic electrical signal into a chemical signal and then 

--->-
Stimulus Response ->- Neural [--+ ----Receptors Effectors 

net I+-..-

FIGURE 1.1 Block diagram representation of nervous system. 
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back into a postsynaptic electrical signal (Shepherd and Koch. 1990). In electrical ter
minology. such an element is said to be a nonreciprocal two-port device. In traditional 
descriptions of neural organization, it is assumed that a synapse is a simple connection 
that can impose excitation or inhibition, but not both ou the receptive neuron. 

Earlier we mentioned that plasticity permits the developing nervous system to 
adapt to its surrounding environment (Eggermont, 1990; Churchland and Sejnowski, 
1992). In an adult brain, plasticity may be accounted for by two mechanisms: the cre
ation of new synaptic connections between neurons, and the modification of existing 
synapses. Axons, the transmission lines, and dendrites, the receptive zones, constitute 
two types of cell filaments that are distinguished on morphological grounds; an axon 
has a smoother surface, fewer branches, and greater length, whereas a dendrite (so 
called because of its resemblance to a tree) has an irregular surface and more branches 
(Freeman, 1975). Neurons come in a wide variety of shapes and sizes in different parts 
of the brain. Figure 1.2 illustrates the shape of a pyramidal cell, which is one of the 
most common types of cortical neurons. Like many other types of neurons, it receives 
most of its inputs through dendritic spines; see the segment of dendrite in the insert in 
Fig. 1 .2 for detail. The pyramidal cell can receive 10,000 or more synaptic contacts and 
it can project onto thousands of target cells. 

The majority of neurons encode their outputs as a series of brief voltage pulses. 
These pulses, commonly known as action potentials or spikes, originate at or close to 
the cell body of neurons and then propagate across the individual neurons at constant 
velocity and amplitude. The reasons for the use of action potentials for communication 
among neurons are based on the physics of axons. The axon of a neuron is very long 
and thin and is characterized by high electrical resistance and very large capacitance. 
Both of these elements are distributed across the axon. The axon may therefore be 
modeled as an RC transmission line, hence the common use of "cable equation" as the 
terminology for describing signal propagation along an axon. Analysis of this propaga
tion mechanism reveals that when a voltage is applied at one end of the axon it decays 
exponentially with distance, dropping to an insignificant level by the time it reaches 
the other end. The action potentials provide a way to circumvent this transmission 
problem (Anderson, 1995). 

In the brain there are both small-scale and large-scale anatomical organizations, 
and different functions take place at lower and higher levels. Figure 1.3 shows a hierar
chy of interwoven levels of organization that has emerged from the extensive work 
done on the analysis of local regions in the brain (Shepherd and Koch, 1990; 
Churchland and Sejnowski, 1992). The synapses represent the most fundamental level, 
depending on molecules and ions for their action. At the next levels we have neural 
microcircuits, dendritic trees, and then neurons. A neural microcircuit refers to an 
assembly of synapses organized into patterns of connectivity to produce a functional 
operation of interest. A neural microcircuit may be likened to a silicon chip made up of 
an assembly of transistors. The smallest size of microcircuits is measured in microme
ters (fLm), and their fastest speed of operation is measured in milliseconds. The neural 
microcircuits are grouped to form dendritic subunits within the dendritic trees of 
individual neurons. The whole neuron, about 100 J..Lffi in size, contains several dendritic 
subunits. At the next level of complexity we have local circuits (about 1 mm in size) 
made up of neurons with similar or different properties; these neural assemblies perform 
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FIGURE 1.2 The pyramidal cell. 
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operations characteristic of a localized region in the brain. This is followed by interre
gional circuits made up of pathways, columns. and topographic maps. which involve 
mUl tiple regions located in different parts of the brain. 

Topographic maps are organized to respond to incoming sensory information. 
These maps are often arranged in sheets, as in the superior colliculus, where the visual, 
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auditory, and somatosensory maps are stacked in adjacent layers in such a way that stim
uli from corresponding points in space lie above or below each other. Figure 1.4 presents 
a cytoarchitectural map of the cerebral cortex as worked out by Brodmann (Brodal, 
1981). This figure shows clearly that different sensory inputs (motor, somatosensory, 
visual, auditory, etc.) are mapped onto corresponding areas of the cerebral cortex in an 
orderly fashion. At the final level of complexity, the topographic maps and other interre
gional circuits mediate specific types of behavior in the central nervous system. 

It is important to recognize that the structural levels of organization described 
herein are a unique characteristic of the brain. They are nowhere to be found in a digi
tal computer, and we are nowhere close to re-creating them with artificial neural net
works. Nevertheless, we are inching our way toward a hierarchy of computational 
levels similar to that described in Fig. 1.3. The artificial neurons we use to build our 
neural networks are truly primitive in comparison to those found in the brain. The 
neural networks we are presently able to design are just as primitive compared to the 
local circuits and the interregional circuits in the brain. What is really satisfying, how
ever, is the remarkable progress that we have made on so many fronts during the past 
two decades. With neurobiological analogy as the source of inspiration, and the wealth 
of theoretical and technological tools that we are bringing together, it is certain that in 
another decade our understanding of artificial neural networks will be much more 
sophisticated than it is today. 

Our primary interest in this book is confined to the study of artificial neural net
works from an engineering perspective.2 We begin the study by describing the models 
of (artificial) neurons that form the basis of the neural networks considered in subse
quent chapters of the book. 
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FIGURE 1 .4 Cytoarchitectural map of the cerebral cortex. The 
different areas are identified by the thickness of their layers and types 
of cells within them. Some of the most important specific areas are as 
follows. Motor cortex: motor strip, area 4; premotor area, area 6; 
frontal eye fields. area 8. Somatosensory cortex: areas 3, 1 ,  2. Visual 
cortex: areas 17, 18, 19.  Auditory cortex: area 41 and 42. (From A. 
Brodal, 1981; with permission of Oxford University Press.) 

1 .3 MODELS OF A NEURON 

A neuron is an information-processing unit that is fundamental to the operation of a 
neural network. The block diagram of Fig. 1.5 shows the model of a neuron, which 
forms the basis for designing (artificial) neural networks. Here we identify three basic 
elements of the neuronal model: 

1. A set of synapses or connecting links, each of which is characterized by a weight 
or strength of its own. Specifically, a signal Xj at the input of synapse j connected 
to neuron k is multiplied by the synaptic weight wkj" It  is important to make a note 
of the manner in which the subscripts of the synap tic weight wkj are written. The 
first subscript refers to the neuron in ques tion and the second subscript refers to 
the input end of the synapse to which the weight refers. Unlike a synapse in the 
brain, the synaptic weight of an artificial neuron may lie in a range that includes 
negative as well as positive values. 

2. An adder for summing the input signals, weighted by the respective synapses of 
the neuron; the operations described here constitute a linear combiner. 

3. An activation function for limiting the amplitude of the output of a neuron. The 
activation function is also referred to as a squashing function in that  it squashes 
(limits) the permissible amplitude range of the output signal to some finite value. 
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FIGURE 1 .5 Nonlinear model 
of a neuron. 

Typically, the normalized amplitude range of the output of a neuron is written as 
the closed unit interval [0,1] or alternatively [- 1,1]. 

The neuronal model of Fig. 1.5 also includes an externally applied bias, denoted by bk• 
The bias bk has the effect of increasing or lowering the net input of the activation func
tion, depending on whether it is positive or negative, respectively. 

In mathematical terms, we may describe a neuron k by writing the following pair 
of equations: 

and 

m 
Uk = L WkjXj 

j== 1 

Yk = <jl(Uk + bk) 

(1.1) 

(1.2) 

where Xl' XZ, . •  " Xm are the input signals; Wk1' Wk2' ' ' ' ,  wkm are the synaptic weights of 
neuron k; Uk is the linear combiner output due to the input signals; bk is the bias; <jl( . ) is 
the activation function; and Yk is the output signal of the neuron. The use of bias bk has 
the effect of applying an affine transformation to the output Uk of the linear combiner 
in the model of Fig. 1.5, as shown by 

(1.3) 

In particular, depending on whether the bias bk is positive or negative, the relationship 
between the induced local field or activation potential vk of neuron k and the linear 
combiner output Uk is modified in the manner illustrated in Fig. 1.6; hereafter the term 
"induced local field" is used. Note that as a result of this affine transformation, the 
graph of Vk versus Uk no longer passes through the origin. 

The bias bk is an external parameter of artificial neuron k. We may account for its 
presence as in Eq. (1.2). Equivalently, we may formulate the combination of Eqs. (1.1) 
to (1.3) as follows: 

and 

m 
Vk = L,WkjXj j=O 

Yk = <jl(Vk) 

(1.4) 

(1.5) 
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FIGURE 1.6 Affine 
transformation produced by 
the presence of a bias; note 
that vk � bk at Uk � O. 
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In Eq. (1.4) we have added a new synapse. Its input is 

Xu = + 1 

and its weight is 

Linear combiner's 
output, uk 

(1 .6) 

(1 .7) 

We may therefore reformulate the model of neruon k as in Fig. 1.7. In this figure. the 
effect of the bias is accounted for by doing two things: (1) adding a new input signal fixed 
at + 1. and (2) adding a new synaptic weight equal tD the bias bk. Although the models 
of Figs. 1.5 and 1.7 are different in appearance. they are mathematically equivalent. 

Types of Activation Function 

The activation function. denoted by 'P(v). defines the output of a neuron in terms of the 
induced local field v. Here we identify three basic types of activation functions: 

1. Threshold Function. For this type of activation function. described in Fig. 1.8a, 
we have 

'P(V) � g if V 2: 0 
if V < 0 

(1.8) 

In engineering literature, this form of a threshold function is commonly referred to as a 
Heaviside function. Correspondingly. the output of neuron k employing such a thresh
old function is expressed as 

y, = g if vk 2: 0 
if "IJk < 0 

where vk is the induced local field of the neuron; that is. 
m 

Vk = L. WkjXj + bk j= 1 

(1.9) 

(LlO) 
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Such a neuron is referred to in the literature as the McCulloch-Pitts model, in recogni
tion of the pioneering work done by McCulloch and Pitts (1943). In this model, the 
output of a neuron takes on the value of 1 if the induced local field of that neuron is 
nonnegative, and 0 otherwise. This statement describes the all-or-none property of the 
McCulloch-Pitts model. 

2. Piecewise-Linear Function. For the piecewise-linear function described in Fig. 1.8b 
we have { I, 

'I'(v) � v, 
0, 

V 2:: +� 
+ l > v > _l 2 2 

v ::;  � l 2 

(1.11) 

where the amplification factor inside the linear region of operation is assumed to be 
unity. This form of an activation function may be viewed as an approximation to a non
linear amplifier. The following two situations may be viewed as special forms of the 
piecewise-linear function: 

• A linear combiner arises if the linear region of operation is maintained without 
running into saturation . 

• The piecewise-linear function reduces to a threshold function if the amplification 
factor of the linear region is made infinitely large. 

3. Sigmoid Function. The sigmoid function, whose graph is s-shaped, is by far the 
most common form of activation function used in the construction of artifical neural 
networks. It is defined as a strictly increasing function that exhibits a graceful balance 
between linear and nonlinear behavior. 3 An example of the sigmoid function is the 
logistic [unction, 4 defined by 

1 <p (v) � c---'---;-------c 
1 + exp( -av) (1 .12) 

where a is the slope parameter of the sigmoid function. By varying the parameter a, we 
obtain sigmoid functions of different slopes, as illustrated in Fig. 1.8c. In fact, the slope 
at the origin equals a/4. In the limit, as the slope parameter approaches infinity, the sig
moid function becomes simply a threshold function. Whereas a threshold function 
assumes the value of 0 or 1, a sigmoid function assumes a continuous range of values 
from 0 to 1 .  Note also that the sigmoid function is differentiable, whereas the threshold 
function is not. (Differentiability is an important feature of neural network theory, as 
described in Chapter 4.) 

The activation functions defined in Eqs. (1 .8), (1 . 1 1 ), and (1.12) range from 0 to 
+ 1. It is sometimes desirable to have the activation function range from -I to + 1, in 
which case the activation function assumes an antisymmetric form with respect to the 
origin; that is, the activation function is an odd function of the induced local field. 
Specifically, the threshold function of Eq. (1.8) is now defined as 

<p(v) � { � 
-1 

if v >  0 
if v � 0 

if v < 0 
(1 .13) 
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which is commonly referred to as the signum function. For the corresponding form of a 
sigmoid function we may use the hyperbolic tangent function. defined by 

'!lev) � tanh(v) (1.14) 

Allowing an activation function of the sigmoid type to assume negative values as pre
scribed by Eq. (1.14) has analytic benefits (as shown in Chapter 4) . 

Stochastic Model of a Neuron 

The neuronal model described in Fig. 1.7 is deterministic in that its input-output behav
ior is precisely defined for all inputs. For some applications of neural networks, it is 
desirable to base the analysis on a stochastic neuronal model. In an analytically 
tractable approach, the activation function of the McCulloch-Pitts model is given a 
probabilistic interpretation . Specifically, a neuron is permitted to reside in only one of 
two states: + 1 or -1,  say. The decision for a neuron to fire (i .e., switch its state from 
"off' to "on") is probabilistic . Let x denote the state of the neuron, and P(v) denote the 
probability of firing, where v is the induced local field of the neuron.  We may then write 

x � { + l 
- 1  

with probability P( v) 
with probability 1 - P( v) 

A standard choice for P(v) is the sigmoid-shaped function (Little, 1974): 

1 
P( v) - __ -"-c-�_ 

1 + exp( -vlT) 
(1 .15) 

where T is a pseudotemperature that is used to control the noise level and therefore the 
uncertainty in firing. It is important to realize, however, that T is not the physical tem
perature of a neural network, be it a biological or an artificial neural network. Rather, 
as already stated, we should think of T merely as a parameter that controls the thermal 
fluctuations representing the effects of synaptic noise. Note that when T --> 0, the sto
chastic neuron described by Eq. (1.15) reduces to a noiseless (i .e ., deterministic) form, 
namely the McCulloch-Pitts model . 

1 .4 NEURAL NETWORKS VIEWED AS DIRECTED GRAPHS 

The block diagram of Fig. 1.5 or that of Fig . 1. 7 provides a functional description of the 
various elements that constitute the model of an artificial neuron . We may simplify the 
appearance of the model by using the idea of signal-flow graphs without sacrificing any 
of the functional details of the model . Signal-flow graphs with a well-defined set of 
rules were originally developed by Mason (1953, 1956) for linear networks. The pres
ence of nonlinearity in the model of a neuron limits the scope of their application to 
neural networks . Nevertheless, signal-flow graphs do provide a neat method for the 
portrayal of the flow of signals in a neural network, which we pursue in this section. 

A signal-flow graph is a network of directed links (branches) that are intercon
nected at certain points called nodes. A typical node j has an associated node signal xi" 
A typical directed link originates at node j and terminates on node k; it has an associated 
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transfer function or transmittance that specifies the manner in which the signal Yk at 
node k depends on the signal Xj at node j. The flow of signals in the various parts of the 
graph is dictated by three basic rules: 

Rule 1. A signal flows along a link only in the direction defined by the arrow on the link. 

Two different types of links may be distinguished: 

• Synaptic links, whose behavior is governed by a linear input-output relation. 
Specifically, the node signal Xi is multiplied by the synaptic weight w" to produce 
the node signal Yk, as illustrated in Fig. 1.9a . 

• Activation links, whose behavior is governed in general by a nonlinear input
output relation. This form of relationship is illustrated in Fig 1 .9b, where <jl( . ) is 
the nonlinear activation function. 

Rule 2. A node signal equals the algebraic sum of all signals entering the pertinent node 
via the incoming link& 

This second rule is illustrated in Fig. 1.9c for the case of synaptic convergence or 
fan-in. 

Rule 3. The signal at a node is transmitted to each outgoing link originating from that 
node, with the transmission being entirely independent of the transfer functions of the 
outgoing links. 

FIGURE 1.9 I l lustrating basic 
rules for the construction of 
signal-flow graphs. 

(a) 

(b) 

(e) 

(d) 
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This third rule is illustrated in  Fig. 1.9d for the case of synaptic divergence or 
fan-out. 

For example, using these rules we may construct the signal-flow graph of Fig 1.10 
as the model of a neuron, corresponding to the block diagram of Fig. 1.7. The represen
tation shown in Fig. 1.10 is clearly simpler in appearance than that of Fig. 1. 7, yet it con
tains all the functional details depicted in the latter diagram. Note that in both figures, 
the input Xo = + 1 and the associated synaptic weight WkO = bk, where bk is the bias 
applied to neuron k. 

Indeed, based on the signal-flow graph of Fig. 1 .10 as the model of a neuron, we 
may now offer the following mathematical definition of a neural network: 

A neural network is a directed graph consisting of nodes with interconnecting synaptic and 
activation links, and is characterized by four properties: 

1. Each neuron is represented by a set of linear synaptic links, an externally applied bias, 
and a possibly nonlinear activation link. The bias is represented by a synaptic link con· 
nected to an input fixed at + l. 

2. The synaptic links of a neuron weight their respective input signals. 
3. The weighted sum of the input signals defines the induced local field of the neuron in 

question. 
4. The activation link squashes the induced local field of the neuron to produce an output. 

The state of the neuron may be defined in terms of its induced local field or its output 
signal. 

A directed graph so defined is complete in the sense that it describes not only the 
signal flow from neuron to neuron, but also the signal flow inside each neuron. When, 
however, the focus of attention is restricted to signal flow from neuron to neuron, we 
may use a reduced form of this graph by omitting the details of signal flow inside the 
individual neurons. Such a directed graph is said to be partially complete. It is charac
terized as follows: 

1. Source nodes supply input signals to the graph. 
2. Each neuron is represented by a single node called a computation node. 
3. The communication links interconnecting the source and computation nodes of the 

graph carry no weight; they merely provide directions of signal flow in the graph. 

FIGURE 1 .10  Signal-flow 
graph of a neuron. 
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A partially complete directed graph defined in this way is referred to as an architec
tural graph, describing the layout of the neural network. It is illustrated in Fig. 1.11 for 
the simple case of a single neuron with m source nodes and a single node fixed at + 1 
for the bias. Note that the computation node representing the neuron is shown shaded, 
and the source node is shown as a small square. This convention is followed through
out the book. More elaborate examples of architectural layouts are presented in 
Section 1.6. 

To sum up, we have three graphical representations of a neural network: 

• Block diagram, providing a functional description of the network. 
• Signal-flow graph, providing a complete description of signal flow in the net

work. 
• Architectural graph, describing the network layout. 

1 . 5  FEEDBACK 

Feedback is said to exist in a dynamic system whenever the output of an element in the 
system influences in part the input applied to that particular element, thereby giving 
rise to one or more closed paths for the transmission of signals around the system. 
Indeed, feedback occurs in almost every part of the nervous system of every animal 
(Freeman, 1975). Moreover, it plays a major role in the study of a special class of neural 
networks known as recurrent networks. Figure 1.12 shows the signal-flow graph of a 
single-loop feedback system, where the input signal xj(n), internal signal x;(n), and out
put signal Yk(n) are functions of the discrete-time variable n. The system is assumed to 
be linear, consisting of a forward path and a feedback path that are characterized by 
the "operators" A and B, respectively. In particular, the output of the forward channel 
determines in part its own output through the feedback channel. From Fig 1.12 we 
readily note the following input-output relationships: 

yJn) � A[xj(n)] 

FIGURE 1 , 1 1  Architectural 
graph of a neuron. 

x.'(n) A 
FIGURE 1,12 Signal-flow ,/n) cr-.._,,-i � y,(n) 
graph of a single-loop feedback � 
system. R 

(1.16) 
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x;(n) = x/n) + B[Yk(n)] 

Feedback 19 

(1.17) 

where the square brackets are included to emphasize that A and B act as operators. 
Eliminating x;(n) between Eqs. (1.16) and (1.17), we get 

A (1.18) 

We refer to AI (1 - AB) as the closed-loop operator of the system, and to AB as the open
loop operator. In general, the open-loop operator is noncommutative in that BA '" AB. 

Consider, for example, the single-loop feedback system shown in Fig. 1.13, for 
which A is a fixed weight, w; and B is a unit-delay operator, Z-l , whose output is 
delayed with respect to the input by one time unit. We may then express the closed
loop operator of the system as 

A w 
1 - AB 1 - WZ I 

= w(1 - WZ-1)-1 

Using the binomial expansion for (1 - WZ-1)-I , we may rewrite the closed-loop opera
tor of the system as 

A oc 

-=- = w 2: W'Z-l 1 - AB I�O 

Hence, substituting Eq. (1.19) in (1.18), we get 
" 

Yk(n) = w L w1z-l[x/n)] 
1=0 

(1.19) 

(1 .20) 

where again we have included square brackets to emphasize the fact that Z-l is an oper
ator. In particular, from the definition of Z -1 we have 

(1.21) 

where x/n - l) is a sample of the input signal delayed by I time units. Accordingly, we 
may express the output signal Yk(n) as an infinite weighted summation of present and 
past samples of the input signal x/n), as shown by 

00 

Yk(n) = L wl+ 1x/n - I) 
1 =0 

FIGURE 1 .13 Signal-flow 
graph of a first-order, 
infinite-duration impulse 
response (IIR) filter. 

(1 .22) 
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We now see clearly that the dynamic behavior of the system is controlIed by the weight 
w. In particular. we may distinguish two specific cases: 

1. Iwl < 1. for which the output signal y.(n) is exponentially convergent; that is. the 
system is stable. This is illustrated in Fig. 1.14a for a positive w. 

2. Iwl "" 1, for which the output signal Yk(n) is divergent; that is, the system is unsta· 
ble. If Iwl � 1 the divergence is linear as in Fig. 1 . 14b, and if Iwl > 1 the diver
gence is exponential as in Fig 1 . 14c. 

Stability features prominently in the study of feedback systems. 
The case of Iwl < 1 corresponds to a system with infinite memory in the sense 

that the output of the system depends on samples of the input extending into the infi
nite past. Moreover, the memory is fading in that the influence of a past sample is 
reduced exponentially with time n. 

The analysis of the dynamic behavior of neural networks involving the applica
tion of feedback is unfortunately complicated by virute of the fact that the processing 
units used for the construction of the network are usually nonlinear. Further consider
ation of this issue is deferred to the latter part of the book. 
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1 .6 NETWORK ARCHITECTURES 
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The manner in which the neurons of a neural network are structured is intimately 
linked with the learning algorithm used to train the network. We may therefore 
speak of learning algorithms (rules) used in the design of neural networks as being 
structured. The classification of learning algorithms is considered in the next chapter, 
and the development of different learning algorithms is taken up in subsequent chap
ters of the book. In this section we focus our attention on network architectures 
(structures). 

In general, we may identify three fundamentally different classes of network 
architectures: 

1 .  Single-Layer Feedforward Networks 

In a layered neural network the neurons are organized in the form of layers. In the sim
plest form of a layered network, we have an input layer of source nodes that projects 
onto an output layer of neurons (computation nodes), but not vice versa, In other words, 
this network is strictly a feedforward or acyclic type, It is illustrated in Fig, 1.15 for the 
case of four nodes in both the input and output layers. Such a network is called a sin
gle-layer network, with the designation "single-layer" referring to the output layer of 
computation nodes (neurons), We do not count the input layer of source nodes 
because no computation is performed there. 

2. Multilayer Feedforward Networks 

The second class of a feedforward neural network distinguishes itself by the presence 
of one or more hidden layers, whose computation nodes are correspondingly called 
hidden neurons or hidden units, The function of hidden neurons is to intervene between 
the external input and the network output in some useful manner, By adding one or 

Input layer 
of source 

nodes 

Output layer 
of neurons 

FIGURE 1 .15  Feedforward or 
acyclic network with a single 
layer of neurons. 
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more hidden layers, the network is enabled to extract higher-order statistics. In a 
rather loose sense the network acquires a global perspective despite its local connec
tivity due to the extra set of synaptic connections and the extra dimension of neural 
interactions (Churchland and Sejnowski, 1992). The ability of hidden neurons to 
extract higher-order statistics is particularly valuable when the size of the input layer 
is large. 

The source nodes in the input layer of the network supply respective elements 
of the activation pattern (input vector), which constitute the input signals applied to 
the neurons (computation nodes) in the second layer (i.e., the first hidden layer). 
The output signals of the second layer are used as inputs to the third layer, and so 
on for the rest of the network. Typically the neurons in each layer of the network 
have as their inputs the output signals of the preceding layer only. The set of output 
signals of the neurons in the output (final) layer of the network constitutes the 
overall response of the network to the activation pattern supplied by the source 
nodes in the input (first) layer. The architectural graph in Fig. 1.16 illustrates the 
layout of a multilayer feedforward neural network for the case of a single hidden 
layer. For brevity the network in Fig. 1 . 1 6  is referred to as a 10-4-2 network because 
it has 10 source nodes, 4 hidden neurons, and 2 output neurons. As another example, 
a feedforward network with m source nodes, hi neurons in the first hidden layer, h2 
neurons in the second hidden layer, and q neurons in the output layer is referred to 
as an m-hl-hz-q network. 

The neural network in Fig. 1 .1 6  is said to be fully connected in the sense that 
every node in each layer of the network is connected to every other node in the adja
cent forward layer. If, however, some of the communication links (synaptic connec
tions) are missing from the network, we say that the network is partially connected. 

FIGURE 1.16 Fully connected 
feedforward or acyclic 
network with one hidden 
layer and one output layer. 
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FIGURE 1.17 Recurrent 
network with no self
feedback loops and no hidden 
neurons. 

A recurrent neural network distinguishes itself from a feedforward neural network in 
that it has at least one feedback loop. For example, a recurrent network may consist of 
a single layer of neurons with each neuron feeding its output signal back to the inputs 
of all the other neurons, as illustrated in the architectural graph in Fig. 1 .17. In the 
structure depicted in this figure there are no self-feedback loops in the network; self
feedback refers to a situation where the output of a neuron is fed back into its own input. 
The recurrent network illustrated in Fig. 1.17 also has no hidden neurons. In Fig. 1.18 
we illustrate another class of recurrent networks with hidden neurons. The feedback 
connections shown in Fig. 1.18 originate from the hidden neurons as well as from the 
output neurons. 

The presence of feedback loops, whether in the recurrent structure of Fig. 1 .17 or 
that of Fig. 1.18, has a profound impact on the learning capability of the network and on 
its performance. Moreover, the feedback loops involve the use of particular branches 
composed of unit-delay elements (denoted by Z-l), which result in a nonlinear dynami
cal behavior, assuming that the neural network contains nonlinear units. 

1 .7 KNOWLEDGE REPRESENTATION 

In Section 1 .1  we used the term "knowledge" in the definition of a neural network 
without an explicit description of what we mean by it. We now take care of this matter 
by offering the following generic definition (Fischler and Firschein, 1987): 

Knowledge refers to stored information or models used by a person or machine to interpret, 
predict, and appropriately respond to the outside world. 
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FIGURE 1.18 Recurrent network with hidden neurons. 

The primary characteristics of knowledge representation are twofold: (1) what informa
tion is actnally made explicit; and (2) how the information is physically encoded for 
subsequent use. By the very nature of it, therefore, knowledge representation is goal 
directed. In real-world applications of "intelligent" machines, it can be said that a good 
solution depends on a good representation of knowledge (Woods, 1986). So it is with 
neural networks that represent a special class of intelligent machines. Typically, how· 
ever, the possible forms of representation from the inputs to internal network parame
ters are highly diverse, which tends to make the development of a satisfactory solution 
by means of a neural network a real design challenge. 

A major task for a neural network is to learn a model of the world (environment) 
in which it is embedded and to maintain the model sufficiently consistent with the real 
world so as to achieve the specified goals of the application of interest. Knowledge of 
the world consists of two kinds of information: 

1. The known world state, represented by facts about what is and what has been 
known; this form of knowledge is referred to as prior information. 

2. Observations (measurements) of the world, obtained by means of sensors 
designed to probe the environment in which the neural network is supposed to 
operate. Ordinarily these observations are inherently noisy, being subject to 
errors due to sensor noise and system imperfections. In any event, the observa
tions so obtained provide the pool of information from which the examples used 
to train the neural network are drawn. 

The examples can be labeled or unlabeled. In labeled examples, each example rep· 
resenting an input signal is paired with a corresponding desired response (i.e., target out· 
put). On the other hand, unlabeled examples consist of different realizations of the input 
signal by itself. In any event, a set of examples, labeled or otherwise, represents knowl
edge about the environment of interest that a neural network can learn through training. 
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A set of input-output pairs, with each pair consisting of an input signal and the 
corresponding desired response, is referred to as a set of training data or training sam
ple. To illustrate how such a data set can be used, consider, for example, the handwrit
ten digit recognition problem. In this problem, the input signal consists of an image with 
black or white pixels, with each image representing one of 10 digits that are well sepa
rated from the background. The desired response is defined by the "identity" of the 
particular digit whose image is presented to the network as the input signal. Typically, 
the training sample consists of a large variety of handwritten digits that are representa
tive of a real-world situation. Given such a set of examples, the design of a neural net
work may proceed as follows: 

• First, an appropriate architecture is selected for the neural network, with an input 
layer consisting of source nodes equal in number to the pixels of an input image, 
and an output layer consisting of 10 neurons (one for each digit). A subset of 
examples is then used to train the network by means of a suitable algorithm. This 
phase of the network design is called learning. 

• Second, the recognition performance of the trained network is tested with data 
not seen before. Specifically, an input image is presented to the network, but this 
time it is not told the indentity of the digit to which that particular image belongs. 
The performance of the network is then assessed by comparing the digit recogni
tion reported by the network with the actual identity of the digit in question. This 
second phase of the network operation is called generalization, a term borrowed 
from psychology. 

Herein lies a fundamental difference between the design of a neural network and 
that of its classical information-processing counterpart (pattern classifier). In the latter 
case, we usually proceed by first formulating a mathematical model of environmental 
observations, validating the model with real data, and then building the design on the 
basis of the model. In contrast, the design of a neural network is based directly on real
life data, with the data set being permitted to speak for itself Thus, the neural network 
not only provides the implicit model of the environment in which it is embedded, but 
also performs the information-processing function of interest. 

The examples used to train a neural network may consist of both positive and 
negative examples. For instance, in a passive sonar detection problem, positive exam
ples pertain to input training data that contain the target of interest (e.g., a submarine). 
Now, in a passive sonar environment, the possible presence of marine life in the test 
data is known to cause occasional false alarms. To alleviate this problem, negative 
examples (e.g., echos from marine life) are included in the training data to teach the 
network not to confuse marine life with the target. 

In a neural network of specified architecture, knowledge representation of the 
surrounding environment is defined by the values taken on by the free parameters 
(i.e., synaptic weights and biases) of the network. The form of this knowledge represen
tation constitutes the very design of the neural network, and therefore holds the key to 
its performance. 

The subject of knowledge representation inside an artificial network is, however, 
very complicated. Nevertheless, there are four rules for knowledge representation that 
are of a general commonsense nature (Anderson, 1988). 
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Rule 1. Similar inputs from similar classes should usually produce similar representa
tions inside the network, and should therefore be classified as belonging to the same 
category. 

There are a plethora of measures for determining the "similarity" between 
inputs. A commonly used measure of similarity is based on the concept of Euclidian 
distance. To be specific, let Xi denote an m-by-l vector 

all of whose elements are real; the superscript T denotes matrix transposition. The 
vector Xi defines a point in an m-dimensional space called Euclidean space and 
denoted by �m. The Euclidean distance between a pair of m-by-l vectors Xi and xi is 
defined by 

(1.23) 

where Xik and xik are the kth elements of the input vectors Xi and Xj' respectively. 
Correspondingly, the similarity between the inputs represented by the vectors x, and XI 
is defined as the reciprocal of the Euclidean distance d(xi, x). The closer the individual 
elements of the input vectors Xi and XI are to each other, the smaller the Euclidean dis
tance d(xi, x) will be, and therefore the greater the similarity between the vectors Xi 
and Xl will be. Rule 1 states that if the vectors Xi and Xj are similar, they should be 
assigned to the same category (class). 

Another measure of similarity is based on the idea of a dot product or inner prod
uct that is also borrowed from matrix algebra. Given a pair of vectors Xi and Xl of the 
same dimension, their inner product is x/Xj written in expanded form as follows: 

(Xi' Xj) = xTxj 
m 

= L.XikXjk k= \  
( 1 .24) 

The inner product (Xi' X) divided by I lxill Ilxill is the cosme of the angle subtended 
between the vectors Xi and xi" 

The two measures of similarity defined here are indeed intimately related to each 
other, as illustrated in Fig. 1 .19. The Euclidean distance I lxi - x) 1 between the vectors Xi 
and Xj is related to the "projection" of the vector Xi onto the vector xi" Figure 1 . 19  shows 

FIGURE 1 . 19  I l lustrating the 
relationship between inner 
product and Euclidean 
distance as measures of 
similiarity between patterns. 
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clearly that the smaller the Euclidean distance Ilxi - x)1 and therefore the more similar the 
vectors Xi and Xj are, the larger the inner product xi Xj will be. 

To put this relationship on a formal basis, we first normalize the vectors Xi and Xj 
to have unit length, that is, 

We may then use Eq. (1.23) to write 

d'(Xi, x) = (Xi - Xy(Xi - x) 
= 2 - 2XTX , J 

( 1 .25) 

Equation (1.25) shows that minimization of the Euclidean distance d(xi,x) corre
sponds to maximization olthe inner product (xi,x) and, therefore, the similarity between 
the vectors Xj and Xj' 

The Euclidean distance and inner product described here are defined in deter
ministic terms. What if the vectors Xi and Xi are drawn from two different populations 
(pools) of data? To be specific, suppose that the difference between these two popula
tions lies solely in their mean vectors. Let .... i and .... i denote the mean values of the vec
tors Xi and Xi' respectively. That is, 

.... i = E[xil (1 .26) 
where E is the statistical expectation operator. The mean vector .... i is similarly defined. 
For a measure of the distance between these two popnlations, we may use the 
Mahalanobis distance denoted by dij" The squared value of this distance from Xi to Xi is 
defined by (Duda and Hart, 1973): 

(1.27) 
where :$-1 is the inverse of the covariance matrix :$. It is assumed that the covariance 
matrix is the same for both populations, as shown by 

:$ = E[(Xi - .... ,)(Xi - .... ,)'"] (1 .28) 
= E[(xi - .... i)(Xj - .... i)'"] 

For the special case when Xi = Xi' .... i = .... J = .... and :$ = I, where I is the identity matrix, 
the Mahalanobis distance reduces to the Euclidean distance between the sample vec
tor Xi and the mean vector ...... 

Rule 2. Items to be categorized as separate classes should be given widely different 
representations in the network. 

The second rule is the exact opposite of Rule 1. 

Rule 3. If a particular feature is important, then there should be a large number of neu
rons involved in the representation of that item in the network. 

Consider, for example, a radar application involving the detection of a target 
(e.g., aircraft) in the presence of clutter (i.e., radar reflections from undesirable targets 
such as buildings, trees, and weather formations). The detection performance of such a 
radar system is measured in terms of two probabilities: 
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• Probability of detection, defined as the probability that the system decides that a 
target is present when it is . 

• Probability offalse alarm, defined as the probability that the system decides that 
a target is present when it is not. 

According to the Neyman-Pearson criterion, the probability of detection is maximized, 
subject to the constraint that the probability of false alarm does not exceed a prescribed 
value (Van Trees, 1968). In such an application, the actual presence of a target in the 
received signal represents an important feature of the input. Rule 3, in effect, states that 
there should be a large number of neurons involved in making the decision that a target 
is present when it actually is. By the same token, there should be a very large number of 
neurons involved in making the decision that the input consists of clutter only when it 
actually does. In both situations the large number of neurons assures a high degree of 
accuracy in decision making and tolerance with respect to faulty neurons. 

Rule 4. Prior information and invariances should be built into the design of a neural 
network, thereby simplifying the network design by not having to learn them. 

Rule 4 is particularly important because proper adherence to it results in a neural 
network with a specialized (restricted) structure. This is highly desirable for several rea
sons (Russo, 1991): 

1. Biological visual and auditory networks are known to be very specialized. 
2. A neural network with specialized structure usually has a smaller number of free 

parameters available for adjustment than a fully connected network. Conse
quently, the specialized network requires a smaller data set for training, learns 
faster, and often generalizes better. 

3. The rate of information transmission through a specialized network (i.e., the net
work throughput) is accelerated. 

4. The cost of building a specialized network is reduced because of its smaller size. 
compared to its fully connected counterpart. 

How to Build Prior Information into Neural Network Design 

An important issue that has to be addressed, of course, is how to develop a specialized 
structure by building prior information into its design. Unfortunately, there are cur
rently no well-defined rules for doing this; rather, we have some ad-hoc procedures 
that are known to yield useful results. In particular, we may use a combination of two 
techniques (LeCun et aI., 1990a): 

1. Restricting the network architecture through the use of local connections known 
as receptive fields.s 

2. Constraining the choice of synaptic weights through the use of weight-sharing.6 

These two techniques, particularly the latter one, have a profitable side benefit: the 
number of free parameters in the network is reduced significantly. 

To be specific, consider the partially connected feedforward network of Fig. 1 .20. 
This network has a restricted architecture by construction. The top six source nodes 



Section 1 .7 Knowledge Representation 29 

Xl 
X, 

X, 

X4 Yl 
X5 

Xg 
Yo X7 

Xg 
FIGURE 1.20 I l lustrating the x, 
combined use of a receptive 

XIO field and weight-sharing. All 
four hidden neurons share 

Input layer Layer of Layer of the same set of weights for 
of source hidden output 

nodes neurons neurons their synaptic connections. 

constitute the receptive field for hidden neuron 1 and so on for the other hidden neu
rons in the network. To satisfy the weight-sharing constraint, we merely have to use the 
same set of synaptic weights for each one of the neurons in the hidden layer of the net
work. Then, for the example shown in Fig. 1.20 with six local connections per hidden 
neuron and a total of four hidden neurons, we may express the induced local field of 
hidden neuron j as follows: 

6 
Vj = L. WjXi+j-b j = 1 , 2, 3, 4  (1.29) 

j= l 
where IwJ?� 1 constitute the same set of weights shared by all four hidden neurons, and 
xk is the signal picked up from source node k = i + j - 1. Equation (1.29) is in the form 
of a convolution sum. It is for this reason that a feedforward network using local 
connections and weight-sharing in the manner described herein is referred to as a con
volutional network. 

The issue of building prior information into the design of a neural network pertains 
to one part of Rule 4; the remaining part of the rule involves the issue of invariance& 

How to Build lnvariances into Neural Network Design 

Consider the following physical phenomena: 

• When an object of interest rotates, the image of the object as perceived by an 
observer usually changes in a corresponding way. 

• In a coherent radar that provides amplitude as well as phase information about 
its surrounding environment, the echo from a moving target is shifted in fre
quency due to the Doppler effect that arises due to the radial motion of the tar
get in relation to the radar. 
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• The utterance from a person may be spoken in a soft or loud voice, and in a slow 
or quick manner. 

In order to build an object recognition system, a radar target recognition system and a 
speech recognition system for dealing with these phenomena, respectively, the system 
must be capable of coping with a range of transformations of the observed signal 
(Barnard and Casasent, 1991). Accordingly, a primary requirement of pattern recogni
tion is to design a classifier that is invariant to such transformations. In other words, a 
class estimate represented by an output of the classifier must not be affected by trans
formations of the observed signal applied to the classifier input. 

There are at least three techniques for rendering classifier-type neural networks 
invariant to transformations (Barnard and Casasent, 1991): 

1. lnvariance by Structure. Invariance may be imposed on a neutral network by 
structuring its design appropriately. Specifically, synaptic connections between the neu
rons of the network are created so that transformed versions of the same input are forced 
to produce the same output. Consider, for example, the classification of an input image 
by a neural network that is required to be independent of in-plane rotations of the image 
about its center. We may impose rotational invariance on the network structure as fol
lows. Let wp be the synaptic weight of neuron j connected to pixel i in the input image. If 
the condition wJt = wjk is enforced for all pixels i and k that lie at equal distances from the 
center of the image, then the neural network is invariant to in-plane rotations. However, 
in order to maintain rotational invariance, the synaptic weight Wjt has to be duplicated for 
every pixel of the input image at the same radial distance from the origin. This points to a 
shortcoming of invariance by structure: The number of synaptic connections in the neural 
network becomes prohibitively large even for images of moderate size. 

2, Invariance by Training. A neural network has a natural ability for pattern classi
fication. This ability may be exploited directly to obtain transformation invariance as fol
lows. The network is trained by presenting it a number of different examples of the same 
object, with the examples being chosen to correspond to different transformations (i.e., 
different aspect views) of the object. Provided that the number of examples is sufficiently 
large, and if the the network is trained to learn to discriminate the different aspect views 
of the object, we may then expect the network to generalize correctly to transformations 
other than those shown to it. However, from an engineering perspective, invariance by 
training has two disadvantages. First, when a neural network has been trained to recog
nize an object in an invariant fashion with respect to known transformations, it is not 
obvious that this training will also enable the network to recognize other objects of differ
ent classes invariantly. Second, the computational demand imposed on the network may 
be too severe to cope with, especially if the dimensionality of the feature space is high. 

3. Invariant Feature Space. The third technique of creating an invariant classifier
type neural network is illustrated in Fig. 1.21 . It rests on the premise that it may be pos-

FIGURE 1.21 Block diagram 
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type of system. 
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sible to extract features that characterize the essential information content of an input 
data set, and which are invariant to transformations of the input. If such features are 
used, then the network as a classifier is relieved from the burden of having to delineate 
the range of transformations of an object with complicated decision boundaries. 
Indeed, the only differences that may arise between different instances of the same 
object are due to unavoidable factors such as noise and occlusion. The use of an invari
ant feature space offers three distinct advantages. First, the number of features applied 
to the network may be reduced to realistic levels. Second, the requirements imposed 
on network design are relaxed. Third, invariance for all objects with respect to known 
transformations is assured (Barnard and Casasent, 1991). However, this approach 
requires prior knowledge of the problem for it to work. 

In conclusion, the use of an invariant-feature space as described may offer a most 
suitable technique for neural classifiers. 

To illustrate the idea of invariant-feature space, consider the example of a coher
ent radar system used for air surveillance, where the targets of interest include aircraft, 
weather systems, flocks of migrating birds, and ground objects. The radar echoes from 
these targets possess different spectral characteristics. Moreover, experimental studies 
have shown that such radar signals can be modeled fairly closely as an autoregressive 
(AR) process of moderate order (Haykin and Deng, 1991). An AR model is a special 
form of regressive model defined for complex-valued data by 

M 
x(n} � 2: a;x(n - i} + ern} (1.30) i= l  

where the la,}!!, are the AR coefficients, M is the model order, xCn) is the input, and 
eCn) is the error described as white noise. Basically, the AR model of Eq. (1.30) is rep
resented by a tapped-delay-line filter as illustrated in Fig. 1.22a for M � 2. Equivalently, 
it may be represented by a lattice filter as shown in Fig. 1.22b, the coefficients of which 
are called reflection coefficients. There is a one-to-one correspondence between the 
AR coefficients of the model in Fig. 1.22a and the reflection coefficients of the model 
in Fig. 1.22b. The two models depicted assume that the input xCn) is complex valued, as 
in the case of a coherent radar, in which case the AR coefficients and the reflection 
coefficients are all complex valued. The asterisk in Eq. (1.30) and Fig. 1.22 signifies 
complex conjugation. For now, it suffices to say that the coherent radar data may be 
described by a set of autoregressive coefficients, or by a corresponding set of reflection 
coefficients. The latter set of coefficients has a computational advantage in that effi
cient algorithms exist for their computation directly from the input data. The feature 
extraction problem, however, is complicated by the fact that moving objects produce 
varying Doppler frequencies that depend on their radial velocities measured with 
respect to the radar, and that tend to obscure the spectral content of the reflection 
coefficients as feature discriminants. To overcome this difficulty, we must build Doppler 
in variance into the computation of the reflection coefficients. The phase angle of the 
first reflection coefficient turns out to be equal to the Doppler frequency of the radar 
signal. Accordingly, Doppler frequency normalization is applied to all coefficients so 
as to remove the mean Doppler shift. This is done by defining a new set of reflection 
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FIGURE 1 .22 Autoregressive model of order 2: (a) tapped-delay-line 
model; (b) lattice filter model. (The asterisk denotes complex 
conjugation.) 

coefficients {K;"} related to the set of ordinary reflection coefficients {Km} computed 
from the input data as follows: 

K:n = Kme-Jm!:l for m = 1 , 2, . . .  , M (1.31) 

where e is the phase angle of the first reflection coefficient. The operation described in 
Eq. (1.31) is referred to as heterodyning. A set of Doppler-invariant radar features is 
thus represented by the normalized reflection coefficients Ki, K2, . . .  , KM, with K; being 
the only real-valued coefficient in the set. As mentioned previously. the major cate
gories of radar targets of interest in air surveillance are weather, birds, aircraft, and 
ground. The first three targets are moving, whereas the last one is not. The hetero
dyned spectral parameters of radar echoes from ground have echoes similar in charac
teristic to those from aircraft. A ground echo can be discriminated from an aircraft 
echo because of its small Doppler shift. Accordingly, the radar classifier includes a 
postprocessor as shown in Fig. 1.23, which operates on the classified results (encoded 
labels) for the purpose of identifying the ground class (Haykin and Deng, 1991). Thus, 
the preprocessor in Fig. 1.23 takes care of Doppler shift-invariant feature extraction at 
the classifier input, whereas the postprocessor uses the stored Doppler signature to dis
tinguish between aircraft and ground returns. 
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A much more fascinating example of knowledge representation in a neural net
work is found in the biological sonar system of echo-locating bat& Most bats use 
frequency-modulated (FM or "chirp") signals for the purpose of acoustic imaging; in an 
FM signal the instantaneous frequency of the signal varies with time. Specifically, the 
bat uses its mouth to broadcast short-duration FM sonar signals and uses its auditory 
system as the sonar receiver. Echoes from targets of interest are represented in the 
auditory system by the activity of neurons that are selective to different combinations 
of acoustic parameters. There are three principal neural dimensions of the bat's audi
tory representation (Simmons, 1991; Simmons and Saillant, 1992): 

• Echo frequency, which is encoded by "place" originating in the frequency map of 
the cochlea; it is preserved throughout the entire auditory pathway as an orderly 
arrangement across certain neurons tuned to different frequencies. 

• Echo amplitude, which is encoded by other neurons with different dynamic 
ranges; it is manifested both as amplitude tuning and as the number of discharges 
per stimulus. 

• Echo delay, which is encoded through neural computations (based on cross
correlation) that produce delay-selective responses; it is manifested as target
range tuning. 

The two principal characteristics of a target echo for image-forming purposes are 
spectrum for target shape, and delay for target range. The bat perceives "shape" in 
terms of the arrival time of echoes from different reflecting surfaces (glints) within the 
target. For this to occur,frequency information in the echo spectrum is converted into 
estimates of the time structure of the target. Experiments conducted by Simmons and 
coworkers on the big brown bat, Eptesicus fuscus, critically identify this conversion 
process as consisting of parallel time-domain and frequency-to-time-domain trans
forms whose converging outputs create the common delay of range axis of a perceived 
image of the target. It appears that the unity of the bat's perception is due to certain 
properties of the transforms themselves, despite the separate ways in which the audi
tory time representation of the echo delay and frequency representation of the echo 
spectrum are initially performed. Moreover, feature invariances are built into the 
sonar image-forming process so as to make it essentially independent of the target's 
motion and the bat's own motion. 

Returning to the main theme of this section, namely, that of knowledge represen
tation in a neural network, this issue is directly related to that of network architecture 
described in Section 1 .6. Unfortunately, there is no well-developed theory for optimiz
ing the architechture of a neural network required to interact with an environment of 
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interest, or for evaluating the way in which changes in the network architecture affect 
the representation of knowledge inside the network. Indeed, satisfactory answers to 
these issues are usually found through an exhaustive experimental study, with the 
designer of the neural network becoming an essential part of the structural learning 
loop. 

No matter how the design is performed, knowledge about the problem domain of 
interest is acquired by the network in a comparatively straightforward and direct man
ner through training. The knowledge so acquired is represented in a compactly distrib
uted form as weights across the synaptic connections of the network. While this form 
of knowledge representation enables the neural network to adapt and generalize, 
unfortunately the neural network suffers from the inherent inability to explain, in a 
comprehensive manner, the computational process by which the network makes a 
decision or reports its output. This can be a serious limitation, particularly in those 
applications where safety is of prime concern, as in air traffic control or medical diag
nosis, for example. In applications of this kind, it is not only highly desirable but also 
absolutely essential to provide some form of explanation capability. One way in which 
this provision can be made is to integrate a neural network and artificial intelligence 
into a hybrid system, as discussed in the next section. 

1 .8 ARTIFICIAL INTELLIGENCE AND NEURAL NETWORKS 

The goal of artificial intelligence (AI) is the development of paradigms or algorithms 
that require machines to perform cognitive tasks, at which humans are currently better. 
This statement on AI is adopted from Sage, 1990. Note that it is not the only accepted 
definition of AI. 

An AI system must be capable of doing three things: (1) store knowledge, (2) apply 
the knowledge stored to solve problems, and (3) acquire new knowledge through expe
rience. An AI system has three key components: representation, reasoning, and learn
ing (Sage, 1990), as depicted in Fig. 1.24. 

1. Representation. The most distinctive feature of AI is probably the pervasive 
use of a language of symbol structures to represent both general knowledge about a 
problem domain of interest and specific knowledge about the solution to the problem. 
The symbols are usually formulated in familiar terms, which makes the symbolic repre-

FIGURE 1 .24 I l lustrating the 
three key components of an 
AI system. 

Representation 

Learning 
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performance element uses the knowledge base to perform its task. The kind of informa
tion supplied to the machine by the environment is usually imperfect. with the result 
that the learning element does not know in advance how to fill in missing details or to 
ignore details that are unimportant. The machine therefore operates by guessing, and 
then receiving feedback from the performance element. The feedback mechanism 
enables the machine to evaluate its hypotheses and revise them if necessary. 

Machine learning may involve two rather different kinds of information process
ing: inductive and deductive. In inductive information processing, general patterns and 
rules are determined from raw data and experience. In deductive information process
ing, however, general rules are used to determine specific facts. Similarity-based learning 
uses induction, whereas the proof of a theorem is a deduction from known axioms and 
other existing theorems. Explanation-based learning uses both induction and deduction. 

The importance of knowledge bases and the difficulties experienced in learning 
have led to the development of various methods for augmenting knowledge bases. 
Specifically, if there are experts in a given field, it is usually easier to obtain the com
piled experience of the experts than to try to duplicate and direct experience that gave 
rise to the expertise. This, indeed, is the idea behind expert systems. 

Having familiarized ourselves with symbolic AI machines, how would we com
pare them to neural networks as cognitive models? For this comparison, we follow 
three subdivisions: level of explanation, style of processing, and representational struc
ture (Memmi, 1989). 

1. Level of Explanation. In classical AI, the emphasis is on building symbolic rep
resentations that are presumably so called because they stand for something. From the 
viewpoint of cognition, AI assumes the existence of mental representations, and it 
models cognition as the sequential processing of symbolic representations (Newell and 
Simon, 1972). 

The emphasis in neural networks, on the other hand, is on the development of 
parallel distributed processing (PDP) models. These models assume that information 
processing takes place through the interaction of a large number of neurons, each of 
which sends excitatory and inhibitory signals to other neurons in the network 
(Rumelhart and McClelland, 1986). Moreover, neural networks place great emphasis 
on neurobiological explanation of cognitive phenomena. 

2. Processing Style. In classical AI, the processing is sequential, as in typical com
puter programming. Even when there is no predetermined order (scanning the facts 
and rules of an expert system, for example), the operations are performed in a step-by
step manner. Most probably, the inspiration for sequential processing comes from the 
sequential nature of natural language and logical inference, as much as from the struc
ture of the von Neumann machine. We should not forget that classical AI was born 
shortly after the von Neumann machine, during the same intellectual era. 

In contrast, parallelism is not only conceptually essential to the processing of 
information in neural networks, but also the source of their flexibility. Moreover, paral
lelism may be massive (hundreds of thousands of neurons), which gives neural net
works a remarkable form of robustness. With the computation spread over many 
neurons, it usually does not matter much if the states of some neurons in the network 
deviate from their expected values. Noisy or incomplete inputs may still be recognized, 
a damaged network may still be able to function satisfactorily, and learning does not 
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sentations of AI relatively easy to understand by a human user. Indeed, the clarity of 
symbolic AI makes it well suited for human-machine communication, 

"Knowledge," as used by AI researchers, is just another term for data, It may be 
of a declarative or procedural kind. In a declarative representation, knowledge is rep
resented as a static collection of facts, with a small set of general procedures used to 
manipulate the facts. A characteristic feature of declarative representations is that they 
appear to possess a meaning of their own in the eyes of the human user, independent of 
their use within the AI system. In a procedural representation, on the other hand, knowl
edge is embodied in an executable code that acts out the meaning of the knowledge. 
Both kinds of knowledge, declarative and procedural, are needed in most problem 
domains of interest. 

2. Reasoning. In its most basic form, reasoning is the ability to solve problems. 
For a system to qualify as a reasoning system it must satisfy certain conditions (Fischler 
and Firschein,1987): 

• The system must be able to express and solve a broad range of problems and 
problem types. 

• The system must be able to make explicit and implicit information known to it. 
• The system must have a control mechanism that determines which operations to 

apply to a particular problem, when a solution to the problem has been obtained, 
or when further work on the problem should be terminated. 

Problem solving may be viewed as a searching problem. A common way to deal 
with "search" is to use rules, data, and control (Nilsson, 1980). The rules operate on the 
data, and the control operates on the rules. Consider, for example, the "traveling 
salesman problem," where the requirement is to find the shortest tour that goes from 
one city to another, with all the cities on the tour being visited only once. In this prob
lem the data are made up of the set of possible tours and their costs in a weighted 
graph, the rules define the ways to proceed from city to city, and the control decides 
which rules to apply and when to apply them. 

In many situations encountered in practice (e.g., medical diagnosis), the available 
knowledge is incomplete or inexact. In such situations, probabilistic reasoning proce
dures are used, thereby permitting AI systems to deal with uncertainty (Russell and 
Norvig, 1995; Pearl, 1 988). 

3. Learning. In the simple model of machine learning depicted in Fig. 1 .25, the 
environment supplies some information to a learning element. The learning element 
then uses this information to make improvements in a knowledge base, and finally the 

Environment r------- Learning ---- Knowledge ----+- Performance 
element base element 

r 
FIGURE 1 .25 Simple model of machine learning. 

I 
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have to be perfect. Performance of the network degrades gracefully within a certain 
range. The network is made even more robust by virtue of the "coarse coding" 
(Hinton, 1981), where each feature is spread over several neurons. 

3. Representational Structure. With a language of thought pursued as a model for 
classical AI, we find that symbolic representations possess a quasi·linguistic structure. 
Like expressions of natural language, the expressions of classical AI are generally com
plex, built in a systematic fashion from simple symbols. Given a limited stock of sym
bols, meaningful new expressions may be composed by virtue of the compositionality 
of symbolic expressions and the analogy between syntactic structure and semantics. 

The nature and structure of representations is, however, a crucial problem for 
neural networks. In the March 1988 Special Issue of the journal Cognilion, Fodor and 
Pylyshyn make some potent criticisms about the computational adequacy of neural 
networks in dealing with cognition and linguistics. They argue that neural networks are 
on the wrong side of two basic issues in cognition: the nature of mental representations, 
and the nature of mental processes. According to Fodor and Pylyshyn, for classical AI 
theories but not neural networks: 

• Mental representations characteristically exhibit a combinatorial constituent 
structure and combinatorial semantics. 

• Mental processes are characteristically sensitive to the combinatorial structure of 
the representations on which they operate. 

In summary, we may describe symbolic AI as the formal manipulation of a lan
guage of algorithms and data representations in a top-down fashion. We may describe 
neural networks, however. as parallel distributed processors with a natural ability to 
learn, and which usually operate in a bottom-up fashion. For the implementation of 
cognitive tasks, it therefore appears that rather than seek solutions based on symbolic 
AI or neural networks alone, a more potentially useful approach would be to build 
structured connectionist models or hybrid systems that integrate them together. By so 
doing, we are able to combine the desirable features of adaptivity, robustness, and uni
formity offered by neural networks with the representation, inference, and universality 
that are inherent features of symbolic AI (Feldman, 1992; Waltz, 1997). Indeed, it is 
with this objective in mind that several methods have been developed for the extrac
tion of rules from trained neural networks. In addition to the understanding of how 
symbolic and connectionist approaches can be integrated for building intelligent 
machines, there are several other reasons for the extraction of rules from neural net
works (Andrews and Diederich, 1996): 

• To validate neural network components in software systems by making the inter
nal states of the neural network accessible and understandable to users. 

• To improve the generalization performance of neural networks by (1) identifying 
regions of the input space where the training data are not adequately represented, 
or (2) indicating the circumstances where the neural network may fail to generalize. 

• To discover salient features of the input data for data exploration (mining). 
• To provide a means for traversing the boundary between the connectionist and 

symbolic approaches to the development of intelligent machines. 
• To satisfy the critical need for safety in a special class of systems where safety is a 

mandatory condition. 
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1 .9 HISTORICAL NOTES 

We conclude this introductory chapter on neural networks with some historical notes.7 
The modern era of neural networks began with the pioneering work of 

McCulloch and Pitts (1943). McCulloch was a psychiatrist and neuroanatomist by 
training; he spent some 20 years thinking about the representation of an event in the 
nervous system. Pitts was a mathematical prodigy, who joined McCulloch in 1942. 
According to Rail (1990), the 1 943 paper by McCulloch and Pitts arose within a neural 
modeling community that had been active at the University of Chicago for at least five 
years prior to 1943, under the leadership of Rashevsky. 

In their classic paper, McCulloch and Pitts describe a logical calculus of neural 
networks that united the studies of neurophysiology and mathematical logic. Their for· 
mal model of a neuron was assumed to follow an "all·or·none" law. With a sufficient 
number of such simple units, and synaptic connections set properly and operating syn· 
chronously, McCulloch and Pitts showed that a network so constituted would, in prin· 
ciple, compute any computable function. This was a very significant result and with it, it 
is generally agreed that the disciplines of neural networks and of artificial intelligence 
were born. 

The 1943 paper by McCulloch and Pitts was widely read at the time and still is. It 
influenced von Neumann to use idealized switch·delay elements derived from the 
McCulloch-Pitts neuron in the construction of the EDVAC (Electronic Discrete 
Variable Automatic Computer) that developed out of the ENIAC (Electronic 
Numerical Integrator and Computer) (Aspray and Burks, 1986). The ENIAC was the 
first general purpose electronic computer, which was built at the Moore School of 
Electrical Engineering of the University of Pennsylvania from 1943 to 1946. The 
McCulloch-Pitts theory of formal neural networks featured prominently in the second 
of four lectures delivered by von Neumann at the University of Illinois in 1949. 

In 1948, Wiener's famous book Cybernetics was published, describing some 
important concepts for control, communications, and statistical signal processing. The 
second edition of the book was published in 1961, adding new material on learning and 
self·organization. In Chapter 2 of both editions of this book, Wiener appears to grasp 
the physical significance of statistical mechanics in the context of the subject matter, 
but it was left to Hopfield (more than 30 years later) to bring the linkage between sta· 
tistical mechanics and learning systems to full fruition. 

The next major development in neural networks came in 1949 with the publica· 
tion of Hebb's book The Organization of Behavior, in which an explicit statement of a 
physiological learning rule for synaptic modification was presented for the first time. 
Specifically, Hebb proposed that the connectivity of the brain is continually changing as 
an organism learns differing functional tasks, and that neural assemblies are created by 
such changes. Hebb followed up an early suggestion by Ram6n y Cajal and introduced 
his now famous postulate of learning, which states that the effectiveness of a variable 
synapse between two neurons is increased by the repeated activation of one neuron by 
the other across that synapse. Hebb's book was immensely influential among psycholo· 
gists, but unfortunately it had little or no impact on the engineering community. 

Hebb's book has been a source of inspiration for the development of computa· 
tional models of learning and adaptive systems. The paper by Rochester, Holland, 
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Haibt, and Duda (1956) is perhaps the first attempt to use computer simulation to 
test a well-formulated neural theory based on Hebb's postulate of learning; the sim
ulation results reported in that paper clearly show that inhibition must be added for 
the theory to actually work, In that same year, Uttley (1956) demonstrated that a 
neural network with modifiable synapses may learn to classify simple sets of binary 
patterns into corresponding classes, Uttley introduced the so-called leaky integrate 
and fire neuron, which was later formally analyzed by Caianiello (1961), In later 
work, Uttley (1979) hypothesized that the effectiveness of a variable synapse in the 
nervous system depends on the statistical relationship between the fluctuating 
states on either side of that synapse, thereby linking up with Shannon's information 
theory. 

In 1952, Ashby's book, Design for a Brain: The Origin of Adaptive Behavior, was 
published, which is just as fascinating to read today as it must have been then. The 
book was concerned with the basic notion that adaptive behavior is not inborn but 
rather learned, and that through learning the behavior of an animal (system) usually 
changes for the better. The book emphasized the dynamic aspects of the living organ
ism as a machine and the related concept of stability. 

In 1954, Minsky wrote a "neural network" doctorate thesis at Princeton 
University, which was entitled "Theory of Neural-Analog Reinforcement Systems and 
Its Application to the Brain-Model Problem." In 1961, an excellent early paper by 
Minsky on AI entitled "Steps Toward Artificial Intelligence," was published; this latter 
paper contains a large section on what is now termed neural networks. In 1967 
Minsky's book, Computation: Finite and Infinite Machines, was published. This clearly 
written book extended the 1943 results of McCulloch and Pitts and put them in the 
context of automata theory and the theory of computation. 

Also in 1954, the idea of a nonlinear adaptive filter was proposed by Gabor, one 
of the early pioneers of communication theory, and the inventor of holography. He 
went on to build such a machine with the aid of collaborators, the details of which are 
described in Gabor et al. (1960). Learning was accomplished by feeding samples of a 
stochastic process into the machine, together with the target function that the machine 
was expected to produce. 

In the 1950s work on associative memory was initiated by Taylor (1956). This was 
followed by the introduction of the learning matrix by Steinbuch (1961); this matrix 
consists of a planar network of switches interposed between arrays of "sensory" recep
tors and "motor" effectors. In 1969, an elegant paper on nonholographic associative 
memory by Willshaw, Buneman, and Longuet-Higgins was published. This paper pre
sents two ingenious network models: a simple optical system realizing a correlation 
memory, and a closely related neural network suggested by the optical memory. Other 
significant contributions to the early development of associative memory include 
papers by Anderson (1972), Kohonen (1972), and Nakano (1972), who independently 
and in the same year introduced the idea of a correlation matrix memory based on the 
outer product learning rule. 

Von Neumann was one of the great figures in science in the first half of the 
twentieth century. The von Neumann architecture, basic to the design of a digital com
puter, is named in his honor. In 1955 he was invited by Yale University to give the 
Silliman Lectures during 1956. He died in 1957, and the unfinished manuscript of the 
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Silliman Lectures was published later as a book, The Computer and the Brain (1958). 
This book is interesting because it suggests what von Neumann might have done had 
he lived; he had started to become aware of the profound differences between brains 
and computers. 

An issue of particular concern in the context of neural networks is that of design
ing a reliable network with neurons that may be viewed as unreliable components. This 
important problem was solved by von Neumann (1956) using the idea of redundancy, 
which motivated Winograd and Cowan (1963) to suggest the use of a distributed redun
dant representation for neural networks. Winograd and Cowan showed how a large 
number of elements could collectively represent an individual concept, with a corre
sponding increase in robustness and parallelism. 

Some 15 years after the publication of McCulloch and Pitt's classic paper, a new 
approach to the pattern recognition problem was introduced by Rosenblatt (1958) in 
his work on the perceptron, a novel method of supervised learning. The crowning 
achievement of Rosenblatt's work was the so-called perceptron convergence theorem, 
the first proof for which was outlined by Rosenblatt (1960b); proofs of the theorem 
also appeared in Novikoff (1963) and others. In 1960, Widrow and Hoff introduced the 
least mean-square (LMS) algorithm and used it to formulate the Adaline (adaptive lin
ear element). The difference between the perceptron and the Adaline lies in the train
ing procedure. One of the earliest trainable layered neural networks with multiple 
adaptive elements was the Madaline (multiple-adaline) structure proposed by Widrow 
and his students (Widrow, 1962). In 1967, Amari used the stochastic gradient method 
for adaptive pattern classification. In 1965, Nilsson's book, Learning Machines, was 
published, which is still the best-written exposition of linearly separable patterns in 
hypersurfaces. During the classical period of the perceptron in the 1960s, it seemed as 
if neural networks could do anything. But then came the book by Minsky and Papert 
(1969), who used mathematics to demonstrate that there are fundamental limits on 
what single-layer perceptrons can compute. In a brief section on multilayer percep
trons, they stated that there was no reason to assume that any of the limitations of sin
gle-layer perceptrons could be overcome in the multilayer version. 

An important problem encountered in the design of a multilayer perceptron is the 
credit assignment problem (i.e., the problem of assigning credit to hidden neurons in the 
network). The terminology "credit assignment" was first used by Minsky (1961), under 
the title "Credit Assignment Problem for Reinforcement Learning Systems." By the late 
1960s, most of the ideas and concepts necessary to solve the perceptron credit assignment 
problem were already formulated, as were many of the ideas underlying the recurrent 
(attractor neural) networks that are now referred to as Hopfield networks. However, we 
had to wait until the 1980s for the solutions of these basic problems to emerge. According 
to Cowan (1990), there were three reasons for this lag of more than 10 years: 

• One reason was technological-there were no personal computers or workstations 
for experimentation. For example, when Gabor developed his nonlinear learning 
filter, it took his research team an additional six years to build the filter with ana
log devices (Gabor, 1954; Gabor et aI., 1960). 
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• The other reason was in part psychological, in part financial. The 1969 mono
graph by Minsky and Papert certainly did not encourage anyone to work on per
ceptrons, or agencies to support the work on them. 

• The analogy between neural networks and lattice spins was premature. The spin
glass model by Sherrington and Kirkpatrick was not invented until 1975. 

These factors contributed in one way or another to the dampening of continued 
interest in neural networks in the 1 970s. Many of the researchers, except for those in 
psychology and the neurosciences, deserted the field during that decade. Indeed, only a 
handful of the early pioneers maintained their commitment to neural networks. From 
an engineering perspective, we may look back on the 1970s as a decade of dormancy 
for neural networks. 

An important activity that did emerge in the 1970s was self-organizing maps 
using competitive learning. The computer simulation work done by von der Malsburg 
(1973) was perhaps the first to demonstrate self-organization. In 1976 Willshaw and 
von der Malsburg published the first paper on the formation of self-organizing maps, 
motivated by topologically ordered maps in the brain. 

In the 1980s major contributions to the theory and design of neural networks were 
made on several fronts, and with it there was a resurgence of interest in neural networks. 

Grossberg (1980), building on his earlier work on competitive learning 
(Grossberg, 1972, 1976a, b), established a new principle of self-organization known as 
adaptive resonance theory (ART). Basically, the theory involves a bottom-up recogni
tion layer and a top-down generative layer. If the input pattern and learned feedback 
pattern match, a dynamical state called "adaptive resonance" (i.e., amplification and 
prolongation of neural activity) takes place. This principle of forward/backward projec
tions has been rediscovered by other investigators under different guises. 

In 1982, Hopfield used the idea of an energy function to formulate a new way of 
understanding the computation performed by recurrent networks with symmetric 
synaptic connections. Moreover, he established the isomorphism between such a recur
rent network and an Ising model used in statistical physics. This analogy paved the way 
for a deluge of physical theory (and physicists) to enter neural modeling, thereby trans
forming the field of neural networks. This particular class of neural networks with feed
back attracted a great deal of attention in the 1980s, and in the course of time it has 
come to be known as Hopfield networks. Although Hopfield networks may not be real
istic models for neurobiological systems, the principle they embody, namely that of 
storing information in dynamically stable networks, is profound. The origin of this prin
ciple may in fact be traced back to pioneering work of many other investigators: 

• Cragg and Tamperley (1954, 1955) made the observation that just as neurons can 
be "fired" (activated) or "not fired" (quiescent), so can atoms in a lattice have 
their spins pointing "'up" or "down." 

• Cowan (1967) introduced the "sigmoid" firing characteristic and the smooth fir
ing condition for a neuron that was based on the logistic function. 

• Grossberg (1967, 1968) introduced the additive model of a neuron, involving non
linear difference/differential equations, and explored the use of the model as a 
basis for short-term memory. 
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• Amari (1972) independently introduced the additive model of a neuron, and used 
it to study the dynamic behavior of randomly connected neuron-like elements. 

• Wilson and Cowan ( 1972) derived coupled nonlinear differential equations for 
the dynamics of spatially localized populations containing both excitatory and 
inhibitory model neurons. 

• Little and Shaw (1975) described a probabilistic model of a neuron, either firing 
or not firing an action potential, and used the model to develop a theory of short
term memory_ 

• Anderson, Silverstein, Ritz, and Jones (1977) proposed the brain-state-in-a-box 
(BSB) model, consisting of a simple associative network coupled to nonlinear 
dynamics. 

It is therefore not surprising that the publication of Hopfield's paper in 1982 generated 
a great deal of controversy. Nevertheless, it is in the same paper that the principle of 
storing information in dynamically stable networks is first made explicit. Moreover, 
Hopfield showed that he had the inSight from the spin-glass model in statistical 
mechanics to examine the special case of recurrent networks with symmetric connec
tivity, thereby guaranteeing their convergence to a stable condition. In 1983, Cohen 
and Grossberg established a general principle for assessing the stability of a content
addressable memory that includes the continuous-time version of the Hopfield net
work as a special case. A distinctive feature of an attractor neural network is the 
natural way in which time, an essential dimension of learning, manifests itself in the 
nonlinear dynamics of the network. In this context, the Cohen-Grossberg theorem is 
of profound importance. 

Another important development in 1982 was the publication of Kohonen's paper 
on self-organizing maps (Kohonen, 1982) using a one- or two-dimensional lattice struc
ture, which was different in some respects from the earlier work by Willshaw and von 
der Malsburg. Kohonen's model has received far more attention in an analytic context 
and with respect to applications in the literature, than the Willshaw-von der Malsburg 
model, and has become the benchmark against which other innovations in this field are 
evaluated. 

In 1983, Kirkpatrick, Gelatt, and Vecchi described a new procedure called simu
lated annealing, for solving combinatorial optimization problems. Simulated annealing 
is rooted in statistical mechanics. It is based on a simple technique that was first used 
in computer simulation by Metropolis et a1. (1953). The idea of simulated annealing 
was later used by Ackley, Hinton, and Sejnowski (1985) in the development of a sto
chastic machine known as the Boltzmann machine, which was the first successful real
ization of a multilayer neural network. Although the Boltzmann machine learning 
algorithm proved not as computationally efficient as the back -propagation algorithm, 
it broke the psychological logjam by showing that the speculation in Minsky and 
Papert (1969) was incorrectly founded. The Boltzmann machine also laid the ground
work for the subsequent development of sigmoid belief networks by Neal (1992), 
which accomplished two things: (1)  significant improvement in learning, and (2) link
ing neural networks to belief networks (Pearl, 1988). A further improvement in the 
learning performance of sigmoid belief networks was made by Saul, Jakkolla. and 
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Jordan (1996) by using mean-field theory, a technique also rooted in statistical 
mechanics. 

A paper by Barto, Sutton, and Anderson on reinforcement learning was pub
lished in 1983. Although they were not the first to use reinforcement learning (Minsky 
considered it in his 1954 Ph.D. thesis, for example), this paper has generated a great 
deal of interest in reinforcement learning and its application in control. Specifically, 
they demonstrated that a reinforcement learning system could learn to balance a 
broomstick (i.e., a pole mounted on a cart) in the absence of a helpful teacher. The sys
tem required only a failure signal that occurs when the pole falls past a critical angle 
from the vertical, or when the cart reaches the end of a track. In 1996, the book Neuro
dynamic Programming by Bertsekas and Tsitsiklis was published. This book put rein
forcement on a proper mathematical basis by linking it with Bellman's dynamic 
programming. 

In 1984 Braitenberg's book, Vehicles: Experiments in Synthetic Psychology, was pub
lished. In this book, Braitenberg advocates the principle of goal-directed, self-organized 
performance: the understanding of a complex process is best achieved by a synthesis of 
putative elementary mechanisms, rather than by a top-down analysis. Under the guise 
of science fiction, Braitenberg illustrates this important principle by describing various 
machines with simple internal architecture. The properties of the machines and their 
behavior are inspired by facts about animal brains, a subject he studied directly or indi
rectly for more than 20 years. 

In 1986 the development of the back-propagation algorithm was reported by 
Rumelhart, Hinton, and Williams (1986). In that same year, the celebrated two-volume 
book, Parallel Distributed Processing: Explorations in the Microstructures of Cognition, 
edited by Rumelhart and McClelland, was published. This latter book has been a major 
influence in the use of back-propagation learning, which has emerged as the most 
popular learning algorithm for the training of multilayer perceptrons. In fact, back
propagation learning was discovered independently in two other places about the same 
time (Parker, 1985; LeCun. 1985).After the discovery of the back-propagation algorithm 
in the mid-1980s, it turned out that the algorithm had been described earlier by Werbos 
in his Ph.D. thesis at Harvard University in August 1974;Werbos's Ph.D. thesis was the 
first documented description of efficient reverse-mode gradient computation that was 
applied to general network models with neural networks arising as a special case. The 
basic idea of back propagation may be traced further back to the book Applied 
Optimal Control by Bryson and Ho (1969). In Section 2.2 entitled "Multistage 
Systems" of that book, a derivation of back propagation using a Lagrangian formalism 
is described. In the final analysis, however, much of the credit for the back-propagation 
algorithm has to be given to Rumelhart, Hinton, and Williams (1986) for proposing its 
use for machine learning and for demonstrating how it could work. 

In 1988 Linsker described a new principle for self-organization in a perceptual 
network (Linsker, 1988a). The principle is designed to preserve maximum information 
about input activity patterns, subject to such constraints as synaptic connections and 
synapse dynamic range. A similar suggestion had been made independently by several 
vision researchers. However, it was Linsker who used abstract concepts rooted in 
information theory (originated by Shannon in 1948) to formulate the maximum 
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mutual information (Infomax) principle. Linsker's paper reignited interest in the appli
cation of information theory to neural networks. In particular, the application of infor
mation theory to the blind source separation problem by Bell and Sejnowski (1995) has 
prompted many researchers to explore other information-theoretic models for solving 
a broad class of problems known collectively as blind deconvolution. 

Also in 1988, Broomhead and Lowe described a procedure for the design of lay
ered feedforward networks using radial basis functions (RBF), which provide an alter
native to multilayer perceptrons. The basic idea of radial basis functions goes back at 
least to the method of potential functions that was originally proposed by Bashkirov, 
Braverman, and Muchnik (1964), and the theoretical properties of which were devel
oped by Aizerman, Braverman, and Rozonoer (1964a, b). A description of the method 
of potential functions is presented in the classic book, Pattern Classification and Scene 
Analysis, by Duda and Hart (1973). Nevertheless, the paper by Broomhead and Lowe 
has led to a great deal of research effort linking the design of neural networks to an 
important area in numerical analysis and also linear adaptive filters. In 1990, Poggio 
and Girosi (1990a) further enriched the theory of RBF networks by applying 
Tikhonov's regularization theory. 

In 1989, Mead's book, Analog VLSJ and Neural Systems, was published. This 
book provides an unusual mix of concepts drawn from neurobiology and VLSI tech
nology. Above all, it includes chapters on silicon retina and silicon cochlea, written by 
Mead and coworkers, which are vivid examples of Mead's creative mind. 

In the early 1990s, Vapnik and coworkers invented a computationally powerful 
class of supervised learning networks, called support vector machines, for solving pat
tern recognition, regression, and density estimation problems (Boser, Guyon, and 
Vapnik, 1992; Cortes and Vapnik, 1995; Vapnik, 1 995, 1998). This new method is based 
on results in the theory of learning with finite sample sizes. A novel feature of support 
vector machines is the natural way in which the Vapnik-Chervonenkis (VC) dimension 
is embodied in their design. The VC dimension provides a measure for the capacity of 
a neural network to learn from a set of examples (Vapnik and Chervonenkis, 1971; 
Vapnik, 1982). 

It is now well established that chaos constitutes a key aspect of physical phe
nomena. A question raised by many is: Is there a key role for chaos in the study of 
neural networks? In a biological context, Freeman (1995) believes that the answer 
to this question is in the affirmative. According to Freeman, patterns of neural activ
ity are not imposed from outside the brain; rather, they are constructed from within. 
In particular, chaotic dynamics offers a basis for describing the conditions that are 
required for emergence of self-organized patterns in and among populations of 
neurons. 

Perhaps more than any other publication, the 1982 paper by Hopfield and the 
1986 two-volume book by Rumelhart and McLelland were the most influential publi
cations responsible for the resurgence of interest in neural networks in the 1980s. 
Neural networks have certainly come a long way from the early days of McCulloch 
and Pitts. Indeed, they have established themselves as an interdisciplinary subject with 
deep roots in the neurosciences, psychology, mathematics, the physical sciences, and 
engineering. Needless to say, they are here to stay, and will continue to grow in theory, 
design, and applications. 
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NOTES AND REFERENCES 

PROBLEMS 

1. This definition of a neural network is adapted from Aleksander and Morton (1990). 
2. For a complementary perspective on neural networks with emphasis on neural modeling. 

cognition, and neurophysiological considerations, see Anderson (1995). For a highly 
readable account of the computational aspects of the brain, see Churchland and 
Sejnowski (1992). For more detailed descriptions of neural mechanisms and the human 
brain, see Kandel and Schwartz (1991), Shepherd (1990a, b), Koch and Segev (1989), 
Kuftler et al. (1984), and Freeman (1975). 

3. For a thorough account of sigmoid functions and related issues, see Menon et al. (1996). 
4. The logistic function, or more precisely the logistic distribution function, derives its name 

from a transcendental "law of logistic growth" that resulted in a huge literature. 
Measured in appropriate units, all growth processes were supposed to be represented by 
the logistic distribution function 

1 
F(t) � 

1 + e"' , 
where t represents time, and a. and 13 are constants. It turned out, however, that not only 
the logistic distribution but also the Gaussian and other distributions can apply to the 
same data with the same or better goodness of fit (Feller, 1968). 

5. According to Kuffler et al. (1984), the term "receptive field" was coined originally by 
Sherrington (1906) and reintroduced by Hartline (1940). In the context of a visual sys
tem, the receptive field of a neuron refers to the restricted area on the retinal surface, 
which influences the discharges of that neuron due to light. 

6. It appears that the weight-sharing technique was originally described in Rumelhart et a1. 
(1986b). 

7. The historical notes presented here are largely (but not exclusively) based on the follow
ing sources: (1) the paper by Saarinen et al. (1992); (2) the chapter contribution by Rail 
(1990); (3) the paper by Widrow and Lehr (1990); (4) the papers by Cowan (1990) and 
Cowan and Sharp (1988); (5) the paper by Grossberg (1988c); (6) the two-volume book 
on neurocomputing (Anderson et aI., 1990;Anderson and Rosenfeld, 1988); (7) the chap
ter contribution of Selfridge et a1. (1988); (8) the collection of papers by von Neumann on 
computing and computer theory (Aspray and Burks, 1986); (9) the handbook on brain 
theory and neural networks edited by Arbib (1995); (10) Chapter 1 of the book by 
Russell and Norvig (1995); and (11) the article by Taylor (1997). 

Models of a neuron 
1.1 An example of the logistic function is defined by 

1 '1'( v) � .,-----''-c-� 
1 + exp( -av) 

whose limiting values are 0 and 1 .  Show that the derivative of 'P(v) with respect to v is 
given by 

d<p 
dv 

� a<p(v)[1 - <p(v)] 

What is the value of this derivative at the origin? 
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1.2 An odd sigmoid function is defined by 

( )  
1 - exp(-av) 

<p v = 
1 + exp(-av) 

= tanh (av) 
2 ,  

where tanh denotes a hyperbolic tangent. The limiting values of this second sigmoid func
tion are - 1  and + 1. Show that the derivative of <p(v) with respect to v is given by 

d� a 
dv 

� 2:[1 - �2(v)1 

What is the value of this derivative at the origin? Suppose that the slope parameter a is 
made infinitely large. What is the resulting form of \'p(v)? 

1.3 Yet another odd sigmoid function is the algebraic sigmoid: 

v 
�(v) �

� 

whose limiting values are -1 and + 1. Show that the derivative of «l(v) with respect to v is 
given by 

What is the value of this derivative at the origin? 
1.4 Consider the following two functions: 

1 f" ( x') (i) �(v) � • r::- exp -- dx 
v2'IT _" 2 

2 
(ii) �(v) � - lao-1(v) 

'IT 

Explain why both of these functions fit the requirements of a sigmoid function. How do 
these two functions differ from each other? 

1.5 Which of the five sigmoid functions described in Problems 1.1 to 1.4 would qualify as a 
cumulative (probability) distribution function? Justify your answer. 

1.6 Consider the pseudolinear activation function !p(v) shown in Fig. P1.6. 
(a) Formulate !p(v) as a function of v. 

(b) What happens to r.p(v) if a is allowed to approach zero? 
1.7 Repeat Problem 1.6 for the pseudolinear activation function !p(v) shown in Fig. Pl.7. 

"l� z[ ___ --".L..--'L-�---- v 
-0.5a 0 O.5a 

FIGURE P1,6 
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",(v) 

--------����-------- v 

FIGURE P1.7 

1.8 A neuron has an activation function !.p(v) defined by the logistic function of Problem 1.1, 
where v is the induced local field, and the slope parameter a is available for adjustment. 
Let XI' X2' " " xm denote the input signals applied to the source nodes of the neuron, and b 
denote the bias. For convenience of presentation, we would like to absorb the slope para
meter a in the induced local field v by writing 

1 '1'( v) = -,--�--c--c 
1 + exp( -v) 

How would you modify the inputs Xl. X2 • • • " Xm to produce the same output as before? 
Justify your answer. 

1.9 A neuron j receives inputs from four other neurons whose activity levels are 10, -20, 4, 
and -2. The respective synaptic weights of neuron j are 0.8,0.2, - 1.0, and -0.9. Calculate 
the output of neuronj for the following two situations: 
(a) The neuron is linear. 
(b) The neuron is represented by a McCulloch-Pitts model. 
Assume that the bias applied to the neuron is zero. 

1.10 Repeat Problem 1.9 for a neuron model based on the logistic function 

1 '1'( v) = ,----=---c--c 1 + exp( -v) 

1.11 <a) Show that the McCulloch-Pitts formal model of a neuron may be approximated by a 
sigmoidal neuron (i.e., neuron using a sigmoid activation function with large synaptic 
weights. 

(b) Show that a linear neuron may be approximated by a sigmoidal neuron with small 
synaptic weights. 

Network architectures 
1.12 A fully connected feedforward network has 10 source nodes, 2 hidden layers, one with 4 

neurons and the other with 3 neurons, and a single output neuron. Construct an architec
tural graph of this network. 

1.13 <a) Figure PI. 13 shows the signal-flow graph of a 2-2-2-1 feedforward network. The func
tion 'P( . ) denotes a logistic function. Write the input-output mapping defined by 
this network. 

(b) Suppose that the output neuron in the signal-flow graph of Fig. P1.13 operates in its 
linear region. Write the input-output mapping defined by this new network. 
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5 3 

-2 

6 

FIGURE Pl.13 

1.14 The network described in Fig. Pl.13 has no biases. Suppose that biases equal to -1  and 
+ 1 are applied to the top and bottom neurons of the first hidden layer, and biases equal 
to + 1 and -2 are applied to the top and bottom neurons of the second hidden layer. 
Write the new form of the input-output mapping defined by the network. 

1.15 Consider a multilayer feedforward network, all the neurons of which operate in their lin
ear regions. Justify the statement that such a network is equivalent to a single-layer feed
forward network. 

1.16 Construct a fully recurrent network with 5 neurons, but with no self-feedback. 
1.17 Figure Pl.1? shows the signal-flow graph of a recurrent network made up of two neu

rons. Write the nonlinear difference equation that defines the evolution of xt(n) or that 
of x2(n). These two variables define the outputs of the top and bottom neurons, respec
tively. What is the order of this equation? 

1.18 Figure P1.18 shows the signal-flow graph of a recurrent network consisting of two neu
TOns with self-feedback. Write the coupled system of two first-order nonlinear difference 
equations that describe the operation of the system. 

1.19 A recurrent network has 3 source nodes, 2 hidden neurons, and 4 output neurons. 
Construct an architectural graph that describes such a network. 

FIGURE Pl.17 FIGURE P1.18 
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Knowledge representation 
1.20 A useful form of preprocessing is based on the autoregressive CAR) model described by 

the difference equation (for real-valued data) 

yen) � wIY(n - 1) + w2y(n - 2) + . . .  + wMy(n - M) + v(n) 
where yen) is the model output; v(n) is a sample drawn from a white-noise process of 
zero mean and some prescribed variance; WI' w2, ... , WM are the AR model coefficients; 
and M is the model order. Show that the use of this model provides two forms of geomet
ric invariance: (a) scale, and (b) time translation. How could these two invariances be 
used in neural networks? 

1.21 Let x be an input vector, and sea, x) be a transformation operator acting on x and 
depending on some parameter a. The operator s( ct, x) satisfies two requirements: 

• s(O,x) � x 
• s( <X, x) is differentiable with respect to a. 

The tangent vector is defined by the partial derivative as( "" x)1 a", (Simard et aI., 1992). 
Suppose that x represents an image, and a is a rotation parameter. How would you 

compute the tangent vector for the case when Q'. is small? The tangent vector is locally 
invariant with respect to rotation of the original image; why? 
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The property that is of primary significance for a neural network is the ability of the 
network to learn from its environment. and to improve its performance through learn
ing. The improvement in performance takes place over time in accordance with some 
prescribed measure. A neural network learns about its environment through an inter
active process of adjustments applied to its synaptic weights and bias levels. Ideally. the 
network becomes more knowledgeable about its environment after each iteration of 
the learning process. 

There are too many activities associated with the notion of "learning" to justify 
defining it in a precise manner. Moreover, the process of learning is a matter of view
point. which makes it all the more difficult to agree on a precise definition of the term. 
For example, learning as viewed by a psychologist is quite different from learning in a 
classroom sense. Recognizing that our particular interest is in neural networks, we use 
a definition of learning that is adapted from Mendel and McClaren (1970). 

We define learning in the context of neural networks as: 

Learning is a process by which the free parameters of a neural network are adapted through 
a process of stimulation by the environment in which the network is embedded. The type of 
learning is determined by the manner in which the parameter changes take place. 

This definition of the learning process implies the following sequence of events: 

1, The neural network is stimulated by an environment. 
2. The neural network undergoes changes in its free parameters as a result of this 

stimulation. 
3. The neural network responds in a new way to the environment because of the 

changes that have occurred in its internal structure. 

A prescribed set of well-defined rules for the solution of a learning problem is 
called a learning algorithm. I As one would expect, there is no unique learning algo
rithm for the design of neural networks. Rather, we have a "kit of tools" represented by 
a diverse variety of learning algorithms, each of which offers advantages of its own. 
Basically, learning algorithms differ from each other in the way in which the adjust-
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ment to a synaptic weight of a neuron is formulated. Another factor to be considered is 
the manner in which a neural network (learning machine). made up of a set of inter
connected neurons, relates to its environment. In this latter context we speak of a 
learning paradigm that refers to a model of the environment in which the neural net
work operates. 

Organization of the Chapter 

The chapter is organized in four interrelated parts. In the first part, consisting of 
Sections 2.2 through 2.6, we discuss five basic learning rules: error-correction learning, 
memory-based learning, Hebbian learning, competitive learning, and Boltzmann 
learning. Error-correction learning is rooted in optimum filtering. Memory-based 
learning operates by memorizing the training data explicitly. Hebbian learning and 
competitive learning are both inspired by neurobiological considerations. Boltzmann 
learning is different because it is based on ideas borrowed from statistical mechanics. 

The second part of the chapter explores learning paradigms. Section 2.7 discusses 
the credit -assignment problem, which is basic to the learning process. Sections 2.8 and 
2.9 present overviews of the two fundamental learning paradigms: (1) learning with a 
teacher, and (2) learning without a teacher. 

The third part of the chapter, consisting of Sections 2.10 through 2.12, examines 
the issues of learning tasks, memory, and adaptation. 

The final part of the chapter, consisting of Sections 2.13 through 2.15, deals with 
probabilistic and statistical aspects of the learning process. Section 2.13 discusses the 
bias/variance dilemma. Section 2.14 discusses statistical learning theory, based on the 
notion of VC-dimension that provides a measure of machine capacity. Section 2.14 
introduces another important concept: probably approximately correct (PAC) learn
ing, which provides a conservative model for the learning process. 

The chapter concludes with some final remarks in Section 2.16. 

2.2 ERROR-CORRECTION LEARNING 

To illustrate our first learning rule, consider the simple case of a neuron k constituting 
the only computational node in the output layer of a feedforward neural network, as 
depicted in Fig. 2.1a. Neuron k is driven by a signal vector x(n) produced by one or 
more layers of hidden neurons, which are themselves driven by an input vector (stimu
lus) applied to the source nodes (i.e., input layer) of the neural network. The argument 
n denotes discrete time, or more precisely, the time step of an iterative process involved 
in adjusting the synaptic weights of neuron k. The output signal of neuron k is denoted 
by hen). This output signal, representing the only output of the neural network, is com
pared to a desired response or target output, denoted by d.(n). Consequently, an error 
signal, denoted by ek(n), is produced. By definition, we thus have 

(2.1 ) 

The error signal ek(n) actuates a control mechanism, the purpose of which is to apply a 
sequence of corrective adjustments to the synaptic weights of neuron k. The corrective 
adjustments are designed to make the output signal Yk(n) come closer to the desired 
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FIGURE 2.1 I l lustrating error-correction learning. 
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response d,(n) in a step-by-step manner. This objective is achieved by minimizing a cost 
function or index of performance. \l:(n). defined in terms of the error signal ek(n) as: 

(2.2) 

That is. \l:(n) is the instantaneous value of the error energy. The step-by-step adjust
ments to the synaptic weights of neuron k are continued until the system reaches a 
steady state (i.e .• the synaptic weights are essentially stabilized). At that point the learn
ing process is terminated. 

The learning process described herein is obviously referred to as error-correction 
learning. In particular. minimization of the cost function \l:(n) leads to a learning rnle 
commonly referred to as the delta rule or Widrow-Hoff rule. named in honor of its orig
inators (Widrow and Hoff. 1960). Let wk/n) denote the value of synaptic weight wkj of 
neuron k excited by element x/n) of the signal vector x(n) at time step n. According to 
the delta rule. the adjustment !J.wk/n) applied to the synaptic weight wkj at time step n 
is defined by 

(2.3) 

where 11 is a positive constant that determines the rate of learning as we proceed from 
one step in the learning process to another. It is therefore natural that we refer to Tj as 
the learning-rate parameter. In other words. the delta rule may be stated as: 
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The adjustment made to a synaptic weight of a neuron is proportional to the product of the 
error signal and the input signal of the synapse in question. 

Keep in mind that the delta rule, as stated herein, presumes that the error signal is 
directly measurable. For this measurement to be feasible we clearly need a supply of 
desired response from some external source, which is directly accessible to neuron k. 
In other words, neuron k is visible to the outside world, as depicted in Fig. 2.1a. From 
this figure we also observe that error-correction learning is in fact local in nature. This 
is merely saying that the synaptic adjustments made by the delta rule are localized 
around neuron k. 

Having computed the synaptic adjustment ,lwk/n), the updated value of synaptic 
weight wkj is determined by 

(2.4) 

In effect, wk/n) and wkj (n + 1 )  may be viewed as the old and new values of synaptic 
weight wkj' respectively. In computational terms we may also write 

wk/n) = Z-I[Wk/n + 1)] (2.5) 

where z -I is the unit-delay operator. That is, z -I represents a storage element. 
Figure 2.1b shows a signal-flow graph representation of the error-correction 

learning process, focusing on the activity surrounding neuron k. The input signal Xj and 
induced local field vk of neuron k are referred to as the presynaptic and postsynaptic 
signals of the jth synapse of neuron k, respectively. From Fig. 2.1b we see that error
correction learning is an example of a closed-loop feedback system. From control 
theory we know that the stability of such a system is determined by those parameters 
that constitute the feedback loops of the system. In our case we only have a single 
feedback loop, and one of those parameters of particular interest is the learning-rate 
parameter '1]. It is therefore important that 'I] is carefully selected to ensure that the 
stability or convergence of the iterative learning process is achieved. The choice of 'I] 
also has a profound influence on the accuracy and other aspects of the learning 
process. In short, the learning-rate parameter 'I] plays a key role in determining the per
formance of error-correction learning in practice. 

Error-correction learning is discussed in much greater detail in Chapter 3, which 
discusses single-layer feedforward networks and in Chapter 4, which details multilayer 
feedforward networks. 

2.3 MEMORY-BASED LEARNING 

In memory-based learning, all ( or most) of the past experiences are explicitly stored in 
a large memory of correctly classified input-output examples: {(Xi, dtll!':!> where Xi 
denotes an input vector and di denotes the corresponding desired response. Without 
loss of generality, we have restricted the desired response to be a scalar. For example, 
in a binary pattern classification problem there are two classes/hypotheses, denoted by 
'161 and '162, to be considered. In this example, the desired response di takes the value 0 
(or - 1) for class '161 and the value 1 for class '162' When classification of a test vector "',,' 
(not seen before) is required, the algorithm responds by retrieving and analyzing the 
training data in a "local neighborhood" of x"". 
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All memory-based learning algorithms involve two essential ingredients: 

• Criterion used for defining the local neighborhood of the test vector x"". 
• Learning rule applied to the training examples in the local neighborhood of x,,,,. 

The algorithms differ from each other in the way in which these two ingredients are 
defined. 

In a simple yet effective type of memory-based learning known as the nearest 
neighbor rule,2 the local neighborhood is defined as the training example that lies in 
the immediate neighborhood of the test vector x"". In particular, the vector 

is said to be the nearest neighbor of x'es! if 

(2.6) 

(2.7) 

where d(Xi' x'es') is the Euclidean distance between the vectors Xi and xtes" The class 
associated with the minimum distance, that is, vector x�" is reported as the classifica
tion of x"". This rule is independent of the underlying distribution responsible for gen
erating the training examples. 

Cover and Hart (1967) have formally studied the nearest neighbor rule as a 
tool for pattern classification. The analysis presented therein is based on two 
assumptions: 

• The classified examples (Xi' di) are independently and identically distributed (iid), 
according to the joint probability distribution of the example (x, d). 

• The sample size N is infinitely large. 

Under these two assumptions, it is shown that the probability of classification error 
incurred by the nearest neighbor rule is bounded above by twice the Bayes probability 
of error, that is, the minimum probability of error over all decision rules. Bayes proba
bility of error is discussed in Chapter 3 .  In this sense, it may be said that half the classi
fication information in a training set of infinite size is contained in the nearest 
neighbor, which is a surprising result. 

A variant of the nearest neighbor classifier is the k-nearest neighbor classifier, 
which proceeds as follows: 

• Identify the k classified patterns that lie nearest to the test vector Xtest for some 
integer k. 

• Assign x,," to the class (hypothesis) that is most frequently represented in the k 
nearest neighbors to xtes! (i.e., use a majority vote to make the classification). 

Thus the k-nearest neighbor classifier acts like an averaging device. In particular, it dis
criminates against a single outlier, as illustrated in Fig. 2.2 for k = 3. An outlier is an 
observation that is improbably large for a nominal model of interest. 

In Chapter 5 we discuss another important type of memory-based classifier 
known as the radial-basis function network. 
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FIGURE 2.2 The area lying 
inside the dashed circle 
includes two points pertaining 
to class 1 and an outlier from 
class O. The point d corresponds 
to the test vector Xtest' With 
k � 3. the k-nearest neighbor 
classifier assigns class 1 to 
point d even though it lies 
closest to the outlier. 

Hebb's postulate of learning is the oldest and most famous of all learning rules; it is 
named in honor of the neuropsychologist Hebb (1949). Quoting from Hebb's book. 
The Organization of Behavior (1949, p.62): 

When an axon of cell A is near enough to excite a cell B and repeatedly or persistently 
takes part in firing it, some growth process or metabolic changes take place in one or both 
cells such that A's efficiency as one of the cells firing B, is increased. 

Hebb proposed this change as a basis of associative learning (at the cellular level), 
which would result in an enduring modification in the activity pattern of a spatially dis
tributed "assembly of nerve cells." 

This statement is made in a neurobiological context. We may expand and 
rephrase it as a two-part rule (Stent. 1973; Changeux and Danchin. 1976): 

1. If two neurons on either side of a synapse (connection) are activated simultane
ously (i.e., synchronously). then the strength of that synapse is selectively increased. 

2. If two neurons on either side of a synapse are activated asynchronously, then that 
synapse is selectively weakened or eliminated. 

Such a synapse is called a Hebbian synapse.3 (The original Hebb rule did not con
tain part 2.) More precisely. we define a Hebbian synapse as a synapse that uses a time
dependent, highly local, and strongly interactive mechanism to increase synaptic 
efficiency as a function of the correlation between the presynaptic and postsynaptic 
activities. From this definition we may deduce the following four key mechanisms 
(properties) that characterize a Hebbian synapse (Brown et al.. 1990): 

1. Time-dependent mechanism. This mechanism refers to the fact that the modifi
cations in a Hebbian synapse depend on the exact time of occurrence of the presynap
tic and postsynaptic signals. 

2. Local mechanism. By its very nature, a synapse is the transmission site where 
information-bearing signals (representing ongoing activity in the presynaptic and 
postsynaptic units) are in spatia temporal contiguity. This locally available information 
is used by a Hebbian synapse to produce a local synaptic modification that is input 
specific. 
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3. Interactive mechanism. The occurrence of a change in a Hebbian synapse 
depends on signals on both sides of the synapse. That is, a Hebbian form of learning 
depends on a "true interaction" between presynaptic and postsynaptic signals in the 
sense that we cannot make a prediction from either one of these two activities by itself. 
Note also that this dependence or interaction may be deterministic or statistical in nature. 

4. Conjunctional or correlational mechanism. One interpretation of Hebb's pos
tulate of learning is that the condition for a change in synaptic efficiency is the con
junction of presynaptic and postsynaptic signals. Thus, according to this interpretation, 
the co-occurrence of presynaptic and postsynaptic signals (within a short interval of 
time) is sufficient to produce the synaptic modification. It is for this reason that a 
Hebbian synapse is sometimes referred to as a conjunctional synapse. For another 
interpretation of Hebb's postulate of learning, we may think of the interactive mecha
nism characterizing a Hebbian synapse in statistical terms. In particular, the correla
tion over time between presynaptic and postsynaptic signals is viewed as being 
responsible for a synaptic change. Accordingly, a Hebbian synapse is also referred to as 
a correlational synapse. Correlation is indeed the basis of learning (Eggermont, 1 990). 

Synaptic Enhancement and Depression 

The definition of a Hebbian synapse presented here does not include additional 
processes that may result in weakening of a synapse connecting a pair of neurons. 
Indeed, we may generalize the concept of a Hebbian modification by recognizing that 
positively correlated activity produces synaptic strengthening, and that either uncorre
lated or negatively correlated activity produces synaptic weakening (Stent, 1973). 
Synaptic depression may also be of a noninteractive type. Specifically, the interactive 
condition for synaptic weakening may simply be noncoincident presynaptic or postsy
naptic activity. 

We may go one step further by classifying synaptic modifications as Hebbian, 
anti-Hebbian, and non-Hebbian (Palm, 1982). According to this scheme, a Hebbian 
synapse increases its strength with positively correlated presynaptic and postsynaptic 
signals, and decreases its strength when these signals are either uncorrelated or nega
tively correlated. Conversely, an anti-Hebbian synapse weakens positively correlated 
presynaptic and postsynaptic signals, and strengthens negatively correlated signals. In 
both Hebbian and anti-Hebbian synapses, however, the modification of synaptic effi
ciency relies on a mechanism that is time-dependent, highly local, and strongly interac
tive in nature. In that sense, an anti-Hebbian synapse is still Hebbian in nature, though 
not in function. A non-Hebbian synapse, on the other hand, does not involve a 
Hebbian mechanism of either kind. 

Mathematical Models of Hebbian Modifications 

To formulate Hebbian learning in mathematical terms, consider a synaptic weight wkj 
of neuron k with presynaptic and postsynaptic signals denoted by Xj and Yk' respec
tively. The adjustment applied to the synaptic weight wkj at time step n is expressed in 
the general form 

(2.8) 
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where F('
'
') is a function of both postsynaptic and presynaptic signals. The signals x/n) 

and Yk(n) are often treated as dimensionless. The formula of Eq. (2.8) admits many 
forms, all of which qualify as Hebbian. In what follows, we consider two such forms. 

Hebb's hypothesis. The simplest form of Hebbian learning is described by 

(2.9) 

where T] is a positive constant that determines the rate of learning. Equation (2.9) 
clearly emphasizes the correlational nature of a Hebbian synapse. It is sometimes 
referred to as the activity product rule. The top curve of Fig. 2.3 shows a graphical rep
resentation of Eq. (2.9) with the change llwkJ plotted versus the output signal (postsy
naptic activity) Yk' From this representation we see that the repeated application of the 
input signal (presynaptic activity) Xi leads to an increase in Yk and therefore exponen
tial growth that finally drives the synaptic connection into saturation. At that point no 
information will be stored in the synapse and selectivity is lost. 

Covariance hypothesis. One way of overcoming the limitation of Hebb's hypothesis 
is to use the covariance hypothesis introduced in Sejnowski (1977a, b). In this hypothe
sis, the presynaptic and postsynaptic signals in Eq. (2.9) are replaced by the departure 
of presynaptic and postsynaptic signals from their respective average values over a cer
tain time interval. Let x and y denote the time-averaged values of the presynaptic signal 
Xi and postsynaptic signal Y k' respectively. According to the covariance hypothesis, the 
adjustment applied to the synaptic weight wki is defined by 

(2.10) 

where T] is the learning-rate parameter. The average values x and Y constitute presy
naptic and postsynaptic thresholds, which determine the sign of synaptic modification. 
In particular, the covariance hypothesis allows for the following: 

FIGURE 2.3 Il lustration of 
Hebb's hypothesis and the 
covariance hypothesis. 
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• Convergence to a nontrivial state, which is reached when Xk = X or Yj = y. 
• Prediction of both synaptic potentiation (i.e., increase in synaptic strength) and 

synaptic depression (i.e., decrease in synaptic strength). 

Figure 2.3 illustrates the difference between Hebb's hypothesis and the covariance 
hypothesis. In both cases the dependence of tlwkj on Yk is linear; however, the intercept 
with the Yk-axis in Hebb's hypothesis is at the origin, whereas in the covariance hypoth
esis it is at Yk = y. 

We make the following important observations from Eq. (2.10): 

1. Synaptic weight wkj is enhanced if there are sufficient levels of presynaptic and 
postsynaptic activities, that is, the conditions Xj > x and Yk > y are both satisfied. 

2. Synaptic weight WkJ is depressed if there is either 
• a presynaptic activation (i.e., xJ > x) in the absence of sufficient postsynaptic 

activation (i.e., Yk < y), or 
• a postsynaptic activation (i.e., Yk > y) in the absence of sufficient presynaptic 

activation (i.e., XI < x). 

This behavior may be regarded as a form of temporal competition between the incom
ing patterns. 

There is strong physiological evidence4 for Hebbian learning in the area of the 
brain called the hippocampus. The hippocampus plays an important role in certain 
aspects of learning or memory. This physiological evidence makes Hebbian learning all 
the more appealing. 

2.5 COMPETITIVE LEARNING 

In competitive learning,' as the name implies, the output neurons of a neural network 
compete among themselves to become active (fired). Whereas in a neural network 
based on Hebbian learning several output neurons may be active simultaneously, in 
competitive learning only a single output neuron is active at any one time. It is this fea
ture that makes competitive learning highly suited to discover statistically salient fea
tures that may be used to classify a set of input patterns. 

There are three basic elements to a competitive learning rule (Rumelhart and 
Zipser, 1985): 

• A set of neurons that are all the same except for some randomly distributed 
synaptic weights, and which therefore respond differently to a given set of input 
patterns. 

• A limit imposed on the "strength" of each neuron. 
• A mechanism that permits the neurons to compete for the right to respond to a 

given subset of inputs, such that only one output neuron, or only one neuron per 
group, is active (i.e., "on") at a time. The neuron that wins the competition is 
called a winner-takes-all neuron. 

Accordingly the individual neurons of the network learn to specialize on ensembles of 
similar patterns; in so doing they become feature detectors for different classes of input 
patterns. 
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FIGURE 2.4 Architectural 
graph of a simple competitive 
learning network with 
feedforward (excitatory) 
connections from the source 
nodes to the neurons. and 
lateral (inhibitory) 
connections among the 
neurons; the lateral 
connections are signified by 
open arrows. 

In the simplest form of competitive learning, the neural network has a single 
layer of output neurons, each of which is fully connected to the input nodes. The net
work may include feedback connections among the neurons, as indicated in Fig. 2.4. In 
the network architecture described herein, the feedback connections perform lateral 
inhibition: with each neuron tending to inhibit the neuron to which it is laterally con
neeted. In contrast, the feedforward synaptic connections in the network of Fig. 2.4 are 
all excitatory. 

For a neuron k to be the winning neuron, its induced local field v, for a specified 
input pattern x must be the largest among all the neurons in the network. The output 
signal Yk of winning neuron k is set equal to one; the output signals of all the neurons 
that lose the competition are set equal to zero. We thus write 

ifvk > Vj for allj, j * k 
otherwise 

(2.11)  

where the induced local field vk represents the combined action of  all the forward and 
feedback inputs to neuron k. 

Let wkj denote the synaptic weight connecting input node j to neuron k. Suppose 
that each neuron is allotted a fixed amount of synaptic weight (i.e., all synaptic weights 
are positive), which is distributed among its input nodes; that is, 

for all k (2.12) 

A neuron then learns by shifting synaptic weights from its inactive to active input 
nodes. If a neuron does not respond to a particular input pattern, no learning takes 
place in that neuron. If a particular neuron wins the competition, each input node of 
that neuron relinquishes some proportion of its synaptic weight, and the weight relin
quished is then distributed equally among the active input nodes. According to the 
standard competitive learning rule, the change tJ.wkj applied to synaptic weight WkJ is 
defined by 

if neuron k wins the competition 

if neuron k loses the competition 
(2.13) 

where 'T) is the learning-rate parameter. This rule has the overall effect of moving the 
synaptic weight vector W k of winning neuron k toward the input pattern x. 
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(a) ( b) 

FIGURE 2.5 Geometric interpretation of the competitive learning 
process. The dots represent the input vectors. and the crosses 
represent the synaptic weight vectors of three output neurons. 
(a) Initial state of the network. (b) Final state of the network. 

We may use the geometric analogy depicted in Fig. 2.5 to illustrate the essence 
of competitive learning (Rumelhart and Zipser, 1985). It is assumed that each input 
pattern (vector) x has some constant Euclidean length so that we may view it as a 
point on an N-dimensional unit sphere where N is the number of input nodes. N also 
represents the dimension of each synaptic weight vector Wk' It is further assumed that 
all neurons in the network are constrained to have the same Euclidean length (norm), 
as shown by 

for all k (2.14) 

When the synaptic weights are properly scaled they form a set of vectors that fall on 
the same N-dimensional unit sphere. In Fig. 2.5a we show three natural groupings 
(clusters) of the stimulus patterns represented by dots. This figure also includes a pos
sible initial state of the network (represented by crosses) that may exist before learn
ing. Figure 2.5b shows a typical final state of the network that results from the use of 
competitive learning. In particular, each output neuron has discovered a cluster of 
input patterns by moving its synaptic weight vector to the center of gravity of the dis
covered cluster (Rumelhart and Zipser, 1985; Hertz et a!., 1 991). This figure illustrates 
the ability of a neural network to perform clustering through competitive learning. 
However, for this function to be performed in a "stable" fashion the input patterns 
must fall into sufficiently distinct groupings to begin with. Otherwise the network may 
be unstable because it will no longer respond to a given input pattern with the same 
output neuron. 

2.6 BOLTZMANN LEARNING 

The Boltzmann learning rule, named in honor of Ludwig Boltzmann, is a stochastic 
learning algorithm derived from ideas rooted in statistical mechanics.' A neural net-
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work designed on the basis of the Boltzmann learning rule is called a Boltzmann 
machine (Ackley et a\., 1985; Hinton and Sejnowski, 1986). 

In a Boltzmann machine the neurons constitute a recurrent structure, and they 
operate in a binary manner since, for example, they are either in an "on" state denoted 
by + 1 or in an "off" state denoted by -1. The machine is characterized by an energy 
function, E, the value of which is determined by the particular states occupied by the 
individual neurons of the machine, as shown by 

(2.15) 

where Xj is the state of neuron j, and wkj is the synaptic weight connecting neuron j to 
neuron k. The fact that j '" k means simply that none of the neurons in the machine has 
self-feedback. The machine operates by choosing a neuron at random-for example, 
neuron k-at some step of the learning process, then flipping the state of neuron k 
from state xkto state -xk at some temperature Twith probability 

1 
P(Xk --> -Xk) = 1 + exp(-!;.Ek/T) 

(2.16) 

where !;.Ek is the energy change (i.e., the change in the energy function of the machine) 
resulting from such a flip. Notice that T is not a physical temperature, but rather a 
pseudo temperature, as explained in Chapter 1 .  If this rule is applied repeatedly, the 
machine will reach thermal equilibrium. 

The neurons of a Boltzmann machine partition into two functional groups: visible 
and hidden. The visible neurons provide an interface between the network and the 
environment in which it operates, whereas the hidden neurons always operate freely. 
There are two modes of operation to be considered: 

• Clamped condition, in which the visible neurons are all clamped onto specific 
states determined by the environment. 

• Free-running condition, in which all the neurons (visible and hidden) are allowed 
to operate freely. 

Let P;j denote the correlation between the states of neurons j and k, with the network 
in its clamped condition. Let pi; denote the correlation between the states of neurons j 
and k with the network in its free-running condition. Both correlations are averaged 
over all possible states of the machine when it is in thermal equilibrium. Then, accord
ing to the Boltzmann learning rule, the change !;.wkj applied to the synaptic weight wkj 
from neuronj to neuron k is defined by (Hinton and Sejnowski, 1986) 

(2.17) 
where 1] is a learning-rate parameter. Note that both p� and pi; range in value from -1 
to + 1 .  

A brief review of statistical mechanics is presented in Chapter 11 ;  in that chapter 
we also present a detailed treatment of the Boltzmann machine and other stochastic 
machines. 



62 Chapter 2 Learning Processes 

2.7 CREDIT-ASSIGNMENT PROBLEM 

When studying learning algorithms for distributed systems, it is useful to consider 
the notion of credit assignment (Minsky, 1961). Basically, the credit-assignment 
problem is the problem of assigning credit or blame for overall outcomes to each of 
the internal decisions made by a learning machine and which contributed to those 
outcomes. (The credit assignment problem is also referred to as the loading prob
lem, the problem of "loading" a given set of training data into the free parameters 
of the network.) 

In many cases the dependence of outcomes on internal decisions is mediated by a 
sequence of actions taken by the learning machine. In other words, internal decisions 
affect which particular actions are taken, and then the actions, not the internal deci
sions, directly influence overall outcomes. In these situations, we may decompose the 
credit-assignment problem into two subproblems (Sutton, 1984): 

1. The assignment of credit for outcomes to actions. This is called the temporal 
credit-assignment problem in that it involves the instants of time when the actions 
that deserve credit were actually taken. 

2. The assignment of credit for actions to internal decisions. This is called the struc
tural credit-assignment problem in that it involves assigning credit to the internal 
structures of actions generated by the system. 

The structural credit -assignment problem is relevant in the context of a multicompo
nent learning machine when we must determine precisely which particular component 
of the system should have its behavior altered and by how much in order to improve 
overall system performance. On the other hand, the temporal credit-assignment prob
lem is relevant when there are many actions taken by a learning machine that result in 
certain outcomes, and we must determine which of these actions were responsible for 
the outcomes. The combined temporal and structural credit-assignment problem faces 
any distributed learning machine that attempts to improve its performance in situa
tions involving temporally extended behavior (Williams, 1988). 

The credit-assignment problem, for example, arises when error-correction learn
ing is applied to a multilayer feedforward neural network. The operation of each hid
den neuron, as well as that of each output neuron in such a network is important to its 
correct overa11 operation on a learning task of interest. That is, in order to solve the 
prescribed task the network must assign certain forms of behavior to all of its neurons 
through the specification of error-correction learning. With this background in mind, 
consider the situation described in Fig. 2. 1  a. Since the output neuron k is visible to the 
outside world, it is possible to supply a desired response to this neuron. As far as the 
output neuron is concerned, it is a straightforward matter to adjust the synaptic 
weights of the output neuron in accordance with error-correction learning, as outlined 
in Section 2.2. But how do we assign credit or blame for the action of the hidden neu
rons when the error-correction learning process is used to adjust the respective synap
tic weights of these neurons? The answer to this fundamental question requires more 
detailed attention; it is presented in Chapter 4, where algorithmic details of the design 
of multilayer feedforward neural networks are described. 
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We now turn our attention to learning paradigms. We begin by considering learning 
with a teacher, which is also referred to as supervised learning. Figure 2.6 shows a block 
diagram that illustrates this form of learning. In conceptual terms, we may think of the 
teacher as having knowledge of the environment, with that knowledge being repre
sented by a set of input-output examples. The environment is, however, unknown to the 
neural network of interest. Suppose now that the teacher and the neural network are 
both exposed to a training vector (i.e., example) drawn from the environment. By 
virtue of built-in knowledge, the teacher is able to provide the neural network with a 
desired response for that training vector. Indeed, the desired response represents the 
optimum action to be performed by the neural network. The network parameters are 
adjusted under the combined influence of the training vector and the error signal. The 
error signal is defined as the difference between the desired response and the actual 
response of the network. This adjustment is carried out iteratively in a step-by-step 
fashion with the aim of eventually making the neural network emulate the teacher; the 
emulation is presumed to be optimum in some statistical sense. In this way knowledge 
of the environment available to the teacher is transferred to the neural network 
through training as fully as possible. When this condition is reached, we may then dis
pense with the teacher and let the neural network deal with the environment com
pletely by itself. 

The form of supervised learning we have just described is the error-correction 
learning discussed previously in Section 2.2. It is a closed-loop feedback system, but 
the unknown environment is not in the loop. As a performance measure for the system 
we may think in terms of the mean-square error or the sum of squared en "rs over the 
training sample, defined as a function of the free parameters of the system. This func
tion may be visualized as a multidimensional error-performance surface or simply error 
surface, with the free parameters as coordinates. The true error surface is averaged 
over all possible input-{lUtput examples. Any given operation of the system under the 
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FIGURE 2.6 Block diagram of 
learning with a teacher. 
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teacher's supervision is represented as a point on the error surface. For the system to 
improve performance over time and therefore learn from the teacher, the operating 
point has to move down successively toward a minimum point of the error surface; the 
minimum point may be a local minimum or a global minimum. A supervised learning 
system is able to do this with the useful information it has about the gradient of the 
error surface corresponding to the current behavior of the system. The gradient of an 
error surface at any point is a vector that points in the direction of steepest descent. In 
fact, in the case of supervised learning from examples, the system may use an instanta
neous estimate of the gradient vector, with the example indices presumed to be those of 
time. The use of such an estimate results in a motion of the operating point on the error 
surface that is typically in the form of a "random walk." Nevertheless, given an algo
rithm designed to minimize the cost function, an adequate set of input-output exam
ples, and enough time permitted to do the training, a supervised learning system is 
usually able to perform such tasks as pattern classification and function approximation. 

2.9 LEARNING WITHOUT A TEACHER 

In supervised learning, the learning process takes place under the tutelage of a teacher. 
However, in the paradigm known as learning without a teacher, as the name implies, 
there is no teacher to oversee the learning process. That is to say, there are no labeled 
examples of the function to be learned by the network. Under this second paradigm, 
two subdivisions are identified: 

1 .  Reinforcement learning/Neurodynamic programming 

In reinforcement learning,8 the learning of an input-output mapping is performed 
through continued interaction with the environment in order to minimize a scalar 
index of performance. Figure 2.7 shows the block diagram of one form of a reinforce
ment learning system built around a critic that converts a primary reinforcement signal 
received from the environment into a higher quality reinforcement signal called the 
heuristic reinforcement signal, both of which are scalar inputs (Barto et aI., 1983). The 

FIGURE 2.7 Block diagram of 
reinforcement learning. 
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system is designed to learn under delayed reinforcement, which means that the system 
observes a temporal sequence of stimuli (i.e., state vectors) also received from the 
environment, which eventually result in the generation of the heuristic reinforcement 
signal. The goal of learning is to minimize a cost-to-go function, defined as the expecta
tion of the cumulative cost of actions taken over a sequence of steps instead of simply 
the immediate cost. It may turn out that certain actions taken earlier in that sequence 
of time steps are in fact the best determinants of overall system behavior. The function 
of the learning machine, which constitutes the second component of the system, is to 
discover these actions and to feed them back to the environment. 

Delayed-reinforcement learning is difficult to perform for two basic reasons: 

• There is no teacher to provide a desired response at each step of the learning 
process. 

• The delay incurred in the generation of the primary reinforcement signal implies 
that the learning machine must solve a temporal credit assignment problem. By 
this we mean that the learning machine must be able to assign credit and blame 
individually to each action in the sequence of time steps that led to the final out
come, while the primary reinforcement may only evaluate the outcome. 

Notwithstanding these difficulties, delayed-reinforcement learning is very appealing. It 
provides the basis for the system to interact with its environment, thereby developing 
the ability to learn to perform a prescribed task solely on the basis of the outcomes of 
its experience that result from the interaction. 

Reinforcement learning is closely related to dynamic programming, which was 
developed by Bellman (1957) in the context of optimal control theory. Dynamic pro
gramming provides the mathematical formalism for sequential decision making. By 
casting reinforcement learning within the framework of dynamic programming, the 
subject matter becomes all the richer for it, as demonstrated in Bertsekas and Tsitsiklis 
(1996). An introductory treatment of dynamic programming and its relationship to 
reinforcement learning is presented in Chapter 12. 

2. Unsupervised Learning 

In unsupervised or self-organized learning there is no external teacher or critic to over
see the learning process, as indicated in Fig. 2.8. Rather, provision is made for a task
independent measure of the quality of representation that the network is required to 
learn, and the free parameters of the network are optimized with respect to that mea
sure. Once the network has become tuned to the statistical regularities of the input 
data, it develops the ability to form internal representations for encoding features of 
the input and thereby to create new classes automatically (Becker, 1991). 

Environment 

Vector describing 
state of the 

FIGURE 2.8 Block diagram of 
unsupervised learning. 
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To perform unsupervised learning we may use a competitive learning rule. For 
example, we may use a neural network that consists of two layers-an input layer and a 
competitive layer. The input layer receives the available data. The competitive layer 
consists of neurons that compete with each other (in accordance with a learning rule) 
for the "opportunity" to respond to features contained in the input data. In its simplest 
form, the network operates in accordance with a "winner-takes-all" strategy. As 
described in Section 2.5, in such a strategy the neuron with the greatest total input 
"wins" the competition and turns on; all the other neurons then switch off 

Different algorithms for unsupervised learning are described in Chapters 8 
through 11.  

2.10 LEARNING TASKS 

In previous sections of this chapter we have discussed different learning algorithms 
and learning paradigms. In this section, we describe some basic learning tasks. The 
choice of a particular learning algorithm is influenced by the learning task that a 
neural network is required to perform. In this context we identify six learning tasks 
that apply to the use of neural networks in one form or another. 

Pattern Association 

An associative memory is a brainlike distributed memory that learns by association. 
Association has been known to be a prominent feature of human memory since 
Aristotle, and all models of cognition use association in one form or another as the 
basic operation (Anderson, 1995). 

Association takes one of two forms: autoassociation or heteroassociation. In 
auto association, a neural network is required to store a set of patterns (vectors) by 
repeatedly presenting them to the network. The network is subsequently presented a 
partial description or distorted (noisy) version of an original pattern stored in it, and 
the task is to retrieve (recall) that particular pattern. Heteroassociation differs from 
autoassociation in that an arbitrary set of input patterns is paired with another arbi
trary set of output patterns. Autoassociation involves the use of unsupervised learning, 
whereas the type of learning involved in heteroassociation is supervised. 

Let xk denote a key pattern (vector) applied to an associative memory and Yk 
denote a memorized pattern (vector). The pattern association performed by the net
work is described by 

k � 1, 2, . . .  , q  (2.18) 

where q is the number of patterns stored in the network. The key pattern xk acts as a 
stimulus that not only determines the storage location of memorized pattern Y k' but 
also holds the key for its retrieval. 

In an autoassociative memory. Yk = xk, so the input and output (data) spaces of 
the network have the same dimensionality. In a heteroassociative memory, Yk =1= xk; 
hence, the dimensionality of the output space in this second case may or may not equal 
the dimensionality of the input space. 

There are two phases involved in the operation of an associative memory: 
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Input vector x _�� Output F:rli:fi:i) vector FIGURE 2.9 Input-output 
Y relation of pattern associator. 

• Storage phase, which refers to the training of the network in accordance with 
Eq. (2.18). 

• Recall phase, which involves the retrieval of a memorized pattern in response to 
the presentation of a noisy or distorted version of a key pattern to the network. 

Let the stimulus (input) x represent a noisy or distorted version of a key pattern xi" 

This stimulus produces a response (output) y, as indicated in Fig. 2.9. For perfect recall, 
we should find that Y = Yj> where Yj is the memorized pattern associated with the key 
pattern xi" When Y '" Yj for x = Xj' the associative memory is said to have made an error 
in recall. 

The number q of patterns stored in an associative memory provides a direct mea
sure of the storage capacity of the network. In designing an associative memory, the 
challenge is to make the storage capacity q (expressed as a percentage of the total 
number N of neurons used to construct the network) as large as possible and yet insist 
that a large fraction of the memorized patterns is recalled correctly. 

Pattern Recognition 

Humans are good at pattern recognition. We receive data from the world around us 
via our senses and are able to recognize the source of the data. We are often able to do 
so almost immediately and with practically no effort. For example, we can recognize 
the familiar face of a person even though that person has aged since our last 
encounter, identify a familiar person by his or her voice on the telephone despite a 
bad connection, and distinguish a boiled egg that is good from a bad one by smelling 
it. Humans perform pattern recognition through a learning process; so it is with 
neural networks. 

Pattern recognition is formally defined as the process whereby a received 
pattern/signal is assigned to one of a prescribed number of classes (categories). A neural 
network performs pattern recognition by first undergoing a training session, during 
which the network is repeatedly presented a set of input patterns along with the cate
gory to which each particular pattern belongs. Later, a new pattern is presented to the 
network that has not been seen before, but which belongs to the same population of 
patterns used to train the network. The network is able to identify the class of that par
ticular pattern because of the information it has extracted from the training data. 
Pattern recognition performed by a neural network is statistical in nature, with the pat
terns being represented by points in a multidimensional decision space. The decision 
space is divided into regions, each one of which is associated with a class. The decision 
boundaries are determined by the training process. The construction of these bound
aries is made statistical by the inherent variability that exists within and between 
classes. 

In generic terms, pattern-recognition machines using neural networks may take 
one of two forms: 
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FIGURE 2.10 I l lustration of 
the classical approach to 
pattern classification. 

Input pa 
x 

ttern 
I: 

x 

v 

Feature 
Unsupervised vector y 
network for 

feature 
extraction 

Feature 
extraction 

"-
v 

(a) 

y 

m-dimensional 
observation space 

q-dimensional 
feature space 

(b) 

f----o 
Supervised f----o network for 

classification 
-0 

r-dimcnsional 
decision space 

2 

• The machine is split into two parts. an unsupervised network for feature extrac
tion and a supervised network for classification, as shown in Fig. 2.10a. Such a 
method follows the traditional approach to statistical pattern recognition (Duda 
and Hart, 1973; Fukunaga, 1990). In conceptual terms, a pattern is represented by 
a set of m observables, which may be viewed as a point x in an m-dimensional 
observation (data) space. Feature extraction is described by a transformation that 
maps the point x into an intermediate point y in a q-dimensional feature space 
with q < m, as indicated in Fig. 2.lOb. This transformation may be viewed as one 
of dimensionality reduction (i.e., data compression), the use of which is justified 
on the grounds that it simplifies the task of classification. The classification is 
itself described as a transformation that maps the intermediate point y into one 
of the classes in an r-dimensional decision space, where r is the number of classes 
to be distinguished . 

• The machine is designed as a single multilayer feedforward network using a 
supervised learning algorithm. In this second approach, the task of feature extrac
tion is performed by the computational units in the hidden layer(s) of the network. 

Which of these two approaches is adopted in practice depends on the application of 
interest. 

Function Approximation 

The third learning task of interest is that of function approximation. Consider a nonlin
ear input-output mapping described by the functional relationship 

d � f(x) (2.19) 
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where the vector x is the input and the vector d is the output. The vector-valued func
tion f(') is assumed to be unknown. To make up for the lack of knowledge about the 
function f(·). we are given the set of labeled examples: 

(2.20) 

The requirement is to design a neural network that approximates the unknown func
tion f(·) such that the function F(·) describing the input-output mapping actually real
ized by the network is close enough to f(·) in a Euclidean sense over all inputs, as 
shown by 

IIF(x) - f(x)11 < E for all x (2.21) 

where E is a small positive number. Provided that the size N of the training set is large 
enough and the network is equipped with an adequate number of free parameters, 
then the approximation error E can be made small enough for the task. 

The approximation problem described here is a perfect candidate for supervised 
learning with Xi playing the role of input vector and di serving the role of desired 
response. We may turn this issue around and view supervised learning as an approxi
mation problem. 

The ability of a neural network to approximate an unknown input-output map
ping may be exploited in two important ways: 

• System identification. Let Eq. (2.19) describe the input-output relation of an 
unknown memoryless multiple input-multiple output (MIMO) system; by a 
"memoryless" system we mean a system that is time invariant. We may then use 
the set of labeled examples in Eq. (2.20) to train a neural network as a model of 
the system. Let Yi denote the output of the neural network produced in response 
to an input vector Xi' The difference between .1, (associated with Xi) and the net
work output Yi provides the error signal vector ei, as depicted in Fig. 2.11. This 
error signal is in turn used to adjust the free parameters of the network to mini
mize the squared difference between the outputs of the unknown system and the 
neural network in a statistical sense, and is computed over the entire training set. 

• Inverse system. Suppose next we are given a known memoryless MIMO system 
whose input-output relation is described by Eq. (2.19). The requirement in this 
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FIGURE 2.11 Block diagram 
of system identification. 
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FIGURE 2.12 Block diagram of inverse system modeling. 

x, 

case is to construct an inverse system that produces the vector x in response to the 
vector d. The inverse system may thus be described by 

(2.22) 

where the vector-valued function C-10 denotes the inverse of C(·) .  Note. how
ever, that r'(-) is not the reciprocal of C(·); rather, the use of superscript -1  is 
merely a flag to indicate an inverse. In many situations encountered in practice, 
the vector-valued function CO is much too complex, and inhibits a straightfor
ward formulation of the inverse function C-1(-). Given the set of labeled exam
ples in Eq. (2.20), we may construct a neural network approximation of f-10 by 
using the scheme shown in Fig. 2.12. In the situation described here, the roles ofx; 
and d; are interchanged: the vector d; is used as the input and x; is treated as the 
desired response. Let the error signal vector e; denote the difference between x; 
and the actual output y; of the neural network produced in response to d;. As with 
the system identification problem, this error signal vector is used to adjust the 
free parameters of the neural network to minimize the squared difference 
between the outputs of the unknown inverse system and the neural network in a 
statistical sense, and is computed over the complete training set. 

Control 

The control of a plant is another learning task that can be done by a neural network; by 
a "plant" we mean a process or critical part of a system that is to be maintained in a 
controlled condition. The relevance of learning to control should not be surprising 
because, after all, the human brain is a computer (i.e., information processor), the out
puts of which as a whole system are actions. In the context of control, the brain is living 
proof that it is possible to build a generalized controller that takes full advantage of 
parallel distributed hardware, can control many thousands of actuators (muscle fibers) 
in parallel, can handle nonlinearity and noise, and can optimize over a long-range plan
ning horizon (Werbos, 1992). 

Consider the feedback control system shown in Fig. 2.13. The system involves the 
use of unity feedback around a plant to be controlled; that is, the plant output is fed 
back directly to the input.' Thus, the plant output y is subtracted from a reference signal d 
supplied from an external source. The error signal e so produced is applied to a neural 
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controller for the purpose of adjusting its free parameters. The primary objective of the 
controller is to supply appropriate inputs to the plant to make its output y track the 
reference signal d. In other words, the controller has to invert the plant's input-output 
behavior. 

We note that in Fig. 2.13 the error signal e has to propagate through the neural 
controller before reaching the plant. Consequently, to perform adjustments on the free 
parameters of the plant in accordance with an error-correction learning algorithm we 
need to know the Jacobian matrix 

J = {7u; } (2.23) 

where Yk is an element of the plant output y and uj is an element of the plant input u. 

Unfortunately, the partial derivatives 0Yk/ aUj for various k and j depend on the operat
ing point of the plant and are therefore not known. We may use one of two approaches 
to account for them: 

• Indirect learning. Using actual input-output measurements on the plant, a neural 
network model is first constructed to produce a copy of it. This model is in turn 
used to provide an estimate of the Jacobian matrix J. The partial derivatives con
stituting this Jacobian matrix are subsequently used in the error-correction 
learning algorithm for computing the adjustments to the free parameters of 
the neural controller (Nguyen and Widrow, 1989; Suykens et aI., 1996; Widrow 
and Walach, 1996) . 

• Direct learning. The signs of the partial derivatives aYk/aUj are generally known 
and usually remain constant over the dynamic range of the plant. This suggests 
that we may approximate these partial derivatives by their individual signs. Their 
absolute values are given a distributed representation in the free parameters of 
the neural controller (Saerens and Soquet, 1991; Schiffman and Geffers, 1993). 
The neural controller is thereby enabled to learn the adjustments to its free para
meters directly from the plant. 

Filtering 

The term/ilter often refers to a device or algorithm used to extract information about a 
prescribed quantity of interest from a set of noisy data. The noise may arise from a 
variety of sources. For example, the data may have been measured by means of noisy 
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sensors or may represent an information-bearing signal that has been corrupted by 
transmission through a communication channel. Another example is that of a useful 
signal component corrupted by an interfering signal picked up from the surrounding 
environment. We may use a filter to perform three basic information processing tasks: 

1. Filtering. This task refers to the extraction of information about a quantity of 
interest at discrete time n by using data measured up to and including time n. 

2. Smoothing. This second task differs from filtering in that information about the 
quantity of interest need not be available at time n, and data measured later than 
time n can be used in obtaining this information. This means that in smoothing 
there is a delay in producing the result of interest. Since, in the smoothing process, 
we are able to use data obtained not only up to time n but also after time n, we 
expect smoothing to be more accurate than filtering in some statistical sense. 

3. Prediction. This task is the forecasting side of information processing. The aim 
here is to derive information about what the quantity of interest will be like at 
some time n + no in the future, for some no > 0, by using data measured up to 
and including time n. 
A filtering problem humans are familiar with is the cocktail party problem. to We 

have a remarkable ability to focus on a speaker in the noisy environment of a cocktail 
party, despite the fact that the speech signal originating from that speaker is buried in 
an undifferentiated noise background due to other interfering conversations in the 
room. It is thought that some form of preattentive, preconscious analysis must be 
involved in resolving the cocktail party problem (Velmans, 1995). In the context of 
(artificial) neural networks, a similar filtering problem arises under the umbrella of 
blind signal separation (Comon, 1994; Bell and Sejnowski, 1995;Amari et aI., 1996). To 
formulate the blind signal separation problem, consider a set of unkno'WTI source sig
nals (s,(n)}r�,  that are mutually independent of each other. These signals are linearly 
mixed by an unknown sensor to produce the m-by-l observation vector (see Fig. 2.14) 

x(n) = Au(n) 

where 

n(n) = [uJn), u,(n), . . .  , um(n)]' 
x(n) = [x,(n), x,(n), . . .  , xm(n)]' 

(2.24) 

(2.25) 

(2.26) 
and A is an unknown nonsingular mixing matrix of dimensions m-by-m. Given the 
observation vector x(n), the requirement is to recover the original signals u,(n), 
u,(n), . . .  , um(n) in an unsupervised manner. 

FIGURE 2.14 Block diagram 
of blind source separation. 
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FIGURE 2.15 Block diagram 
of nonlinear prediction. 

Turning now to the prediction problem, the requirement is to predict the present 
value x(n) of a process, given past values of the process that are uniformly spaced in 
time as shown by x(n - T),x(n - 2T), . . .  , x(n - mT), where T is the sampling period 
and m is the prediction order. Prediction may be solved by using error-correction 
learning in an unsupervised manner since the training examples are drawn directly 
from the process itself, as depicted in Fig. 2.15, where x(n) serves the purpose of 
desired response. Let x(n) denote the one-step prediction produced by the neural net
work at time n. The error signal e(n) is defined as the difference betweenx(n) and x(n), 
which is used to adjust the free parameters of the neural network. On this basis, predic
tion may be viewed as a form of model building in the sense that the smaller we make 
the prediction error in a statistical sense, the better the network serves as a model of 
the underlying physical process responsible for generating the data. When this process 
is nonlinear, the use of a neural network provides a powerful method for solving the 
prediction problem because of the nonlinear processing units that could be built into 
its construction. The only possible exception to the use of nonlinear processing units, 
however, is the output unit of the network: If the dynamic range of the time series 
{x(n)} is unknown, the use of a linear output unit is the most reasonable choice. 

Beamforming 

Beamforming is a spatial form of filtering and is used to distinguish between the spatial 
properties of a target signal and background noise. The device used to do the beam
forming is called a beamformer. 

The task of beamforming is compatible with the use of a neural network, for 
which we have relevant cues from psychoacoustic studies of human auditory 
responses (Bregman, 1990) and studies of feature mapping in the cortical layers of 
auditory systems of echo-locating bats (Suga, 1990a; Simmons and Sailant, 1992). The 
echo-locating bat illuminates the surrounding environment by broadcasting short
duration frequency-modulated (FM) sonar signals, and then uses its auditory system 
(including a pair of ears) to focus attention on its prey (e.g., flying insect). The ears 
provide the bat with some form of spatial filtering (interferometry to be precise), 
which is then exploited by the auditory system to produce attentional selectivity. 

Beamforming is commonly used in radar and sonar systems where the primary 
task is to detect and track a target of interest in the combined presence of receiver 
noise and interfering signals (e.g., jammers). This task is complicated by two factors. 

• The target signal originates from an unknown direction. 
• There is no a priori information available on the interfering signals. 
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One way of coping with situations of this kind is to use a generalized sidelobe canceller 
(GSLC), the block diagram of which is shown in Fig, 2,16, The system consists of the 
following components (Griffiths and Jim, 1982; Van Veen, 1992; Haykin, 1996): 

• An array of antenna elements, which provides a means of sampling the observed 
signal at discrete points in space, 

• A linear combiner defined by a set of fixed weights IwJ� 10 the output of which is 
a desired response, This linear combiner acts like a "spatial filter," characterized 
by a radiation pattern (i.e., a polar plot of the amplitude of the antenna output 
versus the incidence angle of an incoming signal). The mainlobe of this radiation 
pattern is pointed along a prescribed direction, for which the GSLC is constrained 
to produce a distortionless response. The output of the linear combiner, denoted 
by d(n), provides a desired response for the beamformer. 

• A signal-blocking matrix C" the function of which is to cancel interference that 
leaks through the sidelobes of the radiation pattern of the spatial filter represent
ing the linear combiner. 

• A neural network with adjustable parameters, which is designed to accommodate 
statistical variations in the interfering signals. 

The adjustments to the free parameters of the neural network are performed by an 
error-correcting learning algorithm that operates on the error signal e(n), defined as 
the difference between the linear combiner output den) and the actual output yen) of 
the neural network. Thus the GSLC operates under the supervision of the linear com
biner that assumes the role of a "teacher." As with ordinary supervised learning, notice 
that the linear combiner is outside the feedback loop acting on the neural network. A 
beamformer that uses a neural network for learning is called a neural beamformer or 
neuro-beamformer. This class of learning machines comes under the general heading 
of attentional neurocomputers (Hecht-Nielsen, 1990). 

The diversity of the six learning tasks discussed here is testimony to the univer
sality of neural networks as information-processing systems. In a fundamental sense, 
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these learning tasks are all problems of learning a mapping from (possibly noisy) 
examples of the mapping. Without the imposition of prior knowledge, each of the tasks 
is in fact ill posed in the sense of nonuniqueness of possible solution mappings. One 
method of making the solution well posed is to use the theory of regularization as 
described in Chapter 5. 

2.1 1 MEMORY 

Discussion of learning tasks, particularly the task of pattern association, leads us natu
rally to think about memory. In a neurobiological context, memory refers to the rela
tively enduring neural alterations induced by the interaction of an organism with its 
environment (Teyler, 1986). Without such a change there can be no memory. 
Furthermore, for the memory to be useful it must be accessible to the nervous system 
in order to influence future behavior. However, an activity pattern must initially be 
stored in memory through a learning process. Memory and learning are intricately con
nected. When a particular activity pattern is learned, it is stored in the brain where it 
can be recalled later when required. Memory may be divided into "short-term" and 
"long-term" memory, depending on the retention time (Arbib, 1989). Short-term mem
ory refers to a compilation of knowledge representing the "current" state of the envi
ronment. Any discrepancies between knowledge stored in short-term memory and a 
"new" state are used to update the short-term memory. Long-term memory, on the 
other hand, refers to knowledge stored for a long time or permanently. 

In this section we study an associative memory that offers the following charac
teristics: 

• The memory is distributed. 
• Both the stimulus (key) pattern and the response (stored) pattern of an associa

tive memory consist of data vectors. 
• Information is stored in memory by setting up a spatial pattern of neural activi

ties across a large number of neurons. 
• Information contained in a stimulus not only determines its storage location in 

memory but also an address for its retrieval. 
• Although neurons do not represent reliable and low-noise computing cells, the 

memory exhibits a high degree of resistance to noise and damage of a diffusive 
kind. 

• There may be interactions between individual patterns stored in memory. 
(Otherwise the memory would have to be exceptionally large for it to accommo
date the storage of a large number of patterns in perfect isolation from each 
other.) There is therefore the distinct possibility for the memory to make errors 
during the recall process. 

In a distributed memory, the basic issue of interest is the simultaneous or near
simultaneous activities of many different neurons, which are the result of external or 
internal stimuli. The neural activities form a spatial pattern inside the memory that 
contains information about the stimuli. The memory is therefore said to perform a dis
tributed mapping that transforms an activity pattern in the input space into another 
activity pattern in the output space. We may illustrate some important properties of a 
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FIGURE 2.17 Associative 
memory models. 
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(a) Associative memory model component 
of a nervous system 
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artificial neurons 

distributed memory mapping by considering an idealized neural network that consists 
of two layers of neurons. Figure 2.17a illustrates a network that may be regarded as a 
model component of a nervous system (Cooper, 1973; Scofield and Cooper, 1985). Each 
neuron in the input layer is connected to every one of the neurons in the output layer. 
The actual synaptic connections between the neurons are complex and redundant. In 
the model of Fig. 2.17a, a single ideal junction is used to represent the integrated effect 
of all the synaptic contacts between the dendrites of a neuron in the input layer and the 
axon branches of a neuron in the output layer. The level of activity of a neuron in the 
input layer may affect the level of activity of every other neuron in the output layer. 

The corresponding situation for an artificial neural network is depicted in Fig. 2.17b. 
Here we have an input layer of source nodes and an output layer of neurons acting as 
computation nodes. In this case, the synaptic weights of the network are included as inte
gral parts of the neurons in the output layer. The connecting links between the two layers 
of the network are simply wires. 

In the following mathematical analysis, the neural networks in Figs. 2.17a and 
2.17b are both assumed to be linear. The implication of this assumption is that each 
neuron acts as a linear combiner, as depicted in the signal-flow graph of Fig. 2.18. To 
proceed with the analysis, suppose that an activity pattern Xk occurs in the input layer 
of the network and that an activity pattern Yk occurs simultaneously in the output 
layer. The issue we wish to consider here is that of learning from the association 
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Xk1 
wll(k) 

Xk2 

wi2(k) Yki 
FIGURE 2.18 Signal-flow 

wtm(k) graph model of a linear 
X'm neuron labeled i. 

between the patterns xk and Yk' The patterns Xk and Yk are represented by vectors, writ
ten in their expanded forms as: 

and 

Yk = [Yklo Yk2, . . . . YkmV 
For convenience of presentation we have assumed that the input space dimensionality 
(i.e., the dimension of vector xk) and the output space dimensionality (i.e., the dimen
sion of vector Y k) are the same, equal to m. From here on we refer to m as network 
dimensionality or simply dimensionality. Note that m equals the number of source 
nodes in the input layer or neurons in the output layer. For a neural network with a 
large number of neurons, which is typically the case, the dimensionality m can be large. 

The elements of both Xk and Y k can assume positive and negative values. This is a 
valid proposition in an artificial neural network. It may also occur in a nervous system 
by considering the relevant physiological variable to be the difference between an 
actual activity level (e.g., firing rate of a neuron) and a nonzero spontaneous activity 
level. 

With the networks of Fig. 2.17 assumed to be linear, the association of key vector 
xk with memorized vector Y k may be described in matrix form as: 

k = 1 , 2, . . .  , q (2.27) 
where W(k) is a weight matrix determined solely by the input-output pair (xk, Yk)' 

To develop a detailed description of the weight matrix W(k), consider Fig. 2.18 
that shows a detailed arrangement of neuron i in the output layer. The output Yki of 
neuron i due to the combined action of the elements of the key pattern xk applied as 
stimulus to the input layer is given by 

m 
Yki = �wi/k)Xki' i = 1, 2, . . .  , m  (2.28) j= l 

where the w,/k), j = 1, 2 ,  . . .  , m,  are the synaptic weights of neuron i corresponding to 
the kth pair of associated patterns. Using matrix notation, we may express Yki in the 
equivalent form [XklJ Xk2 Yki = [wi1(k), wi2(k), . . . , wim(k)] : ' 

Xkm 
i = 1, 2, . . . , m  (2.29) 
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The column vector on the right-hand side of Eq. (2.29) is recognized as the key 
vector xk. By substituting Eq. (2.29) in the definition of the m-by-l stored vector y" 
we get [Ykl ] [Wll(k) 

Yk2 _ W21(k) 
· - . 
· . · . 

Ykm wml(k) 

wn(k) 
W22(k) 

w1m(k) ]rXkl ] 
w2m(k) Xk2 

· . 
· . 
· . 

wmm(k) Xkm 

(2.30) 

Equation (2.30) is the expanded form of the matrix transformation or mapping 
described in Eq. (2.27). In particular, the m-by-m weight matrix W(k) is defined by 

"h2(k) 
W22(k) 

Wlm(k) ] 
w2m(k) 

Wm,�(k) 

(2.31) 

The individual presentations of the q pairs of associated patterns Xk---"Yk' k = 1 ,  
2 ,  . . .  , q, produce corresponding values of  the individual matrix, namely, W(I), W(2), . . .  , 
W(q). Recognizing that this pattern association is represented by the weight matrix 
W(k), we may define an m-by-m memory matrix that describes the summation of the 
weight matrices for the entire set of pattern associations as follows: 

q 
M = :L W(k) (2.32) 

k o= l  
The memory matrix M defines the overall connectivity between the input and output 
layers of the associative memory. In effect, it represents the total experience gained by 
the memory as a result of the presentations of q input-output patterns. Stated in 
another way, the memory matrix M contains a piece of every input-output pair of 
activity patterns presented to the memory. 

The definition of the memory matrix given in Eq. (2.32) may be restructured in 
the form of a recursion as shown by 

Mk = Mk-1 + W(k), k = 1, 2, . . .  , q (2.33) 

where the initial value Mo is zero (i.e., the synaptic weights in the memory are all ini
tially zero), and the final value Mq is identically equal to M as defined in Eq. (2.32). 
According to the recursive formula of Eq. (2.33), the term Mk-1 is the old value of the 
memory matrix resulting from (k - 1) pattern associations, and Mk is the updated 
value in light of the increment W(k) produced by the kth association. Note, however, 
that when W(k) is added to Mk-1 ,  the increment W(k) loses its distinct identity among 
the mixture of contributions that form Mk• In spite of the synaptic mixing of different 
associations, information about the stimuli may not have been lost, as demonstrated in 
the sequel. Notice also that as the number q of stored patterns increases, the influence 
of a new pattern on the memory as a whole is progressively reduced. 



Section 2.1 1 Memory 79 

Correlation Matrix Memory 

Suppose that the associative memory of Fig. 2.17b has learned the memory matrix M 
through the associations of key a�d memorized patterns described by xk -->Y k' where 
k � 1 . 2  . . . . . q. We may postulate M ,  denoting an estimate of the memory matrix M in 
terms of these patterns as (Anderson, 1972, 1983; Cooper, 1973): 

A q 
M � L YkXk k=l 

(2.34) 

The term Y kxI represents the outer product of the key pattern xk and the memorized 
pattern Yk' This outer product is an "estimate" of the weight matrix W(k) that maps the 
output pattern Y k onto the input pattern xk• Since the pattern xk and Y k are both m-by-l 
vectors by assumption, it follows that their output product Y kxI, and therefore the esti
mate !VI ,  is an m-by-m matrix. This dimensionality is in perfect agreement with that of 
the memory matrix M defined in Eq. (2.32). The format of the summation of the esti
mate !VI bears a direct relation to that of the memory matrix defined in that equation. 

A typical term of the outer product YkXk is written as Yki Xkj ' where Xkj is the out
put of source node j in the input layer, and Yk' is the output of neuron i in the output 
layer. In the context of synaptic weight w,/k) for the kth association, source node j acts 
as a presynaptic node and neuron i in the output layer acts as a postsynaptic node. 
Hence, the "local" learning process described in Eq. (2.34) may be viewed as a general
ization of Hebb 's postulate of learning. It is also referred to as the outer product rule in 
recognition of the matrix operation used to construct the memory matrix !VI. 
Correspondingly, an associative memory so designed is called a correlation matrix 
memory. Correlation, in one form or another, is indeed the basis of learning, associa
tion, pattern recognition, and memory recall in the human nervous system 
(Eggermont, 1990.) 

Equation (2.34) may be reformulated in the equivalent form 

where 

and 

xi 
xi !VI � [Ylo Y2, . . .  , Yql 

= VXT 

(2.35) 

(2.36) 

(2.37) 

The matrix X is an m-by-q matrix composed of the entire set of key patterns used in 
the learning process; it is called the key matrix. The matrix Y is an m-by-q matrix com
posed of the corresponding set of memorized patterns; it is called the memorized 
matrix. 
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FIGURE 2.19 Signal-flow 
graph representation of 
Eq. (2.38). 

T x, 

Equation (2.35) may also be restructured in the form of a recursion as follows: 
• •  T Mk = Mk-1 + YkXko k = 1, 2, . . .  , q (2.38) 

A signal-flow graph representation of this recursion is depicted in Fig. 2.19. �ccording 
to this signal-flow graph and the recursive formula oj Eq. (2.38), the matrix Mk-1 rep
resents an old estimate of the memory matrix; and M k represents its updated value in 
the light of a new association performed by the memory on the patterns xk and Y k' 
Comparing the recursion of Eq. (2.38) with that of Eq. (2.33), we see that the outer 
product YkXk represents an estimate of the weight matrix W(k) corresponding to the 
kth association of key and memorized patterns, xk and Y k' 

Recall 

The fundamental problem posed by the use of an associative memory is the address 
and recall of patterns stored in memory. To explain one aspect of this problem, let M 
denote the memory matrix of an associative memory, which has been completely 
learned through its exposure to q pattern associations in accordance with Eq. (2.34). 
Let a key pattern Xl be picked at random and reapplied as stimulus to the memory. 
yielding the response 

Y = MXj 
Substituting Eq. (2.34) in (2.39), we get 

on 

Y = LYkX[Xj 
k=l 

m 
= � (X[Xj)Yk k=I 

(2.39) 

(2.40) 

where, in the second line, it is recognized that x[Xj is a scalar equal to the inner product 
of the key vectors xk and xi' We may rewrite Eq. (2.40) as 

m 

Y = (xJXj)Yj + � (xlxj)Yk k=\ k of) 
(2.41) 
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Let each of the key patterns XI' Xl- . . . • Xq be normalized to have unit energy; that is. 
m 

Ek = LXkl {=l 
= XkXk (2.42) 

= 1,  k � 1 , 2, . . .  , q  
Accordingly, we may simplify the response of the memory to the stimulus (key pat
tern) xi as 

where 
m 

vi � � (x[x)y, k=l k*j 

(2.43) 

(2.44) 

The first term on the right-hand side of Eq. (2.43) represents the "desired" response Yi 
it may therefore be viewed as the "signal" component of the actual response y. The sec
ond term vi is a "noise vector" that arises because of the crosstalk between the key vec
tor Xj and all the other key vectors stored in memory. The noise vector Vj is responsible 
for making errors on recall. 

In the context of a linear signal space, we may define the cosine of the angle 
between a pair of vectors XI and x, as the inner product of XI and x, divided by the 
product of their individual Euclidean norms or lengths as shown by 

X[Xj cos (Xb xi) � 
Ilxkllllxill 

(2.45) 

The symbol llx,ll signifies the Euclidean norm of vector xk, defined as the square root of 
the energy of xk: 

Ilxkll � (XIX.)'/2 
� E)P 

(2.46) 

Returning to the situation, note that the key vectors are normalized to have unit 
energy in accordance with Eq. (2.42). We may therefore reduce the definition of 
Eq. (2.45) to 

COS (Xb Xj) = x[Xj 
We may then redefine the noise vector of Eq. (2.44) as 

m 
vi � �cos (Xko Xi)Yk 

k=l k*j 

(2.47) 

(2.48) 

We now see that if the key vectors are orthogonal (i.e., perpendicular to each other in a 
Euclidean sense), then 

(2.49) 
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and therefore the noise vector Vj is identically zero. In such a case, the response Y 
equals Yt The memory associates perfectly if the key vectors from an orthonormal set; 
that is, if they satisfy the following pair of conditions: ,. {I , x x - = k J 0, 

(2.50) 

Suppose now that the key vectors do form an orthonormal set, as prescribed in 
Eq. (2.50). What is then the limit on the storage capacity of the associative memory? 
Stated in another way, what is the largest number of patterns that can be reliably 
stored? The answer to this fundamental question lies in the rank of the memory matrix 
M .  The rank of a matrix is defined as the number of independent columns (rows) of 
the matrix. That is, if r is the rank of such a rectangular matrix of dimensions l-by-m, we 
then have r :S  min(l, m). In the case of a correlation memory, the memory matrix M is 
an m-by-m matrix, where m is the dimensionality of the input space. Hence the rank of 
the memory matrix M is limited by the dimensionality m. We may thus formally state 
that the number of patterns that can be reliably stored in a correlation matrix memory 
can never exceed the input space dimensionality. 

In real-life situations, we often find that the key patterns presented to an associa
tive memory are neither orthogonal nor highly separated from each other. 
Consequently, a correlation matrix memory characterized by the memory matrix of 
Eq. (2.34) may sometimes get confused and make errors. That is, the memory occasion
ally recognizes and associates patterns never seen or associated before. To illustrate 
this property of an associative memory, consider a set of key patterns. 

and a corresponding set of memorized patterns, 

{Ymem}: Yb Yb . . . , Yq 
To express the closeness of the key patterns in a linear signal space, we introduce the 
concept of community. We define the community of the set of patterns (xk,,) as tl).e 
lower bound on the inner products XkXJ of any two patterns Xj and xk in the set. Let M 
denote the memory matrix resulting from the training of the associative memory on a 
set of key patterns represented by (xk,,) and a corresponding set of memorized pat
terns (Ym,m) in accordance with Eq. (2.34). The response of the memory, y, to a stimulus 
XI selected from the set (x" ,) is given by Eq. (2.39), where it is assumed that each pat
tern in the set (xk,,) is a unit vector (i.e., a vector with unit energy). Let it be further 
assumed that 

for k " j  (2.51) 

If the lower bound -y is large enough, the memory may fail to distinguish the response Y 
from that of any other key pattern contained in the set (x" ,) . If the key patterns in this 
set have the form 

Xj � Xo + v (2.52) 

where v is a stochastic vector, it is likely that the memory will recognize "0 and associ
ate with it a vector Yo rather than any of the actual pattern pairs used to train it in the 
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first place; Xo and Yo denote a pair of patterns never seen before. This phenomenon may 
be termed animal logic, which is not logic at all (Cooper, 1973). 

2.12 ADAPTATION 

In performing a task of interest, we often find that space is one fundamental dimension 
of the learning process; time is the other. The spatiotemporal nature of learning is 
exemplified by many of the learning tasks (e.g., control, beamforming) discussed in 
Section 2.10. Species ranging from insects to humans have an inherent capacity to rep· 
resent the temporal structure of experience. Such a representation makes it possible 
for an animal to adapt its behavior to the temporal structure of an event in its behav· 
ioral space (Gallistel, 1990). 

When a neural network operates in a stationary environment (i.e., an environ
ment whose statistical characteristics do not change with time), the essential statistics 
of the environment can, in theory, be learned by the network under the supervision of a 
teacher. In particular, the synaptic weights of the network can be computed by having 
the network undergo a training session with a set of data that is representative of the 
environment. Once the training process has completed, the synaptic weights of the net· 
work should capture the underlying statistical structure of the environment, which 
would justify "freezing" their values thereafter. Thus a learning system relies on memo 
ory, in one form or another, to recall and exploit past experiences. 

Frequently, however, the environment of interest is nonstationary, which means 
that the statistical parameters of the information·bearing signals generated by the 
environment vary with time. In situations of this kind, the traditional methods of 
supervised learning may prove to be inadequate because the network is not equipped 
with the necessary means to track the statistical variations of the environment in which 
it operates. To overcome this shortcoming, it is desirable for a neural network to con· 
tinually adapt its free parameters to variations in the incoming signals in a real-time 
fashion. Thus an adaptive system responds to every distinct input as a novel one. In 
other words the learning process encountered in an adaptive system never stops, with 
learning going on while signal processing is being performed by the system. This form 
of learning is called continuous learning or learning·on·the·fly. 

Linear adaptive fiiters, built around a linear combiner (i.e., a single neuron oper
ating in its linear mode), are designed to perform continuous learning. Despite their 
simple structure (and perhaps because of it), they are widely used in such diverse 
applications as radar, sonar, communications, seismology, and biomedical signal pro
cessing. The theory of linear adaptive filters has reached a highly mature stage of 
development (Haykin, 1996; Widrow and Stearns, 1985). However, the same cannot be 
said about nonlinear adaptive filters." 

With continuous learning as the property of interest and a neural network as the 
vehicle for its implementation, the question we need to address is: How can a neural 
network adapt its behavior to the varying temporal structure of the incoming signals in 
its behavioral space? One way of addressing this fundamental issue is to recognize that 
statistical characteristics of a nonstationary process usually change slowly enough for 
the process to be considered pseudostationary over a window of short enough dura
tion. Examples include: 
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• The mechanism responsible for the production of a speech signal may be consid
ered essentially stationary over a period of 10 to 30 milliseconds. 

• Radar returns from an ocean surface remain essentially stationary over a period 
of several seconds. 

• With long-range weather forecasting in mind. weather related data may be 
viewed as essentially stationary over a period of minutes. 

• In the context of long-range trends extending into months and years. stock mar-
ket data may be considered as essentially stationary over a period of days. 

We may thus exploit the pseudostationary property of a stochastic process to extend 
the utility of a neural network by retraining it at some regular intervals to account for 
statistical fluctuations of the incoming data. Such an approach may. for example, be 
suitable for processing stock market data. 

For a more refined dynamic approach to learning, we may proceed as follows: 

• Select a window short enough for the input data to be considered pseudostation
ary, and use the data to train the network. 

• When a new data sample is received, update the window by dropping the oldest 
data sample and shifting the remaining data samples back by one time unit to 
make room for the new sample. 

• Use the updated data window to retrain the network. 
• Repeat the procedure on a continuing basis. 

We may thus build temporal structure into the design of a neural network by having 
the network undergo continual training with time-ordered examples. According to this 
dynamic approach, a neural network is viewed as a nonlinear adaptive filter that repre
sents a generalization of linear adaptive filters. However, for this dynamic approach to 
nonlinear adaptive filters to be feasible, the resources available must be fast enough to 
complete all the described computations in one sampling period. Only then can the fil
ter keep up with changes in the input. 

2.13 STATISTICAL NATURE OF THE LEARNING PROCESS 

The last part of the chapter deals with statistical aspects of learning. In this context we 
are not interested in the evolution of the weight vector w as a neural network is cycled 
through a learning algorithm. We instead focus on the deviation between a "target" 
function f(x) and the "actual" function F(x, w) realized by the neural network where 
the vector x denotes the input signal. The deviation is expressed in statistical terms. 

A neural network is merely one form in which empirical knowledge about a phys
ical phenomenon or environment of interest may be encoded through training. By 
"empirical" knowledge we mean a set of measurements that characterizes the phenom
enon. To be more specific, consider the example of a stochastic phenomenon described 
by a random vector X consisting of a set of independent variables, and a random scalar 
D representing a dependent variable. The elements of the random vector X may have 
different physical meanings of their own. The assumption that the dependent variable 
D is a scalar has been made merely to simplify the exposition without any loss of gener
ality. Suppose also that we have N realizations of the random vector X denoted by 
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Ix;}�" and a corresponding set of realizations of the random scalar D denoted by 
Id;}�l' These realizations (measurements) constitute the training sample denoted by 

(2.53) 

Ordinarily we do not have knowledge of the exact functional relationship between X 
and D, so we proceed by proposing the model (White, 1989a) 

D � f(X) + E (2.54) 

where f(·) is a deterministic function of its argument vector, and E is a random expecta
tiona I error that represents our "ignorance" about the dependence of D and X. The sta
tistical model described by Eq. (2.54) is called a regressive model; it is depicted in 
Fig. 2.20a. The expectational error € is, in general, a random variable with zero mean 
and positive probability of occurrence. On this basis, the regressive model of Fig. 2.20a 
has two useful properties: 

1. The mean value of the expectational error e, given any realization x, is zero; that is, 

E[Elx] � 0 (2.55) 

where E is the statistical expectation operator. As a corollary to this property, we 
may state that the regression function f(x) is the conditional mean of the model 
output D, given that the input X � x, as shown by 

[(x) � E[Dlx] (2.56) 

This property follows directly from Eq. (2.54) in light of Eq. (2.55). 
2. The expectational error E is uncorrelated with the regression function f(X); that is 

E[Ef(X)] � 0 (2.57) 

This property is the well-known principle of orthogonality, which states that all 
the information about D available to us through the input X has been encoded 

(aJ 

x 

L-____________ � e  
(b) 

d 
FIGURE 2.20 (a) Regressive 
model (mathematical). 
(b) Neural network model 
(physical). 
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into the regression function [(X). Equation (2.57) is readily demonstrated by 
writing: 

E[E[(X)] � E[E[E[(x)lxll 
� E[f(x)E[Elxll 
� E[f(X) ' 0] 
� O 

The regressive model of Fig. 2.20a is a "mathematical" description of a stochastic 
environment. Its purpose is to use the vector X to explain or predict the dependent 
variable D. Figure 2.20b is the corresponding "physical"' model of the environment. 
The purpose of this second model, based on a neural network, is to encode the empiri
cal knowledge represented by the training sample ?J into a corresponding set of synap
tic weight vectors, w, as shown by 

(2.58) 
In effect, the neural network provides an "approximation" to the regressive model of 
Fig. 2.20a. Let the actual response of the neural network, produced in response to the 
input vector x, be denoted by the random variable 

y � F(X, w) (2.59) 
where F(·, w) is the input-output function realized by the neural network. Given the 
training data ?J of Eq. (2.53), the weight vector w is obtained by minimizing the cost 
function 

1 N jg(w) � - 2: (d, - F(x" w))' 2 i= ]  
(2.60) 

where the factor 1/2 has been used to be consistent with earlier notations and those 
used in subsequent chapters. Except for the scaling factor 1/2, the cost function \g(w) is 
the squared difference between the desired response d and the actual response y of the 
neural network, averaged over the entire training data set ?J. The use of Eq. (2.60) as 
the cost function implies the use of "batch" training, by which we mean that the adjust
ments to the synaptic weights of the network are performed over the entire set of 
training examples rather than on an example-by-example basis. 

Let the symbol Eq denote the average operator taken over the entire training 
sample 'ZJ. The variables or their functions that come under the average operator Ey 
are denoted by x and d; the pair (x, d) represents an example in the training sample ?J. 
In contrast, the statistical expectation operator E acts on the whole ensemble of ran
dom variables X and D, which includes ?J as a subset. The difference between the oper
ators E and E3 should be carefully identified in what follows. 

In light of the transformation described in Eq. (2.58), we may interchangably use 
F(x, w) and F(x, 2J) and therefore rewrite Eq. (2.60) in the equivalent form 

1 \g(w) � 2:Ey[(d - F(x,?J))'] (2.61) 
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By adding and subtractingf(x) to the argument (d - F(x, 9)")) and then using Eq. (2.54), 
we may write 

d - F(x, 9)")= (d - f(x)) + (f(x) - F(x, 9)")) 

= E + (f(x) - F(x, 9)")) 

By substituting this expression in Eq. (2.61) and then expanding terms, we may recast 
the cost function jg(w) in the equivalent form 

1 1 
jg(w) = ZE,,[E2] + ZE,,[f(x) - F(X, 9)"))2] + E,,[E(f(X) - F(x, 9)"))] (2.62) 

However, the last expectation term on the right-hand side of Eq. (2.62) is zero for two 
reasons: 

• The expectational error E is uncorrelated with the regression function f(x) by 
virtue of Eq. (2.57), interpreted in terms of the operator E�. 

• The expectational error E pertains to the regressive model of Fig. 2.20a, whereas the 
approximating function F(x, w) pertains to the neural network model of Fig. 2.20b. 

Accordingly, Eq. (2.62) reduces to 

1 1 
jg (w) = ZE,,[E2] + ZE,,[(f(x) - F(x, 9)"))2] (2.63) 

The first term on the right-hand side of Eq. (2.63) is the variance of the expectational 
(regressive modeling) error E, evaluated over the training sample 9)". This term repre
sents the intrinsic error because it is independent of the weight vector w. It may be 
ignored as far as the minimization of the cost function jg(w) with respect to w is con
cerned. Hence, the particular value of the weight vector w* that minimizes the cost 
function jg(w) will also minimize the ensemble average of the squared distance 
between the regression functionf(x) and the approximating function F(x, w). In other 
words, the natural measure of the effectiveness of F(x, w) as a predictor of the desired 
response d is defined by 

L,,(f(x), F(x, w)) = E,,[f(x) - F(X,9)"))2] (2.64) 

This result is fundamentally important because it provides the mathematical basis for 
the tradeoff between the bias and variance resulting from the use of F(x, w) as the 
approximation to f(x) (Geman et aI., 1992). 

BiaslVariance Dilemma 

Invoking the use of Eq. (2.56), we may redefine the squared distance betweenf(x) and 
F(x, w) as: 

L,,(f(x), F(x, w)) = E�[(E[DIX = x] - F(x, 2JW] (2.65) 

This expression may also be viewed as the average value of the estimation error 
between the regression function f(x) = E[DIX = x] and the approximating function 
F(x, w), evaluated over the entire training sample 9)". Notice that the conditional mean 
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E[DIX = x] has a constant expectation with respect to the training data sample ?T. 
Next we find that 

E[Dlx = x] � F(x, ?T) = (E[DIX = x] � E?T[F(x, ?T)]) + (E:r[F(x, ?T)] � F(x, 2J)) 
where we have simply added and subtracted the average Ey[F(x, 2J)]. By proceeding in 
a manner similar to that described for deriving Eq. (2.62) from (2.61), we may refor
mulate Eq. (2.65) as the sum of two terms (see Problem 2.22): 

L,,(f(x), F(x, 2J)) = B'(w) + V(w) (2.66) 

where B(w) and V(w) are themselves defined by 

B(w) = E:r[F(x, ?T)] � E[DIX = x] (2.67) 

and 

V(w) = E,,[(F(x, 2J) � Eq[F(x, 2J)])'] (2.68) 

We now make two important observations: 

1, The term B(w) is the bias of the average value of the approximating function 
F(x, 2J), measured with respect to the regression function [(x) = E[DIX = x]. 
This term represents the inability of the neural network defined by the function 
F(x, w) to accurately approximate the regression function [(x) = E[DIX = x]. We 
may therefore view the bias B(w) as an approximation error. 

2. The term V(w) is the variance of the approximating function F(x, w), measured 
over the entire training sample ?T. This second term represents the inadequacy of 
the information contained in the training sample 2J about the regression function 
[(x). We may therefore view the variance V(w) as the manifestation of an estima
tion error. 

Figure 2.21 illustrates the relations between the target and approximating func
tions, and shows how the estimation errors, namely bias and variance, accumulate. To 

Functions 
(F(x, w): w E 'WI 

Functions of 
input x 

Approximation 
error rex) = E[D I xl Intrinsic error 

, = d -rex) 
d 

FIGURE 2.21 I l lustration of the various sources of error in  solving the 
regression problem. 
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achieve good overall performance, the bias B(w) and the variance Yew) of the approx
imating function F(x, w) = F(x, 21) would both have to be small. 

Unfortunately, we find that in a neural network that learns by example and does 
so with a training sample of fixed size, the price for achieving a small bias is a large 
variance. For a single neural network, it is only when the size of the training sample 
becomes infinitely large that we can hope to eliminate both bias and variance at the 
same time. We then have a bias/variance dilemma, and the consequence is prohibitively 
slow convergence (Geman et aI., 1992). The bias/variance dilemma may be circum
vented if we are willing to purposely introduce bias, which then makes it possible to 
eliminate the variance or to reduce it significantly. Needless to say, we must be sure 
that the bias built into the network design is harmless. In the context of pattern classifi
cation, for example, the bias is said to be "harmless" in the sense that it will contribute 
significantly to mean-square error only if we try to infer regressions that are not in the 
anticipated class. In general, bias must be designed for each specific application of 
interest. A practical way of achieving such an objective is to use a constrained network 
architecture, which usually performs better than a general-purpose architecture. For 
example, the constraints and therefore the bias may take the form of prior knowledge 
built into the network design using (1) weight-sharing where several synapses of the 
network are controlled by a single weight, and/or (2) local receptive fie/ds assigned to 
individual neurons in the network, as demonstrated in the application of a multilayer 
perceptron to the optical character recognition problem (LeCun et aI., 1990a). These 
network design issues were briefly discussed in Section 1.7. 

2.14 STATISTICAL LEARNING THEORY 

In this section we continue the statistical characterization of neural networks by 
describing a learning theory that addresses the fundamental issue of how to control the 
generalization ability of a neural network in mathematical terms. The discussion is pre· 
sented in the context of supervised learning. 

A model of supervised learning consists of three interrelated components, illus· 
trated in Fig. 2.22 and abstracted in mathematical terms as folJows (Vapnik, 1992, 
1998): 

1. Environment. The environment is stationary, supplying a vector x with a fixed but 
unknown cumulative (probability) distribution function Fx(x). 

2. Teacher. The teacher provides a desired response d for every input vector x 
received from the environment, in accordance with a conditional cumulative dis
tribution function Fx(xld) that is also fixed but unknown. The desired response d 
and input vector x are related by 

(2.69) 

where v is a noise term, permitting the teacher to be "noisy." 
3. Learning machine (algorithm). The learning machine (neural network) is capable 

of implementing a set of input-output mapping functions described by 

y = F(x, w) (2.70) 
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Environment it: 
probability 
distribution 

Fx (x) 

Teacher 

FIGURE 2.22 Model of the 
supervised learning process. 

where y is the actual response produced by the learning machine in response to 
the input x, and w is a set of free parameters (synaptic weights) selected from the 
parameter (weight) space "IV. 

Equations (2.69) and (2.70) are written in terms of the examples used to perform the 
training. 

The supervised learning problem is that of selecting the particular function 
F(x. w) that approximates the desired response d in an optimum fashion. with "opti
mum" being defined in some statistical sense. The selection itself is based on the set of 
N independent, identically distributed (iid) training examples described in Eq. (2.53) 
and reproduced here for convenience of presentation: 

Each example pair is drawn by the learning machine from :y with a joint cumulative 
(probability) distribution function FX.D(x. d). which. like the other distribution func
tions. is also fixed but unknown. The feasibility of supervised learning depends on this 
question: Do the training examples {(x;. d;l) contain sufficient information to construct 
a learning machine capable of good generalization performance? An answer to this 
fundamental question lies in the use of tools pioneered by Vapnik and Chervonenkis 
(1971). Specifically, we proceed by viewing the supervised learning problem as an 
approximation problem, which involves finding the function F(x, w) that is the best 
possible approximation to the desired function [(x). 

Let L(d, F(x, w» denote a measure of the loss or discrepancy between the 
desired response d corresponding to an input vector x and the actual response F(x, w) 
produced by the learning machine. A popular definition for the loss L(d, F(x, w» is the 
quadratic loss function defined as the squared distance between d � [(x) and the 
approximation F(x, w) as shown byl2 

L(d, F(x, w)) � (d - F(x, W) )2 (2.71 ) 
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The squared distance of Eq. (2.64) is the ensemble-averaged extension of L(d, F(x, w)), 
with the averaging being performed over all the example pairs (x, d). 

Most of the literature on statistical learning theory deals with a specific loss. The 
strong point of the statistical learning theory presented here is that it does not depend 
critically on the form of the loss function L(d, F(x, w)). Later in the section we do 
restrict the discussion to a specific loss function. 

The expected value of the loss is defined by the risk functional 

R(w) � J L(d, F(x, w))dFx.o(x, d) (2.72) 

where the integral is a multi-fold integral taken over all possible values of the example 
pair (x, d). The goal of supervised learning is to minimize the risk functional R(w) over 
the class of approximating functions (F(x, w), w E  'WI. However, evaluation of the risk 
functional R(w) is complicated because the joint cumulative distribution function 
Fx o(x, d) is usually unknown. In supervised learning, the only information available is 
co�tained in the training data set '!F. To overcome this mathematical difficulty, we use 
the inductive principle of empirical risk minimization (Vapnik, 1982). This principle 
relies entirely on availability of the training data set ?J, which makes it perfectly suited 
to !he design philosophy of neural networks. 

Some Basic Definitions 

Before proceeding further, we digress briefly to introduce some basic definitions that 
we use in the material to follow. 

Convergence in probability. Consider a sequence of random variables aI' az, . . .  , aN' 
This sequence of random variables is said to converge in probability to a random vari
able ao if for any 0 > 0, the probabilistic relation 

as N --7 00 (2.73) 

holds. 

Supremum and infimum. The supremum of a nonempty set sl of scalars, denoted by 
sup sl, is defined as the smallest scalar x such that x ?  y for all y E sl. If no such scalar 
exists, we say that the supremum of the nonempty set sl is en .  Similarly, the infimum of 
set sl, denoted by inf sl, is defined as the largest scalar x such that x :0; y for all y E sl. If 
no such scalar exists, we say that the infimum of the non empty set sl is 00 • 

Empirical risk functional. Given the training sample ?J � {(Xi, dill;';:"�  the empirical 
risk functional is defined in terms ofthe loss function L(di, F(xi, w)) as 

1 N 
R,mp(w) � - 2: L(di, F(x" w)) 

N i=l 
(2.74) 
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Strict Consistency. Consider the set W of functions L(d, F(x, w» whose underlying 
distribution is defined by the joint cumulative distribution function Fx,lJ(x, d). Let 
W( c) be any nonempty subset of this set of functions, such that 

W(c) = {w: f L(d, F(x, w)) ;>- c} (2.75) 

where cE( -00, 00) . The empirical risk functional is said to be strictly (nontrivially) con
sistent if for any subset W(e) the following convergence in probability 

holds. 

inf Rernp(w) 4 inf R(w) wEWk) wE'W(c) as N ---? co (2.76) 

With these definitions we may resume the discussion ofVapnik's statistical learn
ing theory. 

Principle of Empirical Risk Minimization 

The basic idea of the principle of empirical risk minimization is to work with the 
empirical risk functional R,rnp(w) defined in Eq. (2.74). This new functional differs 
from the risk functional R(w) of Eq. (2.72) in two desirable ways: 

1. It does not depend on the unknown distribution function FX,D(X, d) in an explicit 
sense. 

2. In theory it can be minimized with respect to the weight vector w, 

Let w,rnp and F(x, w,rnp) denote the weight vector and the corresponding mapping that 
minimize the empirical risk functional R,mp(w) in Eq. (2.74), Similarly, let Wo and 
F(x, we) denote the weight vector and the corresponding mapping that minimize the 
actual risk functional R(w) in Eq, (2,72). Both w,rnp and Wo belong to the weight 
space W. The problem we must now consider is the conditions under which the 
approximate mapping F(x, w,rnp) is "close" to the desired mapping F(x, wol as mea
sured by the mismatch between R(w,rnp) and R(wu)' 

For some fixed w = w', the risk functional R(w') determines the mathematical 
expectation of a random variable defined by 

Zw' = L(d, F(x, w*)) (2,77) 

In contrast, the empirical risk functional Rernp(w') is the empirical (arithmetic) mean of 
the random variable Zw" According to the law of large numbers, which constitutes one 
of the main theorems of probability theory, in general cases we find that as the size N 
of the training sample ?J is made infinitely large, the empirical mean of the random 
variable Zw* converges to its expected value. This observation provides theoretical jus
tification for the use of the empirical risk functional R,rnp(w) in place of the risk func
tional R(w). However, just because the empirical mean of Zw' converges to its 
expected value, there is no reason to expect that the weight vector wcmp that minimizes 
the empirical risk functional R,rn,(w) will also minimize the risk functional R(w). 

We may satisfy this requirement in an approximate fashion by proceeding as fol
lows. If the empirical risk functional R,rnp(w) approximates the original risk functional 
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R(w) uniformly in w with some precision ., then the minimum of R,mp(w) deviates 
from the minimum of R(w) by an amount not exceeding 2 •. Formally, this means that 
we must impose a stringent condition, such that for any W E 'Ii'" and . > 0, the proba
bilistic relation 

P(sup IR(w) - R,mp(w)1 > .) --> 0 
w 

as N � 00 (2.78) 

holds (Vapnik, 1982). When Eq. (2.78) is satisfied, we say that a uniform convergence in 
the weight vector w of the empirical mean risk to its expected value occurs. Equivalently, 
provided that for any prescribed precision . we can assert the inequality 

P(s� IR(w) - R,mp(w)1 > .) < u (2.79) 

for some u > 0, then as a consequence the following inequality also holds: 

(2.80) 

In other words, if the condition (2.79) holds, then with probability at least (1 - u) , the 
solution F(x, w,mp) that minimizes the empirical risk functional R,mp(w) will give an 
actual risk R(w,mp) that deviates from the true minimum possible actual risk R(wo) by 
an amount not exceeding 2 •. Indeed, the condition (2.79) implies that with probability 
(1 - u) the following two inequalities are satisfied simultaneously (Vapnik, 1982): 

R(w,mp) - R,mp(w,mp) < • 

R,mp(wo) - R(wo) < • 

(2.81) 

(2.82) 

These two equations define the differences between the true risk and empirical risk 
functionals at w = wemp and w = w 0' respectively. Furthermore, since wemp and W Q are 
the minimum points of R,m/w) and R(w), respectively, it follows that 

R,mp(w,mp) ,,; R,mp(wo) (2.83) 

By adding the inequalities (2.81) and (2.82), and then using (2.83), we may write the 
following inequality 

(2.84) 

Also, since the inequalities (2.81) and (2.82) are both satisfied simultaneously with 
probability (1 - a), so is the inequality (2.84). We may also state that with probability 
u the inequality 

R(w,mp) - R(w,) > 2. 
holds, which is a restatement of (2.80). 

We are now ready to make a formal statement of the principle of empirical risk 
minimization in three interrelated parts (Vapnik, 1982, 1998): 

1. In place of the risk functional R(w), construct the empirical risk functional 

1 N 
R,mp(w) � IV � L(d;, F(xj, w)) 

on the basis of the training set of ii.d. examples 

(X;, d,), i = 1, 2, . . .  , N 
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2. Let wemp denote the weight vector that minimizes the empirical risk functional 
Remp(w) over the weight space OW. Then R(wemp) converges in probability to the mini
mum possible values of the actual risk R(w), w E  OW,as the size N of the training sam
ple is made infinitely large, provided that the empirical risk functional Remp(w) 
converges uniformly to the actual risk functional R(w). 

3. Uniform convergence as defined by 

P( sup IR(w) - R,mp(w)1 > E) --> 0 
wE"W 

as N � C()  

is a necessary and sufficient condition for the consistency of the principle of empirical 
risk minimization. 

For a physical interpretation of this important principle, we offer the following 
observation. Prior to the training of a learning machine, all approximating functions are 
equally likely. As the training of the learning machine progresses, the likelihood of 
those approximating functions F(xi, w) that are consistent with the training data set 
(Xi, d,)}�1 is increased. As the size N of the training data set grows, and the input space is 
thereby "densely" populated, the minimum point of the empirical risk functional 
R,mp(w) converges in probability to the minimum point of the true risk functional R(w). 

VC Dimension 

The theory of uniform convergence of the empirical risk functional R,mp(w) to the 
actual risk functional R(w) includes bounds on the rate of convergence, which are 
based on an important parameter called the Vapnik-Chervonenkis dimension, or sim
ply the VC dimension, named in honor of its originators, Vapnik and Chervonenkis 
(1971). The VC dimension is a measure of the capacity or expressive power of the fam
ily of classification functions realized by the learning machine. 

To describe the concept of VC dimension in a manner suitable for our purposes, 
consider a binary pattern classification problem, for which the desired response is writ
ten as d E {O, I}. We use the term dichotomy to refer to a binary classification function 
or decision rule. Let ?F denote the ensemble of dichotomies implemented by a learning 
machine, that is, 

?F = (F(x, w): w E  'lV, F: IRmW -> {O, III (2.85) 

Let :£ denote the set of N points in the m-dimensional space :ie of input vectors, that is, 

:£ = {Xi E :ie; i = 1 , 2, . . .  , N} (2.86) 

A dichotomy implemented by the learning machine partitions :£ into two disjoint sub
sets :£0 and :£1 ' such that we may write 

F(x,w) = {� for X E :£0 
for x E :£I (2.87) 

Let Ile,(:£) denote the number of distinct dichotomies implemented by the learning 
machine, and Il�(l) denote the maximum of Il",(:£) over all :£ with 1:£1 = I, where 1:£1 is 
the number of elements of :£. We say that :£ is shattered by ?F if Il�(:£) = 21"1, that is, if 
all possible dichotomies of :£ can be induced by functions in ?F. We refer to 1l",(I) as the 
growth function. 
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Example 2.1 

FIGURE 2.23 Diagram for 
Example 2.1  

Figure 2.23 illustrates a two-dimensional input space X consisting of four points Xl' X2• x3, and x4, 
The decision boundaries of functions Fo and FI, indicated in the figure, correspond to the classes 
(hypotheses) 0 and 1 being true, respectively. From Fig. 2.23 we see that the function Fo induces 
the dichotomy 

On the other hand, the function FI induces the dichotomy 

'!Ill � {;fo � {Xl' Xz}, ftl � {X" X4}} 
With the set ':J consisting of four pOints, the cardinality 19'1 = 4. Hence, 

a.(ft) � 24 � 16 
• 

Returning to the general discussion delineated by the ensemble ;J' of dichotomies 
in Eq. (2.85) and the corresponding set of points :£ in Eq. (2.86), we may now formally 
define the VC dimension as (Vapnik and Chervonenkis, 1971; Kearns and Vazirani, 
1994; Vidyasagar, 1997; Vapnik, 1998): 

The VC dimension of an ensemble of dichotomies ?; is the cardinality of the largest set :£ 
that is shattered by '!F. 

In other words, the VC dimension of ;J', written as VCdim(;J'), is the largest N such that 
/l,,(N) � 2N. Stated in more familiar terms, the VC dimension of the set of classifica
tion functions {F(x, w): w E 'W} is the maximum number of training examples that can 
be learned by the machine without error for all possible binary labelings of the classifi
cation functions. 

Example 2.2 

Consider a simple decision rule in an m-dimensional space 7£ of input vectors, which is described by 

2i': y � <p(wTx + b) (2.88) 
where x is an m-dimensional weight vector and b is a bias. The activation function <p is a thresh
old function; that is, 
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x, Class 1 

Class 0 

o 

(a) (b) 

FIGURE 2.24 A pair of two-dimensional data distributions for 
Example 2.2. 

v � o  
v < o 

The VC dimension of the decision rule in Eq. (2.88) is given by 

VC dim(:Ji) � m + 1 (2.89) 

To demonstrate this result, consider the situations described in Fig. 2.24 pertaining to a two
dimensional input space (i.e. , m = 2). In Fig. 2.24a, we have three points Xl' x2• and x3' Three dif
ferent possible labelings of these points are included in Fig. 2.24a, from which we readily see that 
a maximum of three lines can shatter these points. In Fig. 2.24b we have points Xl' XZ, x3, and X4, 
with points Xz and X3 labeled as 0 and points Xl and x4 labeled as 1 .  This time, however, we see 
that points Xl and x4 cannot be shattered from Xz and X3 by a line. The VC dimension of the deci
sion rule described in Eq. (2.88) with m = 2 is therefore 3, which is in accord with the formula of 
Eq. (2.89). 

• 

Example 2.3 

With the VC dimension providing a measure of the capacity of a set of classification (indicator) 
functions, we may be led to expect that a learning machine with many free parameters would 
have a high VC dimension, whereas a learning machine with few free parameters would have a 
low VC dimension. We now present a counterexample 13 to this statement. 

Consider the one parameter family of indicator functions, defined by 

f(x, a) � sgn( sin (ax» , a E G;l 
where sgn(·) is the signum function. Suppose we choose any number N and the requirement is to 
find N points that can be shattered. This requirement is satisfied by the set of functions f(x, a) by 
choosing 

i � 1, 2, , . .  , N  

To separate these data points into two classes determined by the sequence 

d, E (-I,I} 
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it is sufficient that we choose the parameter a according to the formula: 

( N (1 - d;)10;) 
a � "IT 1 + � ""----=''-'-=-

;= 1 2 

We thus conclude that the VC dimension of the family of indicator functions f(x, a) with a single 
free paramenter a is infinite. 

• 

Importance of the VC dimension and its Estimation 

The VC dimension is a purely combinatorial concept that has no connection with the 
geometric notion of dimension. It plays a central role in statistical learning theory as 
will be shown in the material presented in the next two subsections. The VC dimension 
is also important from a design point of view. Roughly speaking, the number of exam
ples needed to learn a class of interest reliably is proportional to the VC dimension of 
that class. Therefore, an estimate of the VC dimension is of primary concern. 

In some cases the VC dimension is determined by the free parameters of a neural 
network. In most practical cases, however, it is difficult to evaluate the VC dimension 
by analytic means. Nevertheless, bounds on the VC dimension of neural networks are 
often tractable. In this context, the following two results are of special interest:l4 

1. Let .N denote an arbitrary feedforward network built up from neurons with a threshold 
(Heaviside) activation function: 

�(v) � g fOf V :;::: 0 
for v < 0 

The VC dimension of.N is O(W log W) where W is the total number of free parameters 
in the network. 

This first result is due to Cover (1968) and Baum and Haussler (1989). 
2. Let J{ denote a multilayer feedforward network whose neurons use a sigmoid activa

tion function 

1 
�(v) � .,-----"--:--,-1 + exp( -v) 

The VC dimension of H is O(W2), where W is the total number of free parameters in the 
network. 

This second result is due to Koiran and Sontag (1996). They arrived at this result by 
first showing that networks consisting of two types of neurons, one linear and the other 
using a threshold activation function, already have a VC dimension proportional 
to W2• This is a rather surprising result, since a purely linear network has a VC dimen
sion proportional to W as shown in Example 2.2, while a purely threshold neural net
work has a VC dimension proportional to Wlog W by virtue of result 1. The desired 
result pertaining to a sigmoid neural network is then obtained by invoking two approx
imations. First, neurons with threshold activation functions are approximated by sig
moidal ones with large synaptic weights. Second, linear neurons are approximated by 
sigmoidal neurons with small synaptic weights. 
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The important point to note here is that multilayer feedforward networks have a 
finite VC dimension. 

Constructive Distribution-free Bounds 
on the Generalization Ability of Learning Machines 

At this point in the discussion we find it instructive to consider the specific case of 
binary pattern classification, for which the desired response is defined by d E {O, I}. In 
a corresponding way the loss function has only two possible values as shown by 

L(d, F(x, w)) = {� if F(x, w) = d 
otherwise (2.90) 

Under these conditions the risk functional R(w) and the empirical risk functional 
R,m/w) defined in Eqs. (2.72) and (2.74) respectively, assume the following interpreta
tions: 

• The risk functional R(w) is the probability of classification error (i.e., error rate), 
denoted by pew) . 

• The empirical risk functional R,m/w) is the training error (i.e., frequency of 
errors made during the training session), denoted by v(w). 

Now, according to the law of large numbers (Gray and Davisson, 1986), the empir
ical frequency of occurrence of an event converges almost surely to the actual proba
bility of that event as the number of trials (assumed to be independent and identically 
distributed) is made infinitely large. In the context of the discussion presented here, 
this result means that for any weight vector w, which does not depend on the training 
set, and for any precision E > 0, the following condition holds (Vapnik, 1 982): 

p( IP(w) - v(w)1 > E) --> 0 as N --> en (2.91) 

where N is the size of the training set. Note, however, that the condition (2.91) does not 
imply that the classification rule (i.e., a particular weight vector w) that minimizes the 
training error v(w) will also minimize the probability of classification error pew). For a 
training set of sufficiently large size N, the proximity between v(w) and pew) follows 
from a stronger condition, which stipulates that the following condition holds for any 
E > 0 (Vapnik, 1982): 

P(supIP(w) - v(w)1 > E) --> 0 as N --> 00 (2.92) 
w 

In such a case, we speak of the uniform convergence of the frequency of training errors 
to the probability that v(w) = pew). 

The notion of VC dimension provides a bound on the rate of uniform conver
gence. Specifically, for the set of classification functions with VC dimension h, the fol
lowing inequality holds (Vapnik, 1982, 1 998): 

( (2eN)h 
P s�pIP(w) - v(w)1 > E) < h exp(-E'N) (2.93) 
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where N is the size of the training sample and e is the base of the natural logarithm. 
We want to make the right-hand side of the inequality (2.93) small for large N in order 
to achieve uniform convergence. The factor exp( -E'N) is helpful in this regard, since it 
decays exponentially with increasing N. The remaining factor (2eN/h)h represents a 
bound on the growth function !l,,(l) for the family of functions 3F = {F(x, w); w E "WI 
for 1 2':  h 2': 1 as obtained by Sauer's lemma 15 Provided that this function does not 
grow too fast, the right-hand side will go to zero as N goes to infinity; this requirement 
is satisfied if the VC dimension h is finite. In other words, a finite VC dimension is a 
necessary and sufficient condition for uniform convergence of the principle of empiri
cal risk minimization. If the input space 1£ has finite cardinality, any family of 
dichotomies 3F will have finite VC dimension with respect to 1£, although the reverse is 
not necessarily true. 

Let 01. denote the probability of occurrence of the event 

suplp(w) - v(w)1 2': E 
w 

Then, with probability 1 - 01., we may state that for all weight vectors w E "W the fol
lowing inequality holds: 

pew) < v(w) + E (2.94) 
Using the bound described in Eq. (2.93) and the definition for the probability 01., we 
may thus set 

(2eN)h 
01. = h exp(-E2N) (2.95) 

Let Eo(N, h, 01.) denote the special value of E that satisfies Eq. (2.95). Hence, we readily 
obtain the following important result (Vapnik, 1992): 

Eo(N, h, 01.) = ��[ log (2;) + 1 ] - � lo
-
g� (2.96) 

We refer to Eo(N, h, 01.) as a confidence interval, the value of which depends on the size 
N of the training sample, the VC dimension h, and the probability 01.. 

The bound described in (2.93) with E = Eo(N, h, 01.) is achieved for the worst case 
pew) = �, but not, unfortunately, for small pew), which is the case of interest in prac
tice. For small pew), a mOfe useful bound is obtained by considering a modification of 
the inequality (2.93) as follows (Vapnik, 1982, 1998): 

p(sup Ip(w) - v(w) 1 > E) < (2eN)h exp (_ E'J.1\, 
w VP(w) h <if (2.97) 

In the literature, different results are reported for the bound in (2.97), depending on 
which particular form of inequality is used for its derivation. Nevertheless, they all 
have a similar form. From (2.97) it follows that with probability 1 - 01., and simultane
ously for all w E "W (Vapnik, 1992, 1998), 

pew) '" v(w) + EI(N, h, 01., v) (2.98) 
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where E1(N, h, (x, v) is a new confidence interval defined in terms of the former confi
dence interval Eo(N, h, a) as follows (see Problem 2.25): 

_ 2 ( �(W» ) E[(N, h, a, v) - 2Eo(N, h, a) 1 + V I + ;gN, h, a) (2.99) 

This second confidence interval depends on the training error v(w). For v(w) � 0 it 
reduces to the special form 

EJN, h, a, 0) � 4EI,(N, h, a) (2.1 00) 

We may now summarize the two bounds we have derived for the rate of uniform 
convergence: 

1, In general, we have the following bound on the rate of uniform convergence: 

P(w) ,,; v(w) + E1 (N, h, a,v) 
where E[(N, h, a, v) is as defined in Eq. (2.99). 

2, For a small training error v(w) close to zero, we have 

pew) ,,; v(w) + 4Ei,(N, h, a) 
which provides a fairly precise bound for real-case learning. 

3, For a large training error v(w) close to unity, we have the bound 

pew) :s v(w) + Eo(N, h, cr) 

Structural Risk Minimization 

The training error is the frequency of errors made by a learning machine of some 
weight vector w during the training session. Similarly, the generalization error is 
defined as the frequency of errors made by the machine when it is tested with exam
ples not seen before. Here it is assumed that the test data are drawn from the same 
population as the training data. Let these two errors be denoted by v"'in(w) and 
vgene(w), respectively. Note that v1min(w) is the same as the v(w) used in the previous 
subsection; we used v(w) there to simplify the notation. Let h be the VC dimension 
of a family of classification functions (F(x, w); w EO WI with respect to the input 
space sr. Then, in light of the theory on the rate of uniform convergence, we may 
state that with probability 1 - a, for a number of training examples N >  h, and 
simultaneously for all classification functions F(x, w), the generalization error 
Vgooe(w) is lower than a guaranteed risk defined by the sum of a pair of competing 
terms (Vapnik, 1 992, 1998) 

(2.101) 

where the confidence interval E1 (N, h, a, vlmin) is itself defined by Eq. (2.99). For a fixed 
number of training examples N, the training error decreases monotonically as the 
capacity or VC dimension h is increased, whereas the confidence interval increases 
monotonically. Accordingly, both the guaranteed risk and the generalization error go 
through a minimum. These trends are illustrated in a generic way in Fig. 2.25. Before 
the minimum point is reached, the learning problem is overdetermined in the sense that 
the machine capacity h is too small for the amount of training detail. Beyond the mini-
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mum point, the learning problem is underdetermined because the machine capacity is 
too large for the amount of training data. 

The challenge in solving a supervised learning problem is therefore to realize the 
best generalization performance by matching the machine capacity to the available 
amount of training data for the problem at hand. The method of structural risk mini
mization provides an inductive procedure for achieving this goal by making the VC 
dimension of the learning machine a control variable (Vapnik, 1992, 1998). To be spe
cific, consider an ensemble of pattern classifiers {F(x, w); w E 'IV}, and define a nested 
structure of n such machines 

?]ik = {F(x, w); w E 'lVk/. 
such that we have (see Fig. 2.25) 

k = 1 , 2, . . . , n  

�l C ?fz C . . .  C ?fn 

(2.102) 

(2.103) 
where the symbol C signifies "is contained in." Correspondingly, the VC dimensions of 
the individual pattern classifiers satisfy the condition 

(2.104) 

which implies that the VC dimension of each pattern classifier is finite. Then, the 
method of structural risk minimization may proceed as follows: 

• The empirical risk (i.e., training error) for each pattern classifier is minimized. 
• The pattern classifier ?]i' with the smallest guaranteed risk is identified; this partic

ular machine provides the best compromise between the training error (i.e., quality 
of approximation of the training data) and the confidence interval, (i.e., complexity 
of the approximating function) which compete with each other. 

Our goal is to find a network structure such that decreasing the VC dimension occurs 
at the expense of the smallest possible increase in training error. 

The principle of structural risk minimization may be implemented in a variety of 
ways. For example, we may vary the VC dimension h by varying the number of hidden 
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neurons. Specifically, we evaluate an ensemble of fully connected multilayer feedfor
ward networks, in which the number of neurons in one of the hidden layers is increased 
in a monotonic fashion. The principle of structural risk minimization states that the 
best network in this ensemble is the one for which the guaranteed risk is the minimum. 

The VC dimension is not only central to the principle of structural risk minimiza
tion but also to an equally powerful learning model called probably approximately 
correct (PAC). This latter model, discussed in the next section, completes the last part 
of the chapter dealing with probabilistic and statistical aspects of learning. 

2.15 PROBABLY APPROXIMATELY CORRECT MODEL OF LEARNING 

The probably approximately correct (PAC) learning model is credited to Valiant 
(1984). As the name implies, the PAC model is a probabilistic framework for the study 
of learning and generalization in binary classification systems. It is closely related to 
supervised learning. 

We begin with an environment &;. A set of &; is called a concept, and a set of sub
sets of &; is called a concept class. An example of a concept is an object in the domain of 
interest. together with a class label. If the example is a member of the concept, we refer 
to it as a positive example; if the object is not a member of the concept, we refer to it as 
a negative example. A concept for which examples are provided is called a target con
cept. We may acquire a sequence of training data of length N for a target concept c as 
shown by 

(2.105) 
which may contain repeated examples. The examples Xl' x2, .. " XN are drawn from the 
environment &; at random, according to some fixed but unknown probability distribu
tion. The following points are also noteworthy in Eq. (2.105): 

• The target concept C(Xi) is treated as a function from &; to to, 1). Moreover, c(x,) is 
assumed to be unknown. 

• The examples are usually assumed to be statistically independent, which means 
that the joint probability density function of any two examples, Xi and xI' say, is 
equal to the product of their individual probability density functions. 

In the context of our previous terminology, the environment &; may be identified with 
the input space of a neural network, and the target concept may be identified with the 
desired response for the network. 

The set of concepts derived from the environment &; is referred to as a concept 
space Cf6. For example, the concept space may contain "the letter A," "the letter B," and 
so on. Each of these concepts may be coded differently to generate a set of positive 
examples and a set of negative examples. In the framework of supervised learning, 
however, we have another set of concepts. A learning machine typically represents a 
set of functions, with each function corresponding to a specific state. For example, the 
machine may be designed to recognize "the letter A," "the letter B," and so on. The set 
of all functions (i.e., concepts) determined by the learning machine is referred to as a 
hypothesis space '!l. The hypothesis space may or may not be equal to the concept 
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space. In a way the notions of concept space and hypothesis space are analogous to the 
function fix) and approximating function F(x, w), respectively, that were used in the 
previous section. 

Suppose then we are given a target concept c(x) E '1£, which takes only the value 
o or 1. We wish to learn this concept by means of a neural network by training it on the 
data set 5" defined in Eq. (2.105). Let g(x) E 'tl denote the hypothesis corresponding to 
the input-output mapping that results from this training. One way of assessing the suc
cess of the learning process is to measure how close the hypothesis g(x) is to the target 
concept c(x). There will naturally be errors incurred, making g(x) * c(x). The reason 
errors are incurred is that we are trying to learn a function on the basis of limited infor
mation available about that function. The probability of training error is defined by 

VI";" � Pix E 11: : g(x) * e(x)) (2.106) 

The probability distribution in this equation must be the same as the one responsible 
for generating the examples. The goal of PAC learning is to ensure that V",m is usually 
small. The domain that is available to the learning algorithm is controlled by the size N 
of the training sample 5". In addition, the learning algorithm is supplied with two con
trol parameters: 

• Error parameter . E (0, 1]. This parameter specifies the error allowed in a good 
approximation of the target concept e(x) by the hypothesis g(x). 

• Confidence parameter & E (0,1]. This second parameter controls the likelihood of 
constructing a good approximation. 

We may thus visualize the PAC learning model as depicted in Fig. 2.26. 
With this background we may now formally state the PAC learning model 

(Valiant, 1984; Kearns and Vazirani, 1994; Vidyasagar, 1997): 

Let � be a concept class over the environment 3e, The concept class C€ is said to be PAC 
learnable if there exists an algorithm ;;e with the following property: For every target con
cept c E '16, for every probability distribution on 1£. and for all 0 < E < 1 /2 and 0 < 5 < 1/2. 
if the learning algorithm :£ is supplied the set of training examples ?J � {(Xi, C(Xi»}�1 and 
the parameters e and &, then with probability at least 1 - 0, the learning algorithm ;£ out
puts a hypothesis g with error Vtrain ::s:; E. This probability is taken over the random examples 
drawn from the set !f and any internal randomization that may exist in the learning algo
rithm ;g, The sample size N must be greater than a function of 5 and E, 

In other words, provided that the size N of the training sample 5" is large enough, after 
the neural network has been trained on that data set it is "probably" the case that the 

Control parameters 
8, 8 

Training sample 
{(x,. c(x,)}�o I 

I 
Hypothesis Learning 

algorithm 
.l:' r------- g FIGURE 2.26 Block diagram 

i l lustrating the PAC learning 
model. 
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input-output mapping computed by the network is "approximately correct." Note that 
although there is a dependence on 5 and E, the number of examples, N, does not have 
to be dependent on the target concept c or the underlying probability distribution of if. 

Sample Complexity 

In PAC learning theory, an issue of particular interest with practical implications is the 
issue of sample complexity. The focus in this issue is on how many random examples 
should be presented to the learning algorithm for it to acquire sufficient information to 
learn an unknown target concept c chosen from the concept class 'iii. Or, how large 
should the size N of the training set ;r be? 

The issue of sample complexity is closely linked with the VC dimension. 
However, before proceeding further on this issue, we need to define the notion of a 
consistent concept. Let ;r = I (x" di)l�l be any set of labeled examples, where each 
Xi E 1£ and each di E (0,1). Let c be a target concept over the environment :leo Then, 
concept c is said to be consistent with the training set '3 (or, equivalently, '3 is consis
tent with c) if for all 1 ,;; i ,;; N we have C(Xi) = di (Kearns and Vazarini, 1994). Now, as 
far as PAC learning is concerned, it is not the size of the set of input-output functions 
computable by a neural network that is crucial, but rather it is the VC dimension of the 
network. More precisely, we have a key result presented in two parts (Blumer et aI., 
1989; Anthony and Biggs, 1992; Vidyasagar, 1997): 

Consider a neural network with a finite VC dimension h � 1. 

1. Any consistent learning algorithm for that neural network is a PAC learning algo
rithm. 

2. There is a constant K such that a sufficient size of training set ?J for any such algo
rithm is 

(2.107) 

where E is the error parameter and 8 is the confidence parameter. 

The generality of this result is impressive: it is applicable to a supervised learn
ing process regardless of the type of learning algorithm used, and the underlying 
probability distribution for generating the labeled examples. It is the broad generality 
of this result that has made it a subject of intensive research interest in neural net
work literature. Comparison of results predicted from bounds on measures based on 
the VC dimension with experimental results reveals a wide numerical discrepancy.16 
In a sense this should not be surprising because the discrepancy is merely a reflection 
of the distribution-free, worst-case nature of the theoretical measures, and on average 
we can always do better. 

Computational Complexity 

Another issue of primary concern in PAC learning is that of computational complexity. 
This issue concerns the computational effectiveness of a learning algorithm. More pre
cisely, computational complexity deals with the worst -case "running time" needed to 
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train a neural network (learning machine), given a set of labeled examples of some 
finite size N. 

In a practical situation, the running time of an algorithm naturally depends on the 
speed with which the underlying computations are performed. From a theoretical per
spective, however, the intention is to have a definition of running time that is indepen
dent of the device used to do the computations. With this intention in mind, running time, 
and therefore computational complexity, is usually measured in terms of the number of 
operations (additions, multiplications, and storage) needed to perform the computation. 

In assessing the computational complexity of a learning algorithm, we like to 
know how it varies with the example size m (i.e., size of the input layer of the neural 
network being trained). For the algorithm to be computationally efficient in this con
text. the running time should be Oem') for some fixed integer r 2: 1 .  In such a case, the 
running time is said to increase polynomially with m, and the algorithm itself is said to 
be a polynomial time algorithm. Learning tasks performed by a polynomial time algo
rithm are usually regarded as "easy" (Anthony and Biggs, 1992). 

The other parameter that requires attention is the error parameter E. Whereas in 
the case of sample complexity the parameter E is fixed but arbitrary, in assessing the 
computational complexity of a learning algorithm we like to know how it varies with E. 
Intuitively, we expect that as E is decreased, the learning task under study would 
become more difficult. It follows then that some condition would have to be imposed 
on the time taken for the algorithm to produce a probably approximately correct out
put. For efficient computation, the appropriate condition is to have the running time 
polynomial in l/E. 

By putting these considerations together, we may make the following formal 
statement on computational complexity (Anthony and Biggs, 1992): 

A learning algorithm is computationally efficient with respect to error parameter €, exam
ple size m, and size N of the training set if its running time is polynomial in N and if there 
is a value of No(ll,e) sufficient for PAC learning that is polynomial in bothm and e-I. 

2.1 6  SUMMARY AND DISCUSSION 

In this chapter we discussed some important issues relating to the many facets of the 
learning process in the context of neural networks. In so doing we have laid down the 
foundations for much of the material in the rest of this book. The five learning rules, 
error-correction learning, memory-based learning) Hebbian learning, competitive learn
ing, and Boltzmann learning, are basic to the design of neural networks. Some of these 
algorithms require the use of a teacher and some do not. The important point is that 
these rules enable us to go far beyoud the reach of linear adaptive filters in both capa
bility and universality. 

In the study of supervised learning, a key provision is a "teacher" capable of 
supplying exact corrections to the network outputs when an error occurs as in errOf
correction learning; or "clamping" the free-running input and output units of the net
work to the environment as in Boltzmann learning. Neither of these models is possible 
in biological organisms, which have neither the exact reciprocal nervous connections 
needed for the back propagation of error corrections (in a multilayer feedforward 



106 Chapter 2 Learning Processes 

network) nor the nervous means for the imposition of behavior from outside. 
Nevertheless, supervised learning has established itself as a powerful paradigm for the 
design of artificial neural networks, as is demonstrated in Chapters 3 through 7. 

In contrast, self-organized (unsupervised) learning rules such as Hebbian learning 
and competitive learning are motivated by neurobiological considerations. However, to 
improve our understanding of self-organized learning, we also need to look at 
Shannon's information theory for relevant ideas. Here we should mention the maximum 
mutual information (Infomax) principle due to Linsker (1988a, b), which provides the 
mathematical formalism for the processing of information in a self-organized neural 
network in a manner somewhat analogous to the transmission of infonnation in a com
munication channel. The Info max principle and its variants are discussed in Chapter 10. 

A discussion of learning methods would be incomplete without mentioning the 
Darwinian selective learning model (Edelman, 1987; Reeke et aI., 1990). Selection is a 
powerful biological principle with applications in both evolution and development. It 
is at the heart of the immune system (Edelman, 1973), the best understood biological 
recognition system. The Darwinian selective learning model is based on the theory of 
neural group selection. It presupposes that the nervous system operates by a form of 
selection akin to natural selection in evolution but takes place within the brain during 
the lifetime of each animal. According to this theory. the basic operational units of the 
nervous system are not single neurons but rather local groups of strongly intercon-• 
nected cells. The membership of neurons in a group is changed by alterations in the 
neurons' synaptic weights. Local competition and cooperation among cells are clearly 
necessary to produce local order in the network. A collection of neuronal groups is 
referred to as a repertoire. Groups in a repertoire respond best to overlapping but sim
ilar input patterns due to the random nature of neural growth. One or more neuronal 
groups in a repertoire respond to every input pattern, thereby ensuring some response 
to unexpected input patterns that may be important. Darwinian selective learning is 
different from the learning algorithms commonly used in neural network design in that 
it assumes that there are many subnetworks by design, and that only those with the 
desired response are selected during the training process. 

We complete this discussion with some concluding remarks on statistical and 
probabilistic aspects of learning. The VC dimension has established itself as a central 
parameter in statistical learning theory. It is basic to structural risk minimization and 
the probably approximately correct (PAC) model of learning. The VC dimension is an 
integral part of the underlying theory of so-called support vector machines. discussed 
in Chapter 6. In Chapter 7 we discuss a class of committee machines based on boosting, 
the theory of which is rooted in PAC learning. 

As we progress through the rest of the book there will be many occasions and 
good reasons for revisiting the material presented in this chapter on the fundamentals 
of learning processes. 

NOTES AND REFERENCES 

1. The word "algorithm" is derived from the name of the Persian mathematician 
Mohammed al-Kowarisirni, who lived during the ninth century and who i') credited with 
developing the step-by-step rules for the addition, subtraction, multiplication, and divi-
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sian of ordinary decimal numbers. When his name was written in Latin it became 
Algorismus, from which algorithm is derived (Harel, 1987). 

2. The nearest neighbor rule embodies a huge literature; see the collection of papers edited 
by Dasarathy (1991). This book includes the seminal work of Fix and Hodges (1951) and 
many other important papers on nearest neighbor pattern-classification techniques. 

3. For a detailed review of Hebbian synapses, including a historical account, see Brown et al. 
(1990) and Fregnac and Schulz (1994). For additional review material, see Constantine
Paton et a1. (1990). 

4. Long-Term Potentiation-Physiological Evidence for the Hebbian Synapse 
Hebb (1949) provided us with a way to think about synaptic memory mechanisms, but it 
was nearly a quarter of a century before experimental evidence was obtained in support 
of his proposals. In 1973, Bliss and Lomo published a paper describing a form of activa
tion-induced synaptic modification in an area of the brain called the hippocampus. They 
applied pulses of electrical stimulation to the major pathway entering this structure while 
recording the synaptically evoked responses. When they were confident that they had 
characterized a stable baseline response morphology, they applied brief, high frequency 
trains of pulses to the same pathway. When they resumed application of the test pulses, 
they found the responses to be much larger in amplitude. Of most interest to memory 
researchers was the finding that this effect was very long lasting. They called the phenom
enon long-term potentiation (LTP). 

There are now hundreds of papers published every year on the LTP phenomenon, 
and we know much about the underlying mechanisms. We know, for example, that the 
potentiation effects are restricted to the activated pathways. We also know that LTP 
shows a number of associative properties. What we mean by associative properties is that 
there are interaction effects between co-active pathways. In particular, if a weak input 
that would not normally induce an LTP effect is paired with a strong input, the weak 
input can be potentiated. This is called an associative property because it is similar to the 
associative properties of learning systems. In Pavlov's conditioning experiments, for 
example, a neutral (weak) auditory stimulus was paired with a strong (food) stimulus. 
The pairing resulted in the appearance of a conditioned response, salivation in response 
to the auditory stimulus. 

Much of the experimental work in this area has focused on the associative proper
ties of LTP. Most of the synapses that have been shown to support LTP utilize glutamate 
as the neurotransmitter. It turns out, however, that there are a number of different recep
tors in the postsynaptic neuron that respond to glutamate. These receptors all have dif
ferent properties, but we will consider just two of them. The main synaptic response is 
induced by activation of the AMPA receptor (these receptors are named according to 
the drugs to which they respond most strongly, but they are all glutamate receptors). 
When a response is recorded in an LTP experiment, it is primarily attributable to the 
activation of AMPA receptors. After synaptic activation the glutamate is released and 
binds with the receptors in the postsynaptic membrane. Ion channels that are part of the 
AMPA receptors open up, leading to the current flow that is the basis of the synaptic 
response. 

The second type of glutamate receptor, the NMDA receptor, has some interesting 
properties. Glutamate binding with the NMDA receptor is not enough to open the asso
ciated ion channel. That channel remains blocked until a sufficiently large voltage change 
has been produced by synaptic activity (involving the AMPA receptors). Consequently, 
while AMPA receptors are chemically dependent, the NMDA receptors are both chemi
cally dependent and voltage dependent. We need one other piece of information to see 
the importance of this difference. The ion channel associated with the AMPA receptor is 
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linked to the movement of sodium ions (which produces the synaptic currents). The ion 
channel linked to the NMDA receptor allows calcium to move into the cell. While cal
cium movement also contributes to the membrane currents, its main role is as a signal 
that triggers a chain of events leading to a long-lasting increase in the strength of the 
response associated with the AMPA receptor. 

We now have our mechanism for the Hebbian synapse. The NMDA receptor 
requires both presynaptic activity (glutamate release) and postsynaptic activity. How 
would that normally come about? By ensuring that there is a sufficiently strong input. 
Thus, when we pair a weak input with a strong input, the weak input releases its own glu
tamate, while the strong input ensures that there is a sufficiently strong voltage change to 
activate the NMDA receptors associated with the weak synapse. 

Although Hebb's original proposal was for a unidirectional learning rule, neural 
networks are considerably more flexible if a bidirectional learning rule is used. It is an 
advantage to have synapses in which the synaptic weight can be decreased as well as 
increased. It is reassuring to know that there is also experimental evidence for a synaptic 
depression mechanism. [f weak inputs are activated without the combined activation of 
strong inputs, the synaptic weight is often weakened. This is most typically seen in 
response to low-frequency activation of synaptic systems, and the phenomenon is called 
long-term depression (LTD). There is also some evidence for what is called a heterosy
nap tic depression effect. While LTD is a depression that is restricted to the activated 
input, heterosynaptic depression is restricted to the nonactivated input. 

5. The idea of competitive learning may be traced back to the early works of von der 
Malsburg (1973) on the self-organization of orientation-sensitive nerve cells in the striate 
cortex, Fukushima (1975) on a self-organizing multilayer neural network known as the 
neocognitron, Willshaw and von der Malsburg (1976) on the formation of patterned 
neural connections by self-organization, and Grossberg (1972, 1976a,b) on adaptive pat
tern classification. Also, there is substantial evidence for competitive learning playing an 
important role in the formation of topographic maps in the brain (Durbin et al., 1989), 
and recent experimental work by Ambros-Ingerson et a1. (1990) provides further physio
logical justification for competitive learning. 

6. The use of lateral inhibition, as indicated in Fig. 2.4, is fashioned from n�urobiological 
systems. Most sensory tissues, namely, retina of the eye, cochlea of the ear, and pressure
sensitive nerves of the skin, are organized in such a way that stimulation of any given 
location produces inhibition in the surrounding nerve cells (Arbib, 1989; Fischler and 
Firschein, 1987). In human perception, lateral inhibition manifests itself in a phenome
non called Mach bands, named after the physicist Ernest Mach (1865). For example, if we 
look at a sheet of paper half white and half black, we will see parallel to the boundary a 
"brighter than bright" band on the white side and a "darker than dark" band on the black 
side, even though in reality both of them have a unifonn density. Mach bands are not 
physically present; rather, they are a visual illusion, representing "overshoots" and 
"undershoots" caused by the differentiating action of lateral inhibition. 

7. The importance of statistical thermodynamics in the study of computing machinery was 
well recognized by John von Neumann. This is evidenced by the third of his five lectures 
on Theory and Organization of Complicated Automata at the University of Illinois in 
1949. In his third lecture, on "Statistical Theories of Information," von Neumann said: 

Thermodynamical concepts will probably enter into this new theory of informa
tion. There are strong indications that information is similar to entropy and that 
degenerative processes of entropy are paralleled by degenerative processes in the 
processing of information. It is likely that you cannot define the function of an 
automaton, or its efficiency, without characterizing the milieu in which it works by 
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means of statistical traits like the ones used to characterize a milieu in thermody� 
namics. The statistical variables of the automaton's milieu will, of course, be some
what more involved than the standard thermodynamic variable of temperature, 
but they will be similar in character. 

8. It appears that the term "reinforcement learning" was coined by Minsky (1961) in his 
early studies of artificial intelligence, and then independently in control theory by Waltz 
and Fu (1965). However, the basic idea of "reinforcement" has its origins in experimental 
studies of animal leaming in psychology (Hampson, 1990). In this context it is particu
larly illuminating to recall Thorndike's classicaL law of effect (Thorndike, 1911, p 244): 

Of several responses made to the same situation, those which are accompanied or 
closely followed by satisfaction to the animal will, other things being equal, be 
more firmly connected with the situation, so that, when it recurs, they will be more 
likely to recur; those which are accompanied or closely followed by discomfort to 
the animal will, other things being equaL have their connections with that situation 
weakened, so that, when it recurs, they will be less likely to occur. The greater the 
satisfaction or discomfort, the greater the strengthening or weakening of the bond. 

Although it cannot be claimed that this principle provides a complete model of biological 
behavior, its simplicity and common sense approach have made it an influential learning 
rule in the classical approach to reinforcement learning. 

9. The plant output is typically a physical variable. To control the plant, we clearly need to 
know the value of this variable; that is, we must measure the plant output. The system 
used for the measurement of a physical variable is called a sensor. To be precise there
fore, the block diagram of Fig. 2.13 should include a sensor in its feedback path. We have 
omitted the sensor which, by implication, means that the transfer function of the sensor is 
assumed to be unity. 

10. The "cocktail party phenomenon" refers to the remarkable human ability to selectively 
attend to and follow one source of auditory input in a noisy environment (Cherry, 1953; 
Cherry and Taylor, 1954). This ability manifests itself in a combination of three processes 
performed in the auditory system: 
• Segmentation. The incoming auditory signal is segmented into individual channels, 

with each channel providing meaningful information about a listener's environment. 
Among the heuristics used by the listener to do this segmentation, spatia/ location is 
perhaps the most important (Moray, 1959). 

• Attention. This pertains to the ability of the listener to focus attention on one channel 
while blocking attention to irrelevant channels (Cherry, 1953). 

• Switching. This third process involves the ability to switch attention from one channel 
to another, which is probably mediated in a top-down manner by "gating" the incom
ing auditory signaL (Wood and Cowan, 1995). 

The conclusion to be drawn from these points is that the processing performed on the 
incoming auditory signal is indeed of a spatiotemporal kind. 

11. The problem of designing an optimum linear filter that provides the theoretical frame
work for linear adaptive filters was first conceived by Kolmogorov (1942) and solved 
shortly afterward independently by Wiener (1949). On the other hand, a formal solution 
to the optimum nonlinear filtering problem is mathematically intractable. Nevertheless, 
in the 1950s a great deal of brilliant work was done by Zadeh (1953), Wiener and his col
laborators (Wiener, 1958), and others that did much to clarify the nature of the problem. 

Gabor was the first to conceive the idea of nonlinear adaptive filter in 1954, and 
went on to build such a filter with the aid of collaborators (Gabor et a1., 1960). Basically, 
Gabor proposed a shortcut through the mathematical difficulties of nonlinear adaptive 
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filtering by constructing a filter that optimizes its response through learning. The output 
of the filter is expressed in the form 

N N N 
y(n) � � w"x(n) + � � wux(n)x(m) + 

n=O n=Q mooO 
where x(O),x(l), . . .  ,x(N) are samples of the filter input. (This polynomial is now referred 
to as the Gabor-Kolmogorov polynomial or Volterra series.) The first term of the polyno
mial represents a linear filter characterized by a set of coefficients {wn}. The second term 
characterized by a set of dyadic coefficients {wn,ml is nonlinear; this term contains the 
products of two samples of the filter input, and so on for the higher-order terms. The 
coefficients of the filter are adjusted via gradient descent to minimize the mean-square 
value of the difference between a target (desired) response deN) and the actual filter 
output y(N). 

12. The cost function L(d. F(x, w» defined in Eq. (2.71) applies to a scalar d. In the case of a 
vector d as the desired response, the approximating function takes the vector-valued 
form F(x, w). In this case we use the squared Euclidean distance 

13. 

14. 

15. 

L(d, F(x, w» � lid - F(x, w)112 
as the loss function. The function F(',') is a vector-valued function of its arguments. 
According to Burges (1998), Example 2.3 that first appeared in Vapnik (1995) is due to 
E. Levin and 1. S. Denker. 
The upper bound of order Wlog W for the VC dimension of a feedforward neural net
work constructed from linear threshold units (perceptrons) was obtained by Baum and 
Haussler (1989). Subsequently, Maass (1993) showed that a lower bound also of order 
Wlog W holds for this class of networks. 

The first upper bound on the VC dimension of a sigmoidal neural network was 
derived in Macintyre and Sontag (1993). Subsequently, Koiran and Sontag (1996) 
addressed an open question raised in Maass (1993): 

"Is the VC dimension of analog neural nets with the sigmoidal activation function 

(J(Y) � III + e -Y bounded by a polynomial in the number of programmable para
meters?" 

Koiran and Sontag answered this question in the affinnative in their 1996 paper, as 
described in the text. 

This question has also been answered in the affirmative in Karpinski and 
Macintyre (1997). In this latter paper, a complicated method based on differential topol
ogy is used to show that the VC dimension of a sigmoidal neural network used as pattern 
classifier is bounded above by O(W4). There is a large gap between this upper bound and 
the lower bound derived in Koiran and Sontag (1996). In Karpinski and Macintyre 
(1997) it is conjectured that their upper bound could be lowered. 
Sauer's lemma may be stated as (Sauer, 1972; Anthony and Biggs, 1992; Vidyasagar, 1997): 

Let '?:F denote the ensemble of dichotomies implemented by a learning machine. If 
VCdim(SF) � h with h finite, and I ".  h "' 1 , then the growth function tJ.,(l) is 
bounded above by (ellht where e is the base of the natural logarithm. 

16. In this note we present summaries of four important studies reported in the literature on 
sample complexity and the related issue of generalization. 

First, Cohn and Tesauro (1992) present a detailed experimental study on the prac
tical value of bounds on sample complexity based on the VC dimension as a design tool 
for pattern classifiers. In particular, the experiments were designed to test the relation-
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ship between the generalization performance of a neural network and the distribution
free, worst-case bound derived from Vapnik's statistical learning theory. The bound con
sidered therein is defined by Yapnik (1982) 

Vg,o, � o(� log (�)) (1 ) 

where vgene is the generalization error, h is the VC dimension, and N is the size of the 
training set. The results presented by Cohn and Tesauro show that the average general
ization perfonnance is significantly better than that predicted from Eq. (1). 

Second, Holden and Niranjan (1995) extend the earlier study of Cohn and Tesauro 
by addressing a similar question. However, there are three important differences that 
should be pointed out: 
• All the experiments were performed on neural networks with known exact results or 

very good bounds on the VC dimension. 
• Specific account of the learning algorithm was taken. 
• The experiments were based on real-life data. 

Although the results reported were found to provide sample complexity predictions of a 
significantly more practical value than those provided by earlier theories, there are still 
significant shortcomings in the theory that need to be overcome. 

Third, Baum and Haussler (1989) report on the size N of the training sample 
needed to train a single-layer feedforward network of linear-threshold neurons for good 
generalization. It is assumed that the training examples are chosen from an arbitrary 
probability distribution, and that the test examples for evaluating the generalization per
formance are also drawn from the same distribution. Then, according to Baum and 
Haussler, the network will almost certainly provide generalization, provided two condi
tions are satisfied: 
(1) The number of errors made on the training set is less than e/2. 
(2) The number of examples, N, used in training is 

N �  o(� log (�)) (2) 

where W is the number of synaptic weights in the network. Equation (2) provides a 
distribution-free, worst-case bound on the size N. Here again there can be a huge 
numerical gap between the actual size of the training sample needed and that calcu
lated from the bound of Eq. (2). 

Finally, Bartlett (1997) addresses the issue that in pattern-classification tasks using 
large neural networks we often find that a network is able to perfonn successfully with 
training samples that are considerably smaller in size than the number of weights in the 
network, as reported in Cohn and Tesauro (1992). In Bartlett's paper it is shown that for 
such tasks on which neural networks generalize well and if the synaptic weights are not 
too large, it is the size of the weights rather than the number of weights that determines 
the generalization performance of the network. 

Learning Rules 
2.1 The delta rule described in Eq. (2.3) and Hebb's rule described in Eq. (2.9) represent 

two different methods of learning. List the features that distinguish these two rules from 
each other. 
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2.2 The erroT-correction learning rule may be implemented by using inhibition to subtract 
the desired response (target value) from the output, and then applying the anti-Hebbian 
rule (Mitchison, 1989). Discuss this interpretation of error-correction learning. 

2.3 Figure P2.3 shows a two-dimensional set of data points. Part of the data points belongs to 
class C€l and the other part belongs to class C(b2' Construct the decision boundary pro
duced by the nearest neighbor rule applied to this data sample. 

2.4 Consider a group of people whose collective opinion on a topic of interest is defined as 
the weighted average of the individual opinions of its members. Suppose that if, over the 
course of time, the opinion of a member in the group tends to agree with the collective 
opinion of the group, the opinion of that member is given more weight. If, on the other 
hand, the particular member consistently disagrees with the collective opinion of the 
group, that member's opinion is given less weight. This form of weighting is equivalent to 
positive-feedback control, which has the effect of producing a consensus of opinion 
among the group (Linsker. 1988a). 

Discuss the analogy between the situation described and Hebb's postulate of learning. 
2.5 A generalized form of Hebb's rule is described by the relation 

AWk/n) � ctP(Yk(n))G(xJ<n)) - r>wkJ<n)P(yk(n)) 

where x/n) and Yk(n) are the presynaptic and postsynaptic signals, respectively; F(·) and 
G(·) are functions of their respective arguments; and ilwkj(n) is the change produced in 
the synaptic weight wkj at time n in response to the signals x/n) and Yin). Find (a) the 
balance point and (b) the maximum depression that are defined by this rule. 

2.6 An input signal of unit amplitude is applied repeatedly to a synaptic connection whose 
initial value is also unity. Calculate the variation in the synaptic weight with time using 
the following two rules: 
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(a) The simple form of Hebb's rule described in  Eq. (2.9) assuming the learning-rate 
parameter 11 = 0.1. 

(b) The covariance rule described in Eq. (2.10), assuming that the presynaptic activity 
x = 0 and the postsynaptic activity y = 1.0. 

2.7 The Hebbian synapse described in Eq. (2.9) involves the use of positive feedback. Justify 
the validity of this statement. 

2.8 Consider the covariance hypothesis for self-organized learning described in Eq. (2.10). 
Assuming ergodicity (i.e., time averages can be substituted for ensemble averages), show 
that the expected value of ll.wkj in Eq. (2.10) may be expressed as 

E[towkil � 'T](E[Ykxil - y x) 
How would you interpret this result? 

2.9 According to Linsker (1986). Hebb's postulate of learning may be formulated as: 

tow" � 'l(Yk - y")(x, - xo) + a, 
where Xj and Yk are the presynaptic and postsynaptic signals, respectively and al, ll, xo, and 
Yu are all constants. Assume that neuron k is linear, as shown by 

Yk = .L WkjXj + a2 
I 

where a2 is another constant. Assume the same probability distribution for all the input 
signals, that is, E[xi] = E[xJ = J.I-. Let the matrix C denote the covariance matrix of the 
input signals with its ij-th element defined by 

Determine .a W h' 

2.10 Formulate the expression for the output Yj of neuronjin the network of Fig. 2.4. You may 
use the following: 

Xi = ith input Signal 
wji = synaptic weight from input i to neuron j 
ckj = weight of lateral connection from neuron k to neuronj 
Vj = induced local field of neuron j 
Yj � 'P(v) 

What is the condition that would have to be satisfied for neuronjto be the winning neuron? 
2.11 Repeat Problem 2.10, assuming that each output neuron includes self-feedback. 
2.12 The connection pattern for lateral inhibition, namely "excitation close and inhibition fur

ther away," may be modeled as the difference between two Gaussian curves. The two 
curves have the same area, but the positive curve for excitation has a higher and nar
rower peak than the negative curve for inhibition. That is, we may express the connection 
pattern as 

1 '1 , 1 '/2 ' W(x) = --� e-x 2[Je � ___ e-x [Ji 
vz:;;: 0', vz:;;: 0', 

where X is the distance from the neuron responsible for the lateral inhibition. The pattern 
W(x) is used to scan a page, one half of which is white and the other half is black; the 
boundary between the two halves is perpendicular to the x-axis. 

Plot the output that results from this scanning process with CJ'e = 1 and CJ'i = 2. 
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Learning Paradigms 
2.13 Figure P2.13 shows the block diagram of an adaptive language-acquisition system (Gorin, 

1992). The synaptic connections in the neural network part of the system are strength
ened or weakened, depending on feedback as to the appropriateness of the machine's 
response to input stimuli. This system may be viewed as an example of reinforcement 
learning. Rationalize the validity of this statement. 

2.14 To which of the two paradigms, learning with a teacher and learning without a teacher, do 
the following algorithms 
(a) nearest neighbor rule 
(b) k-nearest neighbor rule 
(c) Hebbian learning 
(d) Boltzmann learning rule 
belong? Justify your answers. 

2.15 Unsupervised learning can be implemented in an off-line or on-line fashion. Discuss the 
physical implications of these two possibilities. 

2.16 Consider the difficulties that a learning machine faces in assigning credit for the outcome 
(win, loss, or draw) of a game of chess. Discuss the notions of temporal credit assignment 
and structural credit assignment in the context of this game. 

2.17 A supervised learning task may be viewed as a reinforcement learning task by using as 
the reinforcement signal some measure of the closeness of the actual response of the sys
tem to the desired response. Discuss this relationship between supervised learning and 
reinforcement learning. 

Memory 
2.18 Consider the following orthonormal sets of key patterns, applied to a correlation matrix 

memory: 

The respective stored patterns are 

XI � [1, 0, o. Of 
X2 � [0, 1 ,  o. of 

X3 � [0. O. 1 .  of 

y, � [5, 1 , 0]" 

y, � [-2. 1, 61' 

Y3 � [-2, 4, 3]" 

(a) Calculate the memory matrix M. 



(b) Show that the memory associates perfectly. 
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2.19 Consider again the correlation matrix memory of Problem 2.18. The stimulus applied to 
the memory is a noisy version of the key pattern Xl' as shown by 

x � [0.8, -0.15, 0.15, -D.2OV 
(a) Calculate the memory response y. 
(b) Show that the response y is closest to the stored pattern Yl in a Euclidean sense. 

2.20 An autoassociative memory is trained on the following key vectors: 

Xl � H -2, -3, \i3]' 
x, � :[2, -2, -Vs]' 

X3 � H3, -1, v'6]T 
(a) Calculate the angles between these vectors. How close are they to orthogonality with 

respect to each other? 
(b) Using the generalization of Hebb's rule (i.e., the outer product rule), calculate the 

memory matrix of the network. Investigate how close to perfect the memory autoas
saciates. 

(c) A masked version of the key vector XI' namely, 

x � [0, -3, \i3r 
i s  applied to the memory. Calculate the response of the memory, and compare your 
result with the desired response Xl' 

Adaptation 
2.21 Figure P2.21 shows the block diagram of an adaptive system. The input signal to the pre

dictive model is defined by past values of a process, as shown by 

x(n - 1) � [x(n - 1), x(n - 2), . . .  , x(n - m)] 

The model output, x(n), represents an estimate of the present value, x(n), of the process. 
The comparator computes the error signal 

e(n) � x(n) - x(n) 

Output signal 

Input signal ,-_J..:!_-, 
x(n) 

Unit 
delay 
matrix 

Correction 
signal 
e(n) 

Model 

FIGURE P2.21 

Prediction 
�(n) 
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which in turn applies a correction to the adjustable parameters of the model. It also sup
plies an output signal for transfer to the next level of neural processing for interpreta
tion. By repeating this operation on a level-by-Ievel basis, the information processed by 
the system tends to be of progressively higher quality (Mead, 1990). 

Fill lTI the details of the level of signal processing next to that described in Fig. P2.21. 

Statistical learning theory 
2.22 Following a procedure similar to that described for deriving Eq. (2.62) from (2.61), derive 

the formula for the ensemble-averaged function L"Jf(x).F(x, ?J» defined in Eq. (2.66). 
2.23 In this problem we wish to calculate the VC dimension of a rectangular region aligned 

with one of the axes in a plane. Show that the VC dimension of this concept is four. You 
may do this by considering the following: 
(a) Four points in a plane and a dichotomy realized by an axis-aligned rectangle. 
(b) Four points in a plane, for which there is no realizable dichotomy by an axis-aligned 

rectangle. 
(c) Five points in a plane, for which there is also no realizable dichotomy by an axis

aligned rectangle. 
2.24 Consider a linear binary pattern classifier whose input vector x has dimension m. 'The 

first element of the vector x is constant and set to unity so that the corresponding weight 
of the classifier introduces a bias. What is the VC dimension of the classifier with respect 
to the input space? 

2.25 'The inequality (2.97) defines a bound on the rate of uniform convergence, which is basic 
to the principle of empirical risk minimization. 
(a) Justify the validity of Eq. (2.98), assuming that the inequality (2.97) holds. 
(b) Derive Eq. (2.99) that defines the confidence interval E1 . 

2.26 Continuing with Example 2.3, show that the four uniformly spaced points of Fig. P2.26 
cannot be shattered by the one parameter family of indicator functions f(x,a), a E R 

2.27 Discuss the relationship between the bias-variance dilemma and structural risk mini
mization in the context of nonlinear regression. 

2.28 (a) An algorithm used to train a multilayer feedforward network whose neurons use a 
sigmoid function is PAC learnable. Justify the validity of this statement. 

(b) Can you make a similar statement for an arbitrary neural network whose neurons use 
a threshold activation function? Justify your answer. 

1 2 3 4  
� 

x = o  

FIGURE P2.26 



Single-Layer Perceptrons 

3.1 INTRODUCTION 

In the formative years of neural networks (1943-1958), several researchers stand out 
for their pioneering contributions: 

• McCulloch and Pitts (1943) for introducing the idea of neural networks as com
puting machines. 

• Hebb (1949) for postulating the first rule for self-organized learning. 
• Rosenblatt (1958) for proposing the perceptron as the first model for learning 

with a teacher (i.e., supervised learning). 

The impact of the McCulloch-Pitts paper on neural networks was highlighted in 
Chapter 1. The idea of Hebbian learning was discussed at some length in Chapter 2. In 
this chapter we discuss Rosenblatt's perceptron. 

The perceptron is the simplest form of a neural network used for the classifica
tion of patterns said to be linearly separable (i.e., patterns that lie on opposite sides of a 
hyperplane). Basically, it consists of a single neuron with adjustable synaptic weights 
and bias. The algorithm used to adjust the free parameters of this neural network first 
appeared in a learning procedure developed by Rosenblatt (1958, 1962) for his percep
tron brain model l Indeed, Rosenblatt proved that if the patterns (vectors) used to 
train the perceptron are drawn from two linearly separable classes, then the percep
tron algorithm converges and positions the decision surface in the form of a hyper
plane between the two classes. The proof of convergence of the algorithm is known as 
the perceptron convergence theorem. The perceptron built around a single neuron is 
limited to performing pattern classification with only two classes (hypotheses). By 
expanding the output (computation) layer of the perceptron to include more than one 
neuron, we may correspondingly form classification with more than two classes. 
However, the classes have to be linearly separable for the perceptron to work properly. 
The important point is that insofar as the basic theory of the perceptron as a pattern 
classifier is concerned, we need consider only the case of a single neuron. The exten
sion of the theory to the case of more than one neuron is trivial. 

The single neuron also forms the basis of an adaptive Jilter, a functional block 
that is basic to the ever-expanding subject of signal processing. The development of 

1 1 7  
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adaptive filtering owes much to the classic paper of Widrow and Hoff (1960) for pio
neering the so-called least-mean-square (LMS) algorithm, also known as the delta rule. 
The LMS algorithm is simple to implement yet highly effective in application. Indeed, 
it is the workhorse of linear adaptive filtering, linear in the sense that the neuron oper
ates in its linear mode. Adaptive filters have been successfully applied in such diverse 
fields as antennas, communication systems, control systems, radar, sonar, seismology, 
and biomedical engineering (Widrow and Stearns, 1 985; Haykin. 1996). 

The LMS algorithm and the perceptron are naturally related. It is therefore 
proper for us to study them together in one chapter. 

Organization of the Chapter 

The chapter is organized in two parts. The first part, conslstmg of Sections 3.2 
through 3.7 deals with linear adaptive filters and the LMS algorithm. The second 
part, consisting of Sections 3.8 through 3.10 deals with Rosenblatt's perceptron. From 
a presentation point of view, we find it more convenient to discuss linear adaptive fiJ
ters first and then Rosenblatt's perceptron, reversing the historical order in which 
they appeared. 

In Section 3.2 we address the adaptive filtering problem, followed by Section 3.3, 
a review of three unconstrained optimization techniques: the method of steepest 
descent, Newton's method, and Gauss-Newton method, which are particularly relevant 
to the study of adaptive filters. In Section 3.4 we discuss a linear least-squares filter, 
which asymptotically approaches the Wiener filter as the data length increases. The 
Wiener filter provides an ideal framework for the performance of linear adaptive fil
ters operating in a stationary environment. In Section 3.5 we describe the LMS algo
rithm, including a discussion of its virtues and limitations. In Section 3.6 we explore the 
idea of learning curves commonly used to assess the performance of adaptive filters. 
This is followed by a discussion of annealing schedules for the LMS algorithm in 
Section 3.7. 

Then moving on to Rosenblatt's perceptron, Section 3.8 presents some basic con
siderations involved in its operation. In Section 3.9 we describe the algorithm for 
adjusting the synaptic weight vector of the perceptron for pattern classification of lin
early separable classes, and demonstrate convergence of the algorithm. In Section 3.10 
we consider the relationship between the perceptron and the Bayes classifier for a 
Gaussian environment. 

The chapter concludes with summary and discussion in Section 3.1 1 .  

3.2 ADAPTIVE FILTERING PROBLEM 

Consider a dynamical system, the mathematical characterization of which is 
unknown. All that we have available on the system is a set of labeled input-output 
data generated by the system at discrete instants of time at some uniform rate. 
Specifically, when an m-dimensional stimulus xCi) is applied across m input nodes of 
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FIGURE 3.1 (a) Unknown 
dynamical system. (b) Signal
flow graph of adaptive model 
for the system. 

the system, the system responds by producing a scalar output d(i). where i = 1 , 2, . . . . 
n, . . .  as depicted in Fig. 3.1a. Thus, the external behavior of the system is described by 
the data set 

21": (x(i), d(i); i = 1 , 2  . . . . , n, . . . 1 (3.1) 

where 

x(i) = [x,(i), x,(i), . . .  , xm(i)]' 

The samples comprising 21" are identically distributed according to an unknown proba
bility law. The dimension m pertaining to the input vector x(i) is referred to as the 
dimensionality a/the input space or simply as dimensionality. 

The stimulus x(i) can arise in one of two fundamentally different ways. one spa
tial and the other temporal: 

• The m elements of x(i) originate at different points in space; in this case we speak 
of x(i) as a snapshot of data. 

• The m elements of x(i) represent the set of present and (m - 1) past values of 
some excitation that are uniformly spaced in time. 

The problem we address is how to design a mUltiple input-single output model of 
the unknown dynamical system by building it around a single linear neuron. The neu
ronal model operates under the influence of an algorithm that controls necessary 
adjustments to the synaptic weights of the neuron. with the following points in mind: 

• The algorithm starts from an arbitrary setting of the neuron's synaptic weights. 
• Adjustments to the synaptic weights. in response to statistical variations in the 

system's behavior, are made on a continuous basis (Le., time is incorporated into 
the constitution of the algorithm). 
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• Computations of adjustments to the synaptic weights are completed inside a time 
interval that is one sampling period long. 

The neuronal model described is referred to as an adaptive filter. Although the descrip
tion is presented in the context of a task clearly recognized as one of system identifica
tion, the characterization of the adaptive filter is general enough to have wide 
application. 

Figure 3.1b shows a signal-flow graph of the adaptive filter. Its operation consists 
of two continuous processes: 

1. Filtering process, which involves the computation of two signals: 
• An output, denoted by y(i), that is produced in response to the m elements of 

the stimulus vector x(i), namely, xI(i), x2(i), . . .  , xm(i) . 
• An error signal, denoted by e(i), that is obtained by comparing the output y(i) 

to the corresponding output d( i) produced by the unknown system. In effect, 
d(i) acts as a desired response or target signal. 

2. Adaptive process, which involves the automatic adjustment of the synaptic 
weights of the neuron in accordance with the error signal e(i). 

Thus, the combination of these two processes working together constitutes a feedback 
loop acting around the neuron. 

Since the neuron is linear, the output y(i) is exactly the same as the induced local 
field v(i); that is, 

m 
y(i) = veil = � wk(i)xk(i) (3.2) k= \  

where wl(i), w2(i), . . .  , wm(i) are the m synaptic weights of the neuron, measured at 
time i. In matrix form we may express y(i) as an inner product of the vectors xCi) and 
wei) as follows: 

(3.3) 

where 

w(i) = [WI (i), w2(i), . . .  , wm(i))' 
Note that the notation for a synaptic weight has been simplified here by not including an 
additional subscript to identify the neuron, since we only have a single neuron to deal 
with. This practice is followed throughout the chapter. The neuron's output y(i) is com
pared to the corresponding output d(i) received from the unknown system at time i. 
Typically,y(i) is different from d(i); hence, their comparison results in the error signal: 

eO) = d(i) - y(i) (3.4) 

The manner in which the error signal e(i) is used to control the adjustments to the 
neuron's synaptic weights is determined by the cost function used to derive the adap
tive filtering algorithm of interest. This issue is closely related to that of optimization. 
It is therefore appropriate to present a review of unconstrained optimization methods. 
The material is applicable not only to linear adaptive filters but also to neural net
works in general. 
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3.3 UNCONSTRAINED OPTIMIZATION TECHNIQUES 

Consider a cost function 'g(w) that is a continuously differentiable function of some 
unknown weight (parameter) vector w. The function 'g(w) maps the elements of w into 
real numbers. It is a measure of how to choose the weight (parameter) vector w of an 
adaptive filtering algOrithm so that it behaves in an optimum manner. We want to find 
an optimal solution w* that satisfies the condition 

'g(w*) <; 'g(w) (3.5) 

That is, we need to solve an unconstrained optimization problem, stated as follows: 

Minimize the cost function 'g(w) with respect to the weight vector w (3.6) 

The necessary condition for optimality is 

where V is the gradient operator: 

V'g(w*) � 0 

[ a a a ]T 
-- -- --

aWl ' awz' " "  aWm 

and V'g(w) is the gradient vector of the cost function: 

V'g(w) � [ a'g , 
a'g , 

. . .  , 
a'g ] T 

aWt awz dWm 

(3.7) 

(3.8) 

(3.9) 

A class of unconstrained optimization algorithms that is particularly well suited 
for the design of adaptive filters is based on the idea of local iterative descent: 

Starting with an initial guess denoted by w(O), generate a sequence afweight vectors w(l), 
w(2), . . .  , such that the cost function �(w) is reduced at each iteration of the algorithm, as 
shown by 

'/:(w(n + 1)) < '/:(w(n)) (3.10) 

where w(n) is the old value of the weight vector and w(n + 1) is its updated value. 

We hope that the algOrithm will eventually converge onto the optimal solution w*. We 
say "hope" because there is a distinct possibility that the algorithm will diverge (i.e., 
become unstable) unless special precautions are taken. 

In this section we describe three unconstrained optimization methods that rely 
on the idea of iterative descent in one form or another (Bertsekas, 1995a). 

Method of Steepest Descent 

In the method of steepest descent, the successive adjustments applied to the weight 
vector w are in the direction of steepest descent, that is, in a direction opposite to the 
gradient vector V'g( w). For convenience of presentation we write 

g � V'g(w) (3.11)  
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Accordingly, the steepest descent algorithm is formally described by 

wen + 1) � wen) - '1g(n) (3.12) 

where '1 is a positive constant called the stepsize or learning-rate parameter, and g( n) is 
the gradient vector evaluated at the point wen). In going from iteration n to n + 1 the 
algorithm applies the correction 

D.w(n) � wen + 1) - wen) 

� -'T]g(n) 
(3.13) 

Equation (3. 13) is in fact a formal statement of the error-correction rule described in 
Chapter 2. 

To show that the formulation of the steepest descent algorithm satisfies the con
dition of (3.10) for iterative descent, we use a first-order Taylor series expansion 
around wen) to approximate I€(w(n + 1)) as 

I€(w(n + 1)) = \g(w(n)) + gT(n)D.w(n) 

the use of which is justified for small '1. Substituting Eq. (3.13) in this approximate rela
tion yields 

\g(w(n + 1)) = I€(w(n)) - '1gT(n)g(n) 

� I€ (w(n)) - '1 l l g(n)I I' 

which shows that, for a positive learning-rate parameter 'T], the cost function is decreased 
as the algorithm progresses from one iteration to the next. The reasoning presented 
here is approximate in that this end result is only true for small enough learning rates. 

The method of steepest descent converges to the optimal solution w* slowly. 
Moreover, the learning-rate parameter 11 has a profound influence on its convergence 
behavior: 

• When 'T] is small, the transient response of the algorithm is overdamped, in that 
the trajectory traced by wen) follows a smooth path in the W-plane, as illustrated 
in Fig. 3.2a. 

• When 'T] is large, the transient response of the algorithm is underdamped, in that the 
trajectory of wen) follows a zigzagging (oscillatory) path, as illustrated in Fig. 3.2b. 

• When 'T] exceeds a certain critical value, the algorithm becomes unstable (i.e., it 
diverges). 

Newton's Method 

The basic idea of Newton's method is to minimize the quadratic approximation of the 
cost function \g(w) around the current point wen); this minimization is performed at 
each iteration of the algorithm. Specifically, using a second-order Taylor series expan
sion of the cost function around the point wen), we may write 

D.I€(w(n)) � \g(w(n + 1)) - \g(w(n)) 

1 
= gT(n)D.w(n) + 2:D.wT(n)H(n)D.w(n) 

(3.14) 
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FIGURE 3.2 Trajectory of the method of steepest descent in a two· 
dimensional space for two different values of learning-rate parameter: 
(a) '1 � 0.3, (b) '1 � 1 .0. The coordinates w, and w, are elements of the 
weight vector w. 
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As before, g(n) is the m-by-1 gradient vector of the cost function I!:(w) evaluated at the 
point wen). The matrix H(n) is the m-by-m Hessian matrix of I!:(w), also evaluated at 
wen). The Hessian of %(w) is defined by 

H � V'I!:(w) 

a21!: a21!: a'% 
aWT aw1aw, dW]oWm 
a'l!: a'l!: a'l!: 

dWzOWI . , aWzdWm aw, 
(3.15) 

a 'I!: a 'I!: a 'I!: 
aWmOWl dWmdWz aw� 

Equation (3.15) requires the cost function I!:(w) to be twice continuously differentiable 
with respect to the elements of w. Differentiating' Eq. (3.14) with respect to Ll.w, the 
change Ll.1!:(w) is minimized when 

g(n) + H(n)Ll.w(n) � 0 

Solving this equation for Ll.w(n) yields 

That is, 

wen + 1 )  � wen) + Ll.w(n) 

� wen) - U-1(n)g(n) 
(3.16) 

where H-'en) is the inverse of the Hessian ofl!:(w). 
Generally speaking, Newton's method converges quickly asymptotically and 

does not exhibit the zigzagging behavior that sometimes characterizes the method of 
steepest descent. However, for Newton's method to work, the Hessian H(n) has to be a 
positive definite matrix' for all n. Unfortunately, in general there is no guarantee that 
H(n) is positive definite at every iteration of the algorithm. If the Hessian H(n) is not 
positive definite, modification of Newton's method is necessary (Powell, 1987; 
Bertsekas, 1995a). 

Gauss-Newton Method 

The Gauss-Newton method is applicable to a cost function that is expressed as the sum 
of error squares. Let 

1 n 
%(w) � 2: � e'(i) (3.17) 
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where the scaling factor 1/2 is included to simplify matters in subsequent analysis. All 
the error terms in this formula are calculated on the basis of a weight vector w that is 
fixed over the entire observation interval l ::::; i :s: n. 

The error signal eli) is a function of the adjustable weight vector w. Given an 
operating point wen), we linearize the dependence of eli) on w by writing [ ae(i) ]T e' (i, w) = eli) + - (w - wen)), oW w "' w(n) 

Equivalently, by using matrix notation we may write 

i = 1,2, . . .  , n  

e'(n,w) = e(n) + J(n) (w - wen)) 

where e(n) is the error vector 

e(n) = [e(l), e(2), . . . , e(n}f 
and J(n) is the n-by-m Jacobian matrix of e(n): 

ae(l) ae(l) ae(1) 
aWl OW, aWm 
ae(2) ae(2) ae(2) 

J(n) = 
aWl aW2 aWm 

ae(n) ae(n) ae(n) 
aWl OW, aWm 

w=w(n) 

The Jacobian J(n) is the transpose of the m-by-n gradient matrix Ve(n), where 

Ve(n) = [Ve(1),Ve(2), . . .  ,Ve(n)] 
The updated weight vector wen + 1) is then defined by 

wen + 1) = arg minU ll e '(n,wW} 
Using Eq. (3.19) to evaluate the squared Euclidean norm of e 'en, w), we get 

1 1 
z lle' (n, w)112 = z ll e(n) 112 + eT(n)J(n)(w - wen)) 

1 
+ z (w - w(n» T JT(n)J(n)(w - wen»� 

(3.18) 

(3.19) 

(3.20) 

(3.21) 

Hence, differentiating this expression with respect to w and setting the result equal to 
zero, we obtain 

JT(n)e(n) + P(n)J(n)(w - wen)) = 0 
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Solving this equation for w, we may thus write in light of Eq. (3.21): 
wen + 1) � wen) - (JT(n)J(nW'JT(n)e(n) 

which describes the pure form of the Gauss-Newton method. 

(3.22) 

Unlike Newton's method that requires knowledge of the Hessian matrix of the 
cost function \gin), the Gauss-Newton method only requires the lacobian matrix of 
the error vector e(n). However, for the Gauss-Newton iteration to be computable, the 
matrix product JT(n)J(n) must be nonsingular. 

With regard to the latter point, we recognize that JT(n )J(n) is always nonnegative 
definite. To ensure that it is nonsingular, the lacobian J(n) must have row rank n; that 
is, the n rows of J(n) in Eq. (3.20) must be linearly independent. Unfortunately, there is 
no guarantee that this condition will always hold. To guard against the possibility that 
J(n) is rank deficient, the customary practice is to add the diagonal matrix 01 to the 
matrix JT(n )J(n). The parameter 6 is a small positive constant chosen to ensure that 

JT(n)J(n) + 61 : positive definite for all n 
On this basis, the Gauss-Newton method is implemented in the slightly modified form: 

wen + 1) � wen) - (JT(n)J(n) + 61)-lJT(n)e(n) (3.23) 
The effect of this modification is progressively reduced as the number of iterations, n, 
is increased. Note also that the recursive equation (3.23) is the solution of the modified 
cost function: 

'&(w) � � { 6 1 1  w - w(O) 1 12 + � e'(i) } (3.24) 

where w(O) is the initial value of the weight vector wei). 
We are now equipped with the optimization tools we need to address the specific 

issues involved in linear adaptive filtering. 

3,4 LINEAR LEAST-SQUARES FILTER 

As the name implies, a linear least-squares filter has two distinctive characteristics. 
First, the single neuron around which it is built is linear, as shown in the model of 
Fig. 3.1 b. Second, the cost function \g (w) used to design the filter consists of the sum of 
error squares, as defined in Eq. (3.17). On this basis, using Eqs. (3.3) and (3.4), we may 
express the error vector e(n) as follows: 

e(n) � den) - [x(I) ,  x(2), . . .  , x(n)]'w(n) 
� den) - X(n)w(n) 

where d( n) is the n-by-l desired response vector: 

den) � [d(I), d(2), . . .  , den)]' 
and X(n) is the n-by-m data matrix: 

X(n) � [x(n), x(2), . . .  , x(n)]' 

(3.25) 
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Differentiating Eq. (3.25) with respect to wen) yields the gradient matrix 

Ve(n) � -XT(n) 
Correspondingly, the Jacobian of e(n) is 

J(n) � -X(n) (3.26) 

Since the error equation (3.19) is already linear in the weight vector wen), the 
Gauss-Newton method converges in a single iteration, as shown here. Substituting 
Eqs. (3.25) and (3.26) in (3.22) yields 

wen + 1) � wen) + (XT(n)X(n)f' XT(n)(d(n) - X(n)w(n)) 
(3.27) 

� (XT(n)X(n))-l XT(n)d(n) 
The term (XT(n)X(n)f'XT(n) is recognized as the pseudoinverse of the data matrix 
X(n) as shown in Golub and Van Loan (1996), and Haykin (1996); that is, 

X+(n) = (XT(n)X(n))-l XT(n) (3.28) 

Hence, we may rewrite Eq. (3.27) in the compact form 

wen + 1) = X+(n)d(n) (3.29) 

This formula represents a convenient way of saying: "The weight vector wen + 1) 
solves the linear least-squares problem defined over an observation interval of 
duration n," 

Wiener Filter: Limiting form of the Linear 
Least-Squares Filter for an Ergodic Environment 

A case of particular interest is when the input vector xCi) and desired response d(i) are 
drawn from an ergodic environment that is also stationary. We may then substitute 
long-term sample averages or time-averages for expectations or ensemble averages 
(Gray and Davisson, 1986). Such an environment is partially described by the second
order statistics: 

• Correlation matrix of the input vector x(i); it is denoted by R, 
• Cross-correlation vector between the input vector xCi) and desired response d(i); 

it is denoted by rxd. 
These two quantities are defined as follows, respectively: 

Rx = E[x(i)xT(i)] 
1 n 

= lim - L x(n)xT(i) 
n-too n i=l 

1 = lim - XT(n)X(n) 
n-too n 

(3.30) 



128 Chapter 3 Single-Layer Perceptrons 

r,,] = E[x(i)d(i)] 

= lim � ± x(i)d(i) 
n--)oc n i = 1 
. 1 = hm - X7(n)d(n) 

fI----';OC n 

(3.31) 

where E denotes the statistical expectation operator. Accordingly, we may reformulate 
the linear least-squares solution of Eq. (3.27) as follows: 

We = limw(n + 1 )  HOO 
= lim (XT(n)X(nW' XT(n)d(n) 

1!---)OC 

= lim � (XT(n)X(n))-1 lim � XT(n)d(n) n---)X! n n---)oc n 
(3.32) 

where R; ' is the inverse of the correlation matrix R,. The weight vectOf w, is called the 
Wiener solution to the linear optimum filtering problem in recognition of the contribu
tions of Norbert Wiener to this problem (Widrow and Stearns, 1 985; Haykin, 1996). 
Accordingly, we may make the following statement: 

For an ergodic process, the linear least-squares filter asymptotically approaches the Wiener 
filter as the number of observations approaches infinity. 

Designing the Wiener filter requires knowledge of the second-order statistics: the 
correlation matrix R, of the input vector x(n) and the cross-correlation vector r,d 
between x(n) and the desired response den). However, this information is not available 
in many important situations encountered in practice. We may deal with an unknown 
environment by using a linear adaptive filter, adaptive in the sense that the filter is able 
to adjust its free parameters in response to statistical variations in the environment. A 
highly popular algorithm for doing this kind of adjustment on a continuing basis is the 
least-mean-square algorithm, which is intimately related to the WIener filter. 

3.5 LEAST-MEAN-SQUARE ALGORITHM 

The least-mean-square (LMS) algorithm is based on the use of instantaneous values for 
the cost function, namely, 

1 '<€(w) = 2: e'en) (3.33) 

where e(n) is the error signal measured at time n. Differentiating '<€(w) with respect to 
the weight vector w yields 

a'<€(w) = e(n) ae(n) 
aw aw (3.34) 
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As with the linear least-squares filter, the LMS algorithm operates with a linear neu
fon so we may express the error signal as 

Hence, 

and 

e(n) = den) - xT(n)w(n) 

ae(n) 
= -x(n) aw(n) 

a%(w) -(-) = -x(n)e(n) aw n 
Using this latter result as an estimate for the gradient vector, we may write 

g(n) = -x(n)e(n) 

(3.35) 

(3.36) 

Finally, using Eq. (3.36) for the gradient vector in Eq. (3.12) for the method of steepest 
descent, we may formulate the LMS algorithm as follows: 

wen + 1) = wen) + "1x(n)e(n) (3.37) 

where "1 is the learning-rate parameter. The feedback loop around the weight vector 
w(n) in the LMS algorithm behaves like a low-pass filter, passing the low frequency 
components of the error signal and attenuating its high frequency components 
(Haykin, 1996). The average time constant of this filtering action is inversely propor
tional to the learning-rate parameter "1. Hence, by assigning a small value to "1, the 
adaptive process will progress slowly. More of the past data are then remembered by 
the LMS algorithm, resulting in a more accurate filtering action. In other words, the 
inverse of the learning-rate parameter "1 is a measure of the memory of the LMS 
algorithm. 

In Eq. (3.37) we have used wen) in place of wen) to emphasize the fact that the 
LMS algorithm produces an estimate of the weight vector that would result from the 
use of the method of steepest descent. As a consequence, in using the LMS algorithm 
we sacrifice a distinctive feature of the steepest descent algorithm. In the steepest 
descent algorithm the weight vector wen) follows a well-defined trajectory in weight 
space for a prescribed "1. In contrast, in the LMS algorithm the weight vector wen) 
traces a random trajectory. For this reason, the LMS algorithm is sometimes referred 
to as a "stochastic gradient algorithm." As the number of iterations in the LMS algo
rithm approaches infinity, wen) performs a random walk (Brownian motion) about 
the Wiener solution wo' The important point is the fact that, unlike the method of 
steepest descent, the LMS algorithm does not require knowledge of the statistics of the 
environment. 

A summary of the LMS algorithm is presented in Table 3.1, which clearly illus
trates the simplicity of the algorithm. As indicated in this table, for the initialization of 
the algorithm, it is customary to set the initial value of the weight vector in the algo
rithm equal to zero. 
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TABLE 3.1 Summary of the LMS Algorithm 

Training Sample: Input signal vector = x(n) 
Desired response = den) 

User�selected parameter: 1) 
Initialization. Set w(O) = O. 
Computation. For n = 1 , 2, " ' , compute 

e(n) � den) - wT(n)x(n) 

wen + 1) � wen) + l) x(n)e(n) 

,< y  
, 

FIGURE 3.3 Signal-flow 
graph representation of the 
LMS algorithm. 

Signal-Flow Graph Representation of the lMS Algorithm 

By combining Eqs. (3.35) and (3.37) we may express the evolution of the weight vector 
in the LMS algorithm as follows: 

wen + 1 )  � wen) + 1lx(n)[d(n) - xT(n)w(n)] 

� [ I - TJx(n)xT(n)]w(n) + TJx(n)d(n) 

where 1 is the identity matrix. In using the LMS algorithm, we recognize that 

wen) � z- l[w(n + 1)] 

(3.38) 

(3.39) 
where Z-l is the unit-delay operator, implying storage. Using Eqs. (3.38) and (3.39), we 
may thus represent the LMS algorithm by the signal-flow graph depicted in Fig. 3.3. 
This signal-flow graph reveals that the LMS algorithm is an example of a stochastic 
feedback system. The presence of feedback has a profound impact on the convergence 
behavior of the LMS algorithm. 

Convergence Considerations of the lMS Algorithm 

From control theory we know that the stability of a feedback system is determined by 
the parameters that constitute its feedback loop. From Fig. 3.3 we see that it is the 
lower feedback loop that adds variability to the behavior of the LMS algorithm. In par-
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ticular, there are two distinct quantities, the learning-rate parameter 'I] and the input 
vector x(n), that determine the transmittance of this feedback loop. We therefore 
deduce that the convergence behavior (i.e., stability) of the LMS algorithm is influ
enced by the statistical characteristics of the input vector x(n) and the value assigned 
to the learning-rate parameter '1]. Casting this observation in a different way, we may 
state that for a specified environment that supplies the input vector x(n), we have to 
exercise care in the selection of the learning-rate parameter 'I] for the LMS algorithm 
to be convergent. 

The first criterion for convergence of the LMS algorithm is convergence of the 
mean, described by 

E[w(n)] --> Wo as n ---7 00 (3.40) 

where W 0 is the Wiener solution. Unfortunately, such a convergence criterion is of little 
practical value, since a sequence of zero-mean, but otherwise arbitrary, random vectors 
converges in this sense. 

From a practical point of view, the convergence issue that really matters is con
vergence in the mean square, described by 

E[e2(n)] --> constant as n --> 00 (3.41) 

Unfortunately, a detailed convergence analysis of the LMS algorithm in the mean 
square is rather complicated. To make the analysis mathematically tractable, the fol
lowing assumptions are usually made: 

L The successive input vectors x(I), x(2), . .  are statistically independent of each 
other. 

2. At time step n, the input vector x(n) is statistically independent of all previous 
samples of the desired response, namely d(I), d(2), . . .  , d(n - 1). 

3. At time step n, the desired response d(n) is dependent on x(n), but statistically 
independent of all previous values of the desired response. 

4. The input vector x(n) and desired response d(n) are drawn from Gaussian
distributed populations. 

A statistical analysis of the LMS algorithm so based is called the independence theory 
(Widrow et aI., 1976). 

By invoking the elements of independence theory and assuming that the learn
ing-rate parameter 'I] is sufficiently small, it is shown in Haykin (1996) that the LMS is 
convergent in the mean square provided that 'I] satisfies the condition 

(3.42) 

where Am" is the largest eigenvalue of the correlation matrix R,. In typical applications 
of the LMS algorithm, however, knowledge of Am" is not available. To overcome this 
difficulty, the trace of R, may be taken as a conservative estimate for Am,,' in which 
case the condition of Eq. (3.42) may be reformulated as 

(3.43) 
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where tr[R,] denotes the trace of matrix Rx' By definition. the trace of a square matrix 
is equal to the sum of its diagonal elements. Since each diagonal element of the corre
lation matrix Rx equals the mean-square value of the corresponding sensor input. we 
may restate the condition for convergence of the LMS algorithm in the mean square as 
follows: 

2 
o < "fJ < --...,-----------,-,-------,---

sum of mean-square values of the sensor inputs 
(3.44) 

Provided the learning-rate parameter satisfies this condition. the LMS algorithm is 
also assured of convergence of the mean. That i�, convergence in the mean square 
implies convergence of the mean, but the converse is not necessarily true. 

Virtues and Limitations of the LMS Algorithm 

An important virtue of the LMS algorithm is its simplicity, as exemplified by the sum
mary of the algorithm presented in Table 3 . 1 .  Moreover, the LMS algorithm is model 
independent and therefore robust, which means that small model uncertainty and 
small disturbances (i.e., disturbances with small energy) can only result in small estima
tion errors (error signals). In precise mathematical terms. the LMS algorithm is optimal 
in accordance with the H� (or minimax) criterion (Hassibi et aI., 1993, 1996). The basic 
philosophy of optimality in the H� sense is to cater to the worst -case scenario': 

If you do not know what you are up against, plan for the worst and optimize. 

For a long time the LMS algorithm was regarded as an instantaneous approxima
tion to the gradient-descent algorithm. However, the H" optimality of LMS provides this 
widely used algorithm with a rigorous footing. In particular, it explains its ability to work 
satisfactorily in a stationary as well as in a nonstationary environment. By a "nonstation
ary" environment we mean one where the statistics vary with time. In such an environ
ment, the optimum Wiener solution takes on a time-varying form, and the LMS algorithm 
now has the additional task of tracking variations in the parameters of the Wiener filter. 

The primary limitations of the LMS algorithm are its slow rate of convergence 
and sensitivity to variations in the eigenstructure of the input (Haykin, 1996). The LMS 
algorithm typically requires a number of iterations equal to about 10 times the dimen
sionality of the input space for it to reach a steady-state condition. The slow rate of 
convergence becomes particularly serious when the dimensionality of the input space 
becomes high. As for sensitivity to changes in environmental conditions, the LMS algo
rithm is particularly sensitive to variations in the condition number or eigenvalue 
spread of the correlation matrix Rx of the input vector x. The condition number of Rx, 
denoted by X (R,), is defined by 

X(R,) � A m" 
""min 

(3.45) 

where ""max and ""min are the maximum and minimum eigenvalues of the matrix Rx' 
respectively. The sensitivity of the LMS algorithm to variations in the condition num
ber X(R,) becomes particularly acute when the training sample to which the input vec
tor x(n) belongs is ill conditioned, that is, when the condition number X(R,) is high.' 
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Note that in the LMS algorithm the Hessian matrix. defined as the second derivative of 
the cost function ]g(w) with respect to w, is equal to the correlation matrix R,; see 
Problem 3.8. Thus, in the discussion presented here, we could have just as well spoken 
in terms of the Hessian as the correlation matrix R,. 

3.6 LEARNING CURVES 

An informative way of examining the convergence behavior of the LMS algorithm, or 
an adaptive filter in general, is to plot the learning curve of the filter under varying 
environmental conditions. The learning curve is a plot of the mean-square value of the 
estimation error, �ay(n), versus the number of iterations, n. 

Imagine an experiment involving an ensemble of adaptive filters, with each filter 
operating under the control of a specific algorithm. It is assumed that the details of the 
algorithm, including initialization, are the same for all the filters. The differences between 
the filters arise from the random manner in which the input vector x(n) and the desired 
response den) are drawn from the available training sample. For each filter we plot the 
squared value of the estimation error (i.e., the difference between the desired response 
and the actual filter output) versus the number of iterations. A sample learning curve so 
obtained consists of noisy exponentials, the noise being due to the inherently stochastic 
nature of the adaptive filter. To compute the ensemble-averaged learning curve (i.e., plot 
of 'i£,,(n) versus n), we take the average of these sample learning curves over the ensem
ble of adaptive filters used in the experimeut, thereby smoothing out the effects of noise. 

Assuming that the adaptive filter is stable, we find that the ensemble-averaged 
learning curve starts from a large value ]g,vCO) determined by the initial conditions, 
then decreases at some rate depending on the type of filter used, and finally converges 
to a steady-state value ]g,,( 00), as illustrated in Fig. 3.4. On the basis of this learning 
curve we may define the rate of convergence of the adaptive filter as the number of 
iterations, n, required for 'i£,,(n) to decrease to some arbitrarily chosen value, such as 
10  percent of the initial value ]g,,(O). 

Another useful characteristic of an adaptive filter that is deduced from the 
ensemble-averaged learning curve is the misadjustment, denoted by.M.. Let ]gm;o denote 
the minimum mean-square error produced by the Wiener filter, designed on the basis 
of known values of the correlation matrix Rx and cross-correlation vector r xd' We may 
define the misadjustment for the adaptive filter as follows (Widrow and Stearns, 1985; 
Haykin, 1996): 

]g(oo) � - - 1  
�min 

(3.46) 

The misadjustment .M. is a dimensionless quantity, providing a measure of how close 
the adaptive filter is to optimality in the mean-square error sense. The smaller .M. is 
compared to unity, the more accurate is the adaptive filtering action of the algorithm. It 
is customary to express the misadjustment .M. as a percentage. Thus, for example, a mis
adjustment of 1 0  percent means that the adaptive filter produces a mean-square error 
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FIGURE 3.4 Idealized learning curve of the LMS algorithm. 

(after adaptation is completed) that is 10 percent greater than the minimum mean
square error 'gmin produced by the corresponding Wiener filter. Such performance is 
ordinarily considered to be satisfactory in practice. 

Another important characteristic of the LMS algorithm is the settling time. How
ever. there is no unique definition for the settling time. We may, for example, approxi
mate the learning curve by a single exponential with average time constant 'ray' and so 
use T" as a rough measure of the settling time. The smaller the value of T" is, the faster 
the settling time will be (i.e., the faster the LMS algorithm will converge to a "steady
state" condition). 

To a good degree of approximation, the misadjustment .M of the LMS algorithm is 
directly proportional to the learning-rate parameter 11, whereas the average time con
stant 'rav is inversely proportional to the learning-rate parameter 1") (Widrow and 
Stearns, 1985; Haykin, 1996). We therefore have conflicting results in the sense that if 
the learning-rate parameter is reduced so as to reduce the misadjustment, then the set
tling time of the LMS algorithm is increased. Conversely, if the learning-rate parameter 
is increased so as to accelerate the learning process, then the misadjustment is 
increased. Careful attention must be given to the choice of the learning parameter 11 in 
the design of the LMS algorithm in order to produce a satisfactory overall performance. 

3.7 LEARNING-RATE ANNEALING SCHEDULES 

The difficulties encountered with the LMS algorithm may be attributed to the fact that 
the learning-rate parameter is maintained constant throughout the computation, as 
shown by 
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1)(n) = 1)0 for all n (3.47) 

This is the simplest possible form the learning-rate parameter can assume. In contrast. 
in stochastic approximation, which goes back to the classic paper by Robbins and 
Monro (1951), the learning-rate parameter is time-varying. The particular time-varying 
form most commonly used in stochastic approximation literature is described by 

c 
1)(n) = -

n 
(3.48) 

where c is a constant. Such a choice is indeed sufficient to guarantee convergence of the 
stochastic approximation algorithm (Ljung, 1977; Kushner and Clark, 1978). However, 
when the constant c is large, there is a danger of parameter blowup for small n. 

As an alternative to Eqs. (3.47) and (3.48), we may use the search-then-converge 
schedule, defined by Darken and Moody (1992) 

(3.49) 

where 1)0 and T are user-selected constants. In the early stages of adaptation involving 
a number of iterations n, small compared to the search time constant 7, the learning
rate parameter 1)(n) is approximately equal to 1)0' and the algorithm operates essen
tially as the "standard" LMS algorithm, as indicated in Fig. 3.5. Hence, by choosing a 
high value for 1)0 within the permissible range, we hope that the adjustable weights of 
the filter will find and hover about a "good" set of values. Then, for a number of itera
tions n large compared to the search time constant T, the learning-rate parameter 1)(n) 
approximates as cln, where c = T1)[), as illustrated in Fig. 3.5. The algorithm now oper
ates as a traditional stochastic approximation algorithm, and the weights converge to 
their optimum values. Thus the search-then-converge schedule has the potential to 
combine the desirable features of the standard LMS with traditional stochastic 
approximation theory. 

3.8 PERCEPTRON 

We now come to the second part of the chapter that deals with Rosenblatt's percep
tron, henceforth referred to simply as the perceptron. Whereas the LMS algorithm 
described in the preceding sections is built around a linear neuron, the perceptron is 
built around a nonlinear neuron, namely, the McCulloch-Pitts model of a neuron. 
From Chapter 1 we recall that such a neuronal model consists of a linear combiner fol
lowed by a hard limiter (performing the signum function) ,  as depicted in Fig. 3.6. The 
summing node of the neuronal model computes a linear combination of the inputs 
applied to its synapses, and also incorporates an externally applied bias. The resulting 
sum, that is, the induced local field, is applied to a hard limiter. Accordingly, the neu
ron produces an output equal to + 1 if the hard limiter input is positive, and - 1 if it is 
negative. 

In the signal-flow graph model of Fig. 3.6, the synaptic weights of the perceptron 
are denoted by Wj' w" . . .  , wm. Correspondingly, the inputs applied to the perceptron 
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are denoted by Xl' X2, . . .  , Xm• The externally applied bias is denoted by b. From the 
model we find that the hard limiter input or induced local field of the neuron is 

m 
V = � WjXj + b 

; = 1  
(3.50) 

The goal of the perceptron is to correctly classify the set of externally applied stimuli 
Xl' xz • . . .  , xm into one of two classes, 'fbl or CfbZ" The decision rule for the classification is 
to assign the point represented by the inputs Xl' X2 • • . . •  Xm to class 'til if the perceptron 
output y is + 1 and to class 'ti2 if it is -1. 

To develop insight into the behavior of a pattern classifier, it  is customary to plot 
a map of the decision regions in the m-dimensional signal space spanned by the m 
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input variables Xl' X,. xm. In the simplest form of the perceptron there are two decision 
regions separated by a hyperplane defined by 

m 
� W;X; + b � 0 i= l (3.51) 

This is illustrated in Fig. 3.7 for the case of two input variables Xl and X2, for which the 
decision boundary takes the form of a straight line. A point (Xl' x2) that lies above the 
boundary line is assigned to class '151 and a point (Xl' x2) that lies below the boundary 
line is assigned to class '15,. Note also that the effect of the bias b is merely to shift the 
decision boundary away from the origin. 

The synaptic weights WI' w" . . .  , wm of the perceptron can be adapted on an 
iteration-by-iteration basis. For the adaptation we may use an error-correction rule 
known as the perceptron convergence algorithm. 

3.9 PERCEPTRON CONVERGENCE THEOREM 

To derive the error-correction learning algorithm for the perceptron, we find it more 
convenient to work with the modified signal-flow graph model in Fig. 3.8. In this sec
ond model, which is equivalent to that of Fig. 3.6, the bias ben) is treated as a synaptic 
weight driven by a fixed input equal to +1 .  We may thus define the (m + I)-by-I 
input vector 

x(n) � [+ I, xl(n), x2(n), . . .  , xm(nJY 
where n denotes the iteration step in applying the algorithm. Correspondingly we 
define the (m + I )-by-I weight vector as 

Class C€2 

wen) � [ben), wl(n), w,(n), . . .  , wm(nW 

FIGURE 3.7 I l lustration of 
the hyperplane (in this 
example, a straight line) as 
decision boundary for a two� 
dimensional, two-class 

Decision boundary pattern-classification 
W1X1 + W2XZ + b = 0 problem. 
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FIGURE 3.9 (a) A pair of linearly separable patterns. (b) A pair of non
linearly separable patterns. 

Accordingly, the linear combiner output is written in the compact form 
m 

v(n) = 2: w,(n)x,(n) 
; = 0  

= wT(n)x(n) 

y 

(3.52) 

where wo(n) represents the bias b(n). For fixed n, the equation W'" = 0, plotted in an 
m-dimensional space (plotted for some prescribed bias) with coordinates Xl' Xz, . . . , xm' 
defines a hyperplane as the decision surface between two different classes of inputs. 

For the perceptIon to function properly, the two classes (-(61 and (-(h2 must be lin
early separable. This, in turn, means that the patterns to be classified must be suffi
ciently separated from each other to ensure that the decision surface consists of a 
hyperplane. This requirement is illustrated in Fig. 3.9 for the case of a two-dimensional 
perceptron. Tn Fig. 3.9a, the two classes 'til and 'tiz are sufficiently separated from each 
other for us to draw a hyperplane (in this case a straight line) as the decision boundary. 
If, however, the two classes � l  and C(62 are allowed to move too close to each other, as in 
Fig. 3.9b, they become nonlinearly separable, a situation that is beyond the computing 
capability of the perceptron. 

Suppose then that the input variables of the perceptron originate from two lin-
early separable classes. Let gel be the subset of training vectors xJl), xl(2), . . .  that 
belong to class 'til> and let ge, be the subset of training vectors x,(l), x,(2), . . .  that 
belong to class 'ti2. The union of gel and ge2 is the complete training set ge. Given the sets 
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of vectors X, and 1£2 to train the classifier, the training process involves the adjustment 
of the weight vector w in such a way that the two classes 'til and 'ti2 are linearly separa
ble. That is, there exists a weight vector w such that we may state 

wT x > 0 for every input vector x belonging to class 'ti, 

wT X :=; 0 for every input vector x belonging to class 'ti2 
(3.53) 

In the second line of Eq. (3.53) we have arbitrarily chosen to say that the input vector x 
belongs to class 'ti2 if wTx = O. Given the subsets of training vectors Xl and 1£2' the 
training problem for the elementary perceptron is then to find a weight vector w such 
that the two inequalities of Eq. (3.53) are satisfied. 

The algorithm for adapting the weight vector of the elementary perceptron may 
now be formulated as follows: 

1. If the nth member of the training set, x(n), is correctly classified by the weight 
vector wen) computed at the nth iteration of the algorithm, no correction is made to 
the weight vector of the perceptron in accordance with the rule: 

wen + 1 )  = wen) 

wen + 1) = wen) 

if wTx(n) > 0 and x(n) belongs to class 'iiI 
if wTx(n) :=; 0 and x(n) belongs to class 'ii, 

(3.54) 

2. Otherwise, the weight vector of the perceptron is updated in accordance with 
the rule 

wen + 1) = wen) - 1](n)x(n) 

wen + 1) = wen) + 1](n)x(n) 

if wT(n)x(n) > 0 and x(n) belongs to class 'ti2 
. .  (3.55) 

if WI (n)x(n) :=; 0 and x(n) belongs to class 'til 

where the learning-rate parameter 1](n) controls the adjustment applied to the weight 
vector at iteration n. 

If 1](n) = 1] > 0, where 1] is a constant independent of the iteration number n, we have 
a fixed increment adaptation rule for the perceptron. 

In the sequel we first prove the convergence of a fixed increment adaptation rule 
for which 1] = 1 .  Clearly the value of 1] is unimportant, so long as it is positive. A value 
of 1] * 1 merely scales the pattern vectors without affecting their separability. The case 
of a variable 1](n) is considered later. 

The proof is presented for the initial condition w(D) = O. Suppose that 
wT(n)x(n) < D for n = 1 ,2, . . .  , and the input vector x(n) belongs to the subset X,. That 
is, the perceptron incorrectly classifies the vectors x(I), x(2), . . .  , since the second con
dition of Eq. (3.53) is violated. Then, with the constant 1](n) = 1, we may use the sec
ond line of Eq. (3.55) to write 

wen + 1) = wen) + x(n) for x(n) belonging to class 'til (3.56) 

Given the initial condition w(D) = 0, we may iteratively solve this equation for wen + 1), 
obtaining the result 

wen + 1) = x(l) + x(2) + . . . + x(n) (3.57) 



140 Chapter 3 Single-Layer Perceptrons 

Since the classes '£, and '£, are assumed to be linearly separable, there exists a solution 
Wo for which wT x(n) > 0 for the vectors X(I), . . .  , x(n) belonging to the subset 21:" For a 
fixed solution wo, we may then define a positive number ex as 

ex = min wlx(n) 
x(n)EXI 

Hence, multiplying both sides of Eq. (3.57) by the row vector W6, we get 

w6w(n + 1) = w6x(l) + w6'x(2) + . . .  + w6x(n) 

Accordingly, in light of the definition given in Eq. (3.58), we have 

w6w(n + 1) 2: nex 

(3.58) 

(3.59) 

Next we make use of an inequality known as the Cauchy-Schwarz inequality. Given 
two vectors Wo and wen + 1), the Cauchy-Schwarz inequality states that 

I lw'l ll' llw(n + 1 ) 11' 2: [w6w(n + I)]' (3.60) 

where 11 ' 1 1  denotes the Euclidean norm of the enclosed argument vector, and the inner 
product w6w(n + 1) is a scalar quantity. We now note from Eq. (3.59) that [w6w(n + 1)]' 
is equal to or greater than n'",'. From Eq. (3.60) we note that II Wo 11' 11 wen + 1) II' is equal 
to or greater than [w6w(n + I )Y It follows therefore that 

or equivalently, 

I lwoll' llw(n + 1 ) 1 1' 2: n'",' 

(3.61) 

We next follow another development route. In particular, we rewrite Eq. (3.56) in the 
form 

w(k + 1) = w(k) + x(k) for k = 1, . . . , n and x(k) E 21:1 

By taking the squared Euclidean norm of both sides of Eq. (3.62), we obtain 

I lw(k + 1) 11' = Ilw(k)112 + I lx(k)II' + 2wT(k)x(k) 

(3.62) 

(3.63) 

But, under the assumption that the perceptron incorrectly classifies an input vector x(k) 
belonging to the subset 21:1, we have wT(k)x(k) < O. We therefore deduce from Eq. (3.63) 
that 

or equivalently, 

Il w(k + 1 ) 1 1' ,,; Ilw(k) II' + I lx(k)112 

I lw(k + 1) 1 1' - llw(k)II' ,,; Ilx(k)II' , k =  1, . . .  , n  (3.64) 

Adding these inequalities for k = 1 ,  . . .  , n, and invoking the assumed initial condition 
w(O) = 0, we get the following inequality: 
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n 
Ilw(n + 1) 11' :5 L Ilx(k) I I' 

k = 1 

where 13 is a positive number defined by 

13 = max I lx(k)112 
X(k)E2r1 

(3.65) 

(3.66) 

Equation (3.65) states that the squared Euclidean norm of the weight vector wen + 1) 
grows at most linearly with the number of iterations n. 

The second result of Eq. (3.65) is clearly in conflict with the earlier result of 
Eq. (3.61) for sufficiently large values of n. Indeed, we can state that n cannot be larger 
than some value nm" for which Eqs. (3.61) and (3.65) are both satisfied with the equal
ity sign. That is, nm" is the solution of the equation 

Solving for nrnax' given a solution vector Woo we find that 

(3.67) 

We have thus proved that for 'l(n) = 1 for all n, and w(D) = 0, and given that a solution 
vector Wo exists, the rule for adapting the synaptic weights of the perceptron must ter
minate after at most nm" iterations. Note also from Eqs. (3.58), (3.66), and (3.67) that 
there is no unique solution for w 0 or nmax-

We may now state the {IXed-increment covergence theorem for the perceptron as 
follows (Rosenblatt, 1962): 

Let the subsets of training vectors 2rl and 2r2 be linearly separable. Let the inputs pre· 
sen ted to the perceptron originate from these two subsets. The perceptron converges after 
some no iterations, in the sense that 

w(no) = w(no + 1) = wenD + 2) = " .  
i s  a solution vector for n o  ::s: nmax. 
Consider next the absolute error-correction procedure for the adaptation of a sin

gle-layer perceptron, for which 'l(n) is variable. In particular, let 'l(n) be the smallest 
integer for which 

'l(n)xT(n)x(n) > IwT(n)x(n)1 

With this procedure we find that if the inner product w7'(n)x(n) at iteration n has an 
incorrect sign, then wT(n + l)x(n) at iteration n + 1 would have the correct sign. This 
suggests that if wT(n)x(n) has an incorrect sign, we may modify the training sequence 
at iteration n + 1 by setting x(n + 1 )  = x(n). In other words, each pattern is presented 
repeatedly to the perceptron until that pattern is classified correctly. 

Note also that the use of an initial value w(D) different from the null condition 
merely results in a decrease or increase in the number of iterations required to converge, 
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depending on how w(O) relates to the solution wo' Regardless of the value assigned to 
w(O), the perceptron is assured of convergence. 

In Table 3.2 we present a summary of the perceptron convergence algorithm 
(Lippmann, 1987). The symbol sgn(·), used in step 3 of the table for computing the 
actual response of the perceptron, stands for the signum function: 

{ + 1 sgn(v) = -1  
if v > 0 
if v < 0 

(3.68) 

We may thus express the quantized response yIn) of the perceptron in the compact 
form 

y(n) = sgn(wT(n)x(n)) 

TABLE 3.2 Summary of the Perceptron Convergence Algorithm 

Variables and Parameters: 

x(n) = (m+ l )-by-l input vector 

= [+I ,xj(n),x2(n), . . .  , xm(n)]' 

wIn) = (m + l )-by-l weight vector 

= [bIn), w1(n), w2(n), . . .  , wm(nW 

bIn) = bias 

yIn) = actual response (quantized) 

d(n) = desired response 

11 = learning-rate parameter, a positive constant less than unity 

1 .  Initialization. Set w(O) = O. Then perform the following computations for 
time step n = 1 , 2, . . o .  

2 .  Activation. At time step n ,  activate the perceptIon by applying continuous
valued input vector x(n) and desired response d(n). 

3. Computation of Actual Response. Compute the actual response of the per
ceptron: 

yIn) = sgn[wT(n)x(n)] 

where sgn(·) is the signum function. 

4. Adaptation afWeight Vector. Update the weight vector of the perceptron: 

where 

wIn + I) = wIn) + 'l[d(n) - y(n)]x(n) 

{+ I  
dIn) = -I 

ifx(n) belongs to class "'1 
if x(n) belongs to class "'2 

5. Continuation. Increment time step n by one and go back to step 2. 

(3.69) 
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Notice that the input vector x(n) is an (m + 1)-by-l vector whose first element is fixed 
at +1 throughout the computation. Correspondingly. the weight vector wen) is an 
(m + 1)-by-l vector whose first element equals the bias ben). One other important 
point in Table 3.2: We have introduced a quantized desired response den). defined by { + 1 

den) = �1 
if x(n) belongs to class 'til 
if x(n) belongs to class 'ti, 

(3.70) 

Thus. the adaptation of the weight vector wen) is summed up nicely in the form of the 
error-correction learning rule: 

wen + 1) = wen) + 'T][d(n) � y(n)]x(n) (3.71 ) 

where 'T] is the learning-rate parameter. and the difference den) � yen) plays the role of 
an error signal. The learning-rate parameter is a positive constant limited to the range 
o < 'T] :5 1 .  When assigning a value to it inside this range. we must keep in mind two 
conflicting requirements (Lippmann. 1987): 

• Averaging of past inputs to provide stable weight estimates. which requires a 
small 'T] 

• Fast adaptation with respect to real changes in the underlying distributions of the 
process responsible for the generation of the input vector x, which requires a 
large 'T] 

3.10 RELATION BETWEEN THE PERCEPTRON AND BAYES CLASSIFIER 
FOR A GAUSSIAN ENVIRONMENT 

The perceptron bears a certain relationship to a classical pattern classifier known as 
the Bayes classifier. When the environment is Gaussian, the Bayes classifier reduces 
to a linear classifier. This is the same form taken by the perceptron. However, the lin
ear nature of the perceptron is not contingent on the assumption of Gaussianity. In 
this section we study this relationship, and thereby develop further insight into the 
operation of the perceptron. We begin the discussion with a brief review of the Bayes 
classifier. 

Bayes Classifier 

In the Bayes classifier or Bayes hypothesis testing procedure, we minimize the average 
risk, denoted by '!It. For a two-class problem, represented by classes 'til and 'ti" the aver
age risk is defined by Van Trees (1968): 

'!It = CllPI f fx(xi'til)dx + C22P2 f fx(xi'ti,)dx 
it] gel (3.72) 
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where the various terms are defined as follows: 

Pi = a priori probability that the observation vector x (representing a real
ization of the random vector X) is drawn from subspace ::ei, with i = 1 , 2, 
andp, + p, = L 

Cil = cost of deciding in favor of class 'iSi represented by subspace ::ei when 
class 'iSj is true (i.e., observation vector x is drawn from subspace ::e), 
with (i, j) = 1 , 2. 

tx(xi'iS,) = conditional probability density function of the random vector X, given 
that the observation vector x is drawn from subspace ::ei, with i = 1 , 2. 

The first two terms on the right-hand side of Eq. (3 .72) represent correct decisions (i.e., 
correct classifications), whereas the last two terms represent incorrect decisions (i.e., 
misclassifications). Each decision is weighted by the product of two factors: the cost 
involved in making the decision, and the relative frequency (i.e., a priori probability) 
with which it occurs. 

The intention is to determine a strategy for the minimum average risk. Because 
we require that a decision be made, each observation vector x must be assigned in the 
overall observation space ::e to either ::et or ::e,. Thus, 

::e = ::el + ::e, 
Accordingly, we may rewrite Eq. (3.72) in the equivalent form 

'!fl = C"PI {, fx(xi'iSl)dx + CnP, L-,., tx(xi'iS,)dx 

+ C"PI L-�, tx(xi'iS,)x + C12P, L, fx(xi'iS,)dx 

where e]] < e21 and e22 < e12, We now observe the fact that 

{tx (xi'iSl )dx = Ltx(Xi'iS,)dX = 1 

Hence, Eq. (3.74) reduces to 

m = CZIPI + Czzpz 

+ L [P,(CI' - cn) tx(xi'iS,) - P,(C21 - cll)tx(xi'iS,)]dx , 

(3.73) 

(3.74) 

(3.75) 

(3.76) 

The first two terms on the right-hand side of Eq. (3.76) represent a fixed cost. 
Since the requirement is to minimize the average risk ?fL, we may therefore deduce the 
following strategy from Eq. (3.76) for optimum classification: 

1_ All values of the observation vector x for which the integrand (i.e., the expression 
inside the square brackets) is negative should be assigned to subspace ::el (i.e., 
class 'is I) for the integral would then make a negative contribution to the risk '!fl. 

2. All values of the observation vector x for which the integrand is positive should 
be excluded from subspace ::el (i.e., assigned to class 'is,) for the integral would 
then make a positive contribution to the risk '!fl. 
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3. Values of x for which the integrand is zero have no effect on the average risk '!IL 
and may be assigned arbitrarily. We shall assume that these points are assigned to 
subspace Sf2 (i.e., class "',) . 

On this basis, we may formulate the Bayes classifier as follows: 

and 

If the condition 

holds, assign the observation vector x to subspace ?t'l (i.e., class <€t). Otherwise assign x to �2 
(i.e., class 'i62). 

To simplify matters, define 

(3.77) 

� � 
p,( C'2 - C22) 
P,(C2' - C11 ) 

(3.78) 

The quantity A(x), the ratio of two conditional probability density functions, is called 
the likelihood ratio. The quantity � is called the threshold of the test. Note that both 
A(x) and � are always positive. In terms of these two quantities, we may now reformu
late the Bayes classifier by stating: 

If, for an observation vector x, the likelihood ratio A(x) is greater than the threshold �, 
assign x to class �l' Otherwise, assign it to class C£2-

Figure 3.10a depicts a block-diagram representation of the Bayes classifier. The 
important points in this block diagram are twofold: 

, " Likelihood 
ratio 

A(,) 

computer 

, "- Log-likelihood logA(,) 
ratio 

computer 

Comparator 

) 
(a) 

Comparator 

) 
log!; 

(b) 

r 

I----< , 

r 

[---->-< 
, 

Assign x to class '1;;1 
if A(,) > 1;. 
Otherwise, assign 
it to class <fb2-

Assign x to class Cf21 
if logA(,) > log!;. 
Otherwise, assign 
it to class eez-

FIGURE 3.10 Two equivalent implementations of the Bayes 
classifier: (a) Likelihood ratio test, (b) Log-likelihood ratio test. 
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1. The data processing involved in designing the Bayes classifier is confined entirely 
to the computation of the likelihood ratio A(x). 

2. This computation is completely invariant to the values assigned to the a priori 
probabilities and costs involved in the decision-making process. These quantities 
merely affect the value of the threshold 1;. 
From a computational point of view, we find it more convenient to work with the 

logarithm of the likelihood ratio rather than the likelihood ratio itself. We are permit
ted to do this for two reasons. First. the logarithm is a monotonic function. Second. the 
likelihood ratio A(x) and threshold i; are both positive. Therefore, the Bayes classifier 
may be implemented in the equivalent form shown in Fig. 3 .lOb. For obvious reasons, 
the test embodied in this latter figure is called the log-likelihood ratio test. 

Bayes Classifier for a Gaussian Distribution 

Consider now the special case of a two-class problem, for which the underlying distrib
ution is Gaussian. The random vector X has a mean value that depends on whether it 
belongs to class '13\ or class '13" but the covariance matrix of X is the same for both 
classes. That is to say: 

Class '13\: E[X] = IL\ 
E[(X - IL\)(X - IL\)'] = C 

Class '13,: E[X] = IL, 
E[(X - IL2)(X - IL,),] = c 

The covariance matrix C is nondiagonal, which means that the samples drawn from 
classes C(Sj and C(62 are correlated. It is assumed that C is nonsingular, so that its inverse 
matrix C-1 exists. 

With this background we may express the conditional probability density func
tion of X as follows: 

!x (xl'l3i) = 
(27T)m/' (�et(C) \/' exp( -� (x - ILY C-\X - IL,j) , i = 1 , 2 

where m is the dimensionality of the observation vector x. 
It is further assumed that 

1. The two classes '13\ and '13, are equiprobable: 

1 
p\ = p, = -

2 

(3.79) 

(3.80) 

2. Misclassifications carry the same cost, and no cost is incurred on correct classifi
cations: 

and ell = eZ2 = 0 (3.81) 

We now have the information we need to design the Bayes classifier for the two
class problem. Specifically, by substituting Eq. (3.79) in (3.77) and taking the natural 
logarithm, we get (after simplifications): 
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10gA(x) = -� (x - .... , )T C-' (x - .... ,) + � (x - .... ,)'" C-' (x - .... ,) 

_ ( )1" C- '  + 
1 

( T C-'  T C-' ) - .... , - .... , x 2: .... 2 .... , - .... , .... , 

(3.82) 

By substituting Eqs. (3.80) and (3.81) in Eq. (3.78) and taking the natural logarithm, we 
get 

log� = 0 (3.83) 

Equations (3.82) and (3.83) state that the Bayes classifier for the problem at hand is a 
linear classifier, as described by the relation 

where 
y = wTx + b (3.84) 

y = 10gA(x) 

w = C-'( .... , - .... 2) 

_ 1 T -1 T -1 b - 2: ( .... , C .... 2 - .... , C .... ,) 

(3.85) 

(3.86) 

(3.87) 

More specifically, the classifier consists of a linear combiner with weight vector w and 
bias b, as shown in Fig. 3.11. 

On the basis of Eq. (3.84), we may now describe the log-likelihood ratio test for 
our two-class problem as follows: 

If the output y of the linear combiner (including the bias b) is positive, assign the observa
tion vector x to class C(6\O Otherwise, assign it to class C(i;2> 

The operation of the Bayes classifier for the Gaussian environment described 
herein is analogous to that of the perceptron in that they are both linear classifiers; see 
Eqs. (3.71) and (3.84). There are, however, some subtle and important differences 
between them, which should be carefully examined (Lippmann, 1987): 

• The perceptron operates on the premise that the patterns to be classified are lin
early separable. The Gaussian distribution of the two patterns assumed in the 
derivation of the Bayes classifier certainly do overlap each other and are therefore 

x, 

x, 
w2 

x 

wm 

xm 

Bias, b 
wI 

y 

FIGURE 3.11  Signal-flow 
graph of Gaussian classifier. 
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FIGURE 3.12 Two 
overlapping, one-dimensional 
Gaussian distributions. 

Class 

'«2 

Decision 
boundary 

not separable. The extent of the overlap is determined by the mean vectors 1-'1 and 
1-'2' and the covariance matrix C. The nature of this overlap is illustrated in 
Fig. 3.12 for the special case of a scalar random variable (i.e .. dimensionality 
m = 1). When the inputs are nonseparable and their distributions overlap as illus
trated. the perceptron convergence algorithm develops a problem because deci
sion boundaries between the different classes may oscillate continuously. 

• The Bayes classifier minimizes the probability of classification error. This mini
mization is independent of the overlap between the underlying Gaussian distrib
utions of the two classes. For example. in the special case illustrated in Fig. 3.12. 
the Bayes classifier always positions the decision boundary at the point where 
the Gaussian distributions for the two classes '(;1 and '(;2 cross each other. 

• The perceptron convergence algorithm is nonparametric in the sense that it 
makes no assumptions concerning the form of the underlying distribution& It oper
ates by concentrating on errors that occur where the distributions overlap. It may 
therefore work well when the inputs are generated by nonlinear physical mecha
nisms and when their distributions are heavily skewed and non-Gaussian. In con
trast, the Bayes classifier is parametric; its derivation is contingent on the 
assumption that the underlying distributions are Gaussian, which may limit its 
area of application. 

• The perceptron convergence algorithm is both adaptive and simple to imple
ment; its storage requirement is confined to the set of synaptic weights and bias. 
On the other hand. the design of the Bayes classifier is fixed; it can be made 
adaptive, but at the expense of increased storage requirements and more com
plex computations. 

3.11 SUMMARY AND DISCUSSION 

The perceptron and an adaptive filter using the LMS algorithm are naturally related, 
as evidenced by their weight updates. Indeed, they represent different implementa
tions of a single-layer perceptron based on error-correction-learning. The term "single
layer" is used here to signify that in both cases the computation layer consists of a 
single neuron-hence the title of the chapter. However, the perceptron and LMS algo
rithm differ from each other in some fundamental respects: 
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• The LMS algorithm uses a linear neuron. whereas the perceptron uses the 
McCulloch-Pitts formal model of a neuron. 

• The learning process in the perceptron is performed for a finite number of itera
tions and then stops. In contrast. continuous learning takes place in the LMS 
algorithm in the sense that learning happens while signal processing is being per
formed in a manner that never stops. 

A hard limiter constitutes the nonlinear element of the McCulloch-Pitts neuron. 
It is tempting to raise the question: Would the perceptron perform better if it used a 
sigmoidal nonlinearity in place of the hard limiter? It turns out that the steady-state. 
decision-making characteristics of the perceptron are basically the same. regardless of 
whether we use hard-limiting or soft-limiting as the source of nonlinearity in the neu
ronal model (Shynk. 1990; Shynk and Bershad. 1991). We may therefore state formally 
that so long as we limit ourselves to the model of a neuron that consists of a linear 
combiner followed by a nonlinear element. then regardless of the form of nonlinearity 
used. a single-layer perceptron can perform pattern classification only on linearly sepa
rable patterns. 

We close this discussion of single-layer perceptrons on a historical note. The per
ceptron and the LMS algorithm emerged roughly about the same time, during the late 
1950s. The LMS algorithm has truly survived the test of time. Indeed, it has established 
itself as the workhorse of adaptive signal processing because of its simplicity in imple
mentation and its effectiveness in application. The importance of Rosenblatt's percep
tron is largely historical. 

The first real critique of Rosenblatt's perceptron was presented by Minsky and 
Selfridge ( 1961). Minsky and Selfridge pointed out that the perceptron as defined by 
Rosenblatt could not even generalize toward the notion of binary parity, let alone make 
general abstractions. The computational limitations of Rosenblatt's perceptron were 
subsequently put on a solid mathematical foundation in the famous book, Perceptrons, 
by Minsky and Papert (1969, 1988). After the presentation of some brilliant and highly 
detailed mathematical analyses of the perceptron, Minsky and Papert proved that the 
perceptron as defined by Rosenblatt is inherently incapable of making some global gen
eralizations on the basis of locally learned examples. In the last chapter of their book, 
Minsky and Papert make the conjecture that the limitations they had discovered for 
Rosenblatt's perceptron would also hold true for its variants, more specifically, multi
layer neural networks. Quoting from Section 13.2 of their book (1969): 

The perceptron has shown itself worthy of study despite (and even because of !)  its severe 
limitations. It has many features to attract attention: its linearity; its intriguing learning 
theorem its clear paradigmatic simplicity as a kind of parallel computation. There is no 
reason to suppose that any of these virtues carry over to the many-layered version. 
Nevertheless, we consider it to be an important research problem to elucidate (or reject) 
our intuitive judgement that the extension to multilayer systems is sterile. 

This conclusion was largely responsible for casting serious doubt on the computa
tional capabilities of not only the perceptron but neural networks in general up to the 
mid-1980s. 

History has shown, however, that the conjecture made by Minsky and Papert 
seems to be unjustified in that we now have several advanced forms of neural net
works that are computationally more powerful than Rosenblatt's perceptron. For 
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example, multilayer perceptrons trained with the back-propagation algorithm dis
cussed in Chapter 4, the radial basis-function networks discussed in Chapter 5, and 
support vector machines discussed in Chapter 6, overcome the computational limita
tions of the single-layer perceptron in their own individual ways. 

NOTES AND REFERENCES 

1. The network organization of the original version of the perceptron as envisioned by 
Rosenblatt (1962) has three types of units: sensory units, association units. and response 
units. The connections from the sensory units to the association units have fixed weights, 
and the connections from the association units to the response units have variable 
weights. The association units act as preprocessors designed to extract a pattern from the 
environmental input. Insofar as the variable weights are concerned, the operation of 
Rosenblatt's original perceptron is essentially the same as that for the case of a single 
response unit (i.e., single neuron). 

2. Differentiation with respect to a vector 
Let few) denote a real-valued function of parameter vector w. The derivative of few) 
with respect to w is defined by the vector: 

af _ [31.. 31.. af ]T 
B w  - aWl' aWl' . . .  , aWm 

where m is the dimension of vector w. The following two cases are of special interest: 

CASE 1 The function/(w) is defined by the inner product: 

few) � x'w 

Hence, 

af 
- = Xi, aWi 

m 
� XiWi i "' i  

i = 1 . 2, . . .  , m  

or equivalently, in matrix form: 

af 
- = x  oW 

CASE 2 The functionf(w) is defined by the quadratic form: 

few) � wTRw 
m m 

= � � WJijUlj 
1 0  I j= 1  

where 'ij is the ij-th element of the m-by-m matrix R. Hence, 

af In 

-. - = � rijw), 
aWi )= 1  

i = 1, 2, . . .  , m 

or equivalently, in matrix form: 

af 
- � Rw 
aw 

(1) 

(2) 
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Equations (1) and (2) provide two useful rules for the differentiation of a real�valued 
function with respect to a vector. 

3. Positive definite matrix 
An m-by-m matrix R is said to be nonnegative definite if it satisfies the condition 

for any vector a E [R.m 

If this condition is satisfied with the inequality sign, the matrix R is said to be positive 
definite. 

An important property of a positive definite matrix R is that it is nonsinguiar, that 
is, the inverse matrix R - [ exists. 

Another important property of a positive definite matrix R is that its eigenvalues, 
or roots Of the characteristic equation 

det(R) = ° 
are all positive. 

4. Robustness 
The Hoo criterion is due to Zames (1981), and it is developed in Zames and Francis 
(1983). The criterion is discussed in Doyle et a1. (1989), Green and Limebeer (1995), and 
Hassibi et a1. (1998). 

5. To overcome the limitations of the LMS algorithm, namely, slow rate of convergence and 
sensitivity to variations in the condition number of the correlation matrix R;e. we may use 
the recursive least-squares (RLS) algorithm, which follows from a recursive implementa
tion of the linear least-squares filter described in Section 3.4. The RLS algorithm is a spe
cial case of the Kalman filter, which is known to be the optimum linear filter for a 
nonstationary environment. Most importantly, the Kalman filter exploits all past data 
extending up to and including the time instant at which the computations are made. For 
more details about the RLS algorithm and its relationship to the Kalman filter, see 
Haykin (1996). The Kalman filter is discussed in Chapter 15. 

Unconstrained optimization 
3.1 Explore the method of steepest descent involving a single weight w by considering the fol

lowing cost function: 

where �, 'xd' and 'x are constants. 
3.2 Consider the cost function 

1 1 
'f,(w) = - cr' - rT w + - wTR w 2 Xli 2 " 

where a2 is some constant, and 

_ [0.8182] 
r"" - 0.354 
[ 1 

R -
• - 0.8182 

(8) Find the optimum value w* for which �(w) reaches its minimum value. 
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(b) Use the method of steepest descent to compute w* for the following two values of 
learning-rate parameter: 
(i) '1 = OJ 

(ii) '1 = 1.0 
For each case, plot the trajectory traced by the evolution of the weight vector wen) in the 
W-plane. 

Note: The trajectories obtained for cases (i) and (ii) of part (b) should correspond to 
the pictures displayed in Fig. 3.2. 

3.3 Consider the cost function of Eq. (3.24) that represents a modified form of the sum of 
error squares defined in Eg. (3.17). Show that the application of the Gauss-Newton 
method to Eq. (3.24) yields the weight-update described in Eq. (3.23). 

LMS Algorithm 
3.4 The correlation matrix Rx of the input vector x(n) in the LMS algorithm is defined by [ 1 

R -
x 

- 0.5 

Define the range of values for the learning-rate parameter 11 of the LMS algorithm for it 
to be convergent in the mean square. 

3.5 The normalized LMS algorithm is described by the following recursion for the weight 
vector: 

wen + 1) = wen) + I lx(�> II' 
e(n)x(n) 

where 11 is a positive constant and I lx(n) 1 1  is the Euclidean norm of the input vector x(n). 
The error signal e(n) is defined by 

e(n) = den) - wT(n)x(n) 

where den) is the desired response. For the normalized LMS algorithm to be convergent 
in the mean square, show that 

3.6 The LMS algorithm is used to implement the generalized sidelobe canceler shown in 
Fig. 2.16. Set up the equations that define the operation of this system, assuming the usc 
of a single neuron for the neural network. 

3.7 Consider a linear predictor with its input vector made up of the samples x(n - 1), 
x(n - 2), . . .  , x(n - m), where m is the prediction order. The requirement is to use the 
LMS algorithm to make a prediction x(n) of the input sample x(n). Set up the recursions 
that may be used to compute the tap weight W I '  102, . . .  , 10m of the predictor. 

3.8 The ensemble-averaged counterpart to the sum or error squares viewed as a cost func
tion is the mean-square value of the error signal: 

1 
J(w) = :2 E[e'(n)] 

= � E[(d(n) - ,'(n)w)'] 
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(a) Assuming that the input vector x(n) and desired response d(n) are drawn from a sta
tionary environment, show that 

where 

crl � E[d2(n)] 
r,d � E[x(n) den)] 
R, � E[x(n)xT(n)] 

(b) For this cost function, show that the gradient vector and Hessian matrix of J(w) are 
as follows, respectively: 

g = -rxd + Rxw 
H = Rx 

(c) In the LMSINewton algorithm, the gradient vector g is replaced by its instantaneous 
value (Widrow and Stearns, 1985). Show that this algorithm, incorporating a learning
rate parameter 11, is described by 

wen + 1)  � we,,) + '1 R;1 x(n) (d(n) - xT(n)w(n» 
The inverse of the correlation matrix Rx. assumed to be positive definite, is calcu
lated ahead of time. 

3.9 In this problem we revisit the correlation matrix memory discussed in Section 2.11. A 
shortcoming of this memory is that when a key pattern Xj is presented to it, the actual 
response y produced by the memory may not be close enough (in a Euclidean sense) to 
the desired response (memorized pattern) Yj for the memory to associate perfectly. This 
shortcoming is inherited from the use of Hebbian learning that has no provision for feed
back from the output to the input. As a remedy for this shortcoming, we may incorporate 
an error-correction mechanism into the design of the memory, forcing it to associate prop
erly (Anderson, 1983). 

Let M (n) denote the memory matrix learned at iteration n of the error-correction 
learning process. The memory matrix M(n) learns the infonnation represented by the 
associations: 

k � 1 , 2, . . .  , q 

(a) Adapting the LMS algorithm for the problem at hand, show that the updated value 
of the memory matrix is defined by 

M (n + 1)  � M(n) + 'l[Y, - M (n)x,lxJ 
where 'l1 is the learning-rate parameter. 

(b) For autoassociation, Y k = xk• For this special case, show that as the number of itera
tions, n, approaches infinity, the memory autoassociates perfectly, as shown by 

M( 00 )Xk � X" k � 1 , 2, . . .  , q 
(c) The result described in part (b) may be viewed as an eigenvalue problem. In that con

text, xk represents an eigenvector of M(oo). What are the eigenvalues of M(oo)? 
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3.10 In this problem we investigate the effect of bias on the condition number of a correlation 
matrix, and therefore the performance of the LMS algorithm. 

Consider a random vector X with covariance matrix 

and mean vector 

(a) Calculate the condition number of the covariance matrix C. 
(b) Calculate the condition number of the correlation matrix R. 
Comment on the effect of the bias J.l on the performance of the LMS algorithm. 

Rosenblatt's Perceptron 
3.11 In this problem, we consider another method for deriving the update equation for 

Rosenblatt's perceptron.Define the perceptron criterion/unction (Duda and Hart, 1973): 

Jp(W) � L (_wT x) 
xEOC(w) 

where 3f(w) is the set of samples misclassified by the choice of weight vector w. Note that 
fp(w) is defined as zero if there are no misclassified samples, and the output is misc1assi
fied if w� � O. 
(a) Demonstrate geometrically that liw) is proportional to the sum of Euclidean dis

tances from the misclassified samples to the decision boundary. 
(b) Determine the gradient of lp(w) with respect to the weight vector w. 
(c) Using the result obtained in part (b), show that the weight-update for the perceptron is: 

w(n + l ) � w(n) + 'l](n) L X 
xEX(w(n)) 

where ?£(w(n)) is the set of samples misclassified by the use of weight vector wen), and 
"l(n) is the learning-rate parameter. Show that this result, for the case of a single-sample 
correction, is basically the same as that described by Eqs. (3.54) and (3.55). 

3.12 Verify that Eqs. (3.68)-(3.71), summarizing the perceptron convergence algorithm, are 
consistent with Eqs. (3.54) and (3.55). 

3.13 Consider two one-dimensional, Gaussian-distributed classes cti) and cti2 that have a com
mon variance equal to 1 .  Their mean values are 

fLl � -10 
fL2 � + 10 

These two classes are essentially linearly separable. Design a classifier that separates 
these two classes. 

3.14 Suppose that in the signal-flow graph of the perceptron shown in Fig. 3.6 the hard limiter 
is replaced by the sigmoidal nonlinearity: 

'I'(v) � tanhm 
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where v is the induced local field. The classification decisions made by the perceptron are 
defined as follows: 

Observation vector x belongs to class C€] if the output y > e where e is a threshold; 
otherwise, x belongs to class C£2' 

Show that the decision boundary so constructed is a hyperplane. 
3.15 (a) The perceptron may be used to perform numerous logic functions. Demonstrate the 

implementation of the binary logic functions AND, OR, and COMPLEMENT. 
(b) A basic limitation of the perceptron is that it cannot implement the EXCLUSIVE 

OR function. Explain the reason for this limitation. 
3.16 Equations (3.86) and (3.87) define the weight vector and bias of the Bayes classifier for a 

Gaussian environment. Determine the composition of this classifier for the case when 
the covariance matrix C is defined by 

where 0'2 is a constant. 
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In this chapter we study multilayer feedforward networks, an important class of neural 
networks, Typically, the network consists of a set of sensory units (source nodes) that 
constitute the input layer, one or more hidden layers of computation nodes, and an out
put layer of computation nodes. The input signal propagates through the network in a 
forward direction, on a layer-by-layer basis. These neural networks are commonly 
referred to as multilayer perceptrons (MLPs), which represent a generalization of the 
single-layer perceptron considered in Chapter 3. 

Multilayer perceptrons have been applied successfully to solve some difficult and 
diverse problems by training them in a supervised manner with a highly popular algo
rithm known as the error back-propagation algorithm. This algorithm is based on the 
error�correction learning rule. As such, it may be viewed as a generalization of an 
equally popular adaptive filtering algorithm: the ubiquitous least-me an-square (LMS) 
algorithm described in Chapter 3 for the special case of a single linear neuron. 

Basically, error back-propagation learning consists of two passes through the dif
ferent layers of the network: a forward pass and a backward pass. In the forward pass, an 
activity pattern (input vector) is applied to the sensory nodes of the network, and its 
effect propagates through the network layer by layer. Finally, a set of outputs is produced 
as the actual response of the network. During the forward pass the synaptic weights of 
the networks are all fixed. During the backward pass, on the other hand, the synaptic 
weights are all adjusted in accordance with an error-correction rule. Specifically, the 
actual response of the network is subtracted from a desired (target) response to produce 
an error signal. This error signal is then propagated backward through the network, 
against the direction of synaptic connections-hence the name "error back-propagation." 
The synaptic weights are adjusted to make the actual response of the network move 
closer to the desired response in a statistical sense. The error back-propagation algorithm 
is also referred to in the literature as the back-propa[iation algorithm, or simply back
prop. Henceforth we will refer to it as the back-propagation algorithm. The learning 
process performed with the algorithm is called back-propagation learning. 

A multilayer perceptron has three distinctive characteristics: 
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1. The model of each neuron in the network includes a nonlinear activation func
tion. The important point to emphasize here is that the nonlinearity is smooth (i.e., 
differentiable everywhere), as opposed to the hard-limiting used in Rosenblatt's 
perceptron. A commonly used form of nonlinearity that satisfies this require
ment is a sigmoidal nonlinearityl defined by the logistic function: 

1 
y = ---I 1 + exp( -VI ) 

where Vj is the induced local field (i.e., the weighted sum of all synaptic inputs 
plus the bias) of neuron j, and YI is the output of the neuron. The presence of non
linearities is important because otherwise the input-output relation of the net
work could be reduced to that of a single-layer perceptron. Moreover, the use of 
the logistic function is biologically motivated, since it attempts to account for the 
refractory phase of real neurons. 

2. The network contains one or more layers of hidden neurons that are not part of 
the input or output of the network. These hidden neurons enable the network to 
learn complex tasks by extracting progressively more meaningful features from 
the input patterns (vectors). 

3. The network exhibits a high degrees of connectivity, determined by the synapses 
of the network. A change in the connectivity of the network requires a change in 
the population of synaptic connections or their weights. 

It is through the combination of these characteristics together with the ability to 
learn from experience through training that the multilayer perceptron derives it com
puting power. These same characteristics, however, are also responsible for the defi
ciencies in our present state of knowledge on the behavior of the network. First, the 
presence of a distributed form of nonlinearity and the high connectivity of the network 
make the theoretical analysis of a multilayer perceptron difficult to undertake. Second, 
the use of hidden neurons makes the learning process harder to visualize. In an implicit 
sense, the learning process must decide which features of the input pattern should be 
represented by the hidden neurons. The learning process is therefore made more diffi
cult because the search has to be conducted in a much larger space of possible func
tions, and a choice has to be made between alternative representations of the input 
pattern (Hinton, 1989). 

The usage of the term "back-propagation" appears to have evolved after 1985, 
when its use was popularized through the publication of the seminal book entitled 
Parallel Distributed Processing (Rumelhart and McClelland, 1986). For historical notes 
on the back-propagation algorithm, see Section 1.9. 

The development of the back-propagation algorithm represents a landmark in 
neural networks in that it provides a computationally efficient method for the training 
of multilayer perceptrons. Although we cannot claim that the back-propagation algo
rithm provides an optimal solution for all solvable problems, it has put to rest the pes
simism about learning in multilayer machines that may have been inferred from the 
book by Minsky and Papert (1969). 
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Organization of the Chapter 

In this chapter, we stndy basic aspects of the multilayer perceptron as well as back
propagation learning. The chapter is organized in seven parts. In the first part encom
passing Sections 4.2 through 4.6, we discuss matters relating to back-propagation 
learning. We begin with some preliminaries in Section 4.2 to pave the way for the 
derivation of the back-propagation algorithm. In Section 4.3 we present a detailed 
derivation of the algorithm, using the chain rule of calculus; we take a traditional 
approach in the derivation presented here. A summary of the back-propagation algo
rithm is presented in Section 4.4. In Section 4.5 we illustrate the use of the back
propagation algorithm by solving the XOR problem, an interesting problem that 
cannot be solved by the single-layer perceptron. In Section 4.6 we present some 
heuristics or practical guidelines for making the back-propagation algorithm per
form better. 

The second part, encompassing Sections 4.7 through 4.9, explores the use of mul
tilayer perceptrons for pattern recognition. In Section 4.7 we address the development 
of a rule for the use of a multilayer perceptron to solve the statistical pattern-recognition 
problem. In Section 4.8 we use a computer experiment to illustrate the application of 
back-propagation learning to distinguish between two classes of overlapping two
dimensional Gaussian distributions. The important role of hidden neurons as feature 
detectors is discussed in Section 4.9. 

The third part of the chapter, encompassing Sections 4.10 through 4.12 deals with 
the error surface. In Section 4.10 we discuss the fundamental role of back-propagation 
learning in computing partial derivatives of an approximate function. We then discuss 
computational issues relating to the Hessian matrix of the error surface in Section 4.11 .  

The fourth part of the chapter deals with various matters relating to the per
formance of a multilayer perceptron trained with the back-propagation algorithm. 
In Section 4.12 we discuss the issue of generalization, the very essence of learning. 
Section 4.13 discusses the approximation of continuous functions by means of multi
layer perceptrons. The use of cross-validation as a statistical design tool is discussed in 
Section 4.14. In Section 4.15 we describe procedures to orderly "prune" a multilayer 
perceptron while maintaining (and frequently improving) overall performance. 
Network pruning is desirable when computational complexity is of primary concern. 

The fifth part of the chapter completes the study of back -propagation learning. 
In Section 4.16 we summarize the important advantages and limitations of back
propagation learning. In Section 4.17 we investigate heuristics that provide guide
lines for how to accelerate the rate of convergence of back-propagation learning. 

In the sixth part of the chapter we take a different viewpoint on learning. With 
improved learning as the objective, we discuss the issue of supervised learning as a 
problem in numerical optimization in Section 4.18. In particular, we describe the con
jugate-gradient algorithm and quasi-Newton methods for supervised learning. 

The last part of the chapter, Section 4.19, deals with the multilayer perceptron 
itself. There we describe an interesting neural network structure, the convolutional 
multilayer perceptron. This network has been successfully used in the solution of diffi
cult pattern-recognition problems. 

The chapter concludes with some general discussion in Section 4.20. 
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4.2 SOME PRELIMINARIES 

Figure 4.1 shows the architectural graph of a multilayer perceptron with two hidden 
layers and an output layer. To set the stage for a description of the multilayer percep
tron in its general form, the network shown here is fully connected. This means that a 
neuron in any layer of the network is connected to all the nodes/neurons in the previ
ous layer. Signal flow through the network progresses in a forward direction, from left 
to right and on a layer-by-layer basis. 

Figure 4.2 depicts a portion of the multilayer perceptron. Two kinds of signals are 
identified in this network (Parker, 1987): 

1. Function Signals. A function signal is an input signal (stimulus) that comes in at 
the input end of the network, propagates forward (neuron by neuron) through 
the network, and emerges at the output end of the network as an output signal. 
We refer to such a signal as a "function signal" for two reasons. First, it is pre
sumed to perform a useful function at the output of the network. Second, at each 
neuron of the network through which a function signal passes, the signal is 
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FIGURE 4.1 Architectural graph of a multilayer perceptron with two hidden layers. 
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calculated as a function of the inputs and associated weights applied to that neu
ron. The function signal is also referred to as the input signal. 

2. Error Signals. An error signal originates at an output neuron of the network, and 
propagates backward (layer by layer) through the network. We refer to it as an 
"error signal" because its computation by every neuron of the network involves 
an error-dependent function in one form or another. 

The output neurons (computational nodes) constitute the output layers of the 
network. The remaining neurons (computational nodes) constitute hidden layers of 
the network. Thus the hidden units are not part of the output or input of the network
hence their designation as "hidden." The first hidden layer is fed from the input layer 
made up of sensory units (source nodes); the resulting outputs of the first hidden layer 
are in turn applied to the next hidden layer; and so on for the rest of the network. 

Each hidden or output neuron of a multilayer perceptron is designed to perform 
two computations: 

1. The computation of the function signal appearing at the output of a neuron, 
which is expressed as a continuous nonlinear function of the input signal and 
synaptic weights associated with that neuron. 

2. The computation of an estimate of the gradient vector (i.e., the gradients of the 
error surface with respect to the weights connected to the inputs of a neuron), 
which is needed for the backward pass through the network. 

The derivation of the back-propagation algorithm is rather involved. To ease the 
mathematical burden involved in this derivation, we first present a summary of the 
notations used in the derivation. 

Notation 

• The indices i,j, and k refer to different neurons in the network; with signals prop
agating through the network from left to right, neuron j lies in a layer to the right 
of neuron i, and neuron k lies in a layer to the right of neuron j when neuron j is a 
hidden unit. 

• In iteration (time step) n, the nth training pattern (example) is presented to the 
network. 

• The symbol �(n) refers to the instantaneous sum of error squares or error energy 
at iteration n. The average of�(n) over all values of n (i.e., the entire training set) 
yields the average error energy �". 

• The symbol e; (n) refers to the error signal at the output of neuron j for iteration n. 
• The symbol d/n) refers to the desired response for neuron j and is used to com

pute e/n) . 
• The symbol y/n) refers to the function signal appearing at the output of neuron j 

at iteration n. 
• The symbol wj,(n) denotes the synaptic weight connecting the output of neuron i 

to the input of neuron j at iteration n. The correction applied to this weight at 
iteration n is denoted by tlwji(n). 
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• The induced local field (i.e., weighted sum of all synaptic inputs plus bias) of neu
ron j at iteration n is denoted by v/n); it constitutes the signal applied to the acti
vation function associated with neuron j. 

• The activation function describing the input-output functional relationship of 
the nonlinearity associated with neuron j is denoted by 'Pl). 

• The bias applied to neuron j is denoted by bi; its effect is represented by a 
synapse of weight WiD = bi connected to a fixed input equal to + 1. 

• The ith element of the input vector (pattern) is denoted by x,(n). 
• The kth element of the overall output vector (pattern) is denoted by 0k(n). 
• The learning-rate parameter is denoted by 11. 
• The symbol m, denotes the size (i.e., number of nodes) in layer I of the multilayer 

perceptron; 1 = 0, 1, . . .  , L, where L is the "depth" of the network. Thus mo 
denotes the size of the input layer, mj denotes the size of the first hidden layer, 
and m J. denotes the size of the output layer. The notation m /. = M is also used. 

4.3 BACK-PROPAGATION ALGORITHM 

The error signal at the output of neuron j at iteration n (i.e., presentation of the nth 
training example) is defined by 

neuron j is an output node (4.1 ) 
We define the instantaneous value of the error energy for neuron j as � eJ( n). 
Correspondingly, the instantaneous value �(n) of the total error energy is obtained by 
summing �eJ(n) over all neurons in the output layer; these are the only "visible" neu
rons for which error signals can be calculated directly. We may thus write 

1 �(n) = 2: :2:
c

eJ(n) 
/ "  

(4.2) 

where the set C includes all the neurons in the output layer of the network. Let N 
denote the total number of patterns (examples) contained in the training set. The aver
age squared error energy is obtained by summing �(n) over all n and then normalizing 
with respect to the set size N, as shown by 

1 N 
�" = - :2: 'g(n) 

N n = l 
(4.3) 

The instantaneous error energy 'g(n), and therefore the average error energy �'" is a 
function of all the free parameters (i.e., synaptic weights and bias levels) of the net
work. For a given training set, �av represents the cost function as a measure of learning 
performance. The objective of the learning process is to adjust the free parameters of 
the network to minimize �av' To do this minimization, we use an approximation similar 
in rationale to that used for the derivation of the LMS algorithm in Chapter 3. 
Specifically, we consider a simple method of training in which the weights are updated 
on a pattern-by-pattern basis until one epoch, that is, one complete presentation of the 
entire training set has been dealt with. The adjustments to the weights are made in accor
dance with the respective errors computed for each pattern presented to the network. 
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Neuron j 
r--------A�------___., 

yo = +1  

-1  w,,(n) Vin) �O Y,(n) 
y,(n) c)('-----'-�-__c�---'---�--'o--------{}---�---o ein) 

FIGURE 4.3 Signal-flow graph highlighting the details of output neuron j. 

The arithmetic average of these individual weight changes over the training set is there
fore an estimate of the true change that would result from modifying the weights based 
on minimizing the cost function '&" over the entire training set. We will address the 
quality of the estimate later in this section. 

Consider then Fig. 4.3., which depicts neuron ) being fed by a set of function sig
nals produced by a layer of neurons to its left. The induced local field vj(n) produced at 
the input of the activation function associated with neuron ) is therefore 

m 
vj(n) � � wj,(n)y,(n) (4.4) 

i=O 
where In is the total number of inputs (excluding the bias) applied to neuron). The synap
tic weight Wj' (corresponding to the fixed input Yo � + 1) equals the bias hj applied to neu
ron). Hence the function signal yJ(n) appearing at the output of neuron) at iteration n is 

Yj(n) � 'Pj(vj(n)) (4.5) 
In a manner similar to the LMS algorithm. the back-propagation algorithm 

applies a correction C,wj,(n) to the synaptic weight wj,(n), which is proportional to the 
partial derivative a'&(n)/awji(n). According to the chain rule of calculus, we may 
express this gradient as: 

a'&(n) _ a'&(n) ae/n) aYi(n) aVj(n) 
aWji(n) - ae;(n) ay/n) avi(n) aWji(n) (4.6) 
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The partial derivative aw,(n)/awj/n) represents a sensitivity factor, determining the 
direction of search in weight space for the synaptic weight Wj" 

Differentiating both sides of Eq. (4.2) with respect to ej(n). we get 

aw,(n) = e rn) (4.7) ae;(n) J 

Differentiating both sides ofEq. (4.1) with respect to y/n), we get 

aej(n) = - 1  
ay;(n) 

Next, differentiating Eq. (4.5) with respect to vj(n), we get 

aYj(n) _ , , 
av;(n) - 'I'/t;(n)) 

(4.8) 

(4.9) 

where the use of prime (on the right-hand side) signifies differentiation with respect to 
the argument. Finally, differentiating Eq. (4.4) with respect to w/n) yields 

av;(n) 
awj,{n) 

= y,(n) (4.10) 

The use of Eqs. (4.7) to (4.10) in (4.6) yields 

a'&(n) , 
--(-

) = -ej(n)'I'/vj(n» y,(n) (4.11) aWji n 
The correction Llwin) applied to wp{n) is defined by the delta rule: 

a'&(n) Llw/n) = -TJ -(-) (4.12) 
aWji n 

where TJ is the learning-rate parameter of the back-propagation algorithm. The use of 
the minus sign in Eq. (4.12) accounts for gradient descent in weight space (i.e., seeking 
a direction for weight change that reduces the value of '&(n» . Accordingly, the use of 
Eq. (4.11) in (4.12) yields 

Llwj,(n) = TJB;(n)y,(n) 

where the local gradient Bj{n) is defined by 

S en) = _ a'&(n) 
J av;(n) 

a'&(n) aej(n) aYj(n) 
= -aej(n) aYJ{n) avj(n) 
= eJn)'I';{v;(n)) 

(4.13) 

(4.14) 

The local gradient points to required changes in synaptic weights. According to Eq. (4.14), 
the local gradient S/n) for output neuronj is equal to the product of the correspond
ing error signal ej{n) for that neuron and the derivative '1'; (v;(n)) of the associated acti
vation function. 
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From Eqs. (4.13) and (4.14) we note that a key factor involved in the calculation 
of the weight adjustment ilwp(n) is the error signal ej(n) at the output of neuron j. In 
this context we may identify two distinct cases. depending on where in the network 
neuron j is located. In case 1 .  neuron j is an output node. This case is simple to handle 
because each output node of the network is supplied with a desired response of its 
own, making it a straightforward matter to calculate the associated error signal. In 
case 2, neuronj is a hidden node. Even though hidden neurons are not directly accessi
ble, they share responsibility for any error made at the output of the network. The 
question. however, is to know how to penalize or reward hidden neurons for their 
share of the responsibility. This problem is the credit-assignment problem considered in 
Section 2.7. It is solved in an elegant fashion by back-propagating the error signals 
through the network. 

Case 1 Neuron j Is an Output Node 

When neuron j is located in the output layer of the network, it is supplied with a 
desired response of its own. We may use Eq. (4. 1 )  to compute the error signal ej(n) 
associated with this neuron; see Fig. 4.3. Having determined ej (n), it is a straightfor
ward matter to compute the local gradient 0l (n) using Eq. (4.14). 

Case 2 Neuron j Is a Hidden Node 

When neuron j is located in a hidden layer olthe network. there is no specified desired 
response for that neuron. Accordingly, the error signal for a hidden neuron would have 
to be determined recursively in terms of the error signals of all the neurons to which 
that hidden neuron is directly connected; this is where the development of the back
propagation algorithm gets complicated. Consider the situation depicted in Fig. 4.4, 
which depicts neuron j as a hidden node of the network. According to Eq. (4.14), we 
may redefine the local gradient o/n) for hidden neuronj as 

o (n) = _ B'g(n) aYj(n) 
I aYj (n) avJn) 

_ a%(n) , 
- - ay/n) 'PI (vj (n)), 

(4.15) 

neuron j is hidden 

where in the second line we have used Eq. (4.9). To calculate the partial derivative 
a%(n)/ aYj(n), we may proceed as follows. From Fig. 4.4 we see that 

1 %(n) = -2 2: den), 
kEC 

neuron k is an output node (4.16) 

which is Eq. (4.2) with index k used in place of index j. We have done so in order to 
avoid confusion with the use of index j that refers to a hidden neuron under case 2. 
Differentiating Eq. (4.16) with respect to the function signal y/n), we get 

a%(n) " ek 
aek(

.
n) 

L- (4.17) aYj(n) k aYj (n) 
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Neuronj Neuron k 
,-----________ �A� ____________ �" r--------�A--------� 

Yo = +1 +1 

dk(n) 

vk(n) �O hen) -1 
y,(n) 

FIGURE 4.4 Signal-flow graph highlighting the details of output neuron k connected to hidden 
neuronj. 

Next we use the chain rule for the partial derivative aek(n)/ ay/n). and rewrite Eq. (4.17) 
in the equivalent form 

a'(;(n) 
= 

L e.en) aek(n) aVk(n) 
aYj(n) k avk(n) aYj(n) 

However. from Fig. 4.4. we note that 

Hence 

ek(n) = dk(n) � Yk(n) 
neuron k is an output node 

aek(n) , 
aVk(n) = �<pk(vk(n)) 

We also note from Fig. 4.4 that for neuron k the induced local field is 
on 

vk(n) = 
L wkj(n)y1(n) j=O 

(4.18) 

(4.19) 

(4.20) 

(4.21) 

where m is the total number of inputs (excluding the bias) applied to neuron k. Here 
again, the synaptic weightwko(n) is equal to the bias bk(n) applied to neuron k, and the 
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corresponding input is fixed at the value + 1. Differentiating Eq. (4.21) with respect to 
Yj(n) yields 

aVk(n) _ ( )  ( ) - Wkj n 
aYj n 

By using Eqs. (4.20) and (4.22) in (4.18) we get the desired partial derivative: 

a""(n) , -
(
-
) = -� ek(n)'i'k(vk(n))wk,(n) oYj n k 

= - � 8k(n)wk,(n) k 

(4.22) 

(4.23) 

where in the second line we have used the definition of the local gradient 8k(n) given in 
Eq. (4.14) with the index k substituted for j. 

Finally, using Eq. (4.23) in (4.15), we get the back-propagation formula for the 
local gradient 8/n) as described: 

neuron j is hidden (4.24) 

Figure 4.5 shows the signal-flow graph representation of Eq. (4.24), assuming that the 
output layer consists of mL neurons. 

The factor 'i'J(v/n» involved in the computation of the local gradient 8j(n) in 
Eq. (4.24) depends solely on the activation function associated with hidden neuron j. 
The remaining factor involved in this computation, namely the summation over k, 
depends on two sets of terms. The first set of terms, the 8k(n), requires knowledge of 
the error signals ek(n), for all neurons that lie in the layer to the immediate right of hid
den neuron j, and that are directly connected to neuron j: see Fig. 4.4. The second set of 
terms, the wk/n), consists of the synaptic weights associated with these connections. 

We now summarize the relations that we have derived for the back-propagation 
algorithm. First, the correction /).wl,(n) applied to the synaptic weight connecting neu
ron i to neuron j is defined by the delta rule: 

( ) ' ) ( ) (  ) Weight learning- local input signal 
correction = ( rate parameter . gradient . of neuron j 
/).wj,(n) "l 81(n) y,(n) 

, I 

FIGURE 4.5 Signal-flow 
graph of a part of the adjoint 
system pertaining to back� 
propagation of error signals. 

o,(n) �,'(v,(n)) J:>--c....:.-<J e, (n) 

(4.25) 
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Second, the local gradient oj(n) depends on whether neuron j is an output node or a 
hidden node: 

1_ If neuron j is an output node, o/n) equals the product of the derivative '1'; (v/n)) 
and the error signal ej(n), both of which are associated with neuronj; see Eq.(4.14). 

2. If neuronj is a hidden node, o/n) equals the product of the associated derivative 
'I';(v/n)) and the weighted sum of the os computed for the neurons in the next 
hidden or output layer that are connected to neuronj; see Eq. (4.24). 

The Two Passes of Computation 

In the application of the back-propagation algorithm, two distinct passes of computa
tion are distinguished. The first pass is referred to as the forward pass, and the second is 
referred to as the backward pass. 

In the forward pass the synaptic weights remain unaltered throughout the net
work, and the function signals of the network are computed on a neuron-by-neuron 
basis. The function signal appearing at the output of neuron j is computed as 

y/n) = 'I'(vj(n» (4.26) 

where vj(n) is the induced local field of neuronj, defined by 
m 

v,(n) = 2: wj;(n)y,(n) (4.27) 
i=O 

where m is the total number of inputs (excluding the bias) applied to neuron j, and 
Wji (n) is the synaptic weight connecting neuron i to neuron j, and y,(n) is the input sig
nal of neuron j or equivalently, the function signal appearing at the output of neuron i. 
If neuron j is in the first hidden layer of the network, m = mo and the index i refers to 
the ith input terminal of the network, for which we write 

y;(n) = x;(n) (4.28) 

where x,(n) is the ith element of the input vector (pattern). If, on the other hand, neu
ronj is in the output layer of the network, m = mL and the indexj refers to the jth out
put terminal of the network, for which we write 

(4.29) 

where o/n) is the jth element of the output vector (pattern). This output is compared 
with the desired response d/n) , obtaining the error signal e/n) for the jth output neu
ron. Thus the forward phase of computation begins at the first hidden layer by present
ing it with the input vector, and terminates at the output layer by computing the error 
signal for each neuron of this layer. 

The backward pass, on the other hand, starts at the output layer by passing the 
error signals leftward through the network, layer by layer, and recursively computing 
the 0 (i.e., the local gradient) for each neuron. This recursive process permits the 
synaptic weights of the network to undergo changes in accordance with the delta rule 
of Eq.( 4.25). For a neuron located in the output layer, the 0 is simply equal to the error 
signal of that neuron multiplied by the first derivative of its nonlinearity. Hence we use 
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Eq. (4.25) to compute the changes to the weights of all the connections feeding into the 
output layer. Given the os for the neurons of the output layer, we next use Eq. (4.24) to 
compute the os for all the neurons in the penultimate layer and therefore the changes 
to the weights of all connections feeding into it. The recursive computation is contin
ued, layer by layer, by propagating the changes to all synaptic weights in the network. 

Note that for the presentation of each training example, the input pattern is fixed 
("clamped") throughout the round-trip process, encompassing the forward pass fol
lowed by the backward pass. 

Activation Function 

The computation of the ° for each neuron of the multilayer perceptron requires 
knowledge of the derivative of the activation function '1'(') associated with that neu
ron. For this derivative to exist, we require the function '1'(') to be continuous. In basic 
terms, differentiability is the only requirement that an activation function has to satisfy. 
An example of a continuously differentiable nonlinear activation function commonly 
used in multilayer perceptrons is sigmoidal nonlinearity; two forms are described: 

1. Logistic Function. This form of sigmoidal nonlinearity in its general form is 
defined by 

1 'I' (v (n)) � ----=--c--J J 1 + exp (-avj (n)) 
a > 0 and -ex < vj(n) < 00 (4.30) 

where v;(n) is the induced local field of neuron j. According to this nonlinearity, the 
amplitude of the output lies inside the range 0 ,,; Yj "; 1. Differentiating Eq. (4.30) with 
respect to vj(n), we get 

, a exp( -av;(n)) 
<p, (v;(n)) � [1 + exp(-av;(n))]2 (4.31) 

With Yj(n) � <p/v,(n)), we may eliminate the exponential term exp( -av/n)) from 
Eq. (4.31) ,  and so express the derivative <p;(v;(n)) as 

<pJ(v;(n)) � ay/n)[l - y;(n)] (4.32) 

For a neuron j located in the output layer, y,(n) � o,(n). Hence, we may express the 
local gradient for neuron j as 

&;(n) � e;(n)<pJ(vj(n)) 
� a[dj(n) - oJ(n)]o;(n)[1 - o;(n)], neuron j is an output node 

(4.33) 

where o;(n) is the function signal at the output of neuron j, and d,(n) is the desired 
response for it. On the other hand, for an arbitrary hidden neuron j, we may express 
the local gradient as 

o;(n) � <p;(vj(n)) L 0k(n)wkj(n) 
k 

neuron j is hidden 

(4.34) 
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Note from Eq. (4.32) that the derivative 'l'J(vj(n» attains its maximum value at 
y/n) = 0.5, and its minimum value (zero) at Yj(n) = 0, or y/n) = 1.0. Since the amount 
of change in a synaptic weight of the network is proportional to the derivative 'l'J(vj(n» , 
it follows that for a sigmoid activation function the synaptic weights are changed the 
most for those neurons in the network where the function signals are in their midrange. 
According to Rumelhart et aJ. (1986a), it is this feature of back-propagation learning 
that contributes to its stability as a learning algorithm. 

2. Hyperbolic tangent function. Another commonly used form of sigmoidal non
linearity is the hyperbolic tangent function, which in its most general form is defined by 

(a,b) > 0  (4.35) 

where a and b are constants. In reality, the hyperbolic tangent function is just the logis
tic function rescaled and biased. Its derivative with respect to vj(n) is given by 

'I';(vj(n)) = ab sech'(bvj(n)) 
= ab( 1 - tanh'(bvj(n))) (4.36) 

b = - [a - Yj(n)] [a + Yj(n)] 
a 

For a neuron j located in the output layer, the local gradient is 

&j(n) = e](n)'I';(vj(n)) 

b = - [dj(n) - oj(n)] [a - oj(n)] [a + oj(n)] a 

For a neuronj in a hidden layer, we have 

&/n) = 'I';(v/n» L &k(n)wk/n) k 

neuron j is hidden 

(4.37) 

(4.38) 

By using Egs. (4.33) and (4.34) for the logistic function and Eqs. (4.37) and (4.38) for 
the hyperbolic tangent function, we may calculate the local gradient &j without requir
ing explicit knowledge of the activation function. 

Rate of Learning 

The back-propagation algorithm provides an "approximation" to the trajectory in 
weight space computed by the method of steepest descent. The smaller we make the 
learning-rate parameter '1, the smaller the changes to the synaptic weights in the net
work will be from one iteration to the next, and the smoother will be the trajectory in 
weight space. This improvement, however, is attained at the cost of a slower rate of 
learning. If, on the other hand, we make the learning-rate parameter '1 too large in 
order to speed up the rate of learning, the resulting large changes in the synaptic 
weights assume such a form that the network may become unstable (i.e., oscillatory). A 
simple method of increasing the rate of learning yet avoiding the danger of instability 
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FIGURE 4.6 Signal-flow 
graph i l lustrating the effect 
of momentum constant Q. !1}1i(n - 1) 

'I 

is to modify the delta rule of Eq.( 4.13) by including a momentum term.2 as shown by 
(Rumelhart et ai, 1986a) 

(4.39) 

where a is usually a positive number called the momentum constant. It controls the 
feedback loop acting around !J.wj,(n), as illustrated in Fig. 4.6 where Z-1 is the unit
delay operator. Equation (4.39) is called the generalized delta rule3; it includes the 
delta rule of Eq. (4.13) as a special case (i.e., a � 0). 

In order to see the effect of the sequence of pattern presentations on the synaptic 
weights due to the momentum coustant a, we rewrite Eq. (4.39) as a time series with 
index t . The index t goes from the initial time 0 to the current time n. Equation (4.39) 
may be viewed as a first-order difference equation in the weight correction !J.wj,(n). 
Solving this equation for !J.wj,(n) we have 

n 
!J.wF(n) � 'T]2: an- '8j(t)y,(t) (4.40) 

1=0 

which represents a time series of length n + 1. From Eqs. (4.11) and (4.14) we note the 
product 8j (n)y,(n) is equal to -a'<l(n)/awj, (n). Accordingly, we may rewrite Eq. (4.40) 
in the equivalent form 

, ( )  
� n- ' a'<l(t) ,-,Wj' n � -'T] L." a 

--(-) f = O  JWji t 
(4.41) 

Based on this relation, we may make the following insightful observations (Watrous, 
1987; Jacobs, 1988): 

1. The current adjustment !J.wj,(n) represents the sum of an exponentially 
weighted time series. For the time series to be convergent, the momentum constant 
must be restricted to the range 0 oS lal < 1. When a is zero, the back-propagation algo
rithm operates without momentum. Also the momentum constant ex can be positive or 
negative, although it is unlikely that a negative a would be used in practice. 

2. When the partial derivative a'<l(t)/awj,(t) has the same algebraic sign on con
secutive iterations. the exponentially weighted sum !J.wj,(n) grows in magnitude. and so 
the weight wl,(n) is adjusted by a large amount. The inclusion of momentum in the 
back-propagation algorithm tends to accelerate descent in steady downhill directions. 

3. When the partial derivative a'<l(t)/ awj,(t) has opposite signs on consecutive 
iterations, the exponentially weighted sum !J.wj,(n) shrinks in magnitude. so the 
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weight wj,(n) is adjusted by a small amount. The inclusion of momentum in the back
propagation algorithm has a stabilizing effect in directions that oscillate in sign. 

The incorporation of momentum in the back-propagation algorithm represents a 
minor modification to the weight update, yet it may have some beneficial effects on the 
learning behavior of the algorithm. The momentum term may also have the benefit of 
preventing the learning process from terminating in a shallow local minimum on the 
error surface. 

In deriving the back-propagation algorithm, it was assumed that the learning-rate 
parameter is a constant denoted by TJ. In reality, however, it should be defined as TJji : 
that is, the learning-rate parameter should be connection-dependent. Indeed, many 
interesting things can be done by making the learning-rate parameter different for dif
ferent parts of the network. We provide more detail on this issue in subsequent section& 

It is also noteworthy that in the application of the back -propagation algorithm 
we may choose all the synaptic weights in the network to be adjustable, or we may con
strain any number of weights in the network to remain fixed during the adaptation 
process. In the latter case, the error signals are back-propagated through the network 
in the usual manner; however, the fixed synaptic weights are left unaltered. This can be 
done simply by making the learning-rate parameter TJji for synaptic weight wji equal to 
zero. 

Sequential and Batch Modes of Training 

In a practical application of the back-propagation algorithm, learning results from the 
many presentations of a prescribed set of training examples to the multilayer percep
tron. As mentioned earlier, one complete presentation of the entire training set during 
the learning process is called an epoch. The learning process is maintained on an 
epoch-by-epoch basis until the synaptic weights and bias levels of the network stabilize 
and the average squared error over the entire training set converges to some minimum 
value. It is good practice to randomize the order of presentation of training examples 
from one epoch to the next. This randomization tends to make the search in weight 
space stochastic over the learning cycles, thus avoiding the possibility of limit cycles in 
the evolution of the synaptic weight vectors; limit cycles are discussed in Chapter 14. 

For a given training set, back -propagation learning may thus proceed in one of 
two basic ways: 

1. Sequential Mode. The sequential mode of back-propagation learning is also 
referred to as on-line, pattern, or stochastic mode. In this mode of operation weight 
updating is performed after the presentation of each training example; this is the very 
mode of operation for which the derivation of the back -propagation algorithm pre
sented applies. To be specific, consider an epoch consisting of N training examples 
(patterns) arranged in the order (x(l), del)) . . . .  , (x(N), deN)). The first example pair 
(x(!), del)) in the epoch is presented to the network, and the sequence of forward and 
backward computations described previously is performed, resulting in certain adjust
ments to the synaptic weights and bias levels of the network. Then the second example 
pair (x(2), d(2)) in the epoch is presented, and the sequence of torward and backward 
computations is repeated, resulting in further adjustments to the synaptic weights and 
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bias levels. This process is continued until the last example pair (x(N), deN»� in the 
epoch is acconnted for. 

2. Batch Mode. In the batch mode of back-propagation learning, weight updating 
is performed after the presentation of all the training examples that constitute an 
epoch. For a particular epoch. we define the cost function as the average squared error 
of Eqs. (4.2) and (4.3), reproduced here in the composite form: 

1 N 
%" = 

2N 
2: 2: eJ(n) (4.42) 
n = l  j fO e  

where the error signal ej(n) pertains to output neuron j for training example n and 
which is defined by Eq. (4.1). The error ej(n) equals the difference between d/n) and 
Yj(n), which represents the jth element of the desired response vector den) and the cor
responding value of the network output, respectively. In Eq. (4.42) the inner summation 
with respect to j is performed over all the neurons in the output layer of the network, 
whereas the outer summation with respect to n is performed over the entire training set 
in the epoch at hand. For a learning-rate parameter 11, the adjustment applied to synap
tic weight WI;' connecting neuron i to neuronj, is defined by the delta rule 

a�av aWji = -11 �aWji 

= _21. f e/n) ae/n) 
N n = i  dWji 

(4.43) 

To calculate the partial derivative ae/n)/awjI we proceed in the same way as before. 
According to Eq. (4.43), in the batch mode the weight adjustment Ilw,; is made only 
after the entire training set has been presented to the network. 

From an "on-line" operational point of view. the sequential mode of training is 
preferred over the batch mode because it requires less local storage for each synaptic 
connection. Moreover, given that the patterns are presented to the network in a random 
manner, the use of pattern-by-pattern updating of weights makes the search in weight 
space stochastic in nature. This in turn makes it less likely for the back-propagation algo
rithm to be trapped in a local minimum. 

In the same way, the stochastic nature of the sequential mode makes it difficult to 
establish theoretical conditions for convergence of the algorithm. In contrast, the use 
of batch mode of training provides an accurate estimate of the gradient vector; conver
gence to a local minimum is thereby guaranteed under simple conditions. Also, the 
composition of the batch mode makes it easier to parallelize than the sequential mode. 

When the training data are redundant (i.e., the data set contains several copies of 
exactly the same pattern), we find that unlike the batch mode, the sequential mode is 
able to take advantage of this redundancy because the examples are presented one at a 
time. This is particularly so when the data set is large and highly redundant. 

In summary, despite the fact that the sequential mode of back-propagation 
learning has several disadvantages, it is highly popular (particularly for solving pattern
classification problems) for two important practical reasons: 

• The algorithm is simple to implement. 
• It provides effective solutions to large and difficult problems. 
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In general, the back -propagation algorithm cannot be shown to converge, and there 
are no well-defined criteria for stopping its operation. Rather, there are some reason
able criteria, each with its own practical merit, which may be used to terminate the 
weight adjustments. To formulate such a criterion, it is logical to think in terms of the 
unique properties of a local or global minimum of the error surface4• Let the weight 
vector w* denote a minimum, be it local or global. A necessary condition for w* to be a 
minimum is that the gradient vector g(w) (i.e., first-order partial derivative) of the 
error surface with respect to the weight vector w be zero at w = w*. Accordingly, we 
may formulate a sensible convergence criterion for back-propagation learning as fol
lows (Kramer and Sangiovanni-Vincentelli, 1989): 

The back-propagation algorithm is considered to have converged when the Euclidean norm 
of the gradient vector reaches a sufficiently small gradient threshold. 

The drawback of this convergence criterion is that, for successful trials, learning times 
may be long. Also, it requires the computation of the gradient vector g( w). 

Another unique property of a minimum that we can use is the fact that the cost 
function or error measure 'i!:,,(w) is stationary at the point w = w*. We may therefore 
suggest a different criterion of convergence: 

The back-propagation algorithm is considered to have converged when the absolute rate of 
change in the average squared error per epoch is sufficiently small. 

The rate of change in the average squared error is typically considered to be small 
enough if it lies in the range of 0.1 to 1 percent per epoch. Sometimes a value as small 
as 0.01 percent per epoch is used. Unfortunately, this criterion may result in a prema
ture termination of the learning process. 

There is another useful and theoretically supported criterion for convergence. 
After each learning iteration, the network is tested for its generalization performance. 
The learning process is stopped when the generalization performance is adequate, or 
when it is apparent that the generalization performance has peaked; see Section 4.14 
for more details. 

4.4 SUMMARY OF THE BACK-PROPAGATION ALGORITHM 

Figure 4.1 presents the architectural layout of a multilayer perceptron. The correspond
ing signal-flow graph for back-propagation learning, incorporating botb tbe forward 
and backward phases of the computations involved in the learning process, is presented 
in Fig. 4.7 for the case of L = 2 and mo = m1 = m, = 3. The top part of the signal-flow 
graph accounts for the forward pass. The lower part of the signal-flow graph accounts 
for the backward pass, which is referred to as a sensitivity graph for computing the local 
gradients in the back-propagation algorithm (Narendra and Parthasarathy, 1990). 

Earlier we mentioned that the sequential updating of weights is the preferred 
method for on-line implementation of the back-propagation algorithm. For this mode of 
operation, the algorithm cycles through the training sample ( x(n), d(n» l:;�l as follows: 

1. Initialization. Assuming that no prior information is available, pick the synap
tic weights and thresholds from a uniform distribution whose mean is zero and whose 
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FIGURE 4.7 Signal-flow graphical summary of back-propagation learning. 
Top part of the graph: forward pass. Bottom part of the graph: 
backward pass. 

variance is chosen to make the standard deviation of the induced local fields of the 
neurons lie at the transition between the linear and saturated parts of the sigmoid acti
vation function. 

2. Presentations of Training Examples. Present the network with an epoch of 
training examples. For each example in the set, ordered in some fashion, perform the 
sequence of forward and backward computations described under points 3 and 4, 
respectively. 

3. Forward Computation. Let a training example in the epoch be denoted by 
(x(n), d(n)), with the input vector x(n) applied to the input layer of sensory nodes and 
the desired response vector d(n) presented to the output layer of computation nodes. 
Compute the induced local fields and function signals of the network by proceeding 
forward through the network, layer by layer. The induced local field vf0(n) for neuron 
j in layer I is 

(4.44) 

where y�'- l) (n) is the output (function) signal of neuron i in the previous layer I - 1 at 
iteration n and wj?(n) is the synaptic weiFtht of neuron j in layer I that is fed from neu
ron i in layer I - 1. For i = 0, we have Yo'- l)(n) = + 1 and w;9(n) = bY)(n) is the bias 



Section 4.5 XOR Problem 175 

applied to neuron j in layer I. Assuming the use of a sigmoid function, the output signal 
of neuron j in layer I is 

yJ'l � 'P/v/n)) 
If neuronj is in the first hidden layer (i.e., I � 1), set 

yjOl(n) � x/n) 
where xj (n) is the jth element of the input vector x(n). If neuronj is in the output layer 
(i.e. , !  � L, where L is referred to as the depth of the network), set 

Compute the error signal 

yJLl � o/n) 

where dj(n) is the jth element of the desired response vector den). 

(4.45) 

4. Backward Computation. Compute the &s (i.e., local gradients) of the network, 
defined by 

[ ejLl (n) 'P;(vSLl (n)) for neuron j in output layer L 
&j'l(n) � (4.46) 

'P; (vT(n)) t &(�+1l(n)w(\;ll (n) for neuronj in hidden layer I 

where the prime in 'P;O denotes differentiation with respect to the argument. Adjust 
the synaptic weights of the network in layer I according to the generalized delta rule: 

wJp(n + 1) � wJIl(n) + o:[wJp(n - 1)] + '!]&j'l(n)y�J- 1l(n) (4.47) 

where ,!] is the learning-rate parameter and ", is the momentum constant. 
5. Iteration. Iterate the forward and backward computations under points 3 and 4 

by presenting new epochs of training examples to the network until the stopping crite
rion is met. 

Notes: The order of presentation of training examples should be randomized from 
epoch to epoch. The momentum and learning-rate parameter are typically adjusted 
(and usually decreased) as the number of training iterations increases. Justification for 
these points will be presented later. 

4.5 XOR PROBLEM 

In the elementary (single-layer) perceptron there are no hidden neurons. 
Consequently, it cannot classify input patterns that are not linearly separable. However, 
nonlinearly separable patterns are of common occurrence. For example, this situation 
arises in the Exclusive OR (XOR) problem, which may be viewed as a special case of a 
more general problem, namely that of classifying points in the unit hypercube. Each 
point in the hypercube is either in class 0 or class 1 .  However, in the special case of the 
XOR problem, we need consider only the four corners of the unit square that correspond 
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to the input patterns (0,0), (0,1), (1,1), and (1,0). The first and third input patterns are 
in class 0, as shown by 

and 

where EB denotes the Exclusive OR Boolean function operator. The input patterns 
(0,0) and (1 ,1)  are at opposite corners of the unit square, yet they produce the identical 
output O. On the other hand, the input patterns (0,1) and (1 ,0) are also at opposite cor
ners of the square, but they are in class 1 ,  as shown by 

O EB 1 = 1  

and 

1 EB O = 1  

We first recognize that the use of a single neuron with two inputs results in a 
straight line for a decision boundary in the input space. For all points on one side of 
this line, the neuron outputs 1; for all points on the other side of the line, it outputs O. 
The position and orientation of the line in the input space are determined by the 
synaptic weigltts of the neuron connected to the input nodes, and the bias applied to 
the neuron. With the input patterns (0,0) and (1,1) located on opposite corners of the 
unit square, and likewise for the other two input patterns (0,1) and (1,0), it is clear that 
we cannot construct a straight line for a decision boundary so that (0,0) and (0,1) lie in 
one decision region, and (0,1) and (1,0) lie in the other decision region. In other words, 
an elementary perceptron cannot solve the XOR problem. 

We may solve the XOR problem by using a single hidden layer with two neurons, 
as in Fig. 4.8a. (Touretzky and Pomerleau, 1989). The signal-flow graph of the network 
is shown in Fig. 4.8b. The following assumptions are made here: 

• Each neuron is represented by a McCulloch-Pitts model, which uses a threshold 
function for its activation function . 

• Bits 0 and 1 are represented by the levels 0 and + 1 ,  respectively. 

The top neuron, labeled 1 in the hidden layer, is characterized as: 

w[ [ = w12 = + l  

The slope of the decision boundary constructed by this hidden neuron is equal to -1,  
and positioned as in Fig. 4.9a. The bottom neuron, labeled 2 in the hidden layer, is  char
acterized as: 

1 
b, = --

2 
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FIGURE 4.8 (a) Architectural 
graph of network for solving 
the XOR problem. (b) Signal
flow graph of the network. 

The orientation and position of the decision boundary coustructed by this second hid
den neuron are as shown in Fig. 4.9b. 

The output neuron, labeled 3 in Fig. 4.8a, is characterized as: 

1 
b3 = --

2 

The function of the output neuron is to construct a linear combination of the decision 
boundaries formed by the two hidden neurons. The result of this computation is shown 
in Fig. 4.9c. The bottom hidden neuron has an excitatory (positive) connection to the 
output neuron, whereas the top hidden neuron has a stronger inhibitory (negative) 
connection to the output neuron. When both hidden neurons are off, which occurs 
when the input pattern is (0,0), the output neuron remains off. When both hidden neu
rons are on, which occurs when the input pattern is (1,1), the output neuron is switched 
off again because the inhibitory effect of the larger negative weight connected to the 
top hidden neuron overpowers the excitatory effect of the positive weight connected 
to the bottom hidden neuron. When the top hidden neuron is off and the bottom hid
den neuron is on, which occurs when the input pattern is (0,1) or (1,0), the output neuron 
is switched on due to the excitatory effect of the positive weight connected to the bottom 
hidden neuron. Thus the network of Fig. 4.8a does indeed solve the XOR problem. 
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FIGURE 4,9 (a) Decision 
boundary constructed by 
hidden neuron 1 of the 
network in Fig. 4.8. 
(b) Decision boundary 
constructed by hidden 
neuron 2 of the network, 
(c) Decision boundaries 
constructed by the complete 
network. 
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4.6 HEURISTICS FOR MAKING THE BACK-PROPAGATION ALGORITHM 
PERFORM BETTER 

It is often said that the design of a neural network using the back-propagation algo
rithm is more of an art than a science in the sense that many of the numerous factors 
involved in the design are the results of one's own personal experience. There is some 
truth in this statement. Nevertheless, there are methods that will significantly improve 
thc back -propagation algorithm's performance, as described here. 

1. Sequential versus batch update, As mentioned previously, the sequential mode 
of back-propagation learning (involving pattern-by-pattern updating) is computation
ally faster than the batch mode. This is especially true when the training data set is 
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large and highly redundant. (Highly redundant data pose computational problems for 
the estimation of the Jacobian required for the batch update.) 

2. Maximizing information content. As a general rule, every training example 
presented to the back-propagation algorithm should be chosen on the basis that its 
information content is the largest possible for the task at hand (LeCun, 1993). Two 
ways of achieving this aim are: 

• The use of an example that results in the largest training error. 
• The use of an example that is radically different from all those previously used. 

These two heuristics are motivated by a desire to search more of the weight space. 
In pattern-classification tasks using sequential back -propagation learning, a sim

ple technique that is commonly used is to randomize (i.e., shuffle) the order in which 
the examples are presented to the multilayer perceptron from one epoch to the next. 
Ideally, the randomization ensures that the successive examples in an epoch presented 
to the network rarely belong to the same class. 

For a more refined technique, we may use an emphasizing scheme, which 
involves more difficult patterns than easy ones being presented to the network 
(LeCun, 1993). Whether a particular pattern is easy or difficult can be identified by 
examining the error it produces, compared to previous iterations of the algorithm. 
However, there are two problems with the use of an emphasizing scheme that should 
be carefully examined: 

• The distribution of examples within an epoch presented to the network is distorted. 
• The presence of an outlier or a mislabeled example can have a catastrophic con

sequence on the performance of the algorithm; learning such outliers compro
mises the generalization ability of the network over more probable regions of the 
input space. 

3. Activation function. A multilayer perceptron trained with the back-propaga
tion algorithm may, in general, learn faster (in terms of the number of training itera
tions required) when the sigmoid activation function built into the neuron model of 
the network is antisymmetric than when it is nonsymmetric; see Section 4.11 for 
details. We say that an activation function 'P( v) is antisymmetric (i.e., odd function of its 
argument) if 

'P( -v) = -'P(v) 

as depicted in Fig. 4.lOa. This condition is not satisfied by the standard logistic function 
depicted in Fig. 4. lOb. 

A popular example of an antisymmetric activation function is a sigmoidal nonlin
earity in the form of a hyperbolic tangent, defined by 

'P(v) = a tanh(bv) 

where a and b are constants. Suitable values for the constants a and b are (LeCun, 
1989, 1993) 

a = 1.7159 
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2 
b � -

3 
The hyperbolic tangent function so defined has the following useful properties: 

o 'P(1) � 1 and 'P(- l) � -1 
o At the origin the slope (i.e., effective gain) of the activation function is close to 

unity, as shown by 

'P(O) � ab 
� 1.7159 X 2/3 

� 1.1424 
o The second derivative of 'P( v) attains its maximum value at v � 1 .  

4. Target values. It is important that the target values (desired response) be  cho
sen within the range of the sigmoid activation function. More specifically, the desired 
response dj for neuron j in the output layer of the multilayer perceptron should be off
set by some amount E away from the limiting value of the sigmoid activation function, 
depending on whether the limiting value is positive or negative. Otherwise the back
propagation algorithm tends to drive the free parameters of the network to infinity, 
and thereby slow down the learning process by driving the hidden neurons into satura
tion. To be specific, consider the antisymmetric activation function of Fig. 4.10a. For the 
limiting value +a, we set 

dj � a - E 

and for the limiting value of -a, we set 
dj � -a + E 

where E is an appropriate positive constant. For the choice of a � 1.7159 referred to 
earlier, we may set E � 0.7159, in which case the target value (desired response) dj can 
be conveniently chosen as ±1, as indicated in Fig. 4.lOa. 

5. Normalizing the inputs. Each input variable should be preprocessed so that its 
mean value, averaged over the entire training set, is close to zero, or else it is smal1 
compared to its standard deviation (LeCun, 1993). To appreciate the practical signifi
cance of this rule, consider the extreme case where the input variables are consistently 
positive. In this situation, the synaptic weights of a neuron in the first hidden layer can 
only increase together or decrease together. Accordingly, if the weight vector of that 
neuron is to change direction, it can only do so by zigzagging its way through the error 
surface, which is typically slow and should therefore be avoided. 

In order to accelerate the back-propagation learning process, the normalization 
of the inputs should also include two other measures (LeCun, 1993): 

o The input variables contained in the training set should be uncorrelated; this can 
be done by using principal components analysis, as detailed in Chapter 8. 

o The decorrelated input variables should be scaled so that their covariances are 
approximately equal, thereby ensuring that the different synaptic weights in the 
network learn at approximately the same speed. 



182 Chapter 4 Multilayer Perceptrons 

x, 

• • 
• 

• • 
• 

• • • 
• • • 

• 
• • 

Original set of 
data points 

• • 
. .  - . 

• • • •  • • 

• 

• 

• 

• 

x, 

• • • • •  xl" 
• 

Mean 
removal 

=$ 

Covariance 
equalization 

� 
• 

xi 

• 
• • 

• • 
• • 

• • 

• xi • • 
• 

• • 
• 

!Decorrelation 

• • 
• • • 

• • • • • • 
x; 

• • • • • • 
• 

FIGURE 4.1 1  I l lustrating the operation of mean removal, decorrelation, 
and covariance equalization for a two-dimensional input space. 

Figure 4.11 illustrates the results of three normalization steps: mean removal, decorre
lation, and covariance equalization, applied in that order. 

6. Initialization. A good choice for the initial values of the synaptic weights and 
thresholds of the network can be of tremendous help in a successful network design. 
The key question is: What is a good choice? 

When the synaptic weights are assigned large initial values, it is highly likely that 
the neurons in the network will be driven into saturation. If this happens, the local gra
dients in the back-propagation algorithm assume small values, which in turn will cause 
the learning process to slow down. However, if the synaptic weights are assigned small 
initial values, the back-propagation algorithm may operate on a very flat area around 
the origin of the error surface; this is particularly true in the case of antisymmetric acti
vation functions such as the hyperbolic tangent function. Unfortunately, the origin is a 
saddle point, which refers to a stationary point where the curvature of the error surface 
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across the saddle is negative and the curvature along the saddle is positive. For these 
reasons the use of both large and small values for initializing the synaptic weights 
should be avoided. The proper choice of initialization lies somewhere between these 
two extreme cases. 

To be specific, consider a multilayer perceptron using the hyperbolic tangent 
function for its activation functions. Let the bias applied to each neuron in the network 
be set to zero. We may then express the induced local field of neuron j as 

m 
Vj = LWjiYi i=l 

Let it be assumed that the inputs applied to each neuron in the network have zero 
mean and unit variance, as shown by 

I'-y = E[y,] = 0 for all i 

and 

(J"� = E[(Yi - I'-i)2] = E[yiJ = 1 for all i 
Let it be further assumed that the inputs are uncorrelated, as shown by 

for k = i 
for k * i 

and that the synaptic weights are drawn from a uniformly distributed set of numbers 
with zero mean 

for all (j, i) pairs 

and variance 

(J"� = E[(Wji - I'-wf] = E[wf,] for all (j, i) pairs 

Accordingly, we may express the mean and variance of the induced local field VI as 

I'-v = E[vj] = E[ � WjiYi] = � E[wj']E[y,] = 0 

and 

(J"� = E[(vj - 1'-,)2] = E[vJl 

= E[ � �l WjiWjkYiYk ] 
m m 
� � E[WjiWjdE[Yiyd i=l k=l 
m 

= � E[WJi] j=l = m(J"� 
where m is the number of synaptic connections of a neuron. 

(4.48) 
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In light of this result, we may now describe a good strategy for initializing the 
synaptic weights so that the standard deviation of the induced local field of a neuron 
lies in the transition area between the linear and saturated parts of its sigmoid activa
tion function. For example. for the case of a hyperbolic tangent function with its para
meters a and b as specified previously, this objective is satisfied by setting 
0'" = 1 in Eq. (4.48), in which case we obtain (LeCun, 1993) 

a = m-1/2 w (4.49) 

Thus it is desirable for the uniform distribution, from which the synaptic weights are 
selected, to have a mean of zero and a variance equal to the reciprocal of the number 
of synaptic connections of a neuron. 

7. Learning from hints. Learning from a set of training examples deals with an 
unknown input-output mapping function f(·). [n effect. the learning process exploits 
the information contained in the examples about the function f(·) to infer an approxi
mate implementation of it. The process of learning from examples may be generalized 
to include learning from hints, which is achieved by allowing prior information that we 
may have about the functionf(·) to be included in the learning process (Abu-Mostafa, 
1995). Such information may include invariance properties, symmetries, or any other 
knowledge about the function f(-) that may be used to accelerate the search for its 
approximate realization, and more importantly, to improve the quality of the final esti
mate. The use of Eq. (4.49) is an example of how this is achieved. 

8. Learning rates. All neurons in the multilayer perceptron should ideally learn 
at the same rate. The last layers usually have larger local gradients than the layers at 
the front end of the network. Hence, the learning-rate parameter "l should be assigned 
a smaller value in the last layers than in the front layers. Neurons with many inputs 
should have a smaller learning·rate parameter than neurons with few inputs so as to 
maintain a similar learning time for all neurons in the network. In LeCun (1993), it is 
suggested that for a given neuron, the learning rate should be inversely proportional to 
the square root of synaptic connections made to that neuron. We discuss learning rates 
more fully in Section 4.17. 

4.7 OUTPUT REPRESENTATION AND DECISION RULE 

In theory. for an M-class classification problem in which the union of the M distinct 
classes forms the entire input space, we need a total of M outputs to represent all possi
ble classification decisions, as depicted in Fig. 4.12. [n this figure the vector xJ denotes 
the jth prototype (i.e., unique sample) of an m-dimensional random vector x to be clas
sified by a multilayer perceptron. The kth of M possible classes to which x can belong is 
denoted by 'f,k' Let Ykj be the kth output of the network produced in response to the 
prototype Xj' as shown by 

FIGURE 4.12 Block diagram 
of a pattern classifier. 

k = I , 2, . . .  , M  

�----->--� Yl ,J  
Multilayer Y2,) perceptron: 

w 
'---_____ ..J--� YM,j 

(4.50) 
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where the function Fk(·) defines the mapping learned by the network from the input to 
the kth output. For convenience of presentation, let 

Yj = [YI.j, Y2.j' . . . , YM.j)' 
= [F1(x), F,(x), . . .  , FM(x)l' (4.51) 

= F(xj) 
where F(·) is a vector-valued function. A basic question we wish to address in this sec
tion is: 

After a multilayer perceptron is trained, what should the optimum decision rule be for clas
sifying the M outputs of the network? 

Clearly, any reasonable output decision rule should be based on knowledge of the 
vector-valued function: 

F: �m 3 x -7 y E �M (4.52) 

In general, all that is certain about the vector-valued function F(· ) is that it is a contin
uous function that minimizes the empirical risk functional: 

1 N R = - � lldj - F(xj) II' 2N j� 1 
(4.53) 

where dj is the desired (target) output pattern for the prototype Xj' 11 · 11 is the Euclidean 
norm of the enclosed vector, and N is the total number of examples presented to the 
network in training. The essence of the criterion of Eq.( 4.53) is the same as the cost 
function of Eq. (4.3). The vector-valued function F(·) is strongly dependent on the 
choice of examples (Xj' dJ) used to train the network, so that different values of (Xj ' dj) 
will indeed lead to different vector-valued function F(·). Note that the terminology 
(Xj' dj) used here is the same as that of (x(j), d(j)) used previously. 

Suppose now that the network is trained with binary target values (that inci
dently correspond to the upper and lower bounds on the network outputs when using 
the logistic function), written as: 

when the prototype Xj belongs to class '€k 
when the prototype Xj does not belong to class '€k (4.54) 

Based on this notation, class Cfik is represented by the M-dimensional target vector 

o 

1 __ kth element 

o 

It is tempting to suppose that a multilayer perceptron classifier trained with the back
propagation algorithm on a finite set of independently and identically distributed 
(ij.d.) examples may lead to an asymptotic approximation of the underlying a posteri
ori class probabilities. This property may be justified on the following grounds (White, 
1989a; Richard and Lippmann, 1991): 
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• The law of large numbers is invoked to show that as the size of the training set, 
N, approaches infinity, the weight vector w that minimizes cost functional R of 
Eq. (4.53) approaches the optimum weight vector w* that minimizes the expecta
tion of the random quantity �I I d - F(w,x) 112, where d is the desired response vec
tor and F(w, x) is the approximation realized by a multilayer perceptron with 
weight vector w and vector x as input (White, 1989a). The function F(w, x), show
ing explicit dependence on the weight vector w, is the same as F(x) used previously. 

• The optimum weight vector w* has the property that the corresponding vector of 
actual network outputs, F(w*, x), is a mean-squared, error-minimizing approxi
mation to the conditional expectation of the desired response vector, given the 
input vector x (White, 1 989a). This issue is discussed in Chapter 2. 

• For a 1 of M pattern classification problem, the kth element of the desired 
response vector equals one if the input vector x belongs to class '€, and zero oth
erwise. Hence, the conditional expectation of the desired response vector, given 
x, equals the a posteriori class probability p('€,lx), k = 1 , 2, . . .  , M (Richard and 
Lippmann, 1991). 

It follows therefore that a multilayer pcrceptron classifier (using the logistic function 
for nonlinearity) does indeed approximate the a posteriori class probabilities, provided 
that the size of the training set is large enough and that the back-propagation learning 
process does not get stuck at a local minimum. We may now answer the question we 
posed earlier. Specifically, we may say that an appropriate output decision rule is the 
(approximate) Bayes rule generated by the a posteriori probability estimates: 

Classify the random vector x as belonging to class C€k if 

for all j * k (4.55) 

where Fk(X) and F/x) are elements of the vector-valued mapping function 

F(x) = [ �.:�:; 1 
F,Ax) 

A unique largest output value exists with probability 1 when the underlying posterior 
class distributions are distinct. (Here it is assumed that infinite-precision arithmetic is 
used; ties are possible with finite precision.) This decision rule has the advantage of 
rendering unambiguous decisions over the common ad hoc rule of selecting class 
membership based on the concept of output "firing." That is, the vector x is assigned 
membership in a particular class if the corresponding output value is greater than 
some fixed threshold (usually 0.5 for the logistic form of activation function) ,  which 
can lead to multiple class assignments. 

In Section 4.6 we pointed out that the binary target values [0,1], corresponding to 
the logistic function of Eq. (4.30), are perturbed by a small amount E as a practical 
measure, to avoid the saturation of synaptic weights (due to finite numerical preci
sion) during training of the network. As a result of this perturbation, the target values 
are now nonbinary, and the asymptotic approximations Fk(X) are no longer exactly 
the a posteriori probabilities p('€,lx) of the M classes of interest (Hampsire and 
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Pearlmutter, 1990). Instead, P('€,lx) is linearly mapped to the closed interval [E, 1 - EJ, 
such that p('€,lx) = a is mapped to an output of E and p('€klx) = 1 is mapped to an out
put of 1 - E. Because this linear mapping preserves relative ordering, it does not affect 
the result of applying the output decision rule of Eq. (4.55). 

It is also interesting that when a decision boundary is formed by thresholding the 
outputs of a multilayer perceptron against some fixed values, the overall shape and ori
entation of the decision boundary may be explained heuristically (for the case of a sin
gle hidden layer) in terms of the number of hidden neurons and the ratios of synaptic 
weights connected to them (Lui, 1990). Such an analysis, however, is not applicable to a 
decision boundary formed in accordance with the output decision rule of Eq. (4.55). A 
more appropriate approach is to consider the hidden neurons as nonlinear feature 
detectors that attempt to map classes from the original input space n:£m", where the 
classes may not be linearly separable, into the space of hidden-layer activations, where 
it is more likely for them to be linearly separable. 

4.8 COMPUTER EXPERIMENT 

In this section we use a computer experiment to illustrate the learning behavior of a mul
tilayer perceptron used as a pattern classifier. The objective of the experiment is to dis
tinguish between two classes of "overlapping," two-dimensional, Gaussian-distributed 
patterns labeled 1 and Z. Let '€J and '€2 denote the set of events for which a random vec
tor x belongs to patterns 1 and Z, respectively. We may then express the conditional prob
ability density functions for the two classes: 

Class '€, :  

where 

Class '€2: 

where 

fx(xl'€d = 
Z� eXP(-z

l 
, ll x - 11, 112) 7H1 1 (T j  

11 ,  = mean vector = [0,01' 

CTT = variance = 1 

fx(xl'€,) = Z 
1 

2 exp(-z
l 

2 11x - ",112) 
1T(fl (J2 

11, = [Z.ol' 

ai = 4 

The two classes are assumed to be equiprobable; that is, 

1 p, = p, = -Z 

(4.56) 

(4.57) 

Figure 4.13a shows three-dimensional plots of the two Gaussian distributions defined 
by Eqs. (4.56) and (4.57). The input vector is x = [x" x2V, and the dimensionality of the 
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FIGURE 4.13 (a) Probability density function f.(xl'li,); (b) Probability density function f,(xl'li,). 

input space is rno � 2. Figure 4.14 shows individual scatter diagrams for classes '<:1 and 
'<:2 and the joint scatter diagram representing the superposition of scatter plots of 500 
points taken from each of the two processes. This latter diagram clearly shows that the 
two distributions overlap each other significantly. indicating that there is inevitably a 
significant probability of misclassificatiofl. 

Bayesian Decision Boundary 

The Bayes criterion for optimum classification is discussed in Chapter 3. Assuming 
that for a two-class problem. (1 ) classes '<:1 and '<:2 are equiprobable. (2) the costs for 
correct classifications are zero, and (3) the costs for misclassifications are equal, we 
find that the optimum decision boundary is found by applying the likelihood ratio test: 

where A(x) is the likelihood ratio, defined by 

A(x) � fx(xl'<:l) 
fx(xl'<:2) 

(4.58) 

(4.59) 
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and � is the threshold of the test, defined by 

For the example being considered, we have 

0" ( 1 1 ) A(x) = � exp --2 , llx - .... 1 11' + -2 , llx - .... ,11' 
(]"l crt (12 

The optimum (Bayesian) decision boundary is therefore defined by 

or equivalently, 

0" ( 1 1 ) � exp --2 , llx - .... , "' + -2 , llx - .... ,11' = 1 
(]"t (J"1 CJ"2 

� Ilx - .... , 11' - � Ilx - .... , "' = 4 log (0" ) 
� 0', � 

(4.60) 

(4.61) 

Using straightforward manipulations, we may redefine the optimum decision bound
ary of Eq. (4.61) simply as 

Ilx - xc ii' = r' (4.62) 

where 

(4.63) 

and 

(4.64) 

Equation (4.62) represents a circle with center x, and radius r. Let 0, define the region 
lying inside this circle. The Bayesian classification rule for the problem at hand may be 
stated as follows: 

Classify the observation vector x as belonging to class �l if the likelihood ratio A(x) is 
greater than the threshold � and to class C(62 otherwise. 

For the particular parameters of this experiment, we have a circular decision boundary 
whose center is located at 

and whose radius is 

= [ -2/3 ] x, 0 

r = 2.34 
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Let c denote the set of correct classification outcomes. and e the set of erroneous 
classification outcomes. The probability of error (misclassification), P" of a classifier 
operating according to the Bayesian decision rule is 

(4.65) 

where P{ el'iii,) is the conditional probability of error given that the classifier input vec
tor was drawn from the distribution of class 'iii" and similarly for P{el'iii2);p, and P2 are 
the a priori probabilities of classes 'iiit and 'iii2, respectively. For our problem we may 
numerically evaluate the probability integrals to obtain 

P{el'iii,) = 0.1056 

and 

P{ el'iiiz) = 0.2642 

With p, = pz = 1/2, the probability of misclassification is therefore 

P, = 0.1849 

Equivalently, the probability of correct classification is 

Pc = 1 - P, 
= 0.8151 

Experimental Determination of Optimal Multilayer Perceptron 

Table 4.1 lists the variable parameters of a multilayer perceptron (MLP) that involves a 
single layer of hidden neurons, and that is trained with the back-propagation algorithm 
operating in the sequential mode. Since the ultimate objective of a pattern classifier is to 
achieve an acceptable rate of correct classification, this criterion is used to judge when 
the variable parameters of the MLP (used as a pattern classifier) are optimal. 

Optimal Number of Hidden Neurons_ Reflecting practical approaches to the prob
lem of determining the optimal number of hidden neurons, m" the criterion used is 
the smallest number of hidden neurons that yields a performance "close" to the 
Bayesian classifier-usually within 1 percent. Thus the experimental study begins with 
two hidden neurons as the starting point for the simulation results summarized in 

TABLE 4.1 Variable Parameters of Multilayer 
Perceptron 

Parameter Symbol 'lYpical Range 

Number of hidden neurons mj (2, 00 ) 
Learning-rate parameter � (0, 1)  
Momentum constant " (0, 1)  
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TABLE 4.2 Simulation Results for Two Hidden Neuronsa 

Run Training Set Number Mean·Square Probability of Correct 
Number Size of Epochs Error Classification, Pc 

1 500 320 0.2375 80.36% 
2 2000 80 0.2341 80.33% 
3 8000 20 0.2244 80.47% 

aLearning rate parameter l] = 0.1 and momentum a = O. 

Table 4.2. Since the purpose of the first set of simulations is merely to ascertain the suf
ficiency of two hidden neurons or otherwise, the learning-rate parameter 1") and 
momentum constant 0:: are arbitrarily set to some nominal values. For each simulation 
run. a training set of examples. randomly generated from the Gaussian distributions 
for classes 'I: I and '1:2 with equal probability, is repeatedly cycled through the network, 
with each training cycle representing an epoch. The number of epochs is chosen so that 
the total number of training examples used for each run is constant. By so doing. any 
potential effects arising from variations of the training set sizes are averaged out. 

Tn Table 4.2 and subsequent tables, the mean·square error is computed precisely 
as the error functional defined in Eq. (4.53). We emphasize that the mean-square error 
is included in these tables only as a matter of record, since a small mean-square error 
does not necessarily imply good generalization (i.e., good performance with data not 
seen before). 

After convergence of a network trained with a total number of N patterns, the 
probability of correct classification can in theory be calculated as follows: 

P(c,N) � PIP(c,NI'I:,) + P2P(c,NI'l:2) 
where PI � P2 � 1 /2, and 

P(c.NI'I:,) � ( fx(xl'l: l)dx JU,(N) 
P(c,NI'l:2) � 1 - ( fx(xl'l:2)dx J BI(N) 

(4.66) 

(4.67) 

(4.68) 

and !l,(N) is the region in decision space over which the multilayer perceptron 
(trained with N patterns) classifies the vector x (representing a realization of the ran
dom vector X) as belonging to class '1:1' This region is usually found experimentally by 
evaluating the mapping function learned by the network and then applying the output 
decision rule of Eq. (4.55). Unfortunately, the numerical evaluation of P(c,NI'l:I) and 
p(c,NI'll2) is problematic because closed-form expressions describing the decision 
boundary !ll (N) cannot easily be found. 

Accordingly, we resort to the use of an experimental approach that involves test
ing the trained multilayer perceptron against another independent set of examples 
that are again drawn randomly from the distributions for classes 'lll and '1:, with equal 
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probability. Let A be a random variable that counts the number of patterns out of the 
N test patterns that are classified correctly. Then the ratio 

A PN � N 
is a random variable that provides the maximum-likelihood unbiased estimate of the 
actual classification performance P of the network. Assuming that p is constant over 
the N input-output pairs, we may apply the Chernoff bound (Devroye, 1991) to the 
estimator PN of P, obtaining 

P(lpN - p i  > E) < 2 exp( -2E2N) � S 
Application of the Chernoff bound yields N � 26,500 for E � 0.01, and S � 0.01 (i.e., 
99 percent certainty that the estimate p has the given tolerance). We thus picked a test 
set of size N � 32,000. The last column of Table 4.2 presents the probability of correct 
classification estimated for this test set size, with each result being the average of 10 
independent trials of the experiment. 

The classification performance presented in Table 4.2 for a multilayer perceptron 
using two hidden neurons is already reasonably close to the Bayesian performance 
P, � 81.51 percent. On this basis we may conclude that for the pattern-classification 
problem described here the use of two hidden neurons is adequate. To emphasize this 
conclusion, in Table 4.3 we present the results of simulations repeated for the case of 
four hidden neurons, with all other parameters held constant. Although the mean
square error in Table 4.3 for four hidden neurons is slightly lower than that in Table 4.2 
for two hidden neurons, the average rate of correct classification does not show 
improvement; in fact, it is slightly worse. For the remainder of the computer experi
ment described here, the number of hidden neurons is held at two. 

Optimal Learning and Momentnm Constants. For the "optimal" values of the learning
rate parameter 1] and momentum constant (x, we may use any one of three definitions: 

1. The 1] and (X that on average yield convergence to a local minimum in the error 
surface of the network with the least number of epochs. 

2. The 1] and (X that, for either the worst-case or on average, yield convergence to 
the global minimum in the error surface with the least number of epochs. 

TABLE 4.3 Simulation Results for Multilayer Perceptron Using Four 
Hidden Neuronsa 

Run 
Number 

1 
2 
3 

Training Set 
Size 

500 
2000 
8000 

Number 
of Epochs 

320 
80 
20 

Mean-Square 
Error 

0.2199 
0.2108 
0.2142 

Probability of Correct 
Classification 

80.80% 
80.81% 
80.19% 

aLearning-rate parameter T] = 0.1 and momentum constant a = O. 
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3. The 'I] and ", that on average yield convergence to the network configuration that 
has the best generalization over the entire input space, with the least number of 
epochs. 

The terms "average" and "worst-case" used here refer to the distribution of the train
ing input-output pairs. Definition 3 is the ideal in practice; however, it is difficult to 
apply since minimizing the mean-square error is usually the mathematical criterion 
for optimality during network training and, as stated previously, a lower mean
square error over a training set does not necessarily imply good generalization. From 
a research point of view, definition 2 is more interesting than definition 1. For exam
ple, in Luo ( 1991), rigorous results are presented for the optimal adaptation of the 
learning-rate paramater 'I] such that the smallest number of epochs is needed for the 
multilayer perceptron to approximate the globally optimum synaptic weight matrix 
to a desired accuracy, albeit for the special case of linear neurons. In general, how
ever, heuristic and experimental procedures dominate the optimal selection of 'I] and 
a when using definition 1 .  For the experiment described here, we therefore consider 
optimality in the sense of definition 1 .  

Using a multilayer perceptron with two hidden neurons, combinations of learning
rate parameter 'I] E {O.O1 , 0.1, 0.5, D.9} and momentum constant ", E {O.O, 0.1, 0.5, 0.9} 
are simulated to observe their effect on network convergence. Each combination is 
trained with the same set of initial random weights and the same set of 500 examples so 
that the results of the experiment may be compared directly. The learning process was 
continued for 700 epochs, after which it was terminated; this length of training was con
sidered to be adequate for the back-propagation algorithm to reach a local minimum 
on the error surface. The ensemble-averaged learning curves so computed are plotted 
in Figs. 4.15a-4.15d, which are individually grouped by '1]. 

The experimental learning curves shown here suggest the following trends: 

• \\'hile, in general, a small learning-rate parameter 11 results in slower conver
gence, it can locate "deeper" local minima in the error surface than a larger '1]. 
This finding is intuitively satisfying, since a smaller 'I] implies that the search for a 
minimum should cover more of the error surface than would be the case for a 
larger '1]. 

• For 11 ---7 0, the use of a ---7 1 produces increasing speed of convergence. On the 
other hand, for 'I] -> 1, the use of ", -? 0 is required to ensure learning stability. 

• The use of the constants 'I] = {O.S, 0.9} and ", = 0.9 causes oscillations in the 
mean-squared error during learning and a higher value for the final mean-square 
error at convergence, both of which are undesirable effects. 

In Fig. 4.16 we show plots of the "best" learning curves selected from each group of the 
learning curves plotted in Fig. 4.16, so as to determine an "overall" best learning curve, 
"best" being defined in the sense of point 1 described previously. From Fig. 4.16, it 
appears that the optimal learning-rate parameter 1)op' is about 0.1 and the optimal 
momentum constant o.opt is about 0.5. Thus, Table 4.4 summarizes the "optimal" values of 
network parameters used in the remainder of the experiment. The fact that the final 
mean-square error of each curve in Fig. 4.16 does not vary significantly over the range of 
'I] and ", suggests a "well-behaved" (i.e., relatively smooth) error surface for the problem. 
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FIGURE 4.15 Ensemble-averaged learning curves for varying momentum «, 
and the following values of learning-rate parameters: (a) '1 � o m ,  (b) '1 � 0.1 
(c) '1 � 0.5, and (d) '1 � 0.9. 

(continued on p. 196) 
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FIGURE 4.15 (continued from p. 195) 

Evaluation of Optimal Network Design. Given the "optimized" multilayer perceptron 
having the parameters summarized in Table 4.4, the final network is evaluated to deter
mine its decision boundary, ensemble-averaged learning curve, and probability of correct 
classification. With finite-size training sets, the network function learned with the opti
mal parameters is "stochastic" in nature. Accordingly, these performance measures are 
ensemble-averaged over 20 independently trained network& Each training set consists 
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FIGURE 4.16 Best learning curves selected from the four parts of Fig. 4.15. 

TABLE 4.4 Configuration of Optimized Multilayer 
Perceptron 

Parameter Symbol Value 

Optimum number of hidden neurons mopt 2 
Optimum learning-rate parameter l10pt 0.1 
Optimum momentum constant (loP! 0.5 

of 1000 examples, drawn from the distributions for classes 'li j and 'li, with equal probabil
ity, and which are presented to the network in random order. As before, the training was 
continued for 700 epochs. For the experimental determination of the probabilities of cor
rect classification, the same test set of 32,000 examples used previously is used again. 

Figure 4.17a shows three of the "best" decision boundaries for three networks in 
the ensemble of 20. Figure 4.17b shows three of the "worst" decision boundaries for 
three other networks in the same ensemble. The shaded (circular) Bayesian decision 
boundary is included in both figures for reference. From these figures we observe that 
the decision boundaries constructed by the back-propagation algorithm are convex 
with respect to the region where they classify the observation vector x as belonging to 
class 'lij or class 'li,. 

The ensemble statistics of the performance measures, probability of correct 
classification and final mean-squared errOf, computed over the training sample are 
listed in Table 4.5. The probability of correct classification for the optimum Bayes 
classifier is 81.51 %. 



198 

4 

3 

2 

1 

x2 0 

- 1  

-2  

-3 

-4 
- 6  -4 

Optimum 
decision 
boundary 

-2 0 2 

x, 

-- 80.39% 
- - - - - 80.40% 
. _ . - 80.43% 

4 6 

FIGURE 4.17A Plot of three "best" decision boundaries for the classifi
cation accuracies: 80.39, 80.40, and 80.43%. 

4r---_,--�-TC--_,---._--_.-�_, 

3 

2 

o 

-1 

-2 

- 3  

Optimum 
decision 
boundary 

/ 
/ 

I 
( 

/ 

/ 
/ 

/ 
/ 

-- 77.24% 
- - - - - 73.01% 
- _ . - 71.59% 

_4 L-____ � ____ �L-_L_L ____ � ____ � __ �� 
-6 -4 -2 0 2 4 6 

FIGURE 4.17B Plot of three "poorest" decision boundaries for the 
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TABLE 4.5 Ensemble Statistics of Performance Measures (Sample 
Size = 20) 

Performance Measure 

Probability of correct classification 
Final mean-square error 

Mean 

79.70% 
0.2277 

Standard Deviation 

0.44% 
0.0118 
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4.9 FEATURE DETECTION 

Hidden neurons play a critical role in the operation of a multilayer perceptron with 
back-propagation learning because they act as feature detectors. As the learning 
process progresses, the hidden neurons begin to gradually "discover" the salient fea
tures that characterize the training data. They do so by performing a nonlinear trans
formation on the input data into a new space called the hidden space, or feature space; 
these two terminologies are used interchangeably throughout the book. In this new 
space the classes of interest in a pattern-classification task, for example, may be more 
easily separated from each other than in the original input space. This statement is well 
illustrated by the XOR problem considered in Section 4.5. 

To put matters into a mathematical context, consider a multilayer perceptron 
with a single nonlinear layer of m, hidden neurons, and a linear layer of m, = M out
put neurons. The choice of linear neurons in the output layer is motivated by the desire 
to focus attention on the role of hidden neurons on the operation of the multilayer 
perceptron. Let the synaptic weights of the network be adjusted to minimize the mean
square error between the target output (desired response) and the actual output of the 
network produced in response to a mo-dimensional input vector (pattern), with the 
ensemble averaging performed over a total of N patterns. Let z/n) denote the output 
of hidden neuron j due to the presentation of input pattern n. The Zj(n) is a nonlinear 
function of the pattern (vector) applied to the input layer of the network by virtue of 
the sigmoid activation function built into each hidden neuron. 

The output of neuron k in the output layer is 
m, 

Yk(n) = L WkjZj(n), j=O 
k = 1, 2, . . .  , M  
n = 1 , 2, . . .  , N  

(4.69) 

where WkO represents the bias applied to neuron k. The cost function to be minimized is 
1 N M 

�
" = 2N �, �, (dk(n) - Yin))' (4.70) 

Note that the use of a batch mode of operation is assumed here. Using Eqs. (4.69) and 
(4.70), it is easy to reformulate the cost function�" in the compact matrix form: 

1 - - , �
" 

= 
2N 110 - wzll (4.71) 

where W is the M-by-m, matrix of synaptic weights pertaining to the output layer of 
the network. The matrix Z is the mcby-N matrix of hidden neuronal outputs (with 
their mean values subtracted off), which are produced by the individual N input pat
terns applied to the input layer of the network; that is, 

Z = {(zJn) - f.L,); j = 1 , 2, . . .  , m,: n = 1 , 2, . .  " N} 

where f.L'i is the mean value of Zj(n). Correspondingly, the matrix D is the M-by-N 
matrix of target patterns (desired responses) presented to the output layer of the net
work; that is, 

D = {(dk(n) - f.Ld); k = 1, 2, . . . , M; n = 1 , 2, . . .  , N} 
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where fJ-d, is the mean value of dk(n). The minimization of 'fh" defined by Eg. (4.70) is 
recognized as a linear least-squares problem. the solution of which is given by 

W = D Z+ (4.72) 

where Z+ is the pseudo-inverse of matrix Z. The minimum value of�" is given by (see 
Problem 4.7) 

� . = _
1
_ tr[o OT OZT(Z ZT)+ Z OT] aV,ffim 2N 

(4.73) 

where tr[·] denotes the trace operator. Since the target patterns represented by matrix 
o are all fixed, minimization of the cost function �" with respect to the synaptic 
weights of the multilayer perceptron is equivalent to maximizing the discriminant 
function (Webb and Lowe, 1990) 

(4.74) 

where the matrices Cb and C/ are themselves defined as: 

• The m1-by-m1 matrix C1 is the total covariance matrix of the hidden neuronal out
puts due to the presentations of N input patterns: 

C/ = zzT (4.75) 

The matrix C7 is the pseudo-inverse of matrix Ct· 
• The mcby-mt matrix C, is defined by 

Cb = ZOT OZT (4.76) 

Note that the discriminant function '2lJ defined in Eq. (4.74) is determined entirely by 
the hidden neurons of the multilayer perceptron. There is also no restriction on the 
number of hidden layers constituting the nonlinear transformation responsible for 
generating the discriminant function '2lJ. In a multilayer perceptron with more than one 
hidden layer, the matrix Z refers to the entire set of patterns in the space defined by 
the final layer of hidden neurons. 

For an interpretation of matrix Cb, consider the specific choice of a one-from-M 
coding scheme (Webb and Lowe, 1990). That is, the target value (desired response) in a 
particular pattern is unity if the chosen pattern belongs to that class, and zero other
wise, as shown in (see page 185) 

o 

o 
den) = 1 <--kth element, 

o 

o 

den) E '€, 
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Thus, if there are M classes, 'il,k, k = 1 ,2, . . .  , M with Nk patterns in class 'il" and 

M 
� N, = N  
k= l  

we may then expand the matrix Cb for this particular coding scheme into the form 

M 
Cb = � N� ( .... z.k - .... ,J ( .... '.k - .... ,f (4.77) 

k= l 

where the m,-by-l vector .... z.k is the mean value of the vector of the hidden neuronal 
outputs over all Nk patterns in class 'il,k, and the vector .... , is the mean value of the vec
tor of hidden neuronal outputs over all N input presentations. According to Eq. (4.77), 
we may interpret Cb as the weighted between-class covariance matrix at the outputs of 
the hidden layer. 

Thus, for a one-from-M coding scheme, the multilayer perceptron maximizes a 
discriminant function that is the trace of the product of two matrices: the weighted 
between-class covariance matrix and the pseudo-inverse of the total covariance 
matrix. This result is interesting because it illustrates how a multilayer perceptron with 
back-propagation learning incorporates the proportions of samples within individual 
classes as priors. 

Relation to Fisher's Linear Discriminent 

The discriminant function 'lJJ defined in Eq. (4.74) is unique to multilayer perceptrons. 
It bears a close resemblance to Fisher's linear discriminant, which describes a linear 
transformation from a multidimensional problem to a one-dimensional problem. 
Consider a variable y formed as a linear combination of the elements of an input vec
tor x; that is, it is defined as the inner product of x and a vector of adjustable parame
ters, w (that includes a bias as its first element), as shown by 

y = wTx 

The vector x is drawn from one of two popUlations, 'il" and 'il" ,  which differ from each 
other by virtue of their mean vectors .... , and .... " respectively. The Fisher criterion for 
discriminating between these two classes is defined by 

J(w) = W
TCbW 

wTCtw 

where Cb is the between-class covariance matrix defined by 

and C, is the total within-class covariance matrix defined by 

C, = � (x, - .... ,) (xn - .... ,)T + 2: (xn - .... ,) (xn - .... ,)T 
nE'€1 nE'€2 
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The within-class covariance matrix Ct is proportional to the sample covariance matrix 
of the training sel. It is symmetric and nonnegative definite. and is usually nonsingular 
if the size of the training set is large. The between-class covariance matrix Cb is also 
symmetric and nonnegative definite. but singular. A property of particular interest is 
that the matrix product C"w is always in the direction of the difference mean vector 
1'-, - 1'-2' This property follows directly from the definition of C'I' 

The expression defining J(w) is known as the generalized Rayleigh quotient. The 
vector w that maximizes J(w) must satisfy thc condition 

(4.76) 

Equalion (4.76) is a generalized cigenvalue problem. Recognizing thaI in our case the 
matrix product C"w is always in the direction of the difference vector 1'-, - 1'-2' we find 
that the solution for Eq. (4.76) is simply 

w = C, ' (I'- ,  - I'-J (4.77) 

which is referred to as Fisher,' linear discriminant (Duda and Hart, 1973). 
Returning to the issue of feature detection, recall that the discriminant func

tion 0J of Eq. (4.74) relates the between-class and total covariance matrices of pat
terns transformed into the hiddcn space of the network. The discriminant func
tion 9J plays a role similar to that of Fisher's linear discriminant. This is precisely the 
reason why these neural networks are able to perform the task of pattern classifica
tion so well. 

4.10 BACK-PROPAGATION AND DIFFERENTIATION 

Back-propagation is a specific technique for implementing gradient descent in 
weight space for a multilayer fcedforward network. The basic idea is to efficiently 
compute partial derivatives of an approximating function F(w,x) realized by the 
network with respect to all the elements of the adjustable weight vector w for a 
given value of input vector x. Herein lies the computational power of the back
propagation algorithm.s 

To be specific, consider a multilayer perceptron with an input layer of mo nodes, 
two hidden layers, and a single output neuron. as depicted in Fig. 4.18. The clements 
of the weight vector w are ordercd by layer (starting from the first hidden layer), 
then by neurons in a layer, and then by the number of a synapse within a neuron. Let 
wHI denote the synaptic weight from neuron i to neuron j in layer I = 0, 1. 2, . . . .  

For I = I ,  corresponding to the first hidden layer, the index i refers to a source node 
rather than to a neuron. For I = 3, corresponding to the output layer in Fig. 4.18, we 
have j = 1 .  We wish to evaluate the derivatives of the function F(w,x) with respect to 
all the elements of the weight vector w. for a specified input vector x = [x J ' xz • . " , XmoJ T. 
Note that for I = 2 (i.e., a single hidden layer), the function F(w,x) has a form similar to 
that on the right-hand side of Eg. (4.69). We have included the weight vector w as an 
argument of the function F to focus attention on it. 
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The multilayer perceptron of Fig. 4.18 is parameterized by an architecture 8l (rep
resenting a discrete parameter) and a weight vector w (made up of continuous ele
ments). Let 8lj0 denote that part of the architecture extending from the input layer 
(l = 0) to node j in layer I = 1 ,2 ,3. Accordingly, we may write 

F(w,x) = <p(8l\3») (4.80) 

where <p is the activation function. However, 8l(3) is to be interpreted merely as an 
architectural symbol rather than a variable. Thus, adapting Eqs. (4.1), (4.2), (4.11), and 
(4.23) for use in this situation, we obtain the following results: 

aF(w,x) 
= ,(-,,(3») (8l(2») 

a (3) 
<p "'I <p k 

W,k 

aF(w,x) = m'(8l(3») m '(8l(2») (8l(1»)W(3) 
a (2) 

T 1 T k <P j Ik 
Wkj a:�;�) = <p'(8l\3»)<p'(8lj'»)Xi [ � W\�'P'(8l�»)W�) ] 

J' 

(4.81) 

(4.82) 

(4.83) 

where <p' is the partial derivative of the nonlinearity <p with respect to its input, and Xi is 
the ith element of the input vector x. In a similar way we may derive the equations for 
the partial derivatives of a general network with more hidden layers and more neurons 
in the output layer. 

Equations (4.81) through (4.83) provide the basis for calculating the sensitivity of 
the network function F(w,x) with respect to variations in the elements of the weight 
vector w. Let w denote an element of the weight vector w. The sensitivity of F(w,x) with 
respect to w is formally defined by 

w E w  
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It is for this reason that we referred to the lower part of the signal-flow graph in Fig. 4.7 
as a "sensitivity graph." 

Jacobian Matrix 

Let W denote the total number of free parameters (i.e., synaptic weights and biases) of 
a multilayer perceptron, which are ordered in the manner described to form the weight 
vector w. Let N denote the total number of examples used to train the network. Using 
back-propagation we may compute a set of W partial derivatives of the approximating 
function F[w,x(n)] with respect to the elements of the weight vector w for a specific 
example x(n) in the training set. Repeating these computations for n = 1, 2, . . .  , N, we 
end up with an N-by-W matrix of partial derivatives. This matrix is called the Jacobian 
J of the multilayer perceptron evaluated at x(n). Each row of the Jacobian corresponds 
to a particular example in the training set. 

There is experimental evidence to suggest that many neural network training 
problems are intrinsically ill-conditioned, leading to a Jacobian J that is almost rank 
deficient (Saarinen et aI., 1991). The rank of a matrix is equal to the number of linearly 
independent columns or rows in the matrix, whichever one is smallest. The Jacobian J 
is said to be rank-deficient if its rank is less than min(N, W). Any rank deficiency in the 
Jacobian causes the back-propagation algorithm to obtain only partial information of 
the possible search directions, and also causes training times to be long. 

4.1 1  HESSIAN MATRIX 

The Hessian matrix of the cost function 'g,,(w), denoted by H, is defined as the second 
derivative of 'g,Aw) with respect to the weight vector w, as shown by 

H = a2'g,,(w) 
a w' (4.84) 

The Hessian matrix plays an important role in the study of neural networks; specifi
cally, we may mention the following:6 

1. The eigenvalues of the Hessian matrix have a profound influence on the dynam
ics of back-propagation learning. 

2. The inverse of the Hessian matrix provides a basis for pruning (i.e., deleting) 
insignificant synaptic weights from a multilayer perceptron, as discussed in 
Section 4.15. 

3. The Hessian matrix is basic to the formulation of second-order optimization meth
ods as an alternative to back-propagation learning, as discussed in Section 4.18. 

An iterative procedure for the computation7 of the Hessian matrix is presented 
in Section 4.15. In this section we confine our attention to point 1. 

In Chapter 3 we indicated that the eigenstructure of the Hessian matrix has a 
profound influence on the convergence properties of the LMS algorithm. So it is also 
with the back-propagation algorithm, but in a much more complicated way. Typically 
thc Hessian matrix of the error surface pertaining to a multilayer perceptron trained 
with the back-propagation algorithm has the following composition of eigenvalues 
(LeCun, et aI., 1 991; LeCun, 1 993): 
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o A small number of small eigenvalues. 
o A large number of medium-sized eigenvalues. 
o A small number of large eigenvalues. 

The factors affecting this composition may be grouped as follows: 
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• Nonzero-mean input signals or nonzero-mean induced neuronal output signals. 
o Correlations between the elements of the input signal vector and correlations 

between induced neuronal output signals. 
o Wide variations in the second derivatives of the cost function with respect to 

synaptic weights of neurons in the network, as we proceed from one layer to the 
next. The second derivatives are often smaller in the lower layers, with the synap
tic weights in the first hidden layer learning slowly and those in the last layers 
learning quickly. 

From Chapter 3 we recall that the learning time of the LMS algorithm is sensitive 
to variations in the condition number Amax/Amin. where Amax is the largest eigenvalue of 
the Hessian and Amin is its smallest nonzero eigenvalue. Experimental results show that 
a similar result holds for the back-propagation algorithm, which is a generalization of 
the LMS algorithm. For inputs with nonzero mean, the ratio Am,,/Amin is larger than its 
corresponding value for zero-mean inputs: the larger the mean of the inputs, the larger 
the ratio Am,JAmin (see Problem 3.10). This observation has a serious implication for 
the dynamics of back-propagation learning. 

For the learning time to be minimized, the use of nonzero-mean inputs should be 
avoided. Now, insofar as the signal vector x applied to a neuron in the first hidden layer 
of a multilayer perceptron (i.e., the signal vector applied to the input layer) is con
cerned, it is easy to remove the mean from each element of x before its application to 
the network. But what about the signals applied to the neurons in the remaining hid
den and output layers of the network? The answer to this question lies in the type of 
activation function used in the network. If the activation function is nonsymmetric, as 
in the case of the logistic function, the output of each neuron is restricted to the inter
val [0,1]. Such a choice introduces a source of systematic bias for those neurons located 
beyond the first hidden layer of the network. To overcome this problem we need to use 
an antisymmetric activation function such as the hyperbolic tangent function. With this 
latter choice, the output of each neuron is permitted to assume both positive and nega
tive values in the interval [-1 ,1], in which case it is likely for its mean to be zero. lf the 
network connectivity is large, back-propagation learning with antisymmetric activation 
functions can yield faster convergence than a similar process with nonsymmetric acti
vation functions, for which there is also empirical evidence (LeCun et aI., 1991). This 
provides justification for heuristic 3 described in Section 4.6. 

4.12 GENERALIZATION 

In back-propagation learning, we typically start with a training sample and use the 
back-propagation algorithm to compute the synaptic weights of a multilayer percep
tron by loading (encoding) as many of the training examples as possible into the net
work. The hope is that the neural network so designed will generalize. A network is 
said to generalize well when the input-output mapping computed by the network is 
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correct (or nearly so) for test data never used in creating or training the network; the 
term "generalization" is borrowed from psychology. Here it is assumed that the test 
data are drawn from the same population used to generate the training data. 

The learning process (i.e., training of a neural network) may be viewed as a 
"curve-fitting" problem. The network itself may be considered simply as a nonlinear 
input-output mapping. Such a viewpoint then permits us to look on generalization not 
as a mystical property of neural networks but rather simply as the effect of a good non
linear interpolation of the input data (Wieland and Leighton, 1987). The network per
forms useful interpolation primarily because multilayer perceptrons with continuous 
activation functions lead to output functions that are also continuous. 

Figure 4.19a illustrates how generalization may occur in a hypothetical network. 
The nonlinear input-output mapping represented by the curve depicted in this figure 
is computed by the network as a result of learning the points labeled as "training data." 
The point marked on the curve as "generalization" is thus seen as the result of interpo
lation performed by the network. 

A neural network that is designed to generalize well will produce a correct 
input-output mapping even when the input is slightly different from the examples 
used to train the network, as illustrated in the figure. When, however, a neural network 
learns too many input-output examples, the network may end up memorizing the 
training data. It may do so by finding a feature (due to noise, for example) that is pre
sent in the training data but not true of the underlying function that is to be modeled. 
Such a phenomenon is referred to as over fitting or overtraining. When the network is 
overtrained, it loses the ability to generalize between similar input-output patterns. 

Ordinarily, loading data into a multilayer perceptron in this way requires the use 
of more hidden neurons than is actually necessary, with the result that undesired con
tributions in the input space due to noise are stored in synaptic weights of the network. 
An example of how poor generalization due to memorization in a neural network may 
occur is illustrated in Fig. 4.19b for the same data depicted in Fig. 4.19a. 
"Memorization" is essentially a "look-up table," which implies that the input-output 
mapping computed by the neural network is not smooth. As pointed out in Poggio and 
Girosi (1990a), smoothness of input-output mapping is closely related to such model
selection criteria as the Occam's razor, the essence of which is to select the "simplest" 
function in the absence of any prior knowledge to the contrary. In the context of our 
present discussion, the simplest function means the smoothest function that approxi
mates the mapping for a given error criterion, because such a choice generally 
demands the fewest computational resources. Smoothness is also natural in many 
applications, depending on the scale of the phenomenon being studied. It is therefore 
important to seek a smooth nonlinear mapping for ill-posed input-output relation
ships, so that the network is able to classify novel patterns correctly with respect to the 
training patterns (Wieland and Leighton, 1987). 

Sufficient Training Set Size for a Valid Generalization 

Generalization is influenced by three factors: (1) the size of the training set, and how 
representative it is of the environment of interest, (2) the architecture of the neural 
network, and (3) the physical complexity of the problem at hand. Clearly, we have no 
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FIGURE 4.19 (a) Properly fitted data (good generalization) 
(b) Overfitted data (poor generalization). 

control over the latter. In the context of the other two factors. we may view the issue of 
generalization from two different perspectives (Hush and Horne, 1993): 

• The architecture of the network is fixed (hopefully in accordance with the physi
cal complexity of the underlying problem). and the issue to be resolved is that of 
determining the size of the training set needed for a good generalization to occur. 

• The size of the training set is fixed, and the issue of interest is that of determining 
the best architecture of network for achieving good generalization. 
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Both of these viewpoints are valid in their own individual ways. In the present discus
sion we focus on the first viewpoint. 

The adequacy of the training sample size or the sample complexity problem is 
discussed in Chapter 2. As pointed out in that chapter. the VC dimension provides the 
theoretical basis for a principled solution to this important design problem. In particu
lar. we have distribution-free. worst-case formulas for estimating the size of the training 
sample that is sufficient for a good generalization performance; see Section 2.14. 
Unfortunately, we often find that there is a huge numerical gap between the size of the 
training sample actually needed and that predicted by these formulas. It is this gap that 
has made the sample complexity problem a continuing open research area. 

In practice, it seems that all we really need for a good generalization is to have 
the size of the training set, N, satisfy the condition 

N = o(�) (4.85) 

where W is the total number of free parameters (i.e., synaptic weights and biases) in 
the network, and E denotes the fraction of classification errors permitted on test data 
(as in pattern classification), and 0(') denotes the order of quantity enclosed within. 
For example, with an error of 10 percent the number of training examples needed 
should be about 10 times the number of free parameters in the network. 

Equation (4.85) is in accordance with Widrow s rule of thumb for the LMS algo
rithm, which states that the settling time for adaptation in linear adaptive temporal fil
tering is approximately equal to the memory span of an adaptive tapped-delay-line 
filter divided by the misadjustment (Widrow and Stearns, 1985). The misadjustment in 
the LMS algorithm plays a role somewhat analogous to the error E in Eq. (4.85). 
Further justification for this empirical rule is presented in the next section. 

4.13 APPROXIMATIONS OF FUNCTIONS 

A multilayer perceptron trained with the back-propagation algorithm may be viewed 
as a practical vehicle for performing a nonlinear input-output mapping of a general 
nature. To be specific, let mo denote the number of input (source) nodes of a multilayer 
perceptron, and let M = mL denote the number of neurons in the output layer of the 
network. The input-output relationship of the network defines a mapping from an mlJ
dimensional Euclidean input space to an M-dimensional Euclidean output space, 
which is infinitely continuously differentiable when the activation function is likewise. 
In assessing the capability of the multilayer perceptron from this viewpoint of 
input-output mapping, the following fundamental question arises: 

lVhat is the minimum number of hidden layers in a multilayer perceptron with an input-output 
mapping that provides an approximate realization of any continuous mapping? 

Universal Approximation Theorem 

The answer to this question is embodied in the universal approximation theorem8 for a 
nonlinear input-output mapping. which may be stated as: 

Let i.p(') be a nonconstant, bounded, and monotone-increasing continuous function. Let lme. 
denote the mo-dimensional unit hypercube [0,1 ]mo. The space of continuous functions on Ima 
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is denoted by C(1m")' Then, given any function f 3 C(1m,) and E > 0, there exist an integer M 
and sets of real constants ai' bi! and wij> where i = 1, . .  " m l  and j = 1, . .  " m() such that we 
may define 

(4.86) 

as an approximate realization of the function f( . ); that is, 

for all XI , X2, . .  , '  xmu that lie in the input space. 

The universal approximation theorem is directly applicable to multilayer percep
trons. We first note that the logistic function 1/[1 + exp( -v)] used as the nonlinearity 
in a neuronal model for the construction of a multilayer perceptron is indeed a non
constant, bounded, and monotone-increasing function; it therefore satisfies the condi
tions imposed on the function <p(')' Next, we note that Eq. (4.86) represents the output 
of a multilayer perceptron described as follows: 

1. The network has m D input nodes and a single hidden layer consisting of ml neu
rons; the inputs are denoted by x}. . .  , '  xmu' 

2. Hidden neuron i has synaptic weights Wil, . . . , wmll' and bias hi' 
3. The network output is a linear combination of the outputs of the hidden neurons, 

with " I >  . . . , "m, defining the synaptic weights of the output layer. 

The universal approximation theorem is an existence theorem in the sense that it 
provides the mathematical justification for the approximation of an arbitrary continu
ous function as opposed to exact representation. Equation (4.86), which is the back
bone of the theorem, merely generalizes approximations by finite Fourier series. In 
effect, the theorem states that a single hidden layer is sufficient for a multilayer percep
fron to compute a uniform E approximation to a given training set represented by the set 
of inputs XIo . . . , xm" and a desired (target) output f(xl> . . .  , xmJ However, the theorem 
does not say that a single hidden layer is optimum in the sense of learning time, ease of 
implementation, or (more importantly) generalization. 

Bounds on Approximation Errors 

Barron (1993) has established the approximation properties of a multilayer percep
tron, assuming that the network has a single layer of hidden neurons using sigmoid 
functions and a linear output neuron. The network is trained using the back-propaga
tion algorithm and then tested with new data. During training, the network learns spe
cific points of a target function f in accordance with the training data, and thereby 
produces the approximating function F defined in Eq. (4.86). When the network is 
exposed to test data that have not been seen before, the network function F acts as an 
"estimator" of new points of the target function; that is, F � j. 

A smoothness property of the target function f is expressed in terms of its 
Fourier representation. In particular, the average of the norm of the frequency vector 
weighted by the Fourier magnitude distribution is used as a measure for the extent to 
which the function f oscillates. Let 1 ("') denote the multidimensional Fourier transform 
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of the function f(x), x E IRmo; the mo-by-1 vector w is the frequency vector. The func
tionf(x) is defined in terms of its Fourier transform l(w) by the inverse formula: 

f(x) = LJ(w)exPCiwTx) dw (4.87) 

where j = v=I. For the complex-valued function Jew) for which wl(w) is integrable, 
we define the first absolute moment of the Fourier magnitude distribution of the func
tion fas: 

(4.88) 

where Ilwll is the Euclidean norm of w and 11 (w)1 is the absolute value of 1(00). The 
first absolute moment Cf quantifies the smoothness or regularity of the function f. 

The first absolute moment Cf provides the basis for a bound on the error that 
results from the use of a multilayer perceptron represented by the input-output map
ping function F(x) of Eq. (4.86) to approximate f(x). The approximation error is mea
sured by the integrated squared error with respect to an arbitrary probability measure 
iJ- on the ball B, = Ix: I lxl l "" r} of radius r > O. On this basis we may state the following 
proposition for a bound on the approximation error due to Barron (1993): 

For every continuous function f(x) with first moment Cf finite, and every m1 2: 1, there 
exists a linear combination of sigmoid functions F(x) of the form defined in Eq. (4.86), 
such that 

where C/ = (2 r Cf)2 
f C '  

(f(x) - F(x))'",(dx) s J... 
B, ml 

When the function f(x) is observed at a set of values of the input vector x 
denoted by IX,}�1 that are restricted to lie inside the ban B" the result provides the fol
lowing bound on the empirical risk: 

1 N C '  
R = IV � ([(x,) - F(x;))' "" :'

1 
(4.89) 

In Barron (1992), the approximation result of Eq. (4.89) is used to express the 
bound on the risk R resulting from the use of a multilayer perceptron with rno input 
nodes and m1 hidden neurons as follows: 

R "" o(�) + o(mr;;1 10gN) (4.90) 

The two terms in the bound on the risk R express the tradeoff between two conflicting 
requirements on the size of the hidden layer: 

1. Accuracy of best approximation. For this requirement to be satisfied, m1, the size 
of the hidden layer, must be large in accordance with the universal approxima
tion theorem. 

2. Accuracy of empirical fit to the approximation. To satisfy this second require
ment, we must use a sman ratio md N. For a fixed size of training sample, N, the 
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size of the hidden layer, m" should be kept small, which is in conflict with the first 
requirement. 

The bound on the risk R described in Eq. (4.90) has other interesting implications. 
Specifically, we see that an exponentially large sample size, large in the dimensionality 
mo of the input space, is not required to get an accurate estimate of the target function, 
provided that the first absolute moment Cr remains finite. This result makes multilayer 
perceptrons as universal approximators even more important in practical terms. 

The error between the empirical fit and the best approximation may be viewed as 
an estimation error along the lines described in Chapter 2. Let EO denote the mean
square value of this estimation error. Then ignoring the logarithmic factor 10gN in the 
second term of the bound in Eq. (4.90), we may infer that the size N of the training 
sample needed for a good generalization is about momdEo. This result has a mathemat
ical structure similar to the empirical rule of Eq. (4.85), bearing in mind that mom, is 
equal to the total number of free parameters W in the network. In other words, we may 
generally say that for good generalization, the number of training examples N should 
be larger than the ratio of the total number of free parameters in the network to the 
mean-square value of the estimation error. 

Curse of Dimensionality 

Another interesting result that emerges from the bounds described in (4.90) is that 
when the size of the hidden layer is optimized (i.e., the risk R is minimized with respect 
to N) by setting 

m, = Cr( N )'/2 
ma logN 

then the risk R is bounded by O( Cr V ma(logN IN). A surprising aspect of this result is 
that in terms of the first-order behavior of the risk R, the rate of convergence 
expressed as a function of the training sample size N is of order (l/N)'/' (times a loga
rithmic factor). In contrast, for traditional smooth functions (e.g., polynomials and 
trigonometric functions) we have a different behavior. Let s denote a measure of 
smoothness, defined as the number of continuous derivatives of a function of interest. 
Then, for traditional smooth functions we find that the minimax rate of convergence of 
the total risk R is of order (1IN)" /(2,+mo). The dependence of this rate on the dimen
sionality of the input space, mo, is a curse of dimensionality, which severely restricts the 
practical application of these functions. The use of a multilayer perceptron for function 
approximation appears to offer an advantage over traditional smooth functions; this 
advantage is, however, subject to the condition that the first absolute moment Cr 
remains finite; this is a smoothness constraint. 

The curse of dimensionality was introduced by Richard Bellman in his studies of 
adaptive control processes (Bellman, 1961). For a geometric interpretation of this 
notion, let x denote an ma·dimensional input vector, and ( Xi' d,)}, i = 1 ,2 ,  . . .  , N, denote 
the training sample. The sampling density is proportional to N'lmo. Let a function f(x) 
represent a surface lying in the ma-dimensional input space, which passes near the data 
points ( Xi' di)),;:,. Now, if the function f(x) is arbitrarily complex and (for the most 
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part) completely unknown, we need dense sample (data) points to learn it well. 
Unfortunately, dense samples are hard to find in "high dimensions," hence the curse of 
dimensionality. In particular, there is an exponential growth in complexity as a result of 
an increase in dimensionality, which in turn leads to the deterioration of the space-filling 
properties for uniformly randomly distributed points in higher-dimension spaces. The 
basic reason for the curse of dimensionality is (Friedman, 1995): 

A function defined in high-dimensional space is likely to be much more complex than a func
tion defined in a lower-dimensional space, and those complications are harder to discern. 

The only practical way to beat the curse of dimensionality is to incorporate prior knowl
edge about the function over and above the training data, which is known to be correct. 

In practice, it may also be argued that to have any hope of good estimation in a 
high-dimensional space we must provide increasing smoothness of the unknown 
underlying function with increasing input dimensionality (Niyogi and Girosi, 1996). 
This viewpoint is pursued further in Chapter 5. 

Practical Considerations 

The universal approximation theorem is important from a theoretical viewpoint, because 
it provides the necessary mathematical tool for the viability of feedforward networks 
with a single hidden layer as a class of approximate solutions. Without such a theorem, 
we could conceivably be searching for a solution that cannot exist. However, the theo
rem is not constructive, that is, it does not actually specify how to determine a multi
layer perceptron with the stated approximation properties. 

The universal approximation theorem assumes that the continuous function to 
be approximated is given and that a hidden layer of unlimited size is available for the 
approximation. Both of these assumptions are violated in most practical applications 
of multilayer perceptrons. 

The problem with multilayer perceptrons using a single hidden layer is that the 
neurons therein tend to interact with each other globally. In complex situations this 
interaction makes it difficult to improve the approximation at one point without wors
ening it at some other point. On the other hand, with two hidden layers the approxima
tion (curve-fitting) process becomes more manageable. In particular, we may proceed 
as follows (Funahashi, 1989; Chester, 1990): 

1. Local features are extracted in the first hidden layer. Specifically, some neurons 
in the first hidden layer are used to partition the input space into regions, and 
other neurons in that layer learn the local features characterizing those regions. 

2. Global features are extracted in the second hidden layer. Specifically, a neuron in 
the second hidden layer combines the outputs of neurons in the first hidden layer 
operating on a particular region of the input space, and thereby learns the global 
features for that region and outputs zero elsewhere. 

This two-stage approximation process is similar in philosophy to the spline technique 
for curve fitting, in the sense that the effects of neurons are isolated and the approxi
mations in different regions of the input space may be individually adjusted. A spline is 
an example of a piecewise polynomial approximation. 
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Sontag (1992) provides further justification for the use of two hidden layers in the 
context of inverse problems. Specifically, the fOllowing inverse problem is considered: 

Given a continuous vector-valued function f: �m -7 [RM, a compact subset C(J � [R:M that is 
included in the image of f, and an € > 0, find a vector-valued function 'P:IRM -7 [Rm such 
that the following condition is satisfied: 

1 1'1'(£(0» - 011 < E for 0 EO 'I,i 
This problem arises in inverse kinematics (dynamics), where the observed state x(n) of 
a system is a function of current actions D(n) and the previous state x(n - 1) of the sys
tem, as shown by 

x(n) = C(x(n - 1), D(n)) 
It is assumed that C is invertible, so that we may solve for D(n) as a function of x(n) for 
any x(n - 1). The function C represents the direct kinematics, whereas the function 'P 
represents the inverse kinematics. In practical terms, the motivation is to find a func
tion 'P that is computable by a multilayer perceptron. In general, discontinuous func
tions 'P are needed to solve the inverse kinematics problem. It is interesting that even if 
the use of neuronal models with discontinuous activation functions is permitted, one 
hidden layer is not enough to guarantee the solution of all such inverse problems, 
whereas multilayer perceptrons with two hidden layers are sufficient for every possible 
C, 'I,i, and E (Sontag, 1992). 

4.14 CROSS-VALIDATION 

The essence of back-propagation learning is to encode an input--<lutput mapping (rep
resented by a set of labeled examples) into the synaptic weights and thresholds of a 
multilayer perceptron. The hope is that the network becomes well trained so that it 
learns enough about the past to generalize to the future. From such a perspective the 
learning process amounts to a choice of network parameterization for this data set. 
More specifically, we may view the network selection problem as choosing, within a set 
of candidate model structures (parameterizations), the "best" one according to a cer
tain criterion. 

In this context, a standard tool in statistics known as cross-validation provides an 
appealing guiding principle' (Stone, 1974, 1978). First the available data set is ran
domly partitioned into a training set and a test set. The training set is further parti
tioned into two disjoint subsets: 

• Estimation subset, used to select the model. 
• Validation subset, used to test or validate the model. 

The motivation here is to validate the model on a data set different from the one used 
for parameter estimation. In this way we may use the training set to assess the perfor
mance of various candidate models, and thereby choose the "best" one. There is, how
ever, a distinct possibility that the model with the best-performing parameter values so 
selected may end up overfitting the validation subset. To guard against this possibility, 
the generalization performance of the selected model is measured on the test set, 
which is different from the validation subset. 
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The use of cross-validation is appealing particularly when we have to design a 
large neural network with good generalization as the goal. For example, we may use 
cross-validation to determine the multilayer perceptron with the best number of hidden 
neurons, and when it is best to stop training, as described in the next two subsections. 

Model Selection 

The idea of selecting a model in accordance with cross-validation follows a philosophy 
similar to that of structural risk minimization described in Chapter 2. Consider then a 
nested structure of Boolean function classes denoted by 

�1 C gez c · · · C ?fin 
?iik � IF,l (4.91 ) 

� IF(x, w); w E 'Wk}, k = 1 , 2, . . .  , n  
In words, the kth function class ?ii k encompasses a family of multilayer perceptrons with 
similar architecture and weight vectors w drawn from a multidimensional weight space 
'Wk' A member of this class, characterized by the function or hypothesis Fk � F(x, w), 
w E 'W k> maps the input vector x into to, I}, where x is drawn from an input space ze with 
some unknown probability P. Each multilayer perceptron in the structure described is 
trained with the back-propagation algorithm, which takes care of training the parame
ters of the multilayer perceptron. The model selection problem is essentially that of 
choosing the multilayer perceptron with the best value of W, the number of free para
meters (i.e., synaptic weights and biases). More precisely, given that the scalar desired 
response for an input vector x is d � to, I} ,  we define the generalization error as 

Eg(F) � P(F(x) * d) 

We are given a training set of labeled examples 

21 � I(xi, di)l;:, 

for x E ze  

The objective is to select the particular hypothesis F(x, w), which minimizes the gener
alization error ElF) that results when it is given inputs from the test set. 

In what follows we assume that the structure described by Eq. (4.91) has the 
property that for any sample size N we can always find a multilayer perceptron with a 
large enough number of free parameters W m,,(N), such that the training data set 21 can 
be fitted adequately. This is merely restating the universal approximation theorem of 
Section 4.13. We refer to W m,,(N) as the fitting number. The significance of W m,,(N) is 
that a reasonable model selection procedure would choose a hypothesis F(x, w) that 
requires W :O;  W m,AN); otherwise the network complexity would be increased. 

Let a parameter r, lying in the range between 0 and 1, determine the split of the 
training data set 21 between the estimation subset and validation subset. With 21 con
sisting of N examples, ( 1  - r)N examples are allotted to the estimation subset and the 
remaining rN examples are allotted to the validation subset. The estimation subset, 
denoted by 21', is used to train a nested sequence of multilayer perceptrons, resulting in 
the hypotheses ?iiI' ?ii" . . .  , ?ii, of increasing complexity. With 21' made up of ( 1  - r)N 
examples, we consider values of W smaller than or equal to the corresponding fitting 
number W m,,«1 - rlN). 



Section 4. 14  

The use of cross-validation results in the choice 

2F� = min {e;'(2Fk)1 k=1,2, . . .  , v 
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(4.92) 

where v corresponds to W, ,; W m,,«l -r)N), and e,"(2Fk) is the classification error pro
duced by hypothesis 2Fk when it is tested on the validation subset 2[", consisting of rN 
examples. 

The key issue is how to specify the parameter r that determines the split of the 
training set 2[ between the estimation subset 2[' and validation subset 2[". In a study 
described in Kearns (1996) involving an analytic treatment of this issue using the VC 
dimension and supported with detailed computer simulations, several qualitative prop
erties of the optimum r are identified: 

• When the complexity of the target function, defining the desired response d in 
terms of the input vector x, is small compared to the sample size N, the perfor
mance of cross-validation is relatively insensitive to the choice of r. 

• As the target function becomes more complex relative to the sample size N, the 
choice of optimum r has a more pronounced effect on cross-validation perfor
mance, and its own value decreases. 

• A single rued value of r works nearly optimally for a wide range of target func-
tion complexity. 

On the basis of the results reported in Kearns (1996), a fixed value of r equal to 0.2 
appears to be a sensible choice, which means that 80 percent of the training set 2[ is 
assigned to the estimation subset and the remaining 20 percent is assigned to the vali
dation subset. 

Earlier we spoke of a nested sequence of multilayer perceptrons of increasing 
complexity. For prescribed input and output layers, such a sequence can be created, for 
example, by having v = p + q fully-connected multilayer perceptrons structured as 
follows: 

• p multilayer perceptrons with a single hidden layer of increasing size hi < h, < 
. . .  < h;. 

• q multilayer perceptrons with two hidden layers; the first hidden layer is of size 
h; and the second hidden layer is of increasing size hi' < h2 < . . .  < h;. 

As we go from one multilayer perceptron to the next, there is a corresponding increase 
in the number of free parameters W. The model selection procedure based on cross
validation as described provides us with a principled approach to determine the num
ber of hidden neurons in a multilayer perceptron. Although the procedure was 
described in the context of binary classification, it applies equally well to other applica
tions of the multilayer perceptron. 

Early Stopping Method of Training 

Ordinarily, a multilayer perceptron trained with the back-propagation algorithm 
learns in stages, moving from the realization of fairly simple to more complex mapping 
functions as the training session progresses. This is exemplified by the fact that in a typ
ical situation the mean-square error decreases with an increasing number of epochs 
during training: it starts off at a large value, decreases rapidly, and then continues to 
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decrease slowly as the network makes its way to a local minimum on the error surface. 
With good generalization as the goal, it is very difficult to figure out when it is best to 
stop training if we were to look at the learning curve for training all by itself. In partic
ular, in light of what was said in Section 4.12 on generalization, it is possible for the net
work to end up overfitting the training data if the training session is not stopped at the 
right point. 

We may identify the onset of overfitting through the use of cross-validation, for 
which the training data are split into an estimation subset and a validation subset. The 
estimation subset of examples is used to train the network in the usual way, except for 
a minor modification: the training session is stopped periodically (i.e., every so many 
epochs), and the network is tested on the validation subset after each period of train
ing. More specifically, the periodic estimation-followed-by-validation process proceeds 
as follows: 

• After a period of estimation (training), the synaptic weights and bias levels of the 
multilayer perceptron are all fixed, and the network is operated in its forward 
mode. The validation error is thus measured for each example in the validation 
subset . 

• When the validation phase is completed, the estimation (training) is resumed for 
another period, and the process is repeated. 

This procedure is referred to as the early stopping method of training. HI 
Figure 4.20 shows conceptualized forms of two learning curves, one pertaining to 

measurements on the estimation subset and the other pertaining to the validation sub
set. Typically, the model does not do as well on the validation subset as it does on the 
estimation subset, on which its design was based. The estimation learning curve 
decreases monotonically for an increasing number of epochs in the usual manner. In 
contrast, the validation learning curve decreases monotonically to a minimum, it then 
starts to increase as the training continues. When we look at the estimation learning 
curve it may appear that we could do better by going beyond the minimum point on 

FIGURE 4.20 Illustration of 
the early-stopping rule based 
on cross-validation. 
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the validation learning curve. In reality, however, what the network is learning beyond 
this point is essentially noise contained in the training data. This heuristic suggests that 
the minimum point on the validation learning curve be used as a sensible criterion for 
stopping the training session. 

What if the training data are noise free? How then would we justify early stop
ping for a deterministic scenario? Part of the answer in this case is that if both the esti
mation and validation errors cannot be simultaneously driven to zero, it implies that 
the network does not have the capacity to model the function exactly. The best that we 
can do in that situation is to try to minimize, for example, the integrated-squared error 
that is (roughly) equivalent to minimizing the usual global mean-square error with a 
uniform input density. 

A statistical theory of the overfitting phenomenon presented in Amari et al. 
(1996) provides a word of caution for using the early stopping method of training. The 
theory is based on batch learning, and supported with detailed computer simulations 
involving a multilayer perceptron classifier with a single hidden layer. Two modes of 
behavior are identified depending on the size of the training set: 

Nonasymptotic mode, for which N < W, where N is the size of the training set 
and W is the number of free parameters in the network. For this mode of behavior, the 
early stopping method of training does improve the generalization performance of the 
network over exhaustive training (i.e., when the complete set of examples is used for 
training and the training session is not stopped). This result suggests that overfitting 
may occur when N < 30W, and there is practical merit in the use of cross-validation to 
stop training. The optimum value of parameter r that determines the split of the train
ing data between estimation and validation subsets is defined by 

ropt = 1 -
V2W - 1 - 1 

2(W - 1 )  

For large W, this formula approximates to 

1 
ropt = I - \I2W' large W (4.93) 

For example, for W = 100, ropt = 0.07, which means that 93 percent of the training data 
are allotted to the estimation subset and the remaining 7 percent are allotted to the 
validation subset. 

Asymptotic mode, for which N>  30W. For this mode of behavior, the improve
ment in generalization performance produced by the use of the early stopping method 
of training over exhaustive training is small. In other words, exhaustive learning is sat
isfactory when the size of the training sample is large compared to the number of net
work parameters. 

Variants of Cross-Validation 

The approach to cross-validation described is referred to as the hold out method. There 
are other variants of cross-validation that find their own uses in practice, particularly 
when there is a scarcity of labeled examples. In such a situation we may use multi/old 
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Trial 1 D D D 
FIGURE 4.21 Il lustration of Trial 2 D D D D the hold-out method of cross· 

� u  

validation. For a given trial, 
Trial 3 D D D the shaded subset of data is D . �  

used to validate the model 
trained on the remaining 

Trial 4 D D D data. 

cross-validation by dividing the available set of N examples into K subsets. K > 1; this 
assumes that K is divisible into N. The model is trained on all the subsets except for 
one. and the validation error is measured by testing it on the subset left out. This proce
dure is repeated for a total of K trials. each time using a different subset for validation. 
as illustrated in Fig. 4.21 for K = 4. The performance of the model is assessed by aver
aging the squared error under validation over all the trials of the experiment. There is a 
disadvantage to multifold cross-validation: it may require an excessive amount of com
putation since the model has to be trained K times. where 1 < K :5 N. 

When the available number of labeled examples, N, is severely limited, we may 
use the extreme form of multifold cross-validation known as the leave-one-out method. 
In this case, N - 1 examples are used to train the model, and the model is validated by 
testing it on the example left out. The experiment is repeated for a total of N times, 
each time leaving out a different example for validation. The squared error under vali
dation is then averaged over the N trials of the experiment. 

4.1 S  NETWORK PRUNING TECHNIQUES 

To solve real-world problems with neural networks usually requires the use of highly 
structured networks of a rather large size. A practical issue that arises in this context is 
that of minimizing the size of the network while maintaining good performance. A 
neural network with minimum size is less likely to learn the idiosyncrasies or noise in 
the training data, and may thus generalize better to new data. We may achieve this 
design objective in one of two ways: 

• Network growing, in which case we start with a small multilayer perceptron, small 
for accomplishing the task at hand, and then add a new neuron or a new layer of 
hidden neurons only when we are unable to meet the design specification l l  

• Network pruning, in which case we start with a large multilayer perceptron with 
an adequate performance for the problem at hand, and then prune it by weaken
ing or eliminating certain synaptic weights in a selective and orderly fashion. 

In this section we focus on network pruning. In particular, we describe two 
approaches, one based on a form of "regularization," and the other based on the "dele
tion" of certain synaptic connections from the network. 



Section 4. 1 5  Network Pruning Techniques 219 

Complexity-Regularization 

In designing a multilayer perceptron by whatever method, we are in effect building a 
nonlinear model of the physical phenomenon responsible for the generation of the 
input-output examples used to train the network. Insofar as the network design is sta
tistical in nature, we need an appropriate tradeoff between reliability of the training 
data and goodness of the model (i.e., a method for solving the bias-variance dilemma). 
In the context of back-propagation learning, or any other supervised learning proce
dure for that matter, we may realize this tradeoff by minimizing the total risk 
expressed as: 

(4.94) 

The first term, \€,(w), is the standard performance measure, which depends on both the 
network (model) and the input data. In back-propagation learning it is typically 
defined as a mean-square error whose evaluation extends over the output neurons of 
the network and which is carried out for all the training examples on an epoch-by
epoch basis. The second term, \€Jw), is the complexity penalty, which depends on the 
network (model) alone; its inclusion imposes on the solution prior knowledge that we 
may have on the models being considered. In fact, the form of the total risk defined in 
Eq. (4.94) is simply a statement of Tikhonov's regularization theory; this subject is 
detailed in Chapter 5. For the present discussion, it suffices to think of " as a regular
ization parameter, which represents the relative importance of the complexity-penalty 
term with respect to the performance-measure term. When " is zero, the back
propagation learning process is unconstrained, with the network being completely 
determined from the training examples. When " is made infinitely large, on the other 
hand, the implication is that the constraint imposed by the complexity penalty is by 
itself sufficient to specify the network, which is another way of saying that the training 
examples are unreliable. In practical applications of the weight-decay procedure, the 
regularization parameter A is assigned a value somewhere between these two limiting 
cases. The viewpoint described here for the use of complexity regularization for 
improved generalization is entirely consistent with the structural risk minimization 
procedure discussed in Chapter 2. 

In a general setting, one choice of complexity-penalty term \€Jw) is the kth order 
smoothing integral 

(4.95) 

where F(x, w) is the input-output mapping performed by the model, and fL(X) is some 
weighting function that determines the region of the input space over which the func
tion F(x, w) is required to be smooth. The motivation is to make the kth derivative of 
F(x, w) with respect to the input vector x small. The larger we choose k, the smoother 
(i.e., less complex) the function F(x, w) will become. 

In the sequel, we describe three different complexity regularizations (of increas
ing sophistication) for multilayer perceptrons. 
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Weight Decay. In the weight-decay procedure (Hinton, 1989), the complexity penalty 
term is defined as the squared norm of the weight vector w (i.e., all the free parame
ters) in the network, as shown by 

(4.96) 

where the set 'ib,o,"1 refers to all the synaptic weights in the network. This procedure 
operates by forcing some of the synaptic weights in the network to take values close to 
zero, while permitting other weights to retain their relatively large values. Accordingly, 
the weights of the network are grouped roughly into two categories: those that have a 
large influence on the network (model), and those that have little or no influence on it. 
The weights in the latter category are referred to as excess weights. In the absence of 
complexity regularization, these weights result in poor generalization by virtue of their 
high likelihood of taking on completely arbitrary values or causing the network to 
overfit the data in order to produce a slight reduction in the training error (Hush and 
Horne, 1993). The use of complexity regularization encourages the excess weights to 
assume values close to zero, and thereby improve generalization. 

In the weight -decay procedure, all the weights in the multilayer perceptron are 
treated equally. That is, the prior distribution in weight space is assumed to be centered 
at the origin. Strictly speaking, weight decay is not the correct form of complexity regu
larization for a multilayer perceptron since it does not fit into the rationale described 
in Eq. (4.95). Nevertheless, it is simple and appears to work well in some applications. 

Weight Elimination. In this second complexity-regularization procedure, the com
plexity penalty is defined by (Weigend et aI., 1991) 

'g (w) = '" (W,/WO)2 (4.97) 
, �  1 + (W/W )2 I E  '('" o,,1 I () 

where Wo is a preassigned parameter, and WI refers to the weight of some synapse i in 
the network. The set 'ib'O"1 refers to all the synaptic connections in the network. An 
individual penalty term varies with wJwo in a symmetric fashion, as shown in Fig. 4.22. 
When IWII "" wo, the complexity penalty (cost) for that weight approaches zero. The 
implication of this condition is that insofar as learning from examples is concerned, 
the ith synaptic weight is unreliable and should therefore be eliminated from the 
network. On the other hand, when Iw;I ;l> wo, the complexity penalty (cost) for that 
weight approaches the maximum value of unity, which means that WI is important to 
the back-propagation learning process. We thus see that the complexity penalty 
term of Eq. (4.97) does serve the desired purpose of identifying the synaptic weights 
of the network that are of significant influence. Note also that the weight-elimina
tion procedure includes the weight-decay procedure as a special case; specifically, 
for large woo Eq. (4.97) reduces to the form shown in Eq. (4.96) except for a scaling 
factor. 

Strictly speaking, the weight -elimination procedure is also not the correct form of 
complexity regularization for multilayer perceptrons because it does not fit the 
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FIGURE 4.22 The complexity penalty term (wJwo)'jI1 + (wJwo)'] 
plotted versus wJwo. 

description specified in Eq. (4.95). Nevertheless, with the proper choice of parameter 
wo, it permits some weights in the network to assume values that are larger than with 
weight decay (Hush, 1997). 

Approximate Smoother. In Moody and Riignvaldsson (1997), the following complexity
penalty term is proposed for a multilayer perceptron with a single hidden layer and a 
single neuron in the output layer: 

M 
'&,(w) = L w�JwjllP (4.98) 

j=l 
where the Woj are the weights in the output layer, and Wj is the weight vector for the jth 
neuron in the hidden layer; the power p is defined by 

_ {2k - 1 for a global smoother 
p - 2k for a local smoother 

where k is the order of differentiation of F(x, w) with respect to x. 

(4.99) 

The approximate smoother appears to be more accurate than weight decay or 
weight elimination for the complexity regularization of a multilayer perceptron. 
Unlike those earlier methods, it does two things: 

1. It distinguishes between the roles of synaptic weights in the hidden layer and 
those in the output layer. 

2. It captures the interactions between these two sets of weights. 
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However, it has a much more complicated form than weight decay or weight elimina
tion, and is therefore more demanding in computational complexity. 

Hessian-based Network Pruning 

The basic idea of this second approach to network pruning is to use information on 
second-order derivatives of the error surface in order to make a trade-off between net
work complexity and training-error performance. In particular, a local model of the 
error surface is constructed for analytically predicting the effect of perturbations in 
synaptic weights. The starting point in the construction of such a model is the local 
approximation of the cost function %" using a Taylor series about the operating point, 
described as follows: 

(4.100) 

where c.w is a perturbation applied to the operating point w, and g(w) is the gradient 
vector evaluated at w. The Hessian is also evaluated at the point w, and therefore, to be 
correct we should denote it by H(w). We have not done so in Eq. (4.100) merely to sim
plify the notation. 

The requirement is to identify a set of parameters whose deletion from the multi
layer perceptron will cause the least increase in the value of the cost function %". To 
solve this problem in practical terms, we make the following approximations: 

1. Extremal Approximation. We assume that parameters are deleted from the 
network only after the training process has converged (i.e., the network is fully 
trained). The implication of this assumption is that the parameters have a set of values 
corresponding to a local minimum or global minimum of the error surface. In such a 
case, the gradient vector g may be set equal to zero and the term gT c.w on the right
hand side of Eq. (4.100) may therefore be ignored. Otherwise the saliency measures 
(defined later) will be invalid for the problem at hand. 

2. Quadratic Approximation. We assume that the error surface around a local 
minimum or global minimum is nearly "quadratic." Hence the higher-order terms in 
Eq. (4.100) may also be neglected. 

Under these two assumptions, Eq. (4.100) is approximated simply as 

1'.%" = %(w + c.w) - %(w) 
= �c.wTHc.w 

2 

(4.101) 

The optimal brain damage (OBD) procedure (LeCun et aI., 1990b) simplifies the 
computations by making a further assumption: The Hessian matrix H is a diagonal 
matrix. However, no such assumption is made in the optimal brain surgeon (ORS) pro
cedure (Hassibi et a!., 1992); accordingly, it contains the OBD procedure as a special 
case. From here on, we follow the OBS strategy. 
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The goal of OBS is to set one of the synaptic weights to zero to minimize the 
incremental increase in 'Ii" given in Eq. (4.101). Let w/n) denote this particular synap
tic weight. The elimination of this weight is equivalent to the condition 

dWi + Wi = 0 

or 

1TLlw + Wi = 0  (4.102) 

where 1i is the unit vector whose elements are all zero, except for the ith element, which 
is equal to unity. We may now restate the goal of OBS as (Hassibi et aI., 1992): 

Minimize the quadratic form � 6.wTHdw with respect to the incremental change in the 
weight vector, dw, subject to the constraint that ITD.w + Wi is zero, and then minimize the 
result with respect to the index i. 

There are two levels of minimization going on here. One minimization is over the synap
tic weight vectors that remain after the ith weight vector is set equal to zero. The sec
ond minimization is over which particular vector is pruned. 

To solve this constrained optimization problem, we first construct the Lagrangian 

(4.103) 

where " is the Lagrange multiplier. Then, taking the derivative of the Lagrangian S 
with respect to Llw, applying the constraint of Eq. (4.102), and using matrix inversion, 
we find that the optimum change in the weight vector w is 

_ Wi -1 Llw - -
[H

-1] 
H 1i 

',' 

and the corresponding optimum value of the Lagrangian S for element Wi is 

w2 
Si = 

2[H 
"

] . .  '.' 

(4.104) 

(4.105) 

where H-1 is the inverse of the Hessian matrix H, and [H-11 i is the i i-th element of 
this inverse matrix. The Lagrangian Si optimized with respect t� Ll w, subject to the con
straint that the ith synaptic weight Wi be eliminated, is called the saliency of Wi' In 
effect, the saliency Sj represents the increase in the mean-square error (performance 
measure) that results from the deletion of Wi' Note that the saliency Si is proportional 
to wi. Thus small weights have a small effect on the mean-square error. However, from 
Eq. (4.105) we see that the saliency Si is also inversely proportional to the diagonal ele
ments of the inverse Hessian. Thus if [H-11.i is small, then even small weights may have 
a substantial effect on the mean-square error. 

In the OBS procedure, the weight corresponding to the smallest saliency is the 
one selected for deletion. Moreover, the corresponding optimal changes in the remain
der of the weights are given in Eq. (4.104), which show that they should be updated 
along the direction of the ith column of the inverse of the Hessian. 
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In their paper, Hassibi et al. report that on some benchmark problems the OBS 
procedure resnlted in smaller networks than those obtained using the weight-decay 
procedure. It is also reported that as a result of applying the OBS procedure to the 
NETtalk multilayer perceptron involving a single hidden layer and 18,000 weights , the 
network was pruned to a mere 1560 weights, a dramatic reduction in the size of the net
work. NETtalk, due to Sejnowski and Rosenberg ( 1987), is described in Chapter 13. 

Computing the inverse Hessian matrix. The inverse Hessian matrix 8-1 is funda
mental to the formulation of the OBS procedure. When the number of free parame
ters, W, in the network is large, the problem of computing H-1 may be intractable. In 
what follows we describe a manageable procedure for computing H-1 , assuming that 
the multilayer perceptron is fully trained to a local minimum on the error surface 
(Hassibi et aI., 1992). 

To simplify the presentation, suppose that the multilayer perceptron has a single 
output neuron. Then, for a given training set we may express the cost function as 

1 N 
�,,(w) = 2N 

� (d(n) - o(n))' 

where o(n) is the actual output of the network on the presentation of the nth example, 
den) is the corresponding desired response, and N is the total number of examples in 
the training set. The output o(n) may itself be expressed as 

o(n) = F(w, x) 
where F is the input-output mapping function realized by the multilayer perceptron, x is 
the input vector, and w is the synaptic weight vector of the network. The first derivative 
of �'" with respect to w is therefore 

cJ�," = _.!. ± cJF(w, x(n)) (d(n) _ o(n)) dW N n= !  ow 
and the second derivative of�" with respect to w or the Hessian matrix is 

H(N) = 
cJ2�" 
cJw2 

=
.!. ± { (cJF(W, X(n))) (cJF(W, x(n)))' 
N n�1 cJw , cJw 

_ 
a'F(w, x(n)) (d(n) _ o(n) ) } (Jw2 

(4.106) 

(4.107) 

where we have emphasized the dependence of the Hessian matrix on the size of the 
training sample, N. 

Under the assumption that the network is fully trained, that is, the cost function 

cgav has been adjusted to a local minimum on the error surface, it is reasonable to say 
that o(n) is close to den). Under this condition we may ignore the second term and 
approximate Eq. (4.107) as 

H(N) = .!.  ± (cJF(W,X(n))) (cJF(W,x(n)))T 
(4.108) 

N rt"" l aw dW 
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To simplify the notation, define the W-by-1 vector 

�(n) = _1_ BF(w, x(n)) 
'IN Bw 

(4.109) 

which may be computed using the procedure described in Section 4.10. We may then 
rewrite Eq. (4.108) in the form of a recursion as: 

n 
H(n) = 2: �(k)�T(k) 

k= i  

= H(n - 1 )  + �(n)�T(n), n = 1, 2, . . .  , N  (4.110) 
This recursion is in the right form for application of the so-called matrix inversion 
lemma, also known as Woodbury's equality. 

Let A and B denote two positive definite matrices related by 

A = B-1 + CDCT 
where C and D are two other matrices. According to the matrix inversion lemma, the 
inverse of matrix A is defined by 

A-1 = B - BC(D + CTBC)-lCTB 
For the problem described in Eq. (4.110) we have 

A = H(n) 
B-1 = H(n - 1) 

C = �(n) 
D = 1 

Application of the matrix inversion lemma therefore yields the desired formula for 
recursive computation of the inverse Hessian: 

U-1(n) = U-1(n _ 1)  _ H-,(n - 1)�(n)ecn)U-1(n - 1) 
1 + �T(n)H l(n - 1)�(n) (4.111)  

Note that the denominator in  Eq. (4.111) is a scalar; it is therefore straightforward to 
calculate its reciprocal. Thus, given the past value of the inverse Hessian, H-1(n - 1), 
we may compute its updated value H-1(n) on the presentation of the nth example rep
resented by the vector �(n). This recursive computation is continued until the entire set 
of N examples has been accounted for. To initialize the algorithm we need to make 
H,l(O) large, since it is being constantly reduced according to Eq. (4.111). This require
ment is satisfied by setting 

H-1(0) = 0'1 1 (4.112) 
where 0 is a small positive number and 1 is the identity matrix. This form of initializa
tion assures that H-'(n) is always positive definite. The effect of 0 becomes progres
sively smaller as more and more examples are presented to the network. 

A summary of the brain surgeon algorithm is presented in Table 4.6 (Hassibi and 
Stork, 1992). 
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TABLE 4.6 Summary of the Optimal Brain Surgeon Algorithm 

1. Train the given multilayer perceptron to minimum mean-square error. 
2. Use the procedure described in Section 4.10 to compute the vector 

where F(w, x(n» is the input-output mapping realized by the multilayer perceptron with an 
overall weight vector w, and x(n) is the input vector. 

3. Use the recursion (4.111) to compute the inverse Hessian H-1, 
4. Find the i that corresponds to the smallest saliency: 

w2 S; � 2[0 't]i.i 
where [0-1] _ .  is the (i, i)th element of U-1, If the saliency Sj is much smaller than the mean
square �av' then delete synaptic weight Wi' and proceed to step 4. Otherwise, go to step 5. 

5. Update all the synaptic weights in the network by applying the adjustment: 

Go to step 2. 

, _  w; 0-11 uw - -�
[ -1] ; o . .  

'.' 

6. Stop the computation when no more weights can be deleted from the network without a large 
increase in the mean�square error. (It may be desirable to retrain the network at this point), 

4.16 VIRTUES AND LIMITATIONS OF BACK-PROPAGATION LEARNING 

The back-propagation algorithm has emerged as the most popular algorithm for the 
supervised training of multilayer perceptrons. Basically, it is a gradient (derivative) tech
nique and not an optimization technique. Back -propagation has two distinct properties: 

• It is simple to compute locally . 
• It performs stochastic gradient descent in weight space (for pattern-by-pattern 

updating of synaptic weights). 

These two properties of back-propagation learning in the context of a multilayer per
ceptron are responsible for its advantages and disadvantages. 

Connectionism 

The back-propagation algorithm is an example of a connectionist paradigm that relies 
on local computations to discover the information-processing capabilities of neural 
networks. This form of computational restriction is referred to as the locality con
straint, in the sense that the computation performed by the neuron is influenced solely 
by those neurons that are in physical contact with it. The use of local computations in 
the design of artificial neural networks is usually advocated for three principal reasons: 

1. Artificial neural networks that perform local computations are often held up as 
metaphors for biological neural networks. 
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2. The use of local computations permits a graceful degradation in performance 
due to hardware errors, and therefore provides the basis for a fault-tolerant net
work design. 

3. Local computations favor the use of parallel architectures as an efficient method 
for the implementation of artificial neural networks. 

Taking these three points in reverse order, point 3 is entirely justified in the case 
of back-propagation learning. In particular, the back-propagation algorithm has been 
implemented successfully on parallel computers by many investigators, and VLSI 
architectures have been developed for the hardware realization of multilayer percep
trons (Hammerstrom, 1992a, 1992b). Point 2 is justified so long as certain precautions 
are taken in the application of the back-propagation algorithm, as described in 
Kerlirzin and Vallet (1993). As for point 1, relating to the biological plausibility of 
back-propagation learning, it has been seriously questioned on the following grounds 
(Shepherd, 1990b; Crick, 1989; Stork, 1989): 

1. The reciprocal synaptic connections between the neurons of a multilayer percep
tron may assume weights that are excitatory or inhibitory. In the real nervous sys
tem, however, neurons usually appear to be the one or the other. This is one of 
the most serious of the unrealistic assumptions made in neural network models. 

2. In a multilayer perceptron, hormonal and other types of global communications 
are ignored. In real nervous systems, these types of global communication are 
critical for state-setting functions such as arousal, attention, and learning. 

3. In back-propagation learning, a synaptic weight is modified by a presynaptic 
activity and an error (learning) signal independent of postsynaptic activity. There 
is evidence from neurobiology to suggest otherwise. 

4. In a neurobiological sense, the implementation of back-propagation learning 
requires the rapid transmission of information backward along an axon. It 
appears highly unlikely that such an operation actually takes place in the brain. 

5. Back-propagation learning implies the existence of a "teacher," which in the con
text of the brain would presumably be another set of neurons with novel proper
ties. The existence of such neurons is biologically implausible. 

However, these neurobiological misgivings do not belittle the engineering impor
tance of back-propagation learning as a tool for information processing, as evidenced 
by its successful application in numerous highly diverse fields, including the simulation 
of neurobiological phenomena (see, for example, Robinson (1992» . 

Feature Detection 

As discussed in Section 4.9, the hidden neurons of a multilayer perceptron trained with 
the back-propagation algorithm play a critical role as feature detectors. A novel way in 
which this important property of the multilayer perceptron can be exploited is in its use 
as a replicator or identity map (Rumelhar! et aI., 1986b; Cottre! et aI., 1987). Figure 4.23 
illustrates how this can be accomplished for the case of a multilayer perceptron using a 
single hidden layer. The network layout satisfies the following structural requirements, 
as illustrated in Fig. 4.23a: 
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FIGURE 4.23 (a) Replicator network (identity map) with a single hidden layer used as an encoder. 
(b) Block diagram for the supervised training of the replicator network. (c) Part of the replicator 
network used as a decoder. 

• The input and output layers have the same size, m. 
• The size of the hidden layer, M, is smaller than m. 
• The network is fully connected. 

A given pattern, x, is simultaneously applied to the input layer as the stimulus and to 
the output layer as the desired response. The actual response of the output layer, X, is 
intended to be an "estimate' of x. The network is trained using the back-propagation 
algorithm in the usual way, with the estimation error vector (x - x) treated as the 
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error signal, as illustrated in Fig. 4.23b. The training is performed in an unsupervised 
manner (i.e., without the need for a teacher). By virtue of the special structure built 
into the design of the multilayer perceptron, the network is constrained to perform 
identity mapping through its hidden layer. An encoded version of the input pattern, 
denoted by s, is produced at the output of the hidden layer, as depicted in Fig. 4.23a. In 
effect, the fully trained multilayer perceptron performs the role of an "encoder." To 
reconstruct an estimate i of the original input pattern x (i.e., to perform decoding), we 
apply the encoded signal to the hidden layer of the replicator network, as illustrated in 
Fig. 4.23c. In effect, this latter network performs the role of a "decoder." The smaller 
we make the size M of the hidden layer compared to the size m of the input/output layer, 
the more effective the configuration of Fig. 4.23a will be as a data compression system.l2 

Function Approximation 

A multilayer perceptron trained with the back -propagation algorithm manifests itself 
as a nested sigmoidal scheme, written in the following compact form for the case of a 
single output: 

(4.113) 

where 'P(') is a common sigmoid activation function, Wok is the synaptic weight from 
neuron k in the last hidden layer to the single output neuron 0, and so on for the other 
synaptic weights, and Xi is the ith element of the input vector x. The weight vector w 

denotes the entire set of synaptic weights ordered by layer, then neurons in a layer, 
and then synapses in a neuron. The scheme of nested nonlinear functions described in 
Eq. (4.113) is unusual in classical approximation theory. It is a universal approximator 
as discussed in Section 4.13. 

In the context of approximation, the use of back-propagation learning offers 
another useful property. Intuition suggests that a multilayer perceptron with smooth 
activation functions should have output function derivatives that can also approximate 
the derivatives of an unknown input-{)utput mapping. A proof of this result is pre
sented in Hornik et aJ. (1990). In fact, it is shown that multilayer perceptrons can 
approximate functions that are not differentiable in the classical sense, but possess a 
generalized derivative as in the case of piecewise differentiable functions. The approxi
mation results reported by Hornik et a!. provide a previously missing theoretical justi
fication for the use of multilayer perceptrons in applications that require the 
approximation of a function and its derivatives. 

Computational Efficiency 

The computational complexity of an algorithm is usually measured in terms of the 
number of multiplications, additions, and storage involved in its implementation, as 
discussed in Chapter 2. A learning algorithm is said to be computationally efficient 
when its computational complexity is polynomial in the number of adjustable parame
ters that are to be updated from one iteration to the next. On this basis it can be said 
that the back-propagation algorithm is computationally efficient. Specifically, in using 
it to train a multilayer perceptron containing a total of W synaptic weights (including 
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biases), its computational complexity is linear in W. This important property of the 
back-propagation algorithm can be readily verified by examining the computations 
involved in performing the forward and backward passes summarized in Section 4.5. In 
the forward pass, the only computations involving the synaptic weights are those that 
pertain to the induced local fields of the various neurons in the network. Here we see 
from Eq. (4.44) that these computations are all linear in the synaptic weights of the 
network. In the backward pass, the only computations involving the synaptic weights 
are those that pertain to (1) the local gradients of the hidden neurons, and (2) the 
updating of the synaptic weights themselves, as shown in Eqs. (4.46) and (4.47), respec
tively. Here we also see that these computations are all linear in the synaptic weights of 
the network. The conclusion is therefore that the computational complexity of the 
back-propagation algorithm is linear in W, that is, it is O(W). 

Sensitivity Analysis 

Another computational benefit gained from the use of back-propagation learning is 
the efficient manner in which we can carry out a sensitivity analysis of the input-output 
mapping realized by the algorithm. The sensitivity of an input-output mapping func
tion F with respect to a parameter of the function, denoted by w, is defined by 

SF 
� 

aFIF 
w awlw 

(4.114) 

Consider then a multilayer perceptron trained with the back -propagation algorithm. 
Let the function F(w) be the input-output mapping realized by this network; w 

denotes the vector of all synaptic weights (including biases) contained in the network. 
In Section 4.10 we showed that the partial derivatives of the function F(w) with respect 
to all the elements of the weight vector w can be computed efficiently. In particular, 
examining Eqs. (4.81) to (4.83) together with Eq. (4.114), we see that the complexity 
involved in computing each of these partial derivatives is linear in W, the total number 
of weights contained in the network. Tbis linearity holds irrespective of where the 
synaptic weight in question appears in the chain of computations. 

Robustness 

In Chapter 3 we pointed out that the LMS algorithm is robust in the sense that distur
bances with small energy can only give rise to small estimation errorS. If the underlying 
observation model is linear, the LMS algorithm is an HOO-optimal filter (Hassibi et aI., 
1993, 1996). What this means is that the LMS algorithm minimizes the maximum 
energy gain from the disturbances to the estimation errors. 

If, on the other hand, the underlying observation model is nonlinear, Hassibi and 
Kailath. (1995) have shown that the back-propagation algorithm is a locally Ir' -optimal 
filter. The term "local" used here means that the initial value of the weight vector used 
in the back -propagation algorithm is sufficiently close to the optimum value w* of the 
weight vector to ensure that the algorithm does not get trapped in a poor local mini
mum. In conceptual terms, it is satisfying to see that the LMS and back-propagation 
algorithms belong to the same class of H" -optimal filters. 



Section 4. 1 6  

Convergence 

Virtues And Limitations of Back-Propagation Learning 231 

The back-propagation algorithm uses an "instantaneous estimate" for the gradient of 
the error surface in weight space. The algorithm is therefore stochastic in nature; that is, 
it has a tendency to zigzag its way about the true direction to a minimum on the error 
surface. Indeed, back-propagation learning is an application of a statistical method 
known as stochastic approximation that was originally proposed by Robbins and 
Monro (1951). Consequently, it tends to converge slowly. We may identify two funda
mental causes for this property (Jacobs, 1988): 

1. The error surface is fairly flat along a weight dimension, which means that the 
derivative of the error surface with respect to that weight is small in magnitude. In such 
a situation, the adjustment applied to the weight is small, and consequently many itera
tions of the algorithm may be required to produce a significant reduction in the error 
performance of the network. Alternatively, the error surface is highly curved along a 
weight dimension, in which case the derivative of the error surface with respect to 
that weight is large in magnitude. In this second situation, the adjustment applied to 
the weight is large, which may cause the algorithm to overshoot the minimum of the 
error surface. 

2. The direction of the negative gradient vector (i.e .• the negative derivative of 
the cost function with respect to the vector of weights) may point away from the mini
mum of the error surface: hence the adjustments applied to the weights may induce the 
algorithm to move in the wrong direction. 

Consequently, the rate of convergence in back-propagation learning tends to be 
relatively slow, which in turn may make it computationally excruciating. According to 
the empirical study of Saarinen et al. (1992), the local convergence rates of the back
propagation algorithm are linear, which is justified on the grounds that the Jacobian 
matrix is almost rank deficient, and so is the Hessian matrix. These are consequences 
of the intrinsically ill-conditioned nature of neural-network training problems. 
Saarinen et al. interpret the linear local convergence rates of back-propagation learn
ing in one of two ways: 

• It is vindication of back-propagation (gradient descent) in the sense that higher
order methods may not converge much faster while requiring more computa
tional effort; or 

• Large-scale neural-network training problems are so inherently difficult to per
form that no supervised learning strategy is feasible, and other approaches such 
as the use of preprocessing may be necessary. 

We explore the issue of convergence more fully in Section 4.17, and explore the issue 
of preprocessing the input in Chapter 8. 

Local Minima 

Another peculiarity of the error surface that impacts the performance of the back
propagation algorithm is the presence of local minima (i.e., isolated valleys) in addi
tion to global minima. Since back-propagation learning is basically a hill climbing 
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technique, it runs the risk of being trapped in a local minimum where every small 
change in synaptic weights increases the cost function. But somewhere else in the 
weight space there exists another set of synaptic weights for which the cost function is 
smaller than the local minimum in which the network is stuck. It is clearly undesirable 
to have the learning process terminate at a local minimum, especially if it is located far 
above a global minimum. 

The issue of local minima in back-propagation learning has been raised in the 
epilogue of the enlarged edition on the classic book by Minsky and Papert (1988), 
where most of the attention is focused on a discussion of the two-volume book, Parallel 
Distributed Processing, by Rumelhart and McClelland (1986). In Chapter 8 of the lat
ter book it is claimed that getting trapped in a local minimum is rarely a practical prob
lem for back-propagation learning. Minsky and Papert counter by pointing out that the 
entire history of pattern recognition shows otherwise. Gori and Tesi (1992) describe a 
simple example where, although a nonlinearly separable set of patterns could be 
learned by the chosen network with a single hidden layer, back-propagation learning 
can get stuck in a local minimum.13 

Scaling 

In principle, neural networks such as multilayer perceptrons trained with the back
propagation algorithm offer the potential of universal computing machines. However, 
for that potential to be fully realized, we have to overcome the scaling problem, which 
addresses the issue of how well the network behaves (e.g., as measured by the time 
required for training or the best generalization performance attainable) as the compu
tational task increases in size and complexity. Among the many possible ways of mea
suring the size or complexity of a computational task, the predicate order defined by 
Minsky and Papert (1969, 1988) provides the most useful and important measure. 

To explain what we mean by a predicate, let t!J(X) denote a function that can have 
only two values. Ordinarily we think of the two values of t!J(X) as 0 and 1 .  But by taking 
the values to be FALSE or TRUE, we may think of t!J(X) as a predicate, that is, a vari
able statement whose falsity or truth depends on the choice of argument X. For exam
ple, we may write 

if the figure X is a circle 
if the figure X is not a circle 

(4.115) 

Using the idea of a predicate, Tesauro and Janssens (1988) performed an empiri
cal study involving the use of a multilayer perceptron trained with the back-propagation 
algorithm to learn to compute the parity function. The parity function is a Boolean 
predicate defined by { I  if I X I  is an odd number 

t!JPARITY(X) � 
0 otherwise 

(4.116) 

and whose order is equal to the number of inputs. The experiments performed by 
Tesauro and Janssens appear to show that the time required for the network to learn to 
compute the parity function scales exponentially with the number of inputs (i.e., the pred
icate order of the computation), and that projections of the use of the back-propagation 
algorithm to learn arbitrarily complicated functions may be overly optimistic. 



Section 4. 1 7  Accelerated Convergence of Back-Propagation Learning 233 

It is generally agreed that it is inadvisable for a multilayer perceptron to be fully 
connected. In this context. we may therefore raise the following question: Given that a 
multilayer perceptron should not be fully connected, how should the synaptic connec
tions of the network be allocated? This question is of no major concern in the case of 
small-scale applications, but it is certainly crucial to the successful application of back
propagation learning for solving large-scale, real-world problems. 

One effective method of alleviating the scaling problem is to develop insight into 
the problem at hand (possibly through neurobiological analogy) and use it to put inge
nuity into the architectural design of the multilayer perceptron. Specifically, the net
work architecture and the constraints imposed on synaptic weights of the network 
should be designed so as to incorporate prior information about the task into the 
makeup of the network. This design strategy is illustrated in Section 4.19 for the optical 
character recognition problem. 

4.17 ACCELERATED CONVERGENCE OF BACK-PROPAGATION 
LEARNING 

In the previous section we identified the main causes for the possible slow rate of con
vergence of the back-propagation algorithm. In this section we describe some heuris
tics that provide useful guidelines for thinking about how to accelerate the 
convergence of back-propagation learning through learning rate adaptation. Details of 
the heuristics are as follows (Jacobs, 1988): 

HEURISTIC 1. Every adjustable network parameter of the cost function should have 
its own individual learning-rate parameter. 

Here we note that the back-propagation algorithm may be slow to converge 
because the use of a fixed learning-rate parameter may not suit all portions of the error 
surface. In other words, a learning-rate parameter appropriate for the adjustment of 
one synaptic weight is not necessarily appropriate for the adjustment of other synaptic 
weights in the network. Heuristic 1 recognizes this fact by assigning a different learn
ing-rate parameter to each adjustable synaptic weight (parameter) in the network. 

HEURISTIC 2. Every learning-rate parameter should be allowed to vary from one 
iteration to the next. 

The error surface typically behaves differently along different regions of a single 
weight dimension. In order to match this variation, heuristic 2 states that the learning
rate parameter needs to vary from iteration to iteration. It is interesting that this 
heuristic is well founded in the case of linear units (Luo, 1991). 

HEURISTIC 3_ When the derivative of the cost function with respect to a synaptic 
weight has the same algebraic sign for several consecutive iterations of the algorithm, 
the learning-rate parameter for that particular weight should be increased. 

The current operating point in weight space may lie on a relatively flat portion of 
the error surface along a particular weight dimension. This may in turn account for the 
derivative of the cost function (i.e., the gradient of the error surface) with respect to 
that weight maintaining the same algebraic sign, and therefore pointing in the same 
direction, for several consecutive iterations of the algorithms. Heuristic 3 states that in 
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such a situation the number of iterations required to move across the flat portion of 
the error surface may be reduced by appropriately increasing the learning-rate para
meter. 

HEURISTIC 4. When the algebraic sign of the derivative of the cost function with 
respect to a particular synaptic weight alternates for several consecutive interations of 
the algorithm, the learning-rate parameter for that weight should be decreased. 

When the current operating point in weight space lies on a portion of the error 
surface along a weight dimension of interest that exhibits peaks and valleys (i.e., the 
surface is highly curved), then it is possible for the derivative of the cost function with 
respect to that weight to change its algebraic sign from one iteration to the next. In 
order to prevent the weight adjustment from oscillating, heuristic 4 states that the 
learning-rate parameter for that particular weight should be decreased appropriately. 

I t  is noteworthy that the use of a different and time-varying learning-rate para
meter for each synaptic weight in accordance with these heuristics modifies the back
propagation algorithm in a fundamental way. Specifically. the modified algorithm no 
longer performs a steepest-descent search. Rather, the adjustments applied to the 
synaptic weights are based on (1)  the partial derivatives of the error surface with 
respect to the weights, and (2) estimates of the curvatures of the error surface at the 
current operating point in weight space along the various weight dimensions. 

Furthermore, all four heuristics satisfy the locality constraint, which is an inher
ent characteristic of back-propagation learning. Unfortunately, adherence to the local
ity constraint limits the domain of usefulness of these heuristics because error surfaces 
exist for which they do not work. Nevertheless, modifications of the back-propagation 
algorithm in accordance with these heuristics do have practical value.'4 

4.18 SUPERVISED LEARNING VIEWED AS AN OPTIMIZATION PROBLEM 

In this section we take a viewpoint on supervised learning that is quite different from 
that pursued in previous sections of the chapter. Specifically, we view the supervised 
training of a multilayer perceptron as a problem in numerical optimization. In this con
text we first point out that the error surface of a multilayer perceptron with supervised 
learning is a highly nonlinear function of the synaptic weight vector w. Let '<i,,(w) 
denote the cost function, averaged over the training sample. Using the Taylor series we 
may expand '<i,,(w) about the current point on the error surface wen) for example, as 
described in Eq. (4.1 00), reproduced here with dependences on n included: 

'<i,Jw(n) + il.w(n)) = '<i,Jw(n)) + gT(n)il.w(n) + � il.wT(n)H(n)il.w(n) 

+ (third- and higher-order terms) 

where g(n) is the local gradient vector defined by 

g(n) = B'<i,Jw) I aw w==w(n) 

(4.117) 

(4.118) 



Section 4.18 Supervised Learning Viewed as an Optimization Problem 235 

and H(n) is the local Hessian matrix defined by 

H(n) = a2'O;,��w) I oW w=w(n) 
(4.119) 

The use of an ensemble-averaged cost function 'O;,lw) presumes a batch mode of 
learning. 

In the steepest-descent method, exemplified by the back-propagation algorithm, 
the adjustment Ll.w(n) applied to the synaptic weight vector w(n) is defined by 

Ll.w(n) = -'1g(n) (4.120) 

where '1 is the learning-rate parameter. In effect, the steepest-descent method operates 
on the basis of a linear approximation of the cost function in the local neighborhood of 
the operating point w(n). In so doing, it relies on the gradient vector g(n) as the only 
source of local information about the error surface. This restriction has a beneficial 
effect: simplicity of implementation. Unfortunately, it also has a detrimental effect: a 
slow rate of convergence, which can be excruciating, particularly in the case of large
scale problems. The inclusion of the momentum term in the update equation for the 
synaptic weight vector is a crude attempt at using second-order information about the 
error surface, which is of some help. However, its use makes the training process more 
delicate to manage by adding one more item to the list of parameters that have to be 
"tuned" by the designer. 

In order to produce a significant improvement in the convergence performance 
of a multilayer perceptron (compared to back-propagation learning), we have to use 
higher-order information in the training process. We may do so by invoking a quadratic 
approximation of the error surface around the current point w(n). We then find from 
Eq. (4.117) that the optimum value of the adjustment Ll.w(n) applied to the synaptic 
weight vector w(n) is given by 

Ll.w*(n) = H-\n)g(n) (4.121) 

where H-1(n) is the inverse of the Hessian matrix H(n), assuming that it exists. 
Equation (4.121) is the essence of Newton's method. If the cost function 'O;,,(w) is qua
dratic (i.e., the third- and higher-order terms in Eq. (4.117) are zero), Newton's method 
converges to the optimum solution in one iteration. However, the practical application 
of :-<ewton's method to the supervised training of a multilayer perceptron is handi
capped by the following factors: 

• It requires calculation of the inverse Hessian matrix H-1(n), which can be com
putationally expensive . 

• For H-1(n) to be computable, H(n) has to be nonsingular. In the case when H(n) 
is positive definite, the error surface around the current point w(n) is describable 
by a "convex bowl." Unfortunately, there is no guarantee that the Hessian matrix 
of the error surface of a multilayer perceptron will always fit this description. 
Moreover, there is the potential problem of the Hessian matrix being rank defi
cient (i.e., not all the columns of H being linearly independent), which results from 
the intrinsically ill-conditioned nature of neural network training problems 
(Saarinen et al., 1992); this only makes the computational task more difficult. 
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• When the cost function jg,Jw) is nonquadratic, there is no guarantee for conver
gence of Newton's method, which makes it unsuitable for the training of a multi
layer perceptron. 

To overcome some of these difficulties, we may use a quasi-Newton method, which 
only requires an estimate of the gradient vector g. This modification of Newton's 
method maintains a positive definite estimate of the inverse matrix 0-1 directly with
out matrix inversion. By using such an estimate, a quasi-Newton method is assured of 
going downhill on the error surface. However, we still have a computational complex
ity that is O(W'), where W is the size of weight vector w. Quasi-Newton methods are 
therefore computationally impractical, except for the training of very small-scale 
neural networks. A description of quasi-Newton methods is presented later in the 
section. 

Another class of second-order optimization methods includes the conjugate-gra
dient method, which may be regarded as being somewhat intermediate between the 
method of steepest descent and Newton's method. Use of the conjugate-gradient 
method is motivated by the desire to accelerate the typically slow rate of convergence 
experienced with the method of steepest descent, while avoiding the computational 
requirements associated with the evaluation, storage, and inversion of the Hessian 
matrix in Newton's method. Among second-order optimization method� it is widely 
acknowledged that the conjugate-gradient method is perhaps the only method that is 
applicable to large-scale problems, that is, problems with hundreds or thousands of 
adjustable parameters (Fletcher, 1 987). It is therefore well suited for the training of 
multilayer perceptrons, with typical applications including function approximation, 
control, and time series analysis (i.e., regression). 

Conjugate-Gradient Method 

The conjugate-gradient method belongs to a class of second-order optimization meth
ods known collectively as conjugate-direction methods. We begin the discussion of 
these methods by considering the minimization of the quadratic function 

1 f(x) � :2 xT Ax - bTx + c (4.122) 

where x is a W-by-l parameter vector, A is a W-by-W symmetric, positive definite 
matrix, b is a W-by-l vector, and c is a scalar. Minimization of the quadratic function 
f(x) is achieved by assigning to x the unique value 

(4. 123) 
Thus minimizing f(x) and solving the linear system of equatians Ax' � b are equiva
lent problems. 

Given the matrix A, we say that a set af nonzero vectars s(O), s(I ), . . .  , s(W- l) is 
A-conjugate (i.e., naninterfering with each other in the context of matrix A) if the fol-
10wing condition is satisfied: 

for all n and j such that n '" j (4.124) 
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Vo FIGURE 4.24 Interpretation 
of A-conjugate vectors. 
(a) E l l iptic locus in two
dimesional weight space. 
(b) Transformation of the 
el l iptic locus into a circular 
locus. 

If A is equal to the identity matrix, conjugacy is equivalent to the usual notion of 
orthogonality. 

Example 4.1 

For an interpretation of A-conjugate vectors, consider the situation described in Fig. 4.24a, per
taining to a two-dimensional problem. The elliptic locus shown in this figure corresponds to a 
plot of Eq. (4.122) for 

x � [xo,XjV 
at some constant value assigned to the quadratic function/(x). Figure 4.24a also includes a pair 
of direction vectors that are conjugate with respect to the matrix A. Suppose that we define a 
new parameter vector v related to x by the transformation 

v = AI/2X 
where A 1/2 is the square root of A. Then the elliptic locus of Fig. 4.24a is transformed into a cir
cular locus, as shown in Fig. 4.24b. Correspondingly, the pair of A-conjugate direction vectors in 
Fig. 4.24a is transformed into a pair of orthogonal direction vectors in Fig. 4.24b. 

• 

An important property of A-conjugate vectors is that they are linearly indepen
dent. We prove this property by contradiction. Let one of these vectors, say s(O), be 
expressed as a linear combination of the remaining W - 1 vectors as follows: 

W-j 

s(O) = L a,s(j) 
j=l 

Multiplying by A and then taking the inner product of As(O) with s(O) yields 
W-j 

sT(O)As(O) = L a,sT(O)As(j) = 0 
j=l 

However, it is impossible for the quadratic form sT(O)As(O) to be zero for two reasons: the 
matrix A is positive definite by assumption, and the vector s(O) is nonzero by definition. It 
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follows therefore that the A-conjugate vectors s(O),s(I), " ', seW - 1)  cannot be lin
early dependent; that is, they must be linearly independent. 

For a given set of A-conjugate vectors s(O), s(I), . " ,  sew - 1), the corresponding 
conjugate direction method for unconstrained minimization of the quadratic error 
function f(x) is defined by (Luenberger, 1973; Fletcher, 1987; Bertsekas, 1995) 

x(n + 1) = x(n) + TJ(n)s(n), n = 0, 1, " . ,  W - 1 (4.125) 

where x(O) is an arbitrary starting vector, and TJ(n) is a scalar defined by 

f(x(n) + TJ(n)s(n)) = minf(x(n) + TJs(n» (4.126) 
" 

The procedure of choosing TJ so as to minimize the function f(x(n) + TJs(n)) for some 
fixed n is referred to as a line search, which represents a one-dimensional minimization 
problem. 

In light of Eqs. (4.124), (4.125) and (4.126), we now offer some observations: 

1. Since the A-conjugate vectors s(O), s(l), " . ,  sew - 1) are linearly independent, 
they form a basis that spans the vector space of w. 

2. The update equation (4.125) and the line minimization of Eq. (4.126) lead to the 
same formula for the learning-rate parameter, namely, 

sT(n) Ae(n) 
sT(n)As(n) , 

where e(n) is the error vector defined by 

n = 0, 1 ,  . .  ., W - 1 

ern) = x(n) - x* 

(4.127) 

(4.128) 

3. Starting from an arbitrary point x(O), the conjugate direction method is guaran
teed to find the optimum solution x* of the quadratic equation f(x) = 0 in at 
most W iterations. 

The principal property of the conjugate-direction method is described as 
(Luenberger, 1984; Fletcher, 1987; Bertsekas, 1995): 

At successive iterations, the conjugate-direction method minimizes the quadratic function 
f(x) over a progressively expanding linear vector space that eventually includes the global 
minimum of f(x). 

In particular, for each iteration n, the iterate x(n + I) minimizes the functionf(x) over 
a linear vector space '!iJn that passes through some arbitrary point x(O) and is spanned 
by the A-conjugate vectors s(O), s(I ), " . ,  sen), as shown by 

x(n + I) = arg min [(x) 
xE91n 

(4.129) 

where the space '!iJn is defined by 

'!iJn = {x(n) I x(n) = x(O) + � TJ(j)s(j)} (4.130) 

For the conjugate-direction method to work, we require the availability of a set 
of A-conjugate vectors s(O), s(l), . . .  , seW - 1). In a special form of this method known 
as the conjugate-gradient method, 15 the successive direction vectors are generated as 
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A-conjugate versions of the successive gradient vectors of the quadratic function [(x) 
as the method progresses. hence the name of the method. Thus, except for n = 0, the 
set of direction vectors {sen») is not specified beforehand, but rather it is determined in 
a sequential manner at successive steps of the method. 

Define the residual as the steepest descent direction: 

r(n) = b � Ax(n) (4.131) 

Then to proceed, we use a linear combination of r(n) and sen � 1), as shown by 

sen) = r(n) + /3(n)s(n � 1), n = 1, 2, . . .  , w - 1 (4.132) 

where /3(n) is a scaling factor to be determined. Multiplying this equation by A, taking 
the inner product of the resulting expression with sen � 1), invoking the A-conjugate 
property of the direction vectors, and then solving the resulting expression for /3(n), 
we get 

/3(n) = sT(n � I)Ar(n) 
sT(n � I)As(n � 1 )  

(4.133) 

Using Eqs. (4.132) and (4.133), we find that the vectors s(O), s(I), . . .  , seW � 1) so gen
erated are indeed A-conjugate. 

Generation of the direction vectors in accordance with the recursive equa
tion (4.132) depends on the coefficient /3(n). The formula of Eq. (4.133) for evaluating 
/3(n), as it presently stands, requires knowledge of matrix A. For computational rea
sons, it would be desirable to evaluate /3(n) without explicit knowledge of A. This eval
uation can be achieved by using one of two formulas (Fletcher, 1987): 

1. Polak-Ribi{!re formula, for which �(n) is defined by 

( )  :..rl�(n�)�(r�(n�) �
��r�(n���1)�) � n = rT(n � l)r(n - 1) (4.134) 

2. Fletcher-Reeves formula, for which �(n) is defined by 

rT(n)r(n) �(n) = rT(n - l)r(n � 1) (4.135) 

To use the conjugate-gradient method to attack the unconstrained minimization 
of the cost function �,,(w) pertaining to the unsupervised training of multilayer per
ceptrons, we do two things: 

• Approximate the cost function �,,(w) by a quadratic function. That is, the third- and 
higher-order terms in Eq. (4.117) are ignored, which means that we are operating 
close to a local minimum on the error surface. On this basis, comparing Eqs. (4.117) 
and (4.122), we can make the associations indicated in Table 4.7 . 

• Formulate the computation of coefficients /3(n) and "T](n) in the conjugate-gradient 
algorithm so as to only require gradient information. 

The latter point is particularly important in the context of multilayer perceptrons 
because it avoids using the Hessian matrix H(n), the evaluation of which is plagued 
with computational difficulties. 
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TABLE 4.7 Correspondence Between ((x) and '&,",w) 

Quadratic functionf(x) 

Parameter vector x( n) 
Gradient vector a[(x)/ ax 
Matrix A 

Cost function 'faav(w) 

Synaptic weight vector wen) 
Gradient vector g = a�av/aw 
Hessian matrix H 

To compute the coefficient j3(n) that determines the search direction sen) with
out explicit knowledge of the Hessian matrix H(n). we can use the Polak-Ribi"re for
mula of Eq. (4.134) or the Fletcher-Reeves formula of Eq. (4.135). Both of these 
formulas involve the use of residuals only. In the linear form of the conjugate-gradient 
method. assuming a quadratic function. the Polak-Ribi"re and Fletcher-Reeves for
mulas are equivalent. On the other hand. in the case of a nonquadratic cost function. 
they are no longer equivalent. 

For nonquadratic optimization problems. the Polak-Ribi"re form of the conju
gate-gradient algorithm is typically superior to the Fletcher-Reeves form of the algo
rithm. for which we offer the following heuristic explanation (Bertsekas. 1995). Due to 
the presence of third- and higher-order terms in the cost function �",(w) and possible 
inaccuracies in the line search, conjugacy of the generated search directions is progres
sively lost. This may in turn cause the algorithm to "jam" in the sense that the gener
ated direction vector sen) is nearly orthogonal to the residual r(n). When this 
phenomenon occurs, we have r(n) � r(n - 1 ), in which case the scalar j3(n) will be 
nearly zero. Correspondingly, the direction vector sen) will be close to r(n), thereby 
breaking the jam. In contrast, when the Fletcher-Reeves formula is used, the conjugate 
gradient algorithm typically continues to jam under similar conditions. 

In rare cases, however, the Polak-Ribiere method can cycle indefinitely without 
converging. Fortunately, convergence of the Polak-Ribiere method can be guaranteed 
by choosing (Shewchuk, 1994) 

(4.136) 
• 
where j3PR is the value defined by the Polak-Ribiere formula of Eq. (4.134). Using the 
value of 13 defined in Eq. (4.136) is equivalent to restarting the conjugate gradient algo
rithm if j3PR < O. To restart the algorithm is equivalent to forgetting the last search 
direction and starting it anew in the direction of steepest descent (Shewchuk, 1994). 

Consider next the issue of computing the parameter 'len), which determines the 
learning rate of the conjugate-gradient algorithm. As with j3(n), the preferred method 
for computing 'len) is one that avoids having to use the Hessian matrix H(n). We recall 
that the line minimization based on Eq. (4.126) leads to the same formula for 'len) as 
that derived from the update eqnation (4.125). We therefore need a line search,16 the 
purpose of which is to minimize the function '�,,(w + 'ls) with respect to 'l. That is, 
given fixed values of the vectors w and s, the problem is to vary 'l such that this func
tion is minimized. As 11 varies, the argument w + TIS traces a line in the W-dimensional 
vector space of w, hence the name "line search." A line search algorithm is an iterative 
procedure that generates a sequence of estimates ('len)} for each iteration of the con
jugate-gradient algorithm. The line search is terminated when a satisfactory solution is 
found. A line search must be performed along each search direction. 
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Several line search algorithms have been proposed in the literature, and a 
good choice is important because it has a profound impact on the performance of the 
conjugate-gradient algorithm in which it is embedded. There are two phases to any line 
search algorithm (Fletcher, 1987): 

• Bracketing phase, which searches for a bracket, that is, a nontrivial interval that is 
known to contain a minimum . 

• Sectioning phase, in which the bracket is sectioned (i.e., divided), thereby generat
ing a sequence of brackets whose length is progressively reduced. 

We now describe a curve-fitting procedure that takes care of these two phases in a 
straightforward manner. 

Let �,,(1]) denote the cost function of the multilayer perceptron, expressed as a 
function of 1]. It is assumed that �,J 1]) is strictly unimodal (i.e., it has a single minimum 
in the neighborhood of the current point wen)) and is twice continuously differen
tiable. We initiate the search procedure by searching along the line until we find three 
points 1]J, 1]2' and 1]3 such that the following condition is satisfied: 

for 1], < 1]2 < 1]3 (4.137) 

as illustrated in Fig. 4.25. Since �,,( 1]) is a continuous function of 1], the choice described 
in Eq. (4.137) ensures that the bracket [1],, 1]3] contains a minimum of the function 
�,,(1]). Provided that the function �,,(1]) is sufficiently smooth, we may consider this 
function to be parabolic in the immediate neighborhood of the minimum. Accordingly, 
we may use inverse parabolic interpolation to do the sectioning (Press et aI., 1988). 
Specifically, a parabolic function is fitted through the three original points 1]J, 1]2' and 1]3' 
as illustrated in Fig. 4.26, where the solid line corresponds to �,,( 1]) and the dashed line 
corresponds to the first iteration of the sectioning procedure. Let the minimum of the 
parabola passing through the three points 1]" 1],, and 1]3 be denoted by 1],. In the exam
ple illustrated in Fig. 4.26, we have �,J1],) < �.J1]2) and �,J1]4) < �,J1],). Point 1]3 is 
replaced in favor of 1]" making [1] 1 , 1]4] the new bracket. The process is repeated by con
structing a new parabola through the points 1],, 1]2' and 1]4' The bracketing-followed-by
sectioning procedure, as illustrated, is repeated several times until a point close enough 
to the minimum of �,,( 1]) is located, at which time the line search is terminated. 
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FIGURE 4.26 Inverse 
parabolic interpolation. 
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Brent's method constitutes a highly refined version of the three-point curve
fitting procedure just described (Press et aI., 1988). At any particular stage of the com
putation, Brent's method keeps track of six points on the function %,,( TJ), which may 
not ali be necessarily distinct. As before, parabolic interpolation is attempted through 
three of these points. For the interpolation to be acceptable, certain criteria involving 
the remaining three points must be satisfied. The net result is a robust line search 
algorithm. 

Summary of the Nonlinear Conjugate Gradient Algorithm 

Ali the ingredients we need to formally describe the nonlinear (nonquadratic) form of 
the conjugate-gradient algorithm for the supervised training of a mUltilayer percep
tron are now in place. A summary of the algorithm is presented in Table 4.8. 

Quasi-Newton Methods 

Resuming the discussion on quasi-Newton methods, we find that these are basically 
gradient methods described by the update equation: 

w(n + 1) = w(n) + TJ(n)s(n) (4.138) 

where the direction vector s(n) is defined in terms of the gradient vector g(n) by 

s(n) = -S(n)g(n) (4.139) 

The matrix S(n) is a positive definite matrix that is adjusted from one iteration to the 
next. This is done in order to make the direction vector s(n) approximate the Newton 
direction, namely 

-(a2�ov/aw2)-1 (a�ov!aw) 

Quasi-Newton methods use second-order (curvature) information about the 
error surface without actually requiring knowledge of the Hessian matrix H. They do 
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TABLE 4.8 Summary of the Nonlinear Conjugate Gradient Algorithm for the Supervised 
Training of a Multilayer Perceptron 

Initialization 
Unless prior knowledge on the weight vector w is available, choose the initial value w(O) using a 
procedure similar to that described for the back-propagation algorithm. 

Computation 
I. For w(O). use back-propagation to compute the gradient vector g(O). 
2. Set s(O) � r(O) � -g(O). 
3. At time step n, use a line search to find TI(n) that minimizes 't:av{ 11) sufficiently, representing 

the cost function �av expressed as a function of TJ for fixed values of w and s. 
4. Test to determine if the Euclidean norm of the residual r(n) has fallen below a specified 

value. that is. a small fraction of the initial value Ilr(O) I I. 
5. Update the weight vector: 

w(n + 1) � w(n) + 1l(n)s(n) 

6. For w(n + 1), use back-propagation to compute the updated gradient vector g(n + 1). 
7. Set r(n + 1) � -g(n + 1). 
8. Use the Polak-Ribiere method to calculate �(n + 1): 

( 1) - { rT(n + 1)(r(n + 1) - r(n)) o} � n + - max 
rT(n)r(n) • 

9. Update the direction vector: 

s(n + 1)  � r(n + 1 )  + �(n + l)s(n) 

10. Set n � n + 1, and go back to step 3. 

Stopping criterion. Terminate the algorithm when the following condition is satisfied: 

Il r(n) ll -;; <llr(O) II 

where E is a prescribed small number. 

so by using two successive iterates wen) and wen + 1), together with the respective gra
dient vectors g(n) and g(n + 1). Let 

and 

q(n) � g(n + 1)  - g(n) (4.140) 

.1w(n) � wen + 1) - wen) (4.141) 

We may then derive curvature information by using the approximate formula: 

q(n) = (a: g(n») .1w(n) (4_142) 

In particular, given W linearly independent weight increments .1w(O), .1w(I), . . .  , 
.1w(W - 1) and the respective gradient increments q(O), q(I), . . .  , q(W - 1), we may 
approximate the Hessian matrix H as: 

H = [q(O), q(I), _ . .  , q(W - 1)] [.1w(O), .1w(I), . . .  , .1w(W - 1)r1 (4.143) 
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We may also approximate the inverse Hessian matrix as: 

0-1 = p.w(O). �w(I) ,  . . .  , �w(W - 1)] [q(O), q( I ), . . .  , q(W - 1 )r' (4.144) 

When the cost function '�,,(w) is quadratic, Eqs. (4.143) and (4.144) are exact. 
In the most popular class of quasi-Newton methods, the matrix Sen + 1 )  is 

obtained from its previous value Sen), the vectors �w(n) and q(n), by using the recur
sion (Fletcher, 1 987; Bertsekas, 1 995): 

where 

and 

Sen + 1 )  = Sen) + 
�w(n)�wT(n) _ S(n)q(n)qT(n)S(n) 

qT(n)q(n) qT(n)S(n)q(n) (4.145) 

+ i;(n)[qT(n)S(n)q(n)] [v(n)vT(n)] 

Yen) = �w(n) 
�wT(n)�w(n) 

o '" i;(n) '" 1 

S(n)q(n) 
qT(n)S(n)q(n) 

for all n 

(4.146) 

(4.147) 

The algorithm is initiated with some arbitrary positive definite matrix S(O). The partic
ular form of the quasi-Newton method is parameterized by how the scalar T](n) is 
defined, as indicated here (Fletcher, 1987): 

• For sen) = 0 for all n, we obtain the Davidon-Fletcher-Powell (DFP) algorithm, 
which is historically the first quasi-Newton method. 

• For sen) = 1 for all n, we obtain the Broyden-Fletcher-Goldfarb-Shanno algo
rithm, which is considered to be the best form of quasi-Newton methods cur
rently known. 

Comparison of Quasi-Newton Methods with 
Conjugate-Gradient Methods 

We conclude this brief discussion of quasi-Newton methods by comparing them with 
conjugate-gradient methods in the context of non quadratic optimization problems 
(Bertsekas, 1995): 

• Both quasi-Newton and conjugate-gradient methods avoid the need for using the 
Hessian matrix. However, quasi-Newton methods go one step further by generat
ing an approximation to the inverse Hessian matrix. Accordingly, when the line 
search is accurate and we are in close proximity to a local minimum with a posi
tive definite Hessian, a quasi-Newton method tends to approximate Newton's 
method, thereby attaining faster convergence than would be possible with the 
conjugate-gradient method. 

• Quasi-Newton methods are not as sensitive to accuracy in the line search stage of 
the optimization as the conjugate-gradient method. 

• Quasi-Newton methods require storage of the matrix Sen), in addition to the 
matrix-vector multiplication overhead associated with the computation of the 
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director vector sen). The net result is that the computational complexity of quasi
Newton's methods is O(W2). In contrast, the computational complexity of the 
conjugate-gradient method is O(W). Thus, when the dimension W (i.e., size of the 
weight vector w) is large, conjugate-gradient methods are preferable to quasi
Newton methods in computational terms. 

It is because of this latter point that the use of quasi-Newton methods is restricted, in 
practice, to the design of small-scale neural networks. 

4.1 9  CONVOLUTIONAL NETWORKS 

Up to this point, we have been concerned with the algorithmic design of multilayer 
perceptrons and related issues. In this section we focus on the structural layout of the 
multilayer perceptron itself. In particular, we describe a special class of multilayer per
ceptrons known collectively as convolutional networks; the idea behind these networks 
was briefly highlighted in Chapter 1 .  

A convolutional network is a multilayer perceptron designed specifically to rec
ognize two-dimensional shapes with a high degree of invariance to translation, scaling, 
skewing, and other forms of distortion. This difficult task is learned in a supervised 
manner by means of a network whose structure includes the following forms of con
straints (LeCun and Bengio, 1995): 

1. Feature extraction. Each neuron takes its synaptic inputs from a local receptive 
field in the previous layer, thereby forcing it to extract local features. Once) feature 
has been extracted, its exact location becomes less important so long as its position rel
ative to other features is approximately preserved. 

2. Feature mapping. Each computational layer of the network is composed of 
multiple feature maps, with each feature map being in the form of a plane within which 
the individual neurons are constrained to share the same set of synaptic weights. This 
second form of structural constraint has the following beneficial effects: 

• Shift in variance, forced into the operation of a feature map through the use 
of convolution with a kernel of small size, followed by a sigmoid (squashing) 
function. 

• Reduction in the number of free parameters, accomplished through the use 
of weight sharing. 

3. Subsampling. Each convolutional layer is followed by a computational layer 
that performs local averaging and subsampling, whereby the resolution of the feature 
map is reduced. This operation has the effect of reducing the sensitivity of the feature 
map's output to shifts and other forms of distortion. 

The development of convolutional networks, as described, is neurobiologically moti
vated, which goes back to the pioneering work of Hubel and Wiesel (1962, 1977) on 
locally sensitive and orientation-selective neurons in the visual cortex of a cat. 

We emphasize that all weights in all layers of a convolutional network are 
learned through training. Moreover, the network learns to extract its own features 
automatically. 
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FIGURE 4.27 Convolutional network for image processing such as handwriting recognition. 
(Reproduced with permission of MIT Press). 

Figure 4.27 shows the architectural layout of a convolutional network made up of 
an input layer, four hidden layers, and an output layer. This network is designed to per
form image processing (e.g., recognition of handwritten characters). The input layer, 
made up of 28 X 28 sensory nodes, receives the images of different characters that 
have been approximately centered and normalized in size. Thereafter, the computa
tional layouts alternate between convolution and subsampling, as described here: 

o The first hidden layer performs convolution. It consists of four feature maps, with 
each feature map consisting of 24 X 24 neurons. Each neuron is assigned a recep
tive field of size 5 X 5. 

o The second hidden layer performs subsampling and local averaging. It also con
sists of four feature maps, but each feature map is now made up of 12 X 12 neu
rons. Each neuron has a receptive field of size 2 X 2, a trainable coefficient, a 
trainable bias, and a sigmoid activation function. The trainable coefficient and 
bias control the operating point of the neuron; for example, if the coefficient is 
small, the neuron operates in a quasi-linear mode. 

o The third hidden layer performs a second convolution. It consists of 12 feature 
maps, with each feature map consisting of 8 X 8 neurons. Each neuron in this hid
den layer may have synaptic connections from several feature maps in the previ
ous hidden layer. Otherwise it operates in a manner similar to the first 
convolutional layer. 

o The fourth hidden layer performs a second subsampling and local averaging. It 
consists of 12 feature maps, but with each feature map consisting of 4 X 4 neu
rons. Otherwise it operates in a manner similar to the first subsampling layer. 

• The output layer performs one final stage of convolution. It consists of 26 neu
rons, with each neuron assigned to one of 26 possible characters. As before, each 
neuron is assigned a receptive field of size 4 X 4. 

With the successive computational layers alternating between convolution and sub
sampling, we get a "bipyramidal" effect. That is, at each convolutional or subsampling 
layer, the number of feature maps is increased while the spatial resolution is reduced, 
compared to the corresponding previous layer. The idea of convolution followed by 
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subsampling is inspired by the notion of "simple" cells followed by "'complex" cellsl7 

that was first described in Hubel and Wiesel (1962). 
The multilayer perceptron described in Fig. 4.27 contains approximately 100,000 

synaptic connections but only about 2600 free parameters. This dramatic reduction in 
the number of free parameters is achieved through the use of weight sharing. The 
capacity of the learning machine (measured in terms of the VC dimension) is thereby 
reduced, which in turn improves its generalization ability (LeCun, 1989). What is even 
more remarkable is that the adjustments to the free parameters are made by using the 
stochastic (sequential) form of back-propagation learning. 

Another noteworthy point is that the use of weight sharing makes it possible to 
implement the convolutional network in parallel form. Here is another advantage of 
the convolutional network over a fully connected multilayer perceptron. 

The lesson to be learned from the convolutional network of Fig. 4.27 is two-fold. 
First, a multilayer perceptron of manageable size is able to learn a complex, high
dimensional, nonlinear mapping by constraining its design through the incorporation 
of prior knowledge about the task at hand. Second, the synaptic weights and bias lev
els can be learned by cycling the simple back-propagation algorithm through the 
training set. 

4.20 SUMMARY AND DISCUSSION 

Back-propagation learning has emerged as the standard algorithm for the training of 
multilayer perceptrons, against which other learning algorithms are often bench
marked. The back-propagation algorithm derives its name from the fact that the par
tial derivatives of the cost function (performance measure) with respect to the free 
parameters (synaptic weights and biases) of the network are determined by back
propagating the error signals (computed by the output neurons) through the network, 
layer by layer. In so doing, it solves the credit-assignment problem in a most elegant 
fashion. The computing power of the algorithm lies in its two main attributes: 

• Local method for updating the synaptic weights and biases of the multilayer per
ceptron . 

• Efficient method for computing all the partial derivatives of the cost function 
with respect to these free parameters. 

For a given epoch of training data, the back-propagation algorithm operates in 
one of two modes: sequential or batch. In the sequential mode the synaptic weights of 
all neurons in the network are adjusted on a pattern-by-pattern basis. Consequently, 
estimation of the gradient vector of the error surface used in the computation is sto
chastic (random) in nature, hence the name "stochastic back-propagation" that is also 
used to refer to the sequential mode of back -propagation learning. On the other hand, 
in the batch mode the adjustments to all synaptic weights and biases are made on an 
epoch-by-epoch basis, with the result that a more accurate estimate of the gradient vec
tor is used in the computation. Despite its disadvantages, the sequential (stochastic) form 
of back-propagation learning is most frequently used for the design of neural networks, 
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particularly on large problems. To achieve best results, careful tuning of the algorithm 
is required. 

The specific details involved in the design of a multilayer perceptron naturally 
depend on the application of interest. We may, however, make two distinctions: 

1. In pattern classification involving nonlinearly separable patterns, all the neu
rons in the network are nonlinear. The nonlinearity is achieved by using a sigmoid 
function. two commonly used forms of which are (a) the nonsymmetric logistic func
tion, and (b) the antisymmetric hyperbolic tangent function. Each neuron is responsi
ble for producing a hyperplane of its own in decision space. Through a supervised 
learning process. the combination of hyperplanes formed by all the neurons in the net
work is iteratively adjusted in order to separate patterns drawn from the different 
classes and not seen before, with the fewest classification errors on average. For pat
tern classification, the stochastic back-propagation algorithm is the most widely used 
algorithm to perform the training, particularly on large problems (e.g., optical charac
ter recognition). 

2. In nonlinear regression, the output range of the multilayer perceptron should 
be sufficiently large to contain the process values; if this information is not available, 
then use of linear output neurons is the most sensible choice. As for learning algo
rithms, we offer the following observations: 

• The sequential (stochastic) mode of back-propagation learning is much 
slower than the batch mode . 

• The batch mode of back-propagation learning is slower than the conjugate
gradient method. Note, however, that the latter method can only be used in 
the batch mode. 

We conclude this discussion with some final remarks on performance measures. 
The derivation of the back-propagation algorithm presented in this chapter is based 
on minimizing the cost function �av' defined as the sum of error squares that is aver
aged over the entire training set, one way or another. The important virtue of this crite
rion is its generality and mathematical tractability. However, in many situations 
encountered in practice, minimizing the cost function �av corresponds to optimizing an 
intermediate quantity that is not the ultimate objective of the system, and may there
fore lead to a suboptimal performance. For example, in capital market trading systems. 
an investor's ultimate goal or that of a trader is to maximize the expected return at 
minimum risk (Choey and Weigend, 1996; Moody and Wu, 1996). The Sharpe ratio or 
reward-ta-volatility ratio as a performance measure of risk-adjusted return is intu
itively more appealing than '&". 

NOTES AND REFERENCES 

1. Sigmoid functions are so called because their graphs are "s-shaped." Menon et al. (1996) 
present a detailed study of two classes of sigmoids: 

• Simple sigmoids, defined to be odd, asymptotically bounded, and completely monot
one functions of one variable. 

• Hyperbolic sigmoids, representing a proper subset of simple sigmoids and a natural 
generalization of the hyperbolic tangent function. 
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2. For the special case of the LMS algorithm, it has been shown that use of the momentum 
constant a reduces the stable range of the learning-rate parameter 'fI, and could thus lead 
to instability if ..., is not adjusted appropriately. Moreover, the misadjustment increases 
with increasing a; for details, see Roy and Shynk (1990). 

3. For a derivation of the back-propagation algorithm including the momentum constant 
from first principles, see Hagiwara (1992). 

4. A vector w* is said to be a local minimum of an input-output function Fif it is no worse 
than its neighbors, that is, if there exists an E such that (Bertsekas, 1995) 

F(w*) '" F(w) for all w with I lw - w* 11 < E 

The vector w* is said to be a global minimum of the function F if it is no worse than all 
other vectors; that is, 

F(w*) '" F(w) for all w E  [Rn 

where n is the dimension of w. 
5. The first documented description of the use of back-propagation for efficient gradient 

evaluation is due to Werbos (1974). The material presented in Section 4.10 follows the 
treatment given in Saarinen et a1. (1992); a more general discussion of the topic is pre
sented by Werbos (1990). 

6. Other aspects of neural network design that benefit from knowledge of the Hessian 
matrix include (Bishop, 1995): 
(1) The Hessian forms the basis of a procedure for the retraining of a multilayer percep

tron after a small change has been made in the training data. 
(2) In the context of Bayesian learning, 

• the inverse of the Hessian matrix may be used to assign error bars to the nonlin
ear prediction made by a trained neural network, and 

• the eigenvalues of the Hessian matrix may be used to determine suitable values 
for regularization parameters. 

7. Buntine and Weigend (1994) present a review of exact and approximate algorithms for 
computing the Hessian matrix, with particular reference to neural networks; see also the 
paper by Battiti (1992). 

8. The universal approximation theorem may be viewed as a natural extension of the 
Weierstrass theorem (Weierstrass, 1885). This theorem states that any continuous function 
over a closed interval on the real axis can be expressed in that interval as an absolutely and 
uniformly convergent series of polynomials. 

Research interest in the virtues of multilayer perceptrons as devices for the repre
sentation of arbitrary continuous functions was perhaps first put into focus by Hecht
Nielsen (1987), who invoked an improved version of Kolomogorov's superposition 
theorem due to Sprecher (1965). Then Gallant and White (1988) showed that a single
hidden-layer multilayer perceptron with monotone "cosine" squashing at the hidden layer 
and no squashing at the output embeds as a special case of a "Fourier network" that yields 
a Fourier series approximation to a given function as its output. However, in the context of 
traditional multilayer perceptrons, it was Cybenko who demonstrated rigorously for the 
first time that a single hidden layer is sufficient to unifonnly approximate any continuous 
function with support in a unit hypercube; this work was published as a University of 
Illinois Technical Report in 1988, and republished as a paper one year later (Cybenko, 
1988, 1989). In 1989, two other papers were published independently on multilayer percep
trons as universal approximators, one by Funahashi and the other by Hornik, Stinchcombe, 
and White. For subsequent contributions to the approximation problem, see Light (1992b). 
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9. The history of the development of cross-validation is documented in Stone (1974). The 
idea of cross-validation had been around at least since the 19305, but refinement of the 
technique was accomplished in the 1960s and 19705. Two important papers from that era 
are Stone (1974) and Geisser (1975), who independently and almost simultaneously pro
pounded it. The technique was termed the "cross-validating method" by Stone and the 
"predictive sample reuse method" by Geisser. 

10. The earliest references on the early-stopping method of training include Morgan and 
Bourlard (1990) and Weigend et a1. (1990). Perhaps the most detailed statistical analysis 
of the early-stopping method of training for multilayer perceptrons is presented in 
Amari et a1. (1996a). The study is supported with computer simulations on an 8-8-4 clas
sifier with 108 adjustable parameters and a very large data set (50,000 examples). 

11. The cascade-correlation learning architecture (Fahlman and Lebiere, 1990) is an example 
of the network-growing approach. The procedure begins with a minimal network that has 
some inputs and one or more output nodes as indicated by input/output considerations., 
but no hidden nodes. The LMS algorithm, for example, may be used to train the network. 
The hidden neurons are added to the network one by one, thereby obtaining a multilayer 
structure. Each new hidden neuron receives a synaptic connection from each of the input 
nodes and also from each preexisting hidden neuron. When a new hidden neuron is 
added, the synaptic weights on the input side of that neuron are frozen; only the synaptic 
weights on the output side are trained repeatedly. The added hidden neuron then becomes 
a permanent feature detector in the network. The procedure of adding new hidden neu
rons is continued in the manner described until satisfactory performance is attained. 

In yet another network-growing approach described in Lee et a1. (1990), a third 
level of computation termed the structure-level adaptation is added to the forward pass 
(function-level adaptation) and backward pass (parameter-level adaptation). In this third 
level of computation the structure of the network is adapted by changing the number of 
neurons and the structural relationship among neurons in the network. The criterion 
used here is that when the estimation error (after convergence) is larger than a desired 
value, a new neuron is added to the network in a position where it is most needed. The 
desirable position for the new neuron is determined by monitoring the learning behavior 
of the network. In particular, if after a long period of parameter adaptation (training), the 
synaptic weight vector pertaining to the inputs of a neuron continues to fluctuate signifi
cantly, it may be inferred that the neuron in question does not have enough representa
tion power to learn its proper share of the task. The structure-level adaptation also 
includes a provision for the possible annihilation of neurons. A neuron is annihilated 
when it is not a functioning element of the network or it is a redundant element of the 
network. This method of network growing appears to be computationally intensive. 

12. Hecht-Nielsen (1995) describes a replicator neural network in the form of a multilayer 
perceptron with three hidden layers and an output layer: 
• The activation functions of neurons in the second and fourth (hidden) layers are 

defined by the hyperbolic tangent function: 

'I'(21(V) = 'I'(41(V) = tanh(v) 

where v is the induced local field of a neuron in those layers . 
• The activation function for each neuron in the middle (hidden) layer is given by 

'I'(3)(V) = - + L tanh a v - .L 1 1 N-1 ( ( . )) 
2 2(N - 1) i�1 N 

where a is a gain parameter, and v is the induced local field of a neuron in that layer. 
The function 'P(3)(V) describes a smooth staircase activation function with N treadles, 
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thereby essentially quantizing the vector of the respective neuronal outputs into 
K = Nn, where n is the number of neurons in the middle hidden layer. 

• The neurons in the output layer are linear, with their activation functions defined by 

Based on this neural network structure, Hecht-Nielsen describes a theorem, showing that 
optimal data compression for arbitrary input data vectors can be carried out. 

13. What we basically need is a theoretical framework of back-propagation learning that 
explains the local-minima problem. This is a difficult task to accomplish. Nevertheless, 
some progress has been reported in the literature on this issue. Baldi and Hornik 
(1989) have considered the problem of learning in layered feedforward neural netR 
works with linear activation functions using backRpropagation learning. The main result 
of their paper is that the error surface has only one minimum, corresponding to an 
orthogonal projection onto the subspace spanned by the first principal eigenvectors of 
a covariance matrix associated with the training patterns; all other critical points of the 
error surface are saddle points. Gori and Tesi (1992) have considered the more general 
case of backRpropagation learning that involves the use of nonlinear neurons. The main 
result of their paper is that for linearly separable patterns, convergence to an optimal 
solution (i.e., global minimum) is ensured by using the batch mode of back-propagation 
learning, and the network exceeds Rosenblatt's perceptron in generalization to new 
examples. 

14. A modification ofthe backRpropagation algorithm that builds on heuristics 1 through 4 is 
known as the delta-bar-delta-learning rule (Jacobs, 1988), the derivation of which follows 
a procedure similar to that described in Section 4.3 for the conventional form of the 
backRpropagation algorithm. Implementation of the deltaRbarRdelta learning rule may be 
simplified by exploiting an idea similar to the gradient reuse method (Hush and Sales, 
1988; Haykin and Deng, 1991), 

Salomon and van Hemmen (1996) describe a dynamic self-adaptation procedure 
for accelerating the back-propagation learning process. The underlying idea is to take the 
learning rate of the previous time step, increase and decrease it slightly, evaluate the cost 
function for both new values of the learning-rate parameter and then choose the particu
lar one that gives the lower value of the cost function. 

15. The classic reference for the conjugate-gradient method is Hestenes and Stiefel (1952). 
For a discussion of the convergence behavior of the conjugate-gradient algorithm, see 
Luenberger (1984) and Bertsekas (1995), For a tutorial treatment of the many facets of 
the conjugate-gradient algorithm, see Shewchuk (1994). For a readable account of the 
algorithm in the context of neural networks, see Johansson et a1. (1990). 

16. The conventional form of the conjugate-gradient algorithm requires the use of a line 
search, which can be time consuming because of its trial and error nature. Ms:iller (1993) 
describes a modified version of the conjugate-gradient algorithm, called the scaled conju
gate-gradient algorithm, which avoids the use of a line search. Essentially, the line search 
is replaced by a one-dimensional Levenberg-Marquardt form of algorithm. The motiva
tion for using such methods is to circumvent the difficulty caused by nonpositive definite 
Hessian matrices (Fletcher, 1987). 

17. Hubel and Wiesel's notion of "simple" and "complex" cells were first exploited in the 
neural network literature by Fukushima (1980, 1995) in the design of a learning machine 
called the neocognitron. This learning machine, however, operates in a self-organized 
manner, whereas the convolutional network described in Fig. 4.27 operates in a super
vised manner using labeled examples. 
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PROBLEMS 

XOR Problem 
4.1 Figure P4.1 shows a neural network involving a single hidden neuron, for solving the 

XOR problem; this network may be viewed as an alternative to that considered in 
Section 4.5. Show that the network of Fig. P4.1 solves the XOR problem by constucting 
(a) decision regions, and (b) a truth table for the network. 

4.2 Use the back-propagation algorithm for computing a set of synaptic weights and bias lev
els for a neural network structured as in Fig. 4.8 to solve the XOR problem. Assume the 
use of a logistic function for the nonlinearity. 

Back-propagation learning 
4.3 The inclusion of a momentum term in the weight update may be viewed as a mechanism 

for satisfying heuristics 3 and 4 that provide guidelines for accelerating the convergence 
of the back-propagation algorithm, which was discussed in Section 4.17. Demonstrate the 
validity of this statement. 

4.4 The momentum constant ()' is normally assigned a positive value in the range 0 ::-;; Cl < l. 

Investigate the difference that would be made in the behavior of Eq. (4.41) with respect 
to time t if Cl was assigned a negative value in the range -1  < ex ::::;; O. 

4.5 Consider the simple example of a network involving a single weight, for which the cost 
function is 

�(W) � kj(w - wo)' + k, 

where wo, kl' and k2 are constants. A back-propagation algorithm with momentum is 
used to minimize �(w). 

Explore the way in which the inclusion of the momentum constant a influences the 
learning process, with particular reference to the number of epochs required for conver
gence versus a. 

4.6 In Section 4.7 we presented qualitative arguments for the property of a multilayer per
ceptron classifier (using a logistic function for nonlinearity) that its outputs provide esti
mates of the a posteriori class probabilities. This property assumes that the size of the 
training set is large enough, and that the back-propagation algorithm used to train the 
network does not get stuck at a local minimum. Fill in the mathematical details of this 
property. 

4.7 Starting from the cost function defined in Eq. (4.70), derive the minimizing solution of 
Eq. (4.72) and the minimum value of the cost function defined in Eq. (4.73). 

4.8 Equations (4.81) through (4.83) define the partial derivatives of the approximating func
tion F(w, x) realized by the multilayer perceptron in Fig. 4.18. Derive these equations 
from the following scenario: 

+1 
+1 

-2 .f---..----3.-� Output 

+1 -0.5 

FIGURE P4.1 
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(a) Cost function: 
1 '<O(n) = 2: [d - F(w,x)l' 

(b) Output of neuron j: 

where wji is synaptic weight from neuron i to neuron j, and Yi is output of neuron i; 
(c) Nonlinearity: 

Cross-validation 

1 ",(v) = ----=---,------,
l + exp(-v) 

4.9 It may be argued that cross-validation is a case study in structural risk minimization that 
is discussed in Chapter 2. Describe a neural network example using cross-validation that 
supports this argument. 

4.10 In multifold cross-validation there is no clear separation between the training data and 
test (validation) data as there is in the hold-out method. Is it possible for the use of multi
fold cross-validation to produce a biased estimate? Justify your answer. 

Network-prnning techniqnes 
4.11 Statistical criterion for model selection, such as Rissaneo's minimum description length 

(MDL) criterion and an information-theoretic criterion (AlC) due to Akaike, share a 
common form of composition: (MOdekO�Plexity) 

= 
(lOg-likelihOOd) + (mOdel-comPlexity) 

CrItenon functIOn penalty 

Discuss how the weight-decay and weight-elimination methods used for network prun
ing fit into this formalism. 

4,U (a) Derive the formula for the saliency S, given in Eq, (4,105), 
(b) Assume that the Hessian matrix of the average squared error of a multilayer percep

tron with respect to its weights may be approximated by a diagonal matrix as follows: 

H = diag [h'b h22' " . ,  hwwl 
where W is the total number of weights in the network. Determine the saliency Si of 
weight Wi in the network. 

Accelerated convergence of back-propagation learning 
4.13 The delta-bar-delta learning rule (Jacobs, 1988) represents a modified form of the back

propagation algorithm that builds on the heuristics described in Section 4.17. In this rule, 
each synaptic weight in the network is assigned a learning-rate parameter of its own. The 
cost function, E(n), is therefore modified in a corresponding fashion. In other words, 
although E(n) is mathematically similar to the cost function '<O(n) in Eq. (42), the para
meter space pertaining to the new cost function E(n) involves different learning rates. 
(8) Derive an expression for the partial derivative aE(n)/aTlji(n), where 'llji(n) is the 

learning-rate parameter associated with synaptic weight wji(n). 
(b) Hence, demonstrate that the adjustments made to the learning-rate parameters based 

on the result of part (a) are in perfect accord with heuristics 3 and 4 of Section 4.17. 
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Second-order optimization methods 
4.14 The use of a momentum term in the weight update described in Eq. (4.39) may be con

sidered as an approximation to the conjugate-gradient method (Battiti, 1992). Discuss 
the validity of this statement. 

4.15 Starting with the formula for j3(n) in Eq. (4.133), derive the Hesteness-Stiefel formula: 

=-r T-,,( n",)",-( r",-
( n:.L)-;-:-_

r",( n"----
-
,.,

l=» 
j3(n) --

,T(n - l)r(n - 1) 

where sen) is  the direction vector and r(n) is the residual in the conjugate-gradient 
method. Use this result to derive the Polak-Ribiere formula of Eq. (4.134) and the 
Fletcher-Reeves formula of Eq. (4.135). 

Computer experiments 
4.16 Investigate the use of back-propagation learning using a sigmoidal nonlinearity to 

achieve one-ta-one mappings, as described here: 
1 

1. f(x) � -, 1 s x s 100 
x 

2. f(x) � log lOX, 
3. f(x) � exp (-x). 

4. f(x) � sinx, 

1 :s; x :s 10 
1 ::;:  x s 10 

'IT 
O s x ::s;  -

2 
For each mapping, do the following: 
(a) Set up two sets of data, one for network training, and the other for testing. 
(b) Use the training data set to compute the synaptic weights of the network, assumed to 

have a single hidden layer. 
(c) Evaluate the computation accuracy of the network by using the test data. 
Use a single hidden layer but with a variable number of hidden neurons. Investigate how 
the network performance is affected by varying the size of the hidden layer. 

4.17 The data presented in Table P4.17 show the weights of eye lenses of wild Australian rab
bits as a function of age. No simple analytical function can exactly interpolate these data, 
because we do not have a single-valued function. Instead, we have a nonlinear least
squares model of this data set, using a negative exponential, as described by 

y � 233.846 (1 - exp( -O.006042x» + E 
where e is an error term. 

Using the back-propagation algorithm, design a multilayer perceptron that provides 
a nonlinear least-squares approximation to this data set. Compare your result against the 
least-squares model described. 
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TABLE P4.17 Weights of Eye Lenses of Wild Australian Rabbits 

Ages Weights Ages Weights Ages Weights Ages Weights 
(days) (mg) (days) (mg) (days) (mg) (days) (mg) 

15 21.66 75 94.6 218 174.18 338 203.23 
15 22.75 82 92.5 218 173.03 347 188.38 
15 22.3 85 105 219 173.54 354 189.7 
18 31.25 91 101.7 224 178.86 357 195.31 
28 44.79 91 102.9 225 177.68 375 202.63 
29 40.55 97 110 227 173.73 394 224.82 
37 50.25 98 104.3 232 159.98 513 203.3 
37 46.88 125 134.9 232 161.29 535 209.7 
44 52.03 142 130.68 237 187.07 554 233.9 
50 63.47 142 140.58 246 176.13 591 234.7 
50 61.13 147 155.3 258 183.4 648 244.3 
60 81 147 152.2 276 186.26 660 231 
61 73.09 150 144.5 285 189.66 705 242.4 
64 79.09 159 142.15 300 186.09 723 230.77 
65 79.51 165 139.81 301 186.7 756 242.57 
65 65.31 183 153.22 305 186.8 768 232.12 
72 71.9 192 145.72 312 195.1 860 246.7 
75 86.1 195 161.1 317 216.41 



Radial-Basis Function 

Networks 

5.1 INTRODUCTION 

256 

The design of a supervised neural network may be pursued in a variety of ways. The 
back-propagation algorithm for the design of a multilayer perceptron (under supervi
sion) as described in the previous chapter may be viewed as the application of a recur
sive technique known in statistics as stochastic approximation. In this chapter we take 
a completely different approach by viewing the design of a neural network as a curve
fitting (approximation) problem in a high-dimensional space. According to this view
point, learning is equivalent to finding a surface in a multidimensional space that 
provides a best fit to the training data, with the criterion for "best fit" being measured 
in some statistical sense. Correspondingly, generalization is equivalent to the lise of 
this multidimensional surface to interpolate the test data. Such a viewpoint is the 
motivation behind the method of radial-basis functions in the sense that it draws upon 
research work on traditional strict interpolation in a multidimensional space. In the 
context of a neural network, the hidden units provide a set of "functions" that consti
tute an arbitrary "basis" for the input patterns (vectors) when they are expanded into 
the hidden space; these functions are called radial-basis functions 1 Radial-basis func
tions were first introduced in the solution of the real multivariate interpolation prob
lem. The early work on this subject is surveyed in Powell ( 1985), and more recent 
work is surveyed in Light (1992b). It is now one of the main fields of research in 
numerical analysis. 

The construction of a radial-basis function (REF) network, in its most basic form, 
involves three layers with entirely different roles. The input layer is made up of source 
nodes (sensory units) that connect the network to its environment. The second layer, the 
only hidden layer in the network, applies a nonlinear transformation from the input space 
to the hidden space; in most applications the hidden space is of high dimensionality. The 
output layer is linear, supplying the response of the network to the activation pattern (sig
nal) applied to the input layer. A mathematical justification for the rationale of a nonlin
ear transformation followed by a linear transformation may be traced back to an early 
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paper by Cover (1965). According to this paper, a pattern-classification problem cast in a 
high-dimensional space is more likely to be linearly separable than in a low-dimensional 
space-hence the reason for frequently making the dimension of the hidden space in an 
RBF network high. Another important point is the fact that the dimension of the hidden 
space is directly related to the capacity of the network to approximate a smooth 
input-output mapping (Mhaskar, 1996; Niyogi and Girosi, 1996); the higher the dimen
sion of the hidden space, the more accurate the approximation will be. 

Organization of the Chapter 

The main body of the chapter is organized as follows. We lay the foundations for the 
construction of an RBF network in Sections 5.2 and 5.4. We do this in two stages. First, 
we describe Cover's theorem on the separability of patterns; the XOR problem is used 
here to illustrate the application of this theorem. In Section 5.3 we consider the inter
polation problem and its relationship to RBF networks. 

After developing an understanding of how the RBF network functions, we move 
on to the second part of the chapter that consists of Sections 5.4 through 5.9. In Section 5.4 
we discuss the viewpoint that supervised learning is an ill-posed hypersurface recon
struction problem. In Section 5.5 we present a detailed treatment of Tikhonov's regu
larization theory and its application to RBF networks. This theory naturally leads to 
the formulation of regularization networks in Section 5.6. This class of RBF networks 
is computationally demanding. To reduce computational complexity, in Section 5.7 we 
discuss a modified form of regularization networks referred to as generalized RBF 
networks. In Section 5.8 we revisit the XOR problem and show how it can be solved 
using an RBF network. In Section 5.9 we complete the study of regularization theory 
by describing the method of generalized cross-validation for selecting a suitable value 
for the regularization parameter. 

Section 5.10 discusses the approximation properties of REF networks. Section 5.1 1 
presents a comparison between RBF networks and multilayer preceptrons, both of 
which are important examples of layered feedforward networks. 

In Section 5.12 we discuss kernel regression estimation as the basis of another 
viewpoint of RBF networks. We relate RBF networks to a large body of the statistics 
literature dealing with density estimation and kernel regression theory. 

The last part of the chapter consists of Sections 5.13 and 5.14. In Section 5.13 we 
describe four different learning strategies for the design of REF networks. In Section 5.14 
we describe a computer experiment on pattern classification using RBF networks. 

The chapter concludes with some final thoughts on RBF networks in Section 5.15. 

5.2 COVER'S THEOREM ON THE SEPARABILITY OF PATTERNS 

When a radial-basis function (RBF) network is used to perform a complex pattern
classification task, the problem is basically solved by transforming it into a high
dimensional space in a nonlinear manner. The underlying justification is found in 
Cover's theorem on the separability of patterns, which, in qualitative terms, may be 
stated as follows (Cover, 1965): 
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A complex pattern-classification problem cast in a high-dimensional space nonlinearly is 
more likely to be linearly separable than in a low-dimensional space. 

From the work we did on single-layer perceptrons in Chapter 3, we know that once we 
have linearly separable patterns, the classification problem is relatively easy to solve. 
Accordingly, we may develop a great deal of insight into the operation of an RBF net
work as a pattern classifier by studying the separability of patterns. 

Consider a family of surfaces where each naturally divides an input space into 
two regions. Let :!e denote a set of N patterns (vectors) Xl' x" . . .  , xN, each of which is 
assigned to one of two classes :!el and :!e,. This dichotomy (binary partition) of the 
points is said to be separable with respect to the family of surfaces if a surface exists in 
the family that separates the points in the class :!el from those in the class :!e,. For each 
pattern X E :!e, define a vector made up of a set of real-valued functions ('I'i(x)!i = 1 ,  
2, . . .  , md, as shown by 

'P(X) = ['I'I(X), 'I" (x), . . .  , <Pm,(xjf (5.1) 
Suppose that the pattern x is a vector in an mo-dimensional input space. The vector 
'P(x) then maps points in mo-dimensional input space into corresponding points in a 
new space of dimension mI' We refer to 'I',(x) as a hidden function, because it plays a 
role similar to that of a hidden unit in a feedforward neural network. Correspondingly, 
the space spanned by the set of hidden functions {<p'(X)PI is referred to as the hidden 
space or feature space. 

A dichotomy {:!e1 ' :!e2} of:!e is said to be <p-separable if there exists an mcdimensional 
vector w such that we may write (Cover, 1965) 

wT'P(X) > 0, 

wT'P(x) < 0, 

The hyperplane defined by the equation 

x E :!el 

wT'P(x) = 0 

(5.2) 

describes the separating surface in the 'I'-space (i.e., hidden space). The inverse image 
of this hyperplane, that is, 

x: WT'P(x) = 0 (5.3) 
defines the separating surface in the input space. 

Consider a natural class of mappings obtained by using a linear combination of 
r-wise products of the pattern vector coordinates. The separating surfaces correspond
ing to such mappings are referred to as rth-order rational varieties. A rational variety of 
order r in a space of dimension mo is described by an rth degree homogeneous equa
tion in the coordinates of the input vector x, as shown by 

(5.4) 

where Xi is the ith component of input vector x, and Xo is set equal to unity in order 
to express the equation in a homogeneous form. An rth order product of entries Xi of 
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I, that is, XirXjz . .  ' Xi,. is called a monomial. For an input space of dimensionality mo, 
there are 

(mo - r)! 
mo!r! 

monomials in Eq. (5.4). Examples of the type of separating surfaces described by 
Eq. (5.4) are hyperplanes (first-order rational varieties), quadrices (second-order 
rational varieties), and hyperspheres (quadrics with certain linear constraints on the 
coefficients). These examples are illustrated in Fig. 5.1 for a configuration of five 
points in a two-dimensional input space. In general, linear separability implies spher
ical separability which implies quadric separability; however, the converses are not 
necessarily true. 

In a probabilistic experiment, the separability of a set of patterns becomes a ran
dom event that depends on the dichotomy chosen and the distribution of the patterns 
in the input space. Suppose that the activation patterns x" x" . . .  , xN are chosen inde
pendently, according to a probability measure imposed on the input space. Suppose 
also that all the possible dichotomies of ilf = {x,}�, are equiprobable. Let P(N, m,) 
denote the probability that a particular dichotomy picked at random is cp-separable, 
where the class of separating surfaces chosen has m, degrees of freedom. Following 
Cover (1965), we may then state that (l)N-' m,-' (N-1) 

P(N, m,) = - � 2 m=O m 
(5.5) 

where the binomial coefficients comprising N - 1 and m are themselves defined for all 
integer I and m by ( I ) = l(l - 1) . .  · (1 - m + 1) 

m m! 

FIGURE 5.1 Three examples 
of <p-separable dichotomies of 
different sets of five points in 
two dimensions: {aJ linearly 
separable dichotomy; 
{bJ spherically separable 
dichotomy; {cJ quadrically 
separable dichotomy. 

x x 
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(.) 
x x 
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Equation (5.5) embodies the essence of Cover,' separability theorem for random pat
terns 2 It is a statement of the fact that the cumulative binomial distribution corre
sponding to the probability that (N - 1 )  flips of a fair coin wiJI result in (mj - 1) or 
fewer heads. 

Although the hidden-unit surfaces envisioned in the derivation of Eq. (5.5) are of 
a pOlynomial form and therefore different from those commonly used in radial-basis 
function networks, the essential content of the equation has general applicability. 
Specifically, the higher we make the dimension mj of the hidden space, the closer the 
probability peN, mj) will be to unity. To sum up, Cover's theorem on the separability of 
patterns encompasses two basic ingredients: 

1. Nonlinear formulation of the hidden function defined by <p,(x), where x is the 
input vector and i = 1 ,2, . . .  , mj' 

2. High dimensionality of the hidden space compared to the input space; that 
dimensionality is determined by the value assigned to mj (i.e., the number of hid
den units). 

In general, as stated previously, a complex pattern-classification problem cast in high
dimensional space nonlinearly is more likely to be linearly separable than in a low
dimensional space. We emphasize, however, that in some cases the use of nonlinear 
mapping (i.e., point I )  may be sufficient to produce linear separability without having 
to increase the dimensionality of the hidden-unit space, as illustrated in the folJowing 
example. 

Example 5.1 .  The XOR Problem 

To illustrate the significance of the idea of i.p-separability of patterns, consider the simple yet 
important XOR problem. In the XOR problem there are four points (patterns): (1, 1 ), (0, 1 ), 
(0, 0), and (1, 0), in a two-dimensional input space, as depicted in Fig. 5.2a. The requirement is to 
construct a pattern classifier that produces the binary output 0 in response to the input pattern 
(1, 1), or (0, 0), and the binary output 1 in response to the input pattern (0, 1) or (1. 0). Thus 
points that are closest in the input space, in terms of the Hamming distance, map to regions that 
are maximally apart in the output space. 

Define a pair of Gaussian hidden functions as follows: 

'Pl(X) = e Ilx-', 'f, 
'P2(X) = e-llx-t:li2, 

tl � [1. W  

12 � [0, Or 
We may then construct the results summarized in Table 5.1 for the four different input patterns 
of interest. The input patterns are mapped onto the 'PI - 'P2 plane as shown in Fig. 5.2b. Here we 
now see that the input patterns (0, 1) and ( 1 , 0) are linearly separable [rom the remaining input 
patterns (1 ,  1 )  and (0, 0). Thereafter, the XOR problem may be readily solved by using the func
tions Qj(x) and 'P2(X) as the inputs to a linear classifier such as the perceptron. 

• 
In this example there is no increase in the dimensionality of the hidden space 

compared to the input space. In other words, nonlinearity exemplified by the use of 
Gaussian hidden functions is sufficient to transform the XOR problem into a linearly 
separable one. 
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FIGURE 5.2 (a) The four patterns of the XOR problem; (b) Decision-making 
diagram. 

TABLE 5.1 Specification of the Hidden Functions for the XOR 
Problem of Example 5.1 

Input Pattern, 
x 

(1,1) 
(0,1) 
(0,0) 
(1,0) 

First Hidden Function, 

'l'1(X) 
1 
0.3678 
0.1353 
0.3678 

Separating Capacity of a Surface 

Second Hidden Function, 
'I',(x) 

0.1353 
0.3678 
1 
0.3678 

Equation (5.5) has an important bearing on the expected maximum number of ran
domly assigned patterns that are linearly separable in a multidimensional space. To 
explore this issue, let Xl' XZ, . . .  , xN be a sequence of random patterns (vectors) as previ
ously described. Let N be a random variable defined as the largest integer such that 
this sequence is 'I'-separable, where 'I' has m, degrees of freedom. Then, from Eq. (5.5) 
we deduce that the probability that N = n is given by 

ProbeN = n) = Pen, m,) - Pen + 1, m,) 

= (_21)" (mn,
� 1

1) ' _ n = O, 1 , 2, . . .  , 
(5.6) 

For an interpretation of this result, we recall the definition of a negative binomial 
distribution. This distribution equals the probability that k failures precede the rth success 
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in a long, repeated sequence of Bernoulli trials. In such a probabilistic experiment there 
are only two possible outcomes for each trial, success or failure, and their probabilities 
remain the same throughout the experiment. Let p and q denote the probabilities of suc
cess and failure, respectively, with p + q = 1. The negative binomial distribution is defined 
by (Feller, 1968) 

(r+k-1) f(k; r,p) = p'qk 
k 

For the special case of p = q = 1/2 (i.e., success and failure are equiprobable) and 
k + r = n, the negative binomial distribution reduces to 

f(k;n - k, D = Gr (n � l) , n = O, 1, 2, . . .  

With this definition, we now see that the result described in Eq. (5.6) is just the nega
tive binomial distribution, shifted by m, units to the right, and with parameters m, and 
1/2. Thus N corresponds to the "waiting time" for the m,-th failure in a sequence of 
tosses of a fair coin. The expectation of the random variable N and its median are 
respectively: 

E[N] = 2mj (5.7) 

and 

Median[ N] = 2mj (5.8) 

We therefore have a corollary to Cover's theorem in the form of a celebrated 
asymptotic result that may be stated as (Cover, 1965): 

The expected maximum number of randomly assigned patterns (vectors) that are linearly 
separable in a space of dimensionality m1 is equal to 2m1. 

1bis result suggests that 2m, is a natural definition of the separating capacity of a fam
ily of decision surfaces having m, degrees of freedom. In a way, the separating capacity 
of a surface is closely related to the notion of VC dimension that is discussed in 
Chapter 2. 

5.3 INTERPOLATION PROBLEM 

The important point that emerges from Cover's theorem on the separability of pat
terns is that in solving a nonlinearly separable pattern-classification problem, there is 
usually practical benefit to be gained by mapping the input space into a new space of 
high enough dimension. Basically, a nonlinear mapping is used to transform a nonlin
early separable classification problem into a linearly separable one. In a similiar way, 
we may use a nonlinear mapping to transform a difficult nonlinear filtering problem 
into an easier one that involves linear filtering. 

Consider then a feedforward network with an input layer, a single hidden layer, 
and an output layer consisting of a single unit. We have purposely chosen a single out
put unit to simplify the exposition without loss of generality. The network is designed 
to perform a nonlinear mapping from the input space to the hidden space, followed by 
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a linear mapping from the hidden space to the output space. Let mo denote the dimen
sion of the input space. Then, in an overall fashion, the network represents a map from 
the mo-dimensional input space to the single-dimensional output space, written as 

(5.9) 

We may think of the map s as a hypersurface (graph) r c �m"+l, just as we think of the 
elementary map s: �l --> �l , where s(x) = x2, as a parabola drawn in �2 space. The sur
face r is a multidimensional plot of the output as a function of the input. In a practical 
situation, the surface r is unknown and the training data are usually contaminated with 
noise. The training phase and generalization phase of the learning process may be 
respectively viewed as follows (Broomhead and Lowe, 1988): 

• The training phase constitutes the optimization of a fitting procedure for the sur
face r, based on known data points presented to the network in the form of 
input-output examples (patterns). 

• The generalization phase is synonymous with interpolation between the data 
points, with the interpolation being performed along the constrained surface 
generated by the fitting procedure as the optimum approximation to the true 
surface r. 

Thus we are led to the theory of multivariable interpolation in high-dimensional space, 
which has a long history (Davis, 1963). The interpolation problem, in its strict sense, 
may be stated: 

Given a set of N different points {Xi E IRI1Iv I i = 1, 2, . . .  , N} and a corresponding set of N real 
numbers {d, E �l li = 1. 2 . . . . .  N}, find a function F: G;lN --> G;ll that satisfies the interpolation 
condition: 

i = 1 , 2, . . .  , N  (5.10) 

For strict interpolation as specified here, the interpolating surface (i.e., function F) is 
constrained to pass through all the training data points. 

The radial-basis functions (RBF) technique consists of choosing a function F that 
has the following form (Powell, 1988): 

N 
F(x) = L wi<P(llx - xiii) (5.11) 

j=l 
where (<p(llx - xi ll> l i = 1 , 2, . . .  ,N) is a set of N arbitrary (generally nonlinear) func
tions, known as radial-basis functions, and 11 · 11 denotes a norm that is usually Euclidean. 
The known data points Xi E �m", i = 1 , 2, . . .  ,N  are taken to be the centers of the radial
basis functions. 

Inserting the interpolation conditions of Eq. (5.10) in (5.11), we obtain the fol
lowing set of simultaneous linear equations for the unknown coefficients (weights) of 
the expansion {w,}: r <Pll 

<P21 

<PNI <PN2 

<pIN�rWl ] rd1] 
<P2N W2 d2 · . - . · . . 

· . . 
'f>NN WN dN 

(5.12) 
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where 

Let 

Radial-Basis Function Networks 

'i'ji = 'i'(llx} - xii I) ,  (j, i) = 1 , 2, . . .  , N 

d = [d" d2, . • .  , dNF 
w = [W" W2, . . . , wNF 

(5.13) 

The N-by-1 vectors d and w represent the desired response vector and linear weight vec
tor, respectively, where N is the size of the training sample. Let <I> denote an N-by-N 
matrix with elements 'Pji : 

<I> = ('i'ji l (j, i) = 1, 2, . . . , N} (5.14) 

We call this matrix the interpolation matrix. We may then rewrite Eq. (5.12) in the com
pact form 

<l>w = x (5.15) 

Assuming that <I> is nonsingular and therefore that the inverse matrix <1>-1 exists, we 
may go on to solve Eq. (5.15) for the weight vector w as shown by 

(5.16) 

The vital question is: How can we be sure that the interpolation matrix <I> is nonsingu
lar? It turns out that for a large class of radial-basis functions and under certain condi
tions, the answer to this question is given in the following important theorem. 

Micchelli's Theorem 

In Micchelli (1986). the following theorem is proved: 

Let {XJ�l be a set of distinct points in jRmo. Then the N�by-N interpolation matrix 4», whose 
ji-th element is 'Pji = cp(llxj - xiiI), is nonsingular. 

There is a large class of radial-basis functions that is covered by Micchelli's theorem; it 
includes the following functions that are of particular interest in the study of RBF net
works: 

1. Multiquadrics: 
'i'(r) = (r2 + e2)1/2 for some c > 0 and r E rr;Ii 

2. Inverse multiquadries: 
1 

'i'(r) = 
(r2 + C2) 1 /2 for some e > 0 and r E rr;Ii 

3. Gaussian functions: 

'i'(r) = exp( -;:,) for some 0' > 0 and r E rr;Ii 

(5.17) 

(5.18) 

(5.19) 
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The multiquadrics and inverse multiquadrics are both due to Hardy (1971). 
For the radial-basis functions listed in Eqs. (5.17) to (5.19) to be nonsingular, the 

points Ix,};;'! must all be different (i.e., distinct). This is all that is required for nonsin
gularity of the interpolation matrix <1>, whatever the values of size N of the data points 
or dimensionality mo of the vectors (points) Xi' 

The inverse multiquadrics of Eq. (5.18) and the Gaussian functions of (5.19) 
share a common property: They are both localized functions, in the sense that <p(r) -7 0 
as r -7 00. In both of these cases the interpolation matrix <I> is positive definite. By con
trast, the multiquadrics of Eq. (5.17) are nonlocal in that <p(r) becomes unbounded as 
r -7 00; and the corresponding interpolation matrix <I> has N-1 negative eigenvalues and 
only one positive eigenvalue, with the result that it is not positive definite (Micchelli, 
1986). What is remarkable, however, is that an interpolation matrix <I> based on 
Hardy's multiquadrics is nonsingular, and therefore suitable for use in the design of 
RBF networks. 

What is even more remarkable is that radial-basis functions that grow at infinity, 
such as multiquadrics, can be used to approximate a smooth input-output mapping 
with greater accuracy than those that yield a positive-definite interpolation matrix. 
This surprising result is discussed in Powell (1988). 

5.4 SUPERVISED LEARNING AS AN ILL-POSED HYPERSURFACE 
RECONSTRUCTION PROBLEM 

The strict interpolation procedure described may not be a good strategy for the train
ing of RBF networks for certain classes of tasks because of poor generalization to new 
data for the following reason: When the number of data points in the training sample is 
much larger than the number of degrees of freedom of the underlying physical process, 
and we are constrained to have as many radial-basis functions as data points, the prob
lem is overdetermined. Consequently, the network may end up fitting misleading vari
ations due to idiosyncrasies or noise in the input data, thereby resulting in degraded 
generalization performance (Broomhead and Lowe, 1988). 

To develop a deep understanding of the overfitting problem and how to cure it, 
we first go back to the viewpoint that the design of a neural network trained to retrieve 
an output pattern when presented with an input pattern is equivalent to learning a 
hypersurface (i.e., multidimensional mapping) that defines the output in terms of the 
input. In other words, learning is viewed as a problem of hypersurface reconstruction, 
given a set of data points that may be sparse. 

According to Keller (1976) and Kirsch (1996), two related problems are said to 
be the inverse of each other if the formulation of each of them requires partial or full 
knowledge of the other. Ordinarily we find that one of the problems has been studied 
earlier, and perhaps in greater detail than the other. This particular problem is called 
the direct problem, in which case the other one is called the inverse problem. However, 
from a mathematical perspective, there is another more important difference between 
a direct problem and an inverse problem. Specifically, a problem of interest may be 
well-posed or ill-posed. The term "well-posed" has been used in applied mathematics 
since the time of Hadamard in the early 1900s. To explain this terminology, assume that 
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we have a domain X and a range Y taken to be metric spaces, and that are related by a 
fixed but unknown mapping f. The problem of reconstructing the mapping / is said to 
be well-posed if three conditions are satisfied (TIkhonov and Arsenin, 1977: Morozov, 
1993; Kirsch, 1 996): 

1, Existence. For every input vector x E i'C, there does exist an output y � f(x), 
where y E '1i. 

2. Uniqueness. For any pair of input vectors x, 1 E i'C, we have f(x) � /(1) if, and only 
if, x � t. 

3. Continuity. The mapping is continuous, that is, for any e > 0 there exists 8 � 8( e) 
such that the condition pAx, I) < 8 implies that p/f(x),f(I)) < e, where pC , · )  is 
the symbol for distance between the two arguments in their respective spaces. 
This criterion is illustrated in Fig 5.3. The property of continuity is also referred 
to as stability. 

If any of these conditions is not satisfied, the problem is said to be ill-posed. Basically, 
an ill-posed problem means that large data sets may contain a surprisingly small 
amount of information about the desired solution. 

In the context of our present situation, the physical phenomenon responsible for 
generating the training data (e.g., speech, pictures, radar signals, sonar signals, seismic 
data) is a well-posed direct problem. However, learning from such physical forms of 
data, viewed as a hypersurface reconstruction problem, is an ill-posed inverse problem 
for the following reasons. First, the existence criterion may be violated in that a distinct 
output may not exist for every input. Second, there may not be as much information in 
the training sample as we really need to reconstruct the input-output mapping 
uniquely, hence the uniqueness criterion is likely to be violated. Third, the unavoidable 
presence of noise or imprecision in real-life training data adds uncertainty to the 
reconstructed input-output mapping. In particular, if the noise level in the input is too 
high, it is possible for the neural network to produce an output outside of the range '1i 
for a specified input x in the domain i'C; in other words, there is likelihood for the conti
nuity criterion to be violated. If a learning problem lacks the property of continuity, 
theu the computed input-output mapping has nothing to do with the true solution to 
the learning problem. There is no way to overcome this difficulty unless some prior 
information about the input-output mapping is available. In this context, it is rather 
appropriate that we remind ourselves of a statement made by Lanczos on linear differ
ential operators (Lanczos, 1964): "A lack of information cannot be remedied by any 
mathematical trickery." 

The important issue of how to make an ill-posed problem into a well-posed one 
via regularization is discussed in the next section.3 

FIGURE 5.3 I l lustration of 
the mapping of (input) 
domain 2!: onto (output) 
range qy, Domain X 

Mapping 

Range Y 
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5.5 REGULARIZATION THEORY 

In 1963, Tikhonov proposed a new method called regularization for solving ill-posed 
problems ' In the context of a hypersurface reconstruction problem, the basic idea of 
regularization is to stabilize the solution by means of some auxiliary nonnegative func
tional that embeds prior information about the solution. The most common form of 
prior information involves the assumption that the input-<>utput mapping function 
(i.e., solution to the reconstruction problem) is smooth, in the sense that similar inputs 
correspond to similar outputs. 

To be specific, let the set of input-output data (i.e., training sample) available for 
approximation be described by 

Input signal: 

Desired response: 

Xi E [Rmo, i = 1 , 2, . . .  , N  

d, E IR\ i = 1 , 2, . . .  , N  
(5.20) 

Note that the output is assumed to be one-dimensional. This assumption does not in 
any way limit the general applicability of the regularization theory being developed 
here. Let the approximating function be denoted by F(x), where (for convenience of 
presentation) we have omitted the weight vector w of the network from the argument 
of the function F. Basically, Tikhonov's regularization theory involves two terms: 

1. Standard Error Term. This first term, denoted by W,,(F), measures the standard 
error (distance) between the desired (target) response d, and the actual response 
y, for training example i = 1, 2, . . .  , N. Specifically, we define 

1 N 
W,,(F) = :2 � (d, - y,)2 

1 N 
= - � [d, - F(x,)]' 2 i= 1 

(5.21) 

where we have introduced the scaling factor � for the sake of consistency with 
material presented in previous chapters. 

2. Regularizing Term. This second term, denoted for W,JF), depends on the "geo
metric" properties of the approximating function F(x). Specifically, we write 

W,cCF) = � IIDFII' (5.22) 

where D is a linear differential operator. Prior information about the form of the 
solution [i.e., the input-output mapping function F(x)] is embedded in the opera
tor D, which naturally makes the selection of D problem-dependent. We also 
refer to D as a stabilizer because it stabilizes the solution to the regularization 
problem, making it smooth and thereby satisfying the property of continuity. 
However, smoothness implies continuity, but the reverse is not necessarily true. 

The analytic approach used to handle the situation described in Eq. (5.22) builds 
on the concept of a function space,' which refers to a normed space6 of functions. In such 
a space of many (strictly speaking, infinitely many) dimensions, a continuous function is 
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represented by a vector. By using this geometrical image, an insightful link is established 
between matrices and linear differential operators. The analysis of linear systems thereby 
becomes translatable to the analysis of linear differential equations (Lanczos, 1964). 

Thus, the symbol 11 ' 1 1 in Eq. (5.22) denotes a norm imposed on the function space 
to which DF(x) belongs. Ordinarily the function space used here is the L, space that 
consists of all real-valued functions f(x), x E IRIm". for which Ilf(x) II' is Lebesgue inte
grable. The function f(x) used here denotes the actual function that defines the under
lying physical process responsible for generating the set of input-output data pairs 
( x" d,)W� I : see note 7 for more details. 

The quantity to be minimized in regularization theory is 

,&(F) = '&IF) + A'&,(F) 
1 N 1 = :2 � [d, - F(x,)l' + :2 A I I DFII' 

(5.23) 

where A is a positive real number called the regularization parameter and '&(F) is called 
the Tikhonov functional. A functional maps functions (defined in some suitable func
tion space) onto the real line. The minimizer of the Tikhonov functional ,&(F) (i.e., the 
solution to the regularization problem) is denoted by F,(x). 

In a sense, we may view the regularization parameter A as an indicator of the suf
ficiency of the given data set as examples that specify the solution F,(x). In particular, 
the limiting case A -> 0 implies that the problem is unconstrained, with the solution 
F,(x) being completely determined from the examples. The other limiting case, A -> 00, 
on the other hand, implies that the prior smoothness constraint imposed by the differ
ential operator D is by itself sufficient to specify the solution F,(x), which is another 
way of saying that the examples are unreliable. In practical applications, the regulariza
tion parameter A is assigned a value somewhere between these two limiting conditions, 
so that both the sample data and the prior information contribute to the solution F,(x). 
Thus the regularizing term '&JF) represents a model complexity-penalty function, the 
influence of which on the final solution is controlled by the regularization parameter A. 

Another way of viewing regularization is that it provides a practical solution to 
the bias-variance dilemma that is discussed in Chapter 2. Specifically, the optimum 
choice of the regularization parameter A is designed to steer the solution to the learn
ing problem toward a satisfactory balance between model bias and model variance by 
incorporating the right amount of prior information into it. 

Fnkhet Differential of the Tikhonov Functional 

The principle of regularization may now be stated as: 

Find the function F1..(x) that minimizes the Tikhonov functional'#,(F}, defined by 

where '&s{F) is the standard error term, �c (F) is the regularizing term, and A is the regular
ization parameter. 

To proceed with the minimization of the cost functional 'fb(F), we need a rule for evalu
ating the differential of '& (F). We can take care of this matter by using the Frechet dif
ferential. In elementary calculus, the tangent to a curve is a straight line that gives the 
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best approximation of the curve in the neighborhood of the point of tangency. Similarly. 
the Frechet differential of a functional may be interpreted as the best local linear 
approximation. Thus the Frechet differential of the functional W,(F) is formally defined 
by (Oomy, 1975; Oebnath and Mikusiriski, 1990; de Figueiredo and Chen, 1993): 

dW,(F, h) = [.!£ W,(F + I3h) ] dl3 �=o (5.24) 

where hex) is a fixed function of the vector x. In Eq. (5.24), the ordinary rules of differ
entiation are used. A necessary condition for the function F(x) to be a relative 
extremum of the functional W,(F) is that the Frechet differential d'8(F, h) must be zero 
at F(x) for all h E '!Ie, as shown by 

dW,(F, h) = dW,,(F, h) + 'AdW,,(F, h) = 0 (5.25) 
where dW,,(F, h) and dW,JF, h) are the Frechet differentials of the functionals W,,(F) and 
W,JF), respectively. 

Evaluating the Frechet differential of the standard error term w,,(F, h) of Eq. (5.21), 
we have 

dW,,(F, h) = [.!£ W,,(F + I3h) ] dl3 �=() 

= [ �.!£ f [d, - F(x,) - I3h(X,)l' ] 2 dl3 '= 1  �=O 
N 

= -� [d, - F(x,) - I3h(x,)]h(x,)I�=o 
i= 1 
N 

= - � [d, - F(x,)]h(x,) 
i=l 

(5.26) 

At this point in the discussion, we find it instructive to invoke the Riesz representation 
theorem, which may be stated as follows (Oebnath and Mikusiriski, 1990; Kirsch, 1996): 

Let the a bounded linear functional in a Hilbert space (i.e., an inner product space that is 
complete)8 denoted by ;;e. There exists one ho E 'Jf such that 

! = (h, ho)" for all h E '!Ie 

Moreover, we have 

II!II" � Ilho II" 
where 'if is the dual Of conjugate of the Hilbert space '.1f. 

The symbol (- , .)" used here stands for the inner (scalar) product of two functions in '!Ie 
space. Hence, in light of the Riesz representation theorem, we may rewrite the Frechet 
differential d'8,(F,h) ofEq. (5.26) in the equivalent form 

dW,,(F, h) = - (h, � (d, - F)O,.)" (5.27) 

where 0,. denotes the Dirac delta distribution of x, centered at x,; that is, 

0, (x) = o(x - x,) (5.28) 
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Consider next the evaluation of the Frechet differential of the regularizing term %JF) 
of Eq. (S.22). Proceeding in a manner similar to that just described, we have 

d d%,(F. h) = df3 
%,(F + f3h)I��o 

= � :f3 
L (D[F + f3h])2dxl��o 

= I.
m

D[F + f3hlDhdxl��o (S.29) 

= J DF Dh dx 
.m, 

= (Dh, DF)" 
where (Dh, DF)" is the inner product of the two functions Dh(x) and DF(x) that 
result from the action of the differential operator D on hex) and F(x), respectively. 

Euler-Lagrange Equation 

Given a linear differential operator D, we can find a uniquely determined adjoint opera
tor, denoted by D, such that for any pair of functions u(x) and vex) which are sufficiently 
differentiable and which satisfy proper boundary conditions, we can write (Lanczos, 1964) I.

.U(X)DV(X)dX = I.mV(X)DU(X)dX (S.30) 

Equation (S.30) is called Green's identity; it provides a mathematical basis for defining 
the adjoint operator D in terms of the given differential D. Viewing D as a matrix, the 
adjoint operator D plays a role similar to that of a matrix transpose. 

Comparing the left-hand side of Eq. (5.30) with the fourth line of Eq. (S.29), we 
may make the following identifications: 

U(x) = DF(x) 
Dv(x) = Dh(x) 

Using Green's identity, we may rewrite Eq. (S.29) in the equivalent form 

dW,,(F, h) = I.oo. h(x)DDF(x)dx 

= (h, DDF)" 
where D is the adjoint of D. 

(S.31) 

Returning to the extremum condition described in Eq. (S.2S) and substituting the 
Frechet differentials of Eqs. (S.27) and (S.31) in that equation, we may now express the 
Frechet differential d%(F, h) as 

dW,(F, h) = (h, [ DDF - � � (d, - F)6" ]),, (S.32) 
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Since the regularization parameter A is ordinarily assigned a value somewhere in the 
open interval (0, 00), the Frechet differential d�(F, h) is zero for every h(x) in 'Jf space 
if and only if the following condition is satisfied in the distributional sense: 

or equivalently, 

_ 1 N DDFA - ii: � (d, - F)o" = 0 

1 N DDFb) = - 2: [d, - F(x,)]o(x - x,) 
A i = l  

(5.33) 

Equation (5.33) is the Euler-Lagrange equation for the Tikhonov functional �(F); it 
defines a necessary condition for the Tikhonov functional �(F) to have an extremum 
at FA(x) (Debnath and Mikusinski, 1990). 

Green's Function 

Equation (5.33) represents a partial differential equation in the approximating func
tion F. The solution of this equation is known to consist of the integral transformation 
of the right-hand side of the equation. 

Let G(x,�) denote a function in which both vectors x and � appear on equal foot
ing but for different purposes: x as a parameter and � as an argument. For a given lin
ear differential operator L, we stipulate that the function G(x,�) satisfies the following 
conditions (Courant and Hilbert, 1970): 

1. For a fixed �, G(x, �) is a function of x and satisfies the prescribed boundary con
ditions. 

2. Except at the point x = �, the derivatives of G(x,�) with respect to x are all con
tinuous; the number of derivatives is detennined by the order of the operator L. 

3. With G(x, �) considered as a function of x, it satisfies the partial differential 
equation 

LG(x, �) = 0 (5.34) 

everywhere except at the point x = �, where it has a singularity. That is, the func
tion G(x, �) satisfies the following partial differential equation (taken in the 
sense of distributions) 

LG(x, �) = o(x - �) (5.35) 

where, as defined previously, o(x - �) is the Dirac delta function positioned at 
the point x = �. 

The function G(x, �) thus described is called the Green's junction for the differential 
operator L. The Green's function plays a role for a linear differential operator that is 
similar to that for the inverse matrix for a matrix equation. 

Let <p(x) denote a continuous or piecewise continuous function of x E �m". Then 
the function 

F(x) = LG(X, �)<p(�)d� (5.36) 
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is a solution of the differential equation 

LF(x) � <p(x) (5.37) 

where G(x, �) is the Green's function for the linear differential operator L (Courant 
and Hilbert, 1970). 

To prove the validity of F(x) as a solution of Eq. (5.37), apply the differential 
operator L to Eq. (5.36), obtaining 

LF(x) � L LG(X, �)'i'(�)d(�) 
(5.38) 

� L,LG(X, �)'i'(�)d� 

The differential operator L treats � as a constant, acting on the kernel G(x; �) only as a 
function of x. By using Eq. (5.35) in (5.38) we get 

LF(x) � L" O(X - �)'i'(�)d� 

Finally, using the sifting property of the Dirac delta function, namely 

L<p(�)O(X - �)d(�) � <p(x) 

we obtain LF(x) � <p(x), as described in Eq. (5.37). 

Solution to the Regularization Problem 

Returning to the issue at hand, namely, that of solving the Euler-Lagrange equation 
(5.33). set 

and 

L � DD 

1 N <p(�) � - 2: [d, - F(x,)]o(� - xJ A i = l  
Then we may use Eq. (5.36) to write 

F,(x) � L, G(X, �)U � [d, - F(x,)]o(� - x,) }d� 

1 N J � -x: � [d, - F(x,)] 
"m G(x, �)o(� - x,)d� 

(5.39) 

(5.40) 

where in the last line we have interchanged the order of integration and summation. 
Finally, using the sifting property of the Dirac delta function, we get the desired solu
tion to the Euler-Lagrange equation (5.33) as follows: 

1 N F,(x) � - 2: [d, - F(x,)]G(x, x,) A i = J  
(5.41) 
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Equation (5.41) states that the minimizing solution FA(x) to the regularization problem 
is a linear superposition of N Green's functions. The x, represent the centers of the 
expansion, and the weights [d, - F(xi)]/I\ represent the coefficients of the expansion. In 
other words, the solution to the regularization problem lies in an N-dimensional sub
space of the space of smooth functions, and the set of Green's functions {G(x, x,}} cen
tered at Xi' i = 1 ,  2, . . .  , N, constitutes a basis for this subspace. (Poggio and Girosi, 
1990a). Note that the coefficients of expansion in Eq. (5.41) are first, linear in the esti
mation error defined as the difference between the desired response d, and the corre
sponding output F(x,) computed by the network, and second, inversely proportional to 
the regularization parameter 1\. 

Determination of the Expansion Coefficients 

The next issue to be resolved is the determination of the unknown coefficients in the 
expansion of Eq. (5.41). Let 

1 
Wi = -;:: [d, - F(x,)], i = 1 , 2, . . .  , N  

We may recast the minimizing solution of Eq. (5.41) simply as follows: 
N 

F,(x) = L w,G(x, x,) 
i= l 

Evaluating Eq. (5.43) at xj,j = 1, 2, . . .  , N, we get 
N 

FA(xj) = L w;G(Xj, Xi), j = 1 , 2, . . .  , N 
i = l  

We now introduce the following definitions: 

F, = [FA (x,), FA(x,), " "  FA(XNlY 
d = [d" d2, . • .  , dN]T [ G(Xb Xl) 

G = 
G(x" Xl) 

G(XN, Xl) 

G(X" X2) 
G(X2' X2) 

G(Xl' XN) 1 
G(X2, XN) 

G(XN' XN) 

(5.42) 

(5.43) 

(5.44) 

(5.45) 
(5.46) 

(5.47) 

(5.48) 
Then we may rewrite Eqs. (5.42) and (5.44) in matrix form as follows, respectively: 

and 

1 
w = - (d - FA) 1\ 

FA = Gw 

(5.49) 

(5.50) 
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Eliminating F, between Eqs. (5.49) and (5.50) and rearranging terms, we get 

(G + H)w � d (5.51) 

where I is the N-by-N identity matrix. We call matrix G the Green's matrix. 
The differential operator L defined in Eq. (5.39) is self-adjoint, in the sense that 

its adjoint is equal to operator L itself. It follows therefore that the associated Green's 
function G(x, xJ is a symmetric function, as shown by 

G(xi, x) � G(xj, Xi) for all i and j (5.52) 

Equation (5.52) states that the positions of the two points x and l; can be interchanged 
without affecting the value of the Green's function G(x, l;). Equivalently, the Green's 
matrix G defined in Eq. (5.47) is a symmetric matrix; that is, 

GT 
� G (5.53) 

We now invoke the interpolation theorem, which is described in Section 5.3 in the con
text of the interpolation matrix <1>. We first note that Green's matrix G plays a role in 
regularization theory similar to that of <I> in RBF interpolation theory. Both G and <I> 
are N-by-N symmetric matrices. Accordingly, we may state that the matrix G, for cer
tain classes of Green's functions, is positive definite provided that the data points 
Xl' x2' . . .  , xN are distinct. The classes of Green's functions covered by Micchelli's theo
rem include inverse multiquadrics and Gaussian functions, but not multiquadrics. In 
practice, we may always choose A sufficiently large to ensure that G + AI is positive 
definite and therefore invertible. This, in turn, means that the linear system of equa
tions (5.51) will have a unique solution given by (Poggio and Girosi, 1990a) 

w � (G + AI)-ld (5.54) 

Thus, having selected the differential operator D and therefore having identified the 
associated Green's function G(Xj' x,), where i � 1, 2, . . .  , N, we may use Eq. (5.54) to 
obtain the weight vector w for a specified desired response vector d and an appropri
ate value of regularization parameter A. 

In conclusion, we may state that the solution to the regularization problem is 
given by the expansion 9 

N 
F,(x) � L wiG(x, X,) (5.55) 

i=1 
wher� G(x, x,) is the Green's function for the self-adjoint differential operator 
L � DD, and Wi is the ith element of the weight vector w; these two quantities are 
themselves defined by Eq. (5.35) and (5.54), respectively. Equation (5.55) states the 
following (Poggio and Girosi, 1990a): 

• The regularization approach is equivalent to the expansion of the solution in 
terms of a set of Green's functions, whose characterization depends only on the 
form adopted for the stabilizer D and the associated boundary conditions. 

• The number of Green's functions used in the expansion is equal to the number of 
examples used in the training process. 

It should be noted, however, that the solution of the regularization problem given 
in Eq. (5.55) is incomplete, as it represents a solution modulo term g(x) that lies in the 
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null space of the operator D (Poggio and Girosi, 1990a). We say this because all the 
functions that lie in the null space of D are "invisible" to the smoothing term IIDFII' in 
the cost functional %(F) ofEq. (5.23); by the null space ofD, we mean the set of all func
tions g(x) for which Dg is zero. The exact form of the additional term g(x) is problem
dependent in the sense that it depends on the stabilizer chosen and the boundary 
conditions of the problem at hand. For example, it is not needed in the case of a stabi
lizer D corresponding to a bell-shaped Green's function such as a Gaussian or inverse 
multiquadric. For this reason, and since its inclusion does not modify the main conclu
sions, we will disregard it in the sequel. 

The characterization of the Green's function G(x, x,), for a specified center Xi' 
depends only on the form of the stabilizer D, that is, on the a priori assumption made 
concerning the input-output mapping. If the stabilizer D is translationally invariant, 
the Green's function G(x,xi) centered at Xi will depend only on the difference between 
the arguments x and Xj; that is, 

G( x, x,) = G( X - x,) (5.56) 
If the stabilizer D is both translationally and rotationally invariant, the Green's func
tion G(x, x,j wi\] depend only on the Euclidean norm of the difference vector x - Xi' as 
shown by 

G(x, Xi) = G(llx - xilll (5.57) 
Under these conditions, the Green's function must be a radial-basis function. In such a 
case, the regularized solution of Eq. (5.55) takes on the following special form (Poggio 
and Girosi, 1990a): 

N 
F,(x) = L wiG(llx - Xiii) (5.58) 

i=l  
The solution described in Eq. (5.58) constructs a linear function space that depends on 
the known data points according to the Euclidean distance measure. 

The solution described by Eq. (5.58) is termed strict interpolation, since all the 
N data points available for training are used to generate the interpolating function 
F(x). It is important, however, to realize that this solution differs from that of 
Eq. (5.11) in a fundamental respect: The solution of Eq. (5.58) is regularized by virtue 
of the definition given in Eq. (5.54) for the weight vector w. It is only when we set the 
regularization parameter A equal to zero that the two solutions may become one and 
the same. 

Multivariate Gaussian Functions 

The Green's function G(x, Xi)' whose linear differential operator D is both translation
ally and rotationally invariant and which satisfies the condition of Eq. (5.57), is of par
ticular interest in practice. An example of such a Green's function is the multivariate 
Gaussian function defined by 

(5.59) 
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where Xi denotes the center of the function and "i denotes its width. The self-adjoint 
operator L � DO defining the Green's function of Eq. (5.59) is given by (Poggio and 
Girosi. 1990a) 

00 

L � L (- l )" "" v'n 
n=O 

where 

and V2n is the iterated Laplace operator in mo dimensions, with 

d2 d2 
V, � - + - +  

aXT ax� 
d2 

. . .  + --
ax' m" 

(5.60) 

(5.61) 

(5.62) 

With the number of terms permitted to go to infinity in Eq. (5.60), L ceases to be a dif
ferential operator in the standard sense. For this reason, the operator L in Eq. (5.60) is 
referred to as a pseudo-differential operator. 

Since by definition, L � DO, we deduce from Eq. (5.60) that the operator 0 and 
its adjoint 0 are as follows, respectively (see note 10): 

and 

o 

O �  ( a a a )' 2: 0. 1/2 - + - + , "  + --
n n aX1 dX2 ax",o 

L a+h+ " ' + k=n 
1/2 an 

an a h k ' aX1dX2 · · ·aXmo 

'" (- I) a ' /2 d" 

.:. , a "iJ b a k a+b-f " 'k=n Xl Xz · · · Xmo 

(5.63) 

(5.64) 

Thus the regularized solution described in Eq. (5.58) is attained by using a stabilizer 
that includes all of its possible partial derivatives. 

Using Eqs. (5.59) to (5.61) in (5.35) with � set equal to Xi' we may write 

,,2, ( 1 ) L (-I)" ,'2n V2" exp - -, llx - Xi ii' � a(x - Xi) n n .  2ui 
(5.65) 

With the Green's function G(x, x,) defined by the special form of Eq. (5.59), the regu
larized solution given in Eq. (5.55) takes the form of a linear superposition of multi
variate Gaussian functions as follows: 

F,(x) � :± w, exp(-� Ilx - Xi ii') 
i = l  20'1 

where the linear weights, Wi' are themselves defined by (5.42). 

(5.66) 
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In Eq. (5.66), the individual Gaussian members of the sum defining the approxi
mating function F(x) are assigned different variances. To simplify matters, the condi
tion "i = "  for all i is often imposed on F(x). Even though RBF networks thus 
designed are of a somewhat restricted kind, they are still universal approximators 
(Park and Sandberg, 1991). 

5.6 REGULARIZATION NETWORKS 

The expansion of the regularized approximating function FJx) given in Eq. (5.55) in 
terms of the Green's function G(x, x,) centered at Xi suggests the network structure 
shown in Fig. 5.4 as a method for its implementation. For obvious reasons, this network 
is called a regularization network (Poggio and Girosi, 1990a). As with the network 
described in section 5.1, it consists of three layers. The first layer is composed of input 
(source) nodes whose number is equal to the dimension mo of the input vector x (i.e., 
the number of independent variables of the problem). The second layer is a hidden 
layer, composed of nonlinear units that are connected directly to all of the nodes in the 
input layer. There is one hidden unit for each data point Xi' i = 1 , 2, . . .  , N, where N is 
the size of the training sample. The activation functions of the individual hidden units 
are defined by the Green's functions. Accordingly, the output of the ith hidden unit is 
G(x, x,). The output layer consists of a single linear unit, being fully connected to the 
hidden layer. By "linearity" we mean that the output of the network is a linearly 
weighted sum of the outputs of the hidden units. The weights of the output layer are 
the unknown coefficients of the expansion, defined in terms of the Green's functions 
G(x, x,) and the regularization parameter A as seen in Eq. (5.54). Figure 5.4 depicts the 
architecture of the regUlarization network for a single output. Clearly, such an architec
ture can be readily extended to accommodate any number of network outputs desired. 

The regularization network shown in Fig. 5.5 assumes that the Green's function 
G(x, x,) is positive definite for all i. Provided that this condition is satisfied, which it is in 
the case of the G(x, Xi) having the Gaussian form given in Eq. (5.59), for example, then 

Input 
layer 

Hidden 
layer 

of N Green's 
functions 

Output 
layer 

FIGURE 5.4 Regularization network. 
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of m J radial
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FIGURE 5.5 Radial-basis function network. 

the solutiou produced by this network will be an "optimal" interpolant in the sense 
that it minimizes the functional % (F). Moreover, from the viewpoint of approximation 
theory, the regularization network has three desirable properties (Poggio and Girosi, 
1990a): 

1. The regularization network is a universal approximator in that it can approxi
mate arbitrarily well any multivariate continuous function on a compact subset 
of �m", given a sUfficiently large number of hidden units. 

2. Since the approximation scheme derived from regularization theory is linear in 
the unknown coefficients. it follows that the regularization network has the best
approximation property. This means that given an unknown nonlinear function /, 
there always exists a choice of coefficients that approximates f better than all 
other possible choices. 

3. The solution computed by the regularization network is optimal. Optimality here 
means that the regularization network minimizes a functional that measures how 
much the solution deviates from its true value as represented by the training 
data. 

5.7 GENERALIZED RADIAL-BASIS FUNCTION NETWORKS 

The one-ta-one correspondence between the training input data Xi and the Green'8 
function G(x, xJ for i = 1, 2, . . . , N produces a regularization network that may some
times be considered prohibitively expensive to implement in computational terms for 
large N. Specifically, the computation of the linear weights of the network (i.e., the 
coefficients of the expansion in Eq. (5.55) requires the inversion of an N-by-N matrix, 
which therefore grows polynomially with N (roughly as N3). Furthermore, the likeli
hood of ill conditioning is higher for larger matrices; the condition number of a matrix 



Section 5.7 Generalized Radial-Basis Function Networks 279 

is defined as the ratio of the largest eigenvalue to the smallest eigenvalue of the matrix. 
To overcome these computational difficulties, the complexity of the network would 
have to be reduced, which requires an approximation to the regularized solution. 

The approach taken involves searching for a suboptimal solution in a lower
dimensional space that approximates the regularized solution of Eq. (5.55). This is 
done by using a standard technique known in variational problems as Galerkin's 
method. According to this technique, the approximated solution F*(x) is expanded on 
a finite basis, as shown by (Poggio and Girosi, 1990a) 

m, 
F*(x) � � Wi <p,(x) (5.67) i= l 

where {<p,(x I i � 1, 2, . . .  , m,} is a new set of basis functions that we assume to be lin
early independent without loss of generality. Typically, the number of basis functions is 
less than the number of data points (i.e., m, :=; N, and the Wi constitute a new set of 
weights. With radial-basis functions in mind, we set 

<p,(x) � GCllx - lill), i � 1, 2, . . . , m, (5.68) 

where the set of centers {Ii I i � 1, 2, . . .  , m,} is to be determined. This particular choice 
of basis functions is the only one that guarantees that in the case of m, � N, and 

i = 1 , 2, . . .  , N  

the correct solution of Eq. (5.58) is consistently recovered. Thus, using Eq. (5.68) in 
(5.67), we may redefine F*(x) as 

m, 
F*(x) � � Wi G(x, I,J i= l  

m, (5.69) 

� � w;G(l lx - lill) i= l 
Given the expansion of Eq. (5.69) for the approximating function F*(x), the 

problem we now address is the determination of the new set of weights {Wi I i � 

1, 2, . . . , m,} so as to minimize the new cost functional %(F*) defined by 

%(F*) � � (di - j� wjGCllxi - Ijll»)' + AIIDF* II' (5.70) 

The first term on the right-hand side of Eq. (5.70) may be expressed as the squared 
Euclidean norm II d - Gw II', where 

d � [db d" " . ,  dNY (5.71) [ G(.,. " G(Xb I,) G(.,. 

�,) 1 G � 
G(x�, 1,) G(x" I,) G(x" lm) 

(5.72) 

G(xN, I,) G(XN, I,) G(xN, lm) 
W = [W1. W2 • . . .  , WmJT (5.73) 
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The desired response vector d is N-dimensional as before. However, the matrix G of 
Green's functions and the weight vector w have different dimensions; the matrix G is 
now N-by-ml and therefore no longer symmetric, and the vector w is m,-by-l. From 
Eq. (5.69) we note that the approximating function F* is a linear combination of the 
Green's functions for the stabilizer D.Accordingly, we may express the second term on 
the right-hand side of Eq. (5.70) as 

II DF* II' = (DF*, DF*)Jf [ m, m, ] = � WiG (X, t,), DD � wiG(X; t,J 
M

. [ m, m, ] 
= � WiG (X, til, � Wioti 

'" 
mj m] 

= � � 11!jWiG(tj, t,) j=l i= I 

(5.74) 

where in the second and third lines we made use of the defmition of an adjoint operator 
and Eq. (5.35), respectively. The matrix Go is a symmetric ml-by-ml matrix, defined by 

G _ G(t2, tl) G(t" t2) G(t" tm) 
r G(tb tl) G(tb t2) G(tb tm) 1 

o - G(t� " t l) G(t"" , t2) G(tm: ' tm) 

(5.75) 

Thus the minimization of Eq. (5.70) with respect to the weight vector w yields the 
result (see Problem 5.5) 

(5.76) 

As the regularization parameter A approaches zero, the weight vector w converges to 
the pseudoinverse (minimum-norm) solution to the overdetermined least-squares 
data-fitting problem for m, < N, as shown by (Broomhead and Lowe, 1988) 

where G+ is the pseudoinverse of matrix G; that is, 

G+ = (GTG) IGT 

Weighted Norm 

(5.77) 

(5.78) 

The norm in the approximate solution of Eq. (5.69) is ordinarily intended to be a 
Euclidean norm. When, however, the individual elements of the input vector x belong 
to different classes, it is more appropriate to consider a general weighted norm, the 
squared form of which is defined by (Poggio and Girosi, 1990a) 

I lx ll� = (Cxj1(Cx) 

(5.79) 
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where C is an ma-by-mo norm weighting matrix, and mo is the dimension of the input 
vector x. 

Using the definition of weighted norm, we may now rewrite the approximation 
to the regularized solution given in Eq. (5.69) in the more generalized form (Lowe, 
1989; Poggio and Girosi, 1990a) 

m, 
F*(x) = � w,G(llx - t, lle) (5.80) 

i= 1 

The use of a weighted norm may be interpreted in two ways. We may simply view 
it as applying an affine transformation to the original input space. In principle, allowing 
for such a transformation cannot degrade results from the default case, since it actually 
corresponds to an identity norm-weighting matrix. On the other hand, the weighted 
norm follows directly from a slight generalization of the mo-dimensional Laplacian in 
the definition of the pseudo-differential operator D in Eq. (5.63); see Problem 5.6. The 
use of a weighted norm may also be justified in the context of Gaussian radial-basis 
functions on the following grounds. A Gaussian radial-based function G(llx - till e) 
centered at ti and with norm weighting matrix C may be expressed as 

G(llx - t,lle = exp[-(x - ti)'C'C(X - till 

= exp [ -� (x - til' I- 1(x - t,J ] (5.81) 

where the inverse matrix I -I is defined by 

(5.82) 

Equation (5.81) represents a multivariate Gaussian distribution with mean vector ti 
and covariance matrix I. As such, it represents a generalization of the distribution 
described in Eq. (5.59). 

The solution to the approximation problem given in Eq. (5.70) provides the frame
work for the generalized radial-basis function (RBF) network having the structure 
shown in Fig. 5.5. In this network, provision is made for a bias (i.e., data-independent 
variable) applied to the output unit. This is done simply by setting one of the linear 
weights in the output layer of the network equal to the bias and treating the associated 
radial-basis function as a constant equal to + 1. 

In structural terms, the generalized RBF network of Fig. 5.5 is similar to the regu
larization RBF network of Fig. 5.4. However, they differ from each other in two impor
tant ways: 

L The number of nodes in the hidden layer of the generalized RBF network of 
Fig. 5.5 is ml, where ml is ordinarily smaller than the number N of examples 
available for training. On the other hand, the number of hidden nodes in the reg
ularization RBF network of Fig. 5.4 is exactly N. 

2. In the generalized RBF network of Fig. 5.5, the linear weights associated with the 
output layer, and the positions of the centers of the radial-basis functions and the 
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norm weighting matrix associated with the hidden layer, are all unknown 
parameters that have to be learned. However, the activation functions of the hid
den layer in the regularization RBF network of FIg. 5.4 are known, being defined 
by a set of Green's functions centered at the training data points; the linear 
weights of the output layer are the only unknown parameters of the network. 

Receptive Field 

The covariance matrix I determines the receptive field of the Gaussian radial-basis 
function G(llx - Idlcl given in Eq. (5.81). For a prescribed center (, the receptive field 
of G(llx - (11cl is formally defined as the support of the function 

"'(x) = G(llx - 1,IIc> - a (5.83) 

where a is some positive constant (Xu et aI., 1994). In other words, the receptive field 
of G(llx - 1,IIcl is that particular subset of the domain of the input vector x for which 
G(llx - 1,IIcl takes sufficiently large values, greater than the prescribed level a. 

In a manner corresponding to the way in which the norm-weighting matrix C was 
defined, we may identify three different scenarios pertaining to the covariance matrix 
I and its influence on the shape, size, and orientation of the receptive field: 

1, I = (J"2I, where I is the identity matrix and (J"2 is a common variance. In this case, 
the receptive field of G(llx - lillcl consists of a hypersphere centered at Ii and 
with a radius determined by (J". 

2. I = diag( (J"T, (J"j, . . . , (J"�,c) ,  where (J"J is the variance of the jth element of the input 
vector x andj = 1, 2, . . . , mo. In this second case, the receptive field of G(llx - lillcl 
consists of a hyperellipse whose individual axes coincide with those of the input 
space, and with its extension along the jth axis being determined by (J"j' 

3. I is a nondiagonal matrix. By definition, I is a positive definite matrix. We may 
therefore use the similarity transformation of matrix algebra to decompose I as 
follows: 

I = QTAQ (5.84) 

where A is a diagonal matrix and Q is an orthonormal rotation matrix. The 
matrix A determines the shape and size of the receptive field, while the matrix Q 
determines its orientation. 

5.8 XOR PROBLEM (REVISITED) 

Consider again the XOR (Exclusive OR) problem, which we solved in Chapter 4 using 
a multilayer perceptron with a single hidden layer. Here we are going to present a solu
tion to this same problem by using an RBF network. 

The RBF network to be investigated consists of a pair of Gaussian functions, 
defined as: 
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G(llx - ti ll) = exp( -llx - ti I12), i = 1, 2 (5.85) 

where the centers t1 and t2 are 

t, = [1. 11' 

t, = [0. OJ' 

For the characterization of the output unit, we assume the following: 

1. The output unit uses weight-sharing, which is justified by virtue of the symmetry 
of the problem; this is a form of prior information being built into the design of 
the network. With only two hidden units, we therefore only have a single weight 
w to be determined. 

2. The output unit includes a bias b (i.e., data-independent variable). The signifi
cance of this bias is that the desired output values of the XOR function have 
nonzero mean. 

Thus the structure of the RBF network proposed for solving the XOR problem is as 
shown in Fig. 5.6. The input-output relation of the network is defined by 

, 
y(x) = L wG(ll x  - 1, 11) + b (5.86) i= 1  

To fit the training data of Table 5.2, we require that 

j = 1, 2, 3, 4  (5.87) 

where Xj is an input vector and dj is the corresponding value of the desired output. Let 

j = 1 , 2, 3, 4; i = 1, 2 (5.88) 

Then, using the values of Table 5.2 in Eq. (5.88), we get the following set of equations 
written in matrix form: 

Gw = d 

X2->-O'C------>:&'P�2 r 
Input 
nodes 

Gaussian 
functions 

w 

w 

Fixed input = +1 
b (bias) 

Linear 
output 
neuron 

FIGURE 5.6 RBF network for solving the XOR problem. 

(5.89) 
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where 

Radial-Basis Function Networks 

TABLE 5.2 Input-Output Transformation 
Computed for XOR Problem 

Data Point,j Input Pattern, xi Desired Output, dj 

1 
2 
3 
4 

(1. 1)  
(0. 1) 
(0. 0) 
( 1 .0) 

G o  r O�'8 
0.1353 
0.3678 

d � [0 1 

w � [w w 

0 
1 
0 
1 

0.1353 1] 0.3678 
1 

0.3678 

0 IY 
by 

(5.90) 

(5.91) 

(5.92) 

The problem described here is overdetermined in the sense that we have more data points 
than free parameters. This explains why the matrix G is not square. Consequently, no 
unique inverse exists for the matrix G. To overcome this difficulty, we use the minimum
norm solution of Eq. (5.78), and so write 

w = G+d 
= (GTG)-IG'd 

(5.93) 

Note that GTG is a square matrix with a unique inverse of its own. Substituting Eq. (5.90) 
in (5.93),we get [ 1 .8292 

G+ � 0.6727 
-0.9202 

- 1 .2509 
- 1.2509 

1.4202 

0.6727 
1 .8292 

-0.9202 

Finally, substituting Eqs. (5.91) and (5.94) in (5.93), we get 

w � [=�:���:] 
+ 2.8404 

which completes the specification of the RBF network. 

5.9 ESTIMATION OF THE REGULARIZATION PARAMETER 

-1.2509] 
-1.2509 

1 .4202 
(5.94) 

The regularization parameter A plays a central role in the regularization theory of 
radial-basis function networks presented in Sections 5.5 through 5.7. To derive the full 
benefit of this theory we need an equally principled approach to the estimation of A. 
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To fix ideas, consider a nonlinear regression problem, described by a model whose 
observable output y, at time step i in response to an input vector x, is defined by 

y, = I(x,) + E" i = 1 , 2, . . .  , N  (5.95) 

where I(x') is a "smooth curve," and E, is a sample drawn from a white noise process of 
zero mean and variance (T2. That is 

E[E,] = 0 for all i (5.96) 

and { IT' for k = i E[E,Ed = 
0 otherwise 

(5.97) 

The problem is to reconstruct the underlying function of the model, f(x,), given the 
training sample ( x" Y')}�l' 

Let FA(x) be the regularized estimate of/(x) for some value of the regularization 
parameter 1-. That is, FA(x) is the minimizer of the Tikhonov functional formulated for 
the nonlinear regression problem as; 

1 N I-
%(F) = 2' � [y, - F(x,)l' + 2' IIDF(x) II' (5.98) 

It is a nontrivial matter to choose a suitable value for 1-, which controls the tradeoff 
between two conflicting issues; 

• "Roughness" of the solution as measured by the term IIDF(x) II' N 
• "Infidelity" of the data, as measured by the term L [y, - F(x,)l' i= l  

A good choice for the regularization parameter I- is the subject matter of this section. 

Average Squared Error 

Let R(I-) denote the "average squared error over a given data set" between two func
tions; the regression function f(x) pertaining to the model and the approximating func
tion FA(x) representing the solution for some 1-, evaluated over the entire data set. 
That is, 

1 
N 

R(I-) = N � [/(x,) - FA(x,)]' (5.99) 

The optimum I- is the particular value of I- that minimizes R(I-). 
Let FJxk) be expressed as a linear combination of the given set of observables as 

follows; 
N 

FA(Xk) = L aki(l-)y, 
i=l  

In matrix form, we may equivalently write 

FA = A(I-)y 

(5.100) 

(5.101) 
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where 

and 

Radial-Basis Function Networks 

FA = [FA(x,), FA(x,), . . .  , FA(XN)f 
y = [y" y" . . .  , YNF [ 0" a12 

A(A) = a�, an 

aN! am 

The N-by-N matrix A(A) is called the influence matrix. 
Using this matrix notation, we may rewrite Eq. (5.99) in the form 

where the N-by-1 vector f is 

R(A) = � ll f - FAil' 

1 
= - II f - A(A)yIi' N 

(5.102) 

(5.103) 

We can go one step further in our matrix formulation by rewriting Eq. (5.95) in the form 

y = f + E  
where 

Hence, using Eq. (5.104) in (5.103) and then expanding terms, we obtain 

R(A) = � II {I - A(A» f - A(A)E II' 

= � 11(1 - A(A» fll' - � ETA(A)(I - A(A» f 

1 
+ N IIA(A)E II' 

(5.104) 

(5.105) 

where 1 is the N-by-N identity matrix. To find the expected value of R(A), note the fol
lowing points: 

• The first term on the right-hand side of Eq. (5.105) is a constant and is therefore 
unaffected by the expectation operator . 

• The expectation of the second term is zero by virtue of Eq. (5.96) 
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• The expectation of the scalar IIA(}.)£ 112 is 

E[ IIA(}.)£112 = E[£TAT(}.)A(}.)£] 

= tr{E[£T AT(}.)A(}.)£]} 

= E{tr[£TAT(}.)A(}.)£]} (5.106) 
where we first used the fact that the trace of a scalar is the same as the scalar 
itself, and then interchanged the order of expectation and trace operation. 

Next we may use this rule in matrix algebra: Given two matrices B and C of com
patible dimensions, the trace of BC is equal to the trace of CB. Thus, setting B = £T and 
C = AT(}')A(}')£, we may rewrite Eq. (5.106) in the equivalent form 

E[ lIA(}.)fI12] = E{tr[AT(}.)A(}.)££T]} 

= .,.'tr[AT(}.)A(}.)] 
(5.107) 

where in the last line we have made use of Eq. (5.97). Finally, noting that the trace of 
AT(}.)A(}') is the same as the trace of A2(}.), we may write 

(5.108) 
Putting these three results together, we may express the expected value of R(}.) as 

1 .,.2 
E[R(}')] = N II I - A(}.)fll' + 

N 
tr [A'(}.)] (5.109) 

The average squared error over a given data set, R(}'), however, is not a practical 
measure because it requires knowledge of the regression function f(x), the function 
that is to be reconstructed. As an estimate of E[R(}')], we introduce the following defi
nition (Craven and Wahba, 1979) 

,, 1  (T2 (12 
R(}') = N I I (I - A(}.))y ll' + 

N 
tr[A>C}.)] - N 

tr [(I - A(}'))'] (5.110) 

This estimate is unbiased, in that (following a procedure similar to that described for 
deriving Eq. (5.109)), we may show that 

E[R(}.)] = E[R(}.)] (5.111) 
Accordingly, the minimizer of the estimate R(}') can be taken as a good choice for the 
regularization parameter }.. 

Generalized Cross-Validation 

A drawback of the estimate R(}') is that it requires knowledge of the noise variance .,.'. 
In situations encountered in practice, .,.2 is usually not known. To deal with situations of 
this kind, we may use the concept of generalized cross-validation that was originated 
by Craven and Wahba (1979). 
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We begin by adapting the ordinary leave-one-out form of cross-validation 
(described in Chapter 4) to the problem at hand. Specifically, let F,lkl(x) be the mini
mizer of the functional 

'C;(F) � � f [y, - FJx,ll' + .'-: j j DF(x) jj2 2 i= 1 2 
i*k 

(5.112) 

where the kth term [Yk - F,(xk)] has been left out of the standard error term. By leav
ing out this term, we may take the ability of F,lkl(x) to "predict" the missing data point 
Y k as a measure of the goodness of A. Accordingly, we may introduce the following 
measure of goodness 

(5.113) 

which depends on the data alone. The ordinary cross-validation estimate of A is thus 
defined to be the minimizer of VoCAl (Wahba, 1990). 

A useful property of F,lk1(xk) is that if the data point Yk is replaced by the predic
tion F,lk1(xk) ,  and the original Tikhonov functional 'C;(F) of Eq. (5.98) is minimized 
using the data points y" Y2' . . .  , Yk." Yk' Yk+" . . .  , YN' we get F,lk1(xk) for the solution. This 
property, together with the fact that for each input vector x the minimizer F,(x) of 
'C;(F) depends linearly onYk, allows us to write: 

Ftkl(xk) � F,(Xk) + (Flkl(xk) - Yk) a
F,(Xk) 
aYk 

(5.114) 

From Eq. (5.100), defining the entries of the influence matrix A(A), we readily see that 

aF,(Xk) � a,,(A) 
aYk 

(5.115) 

where akk(A) is the kth diagonal element of A(A). Hence, using Eq. (5.115) in (5.114), 
and solving the resulting equation for F,lk1(xk), we obtain 

Flkl(xk) � F,(Xk) - akk(A)Yk 
1 - akk(A) 

F,(Xk) - Yk 
� + Yk 1 - akk(A) 

Substituting Eq. (5.116) in (5.113), we may redefine VoCAl as 

VII(A) � .!. f [Yk - F,(Xk) J2 N k� 1 1 - a.,(A) 

(5.116) 

(5.117) 

Typically, akk(A) is different for different k, which means that the data points in VII(A) 
are not treated equally. To circumvent this undesirable feature of ordinary cross-vali
dation, Craven and Wahba (1 979) introduced the generalized cross-validation (GCV), 
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using a rotation of coordinates. 11 Specifically. the ordinary cross-validation function 
VolA) of Eq. (5. 1 17) is modified as: 

VeAl = 2. f Wk[Yk � F,(Xk) ]2 

N k� 1 1 � akk(A) 

where the weights, Wk, are themselves defined by 

Then, the generalized cross-validation function VeAl becomes 

1 N 
N � [Yk � F,(Xk)l' 

V(i'.) = �k",�-,-l ----=-[ � tr [ 1 � A(A)] ]' 

Finally, using Eq. (5.100) in (5.120) yields 

VeAl = � 11(1 � A(AllY112

2 [
N tr[1 � A(A)] ] 

whicb relies solely on quantities related to the data for its computation. 

An Optimal Property of the Generalized 
Cross-Validation Function V(A) 

(5.118) 

(5.119) 

(5.120) 

(5.121) 

Let A denote the minimizer of the expected value of the generalized cross-valida
tion function VeAl. The expectation inefficiency of the method of generalized cross
validation is defined by 

I* = 
E [R(A)] 

min E [R(A)] , 
(5.122) 

where R(A) is the average squared error over the data set given in Eg. (5.99). Naturally, 
the asymptotic value of [* satisfies the condition 

lim I' = 1 N->x (5.123) 

In other words, for large N, the average squared error R(A) with A estimated by mini
mizing the generalized cross-validation function VeAl should be close to the minimum 
possible value of R(A), which makes veAl a good method for estimating A. 
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Summarizing Comments 

The general idea is to choose the regularization parameter A so as to minimize the 
average squared error over the data set, R(A). Unfortunately, this cannot be accom
plished directly, since R(A) involves the unknown regression function f(x). With this 
being so, there are two possibilities that may be pursued in practice: 

• If the noise variance (J'2 is known, we may use the minimizer of the estimate R(A) 
of Eq. (5.110) as the optimum choice of A, optimum in the sense that it also mini
mizes R(A). 

• If (J'2 is not known, we may use the minimizer of the generalized cross-validation 
function VeAl of Eq. (5.121) as a good choice of A, which produces an expected 
mean square error that approaches the minimum possible expected mean square 
error as N � ::xJ. 

The important point to note here is that the theory justifying the use of generalized 
cross-validation for estimating A is an asymptotic one. Good results can therefore be 
expected only when the available data set is long enough for the signal to be distin
guishable from noise. 

Practical experience with generalized cross-validation appears to show that it is 
robust against nonhomogeneity of variances and non-Gaussian noise (Wahba, 1990). 
However, the method is quite likely to produce unsatisfactory estimates of the regular
ization parameter A if the noise process is highly correlated. 

Finally, some comments pertaining to the computation of the generalized cross
validation function VeAl are in order. For given trial values of the regularization para
meter A, finding the denominator term [tr[I-A(A)]/N]' in the formula of Eq. (5.121) is 
the most expensive part of the work involved in computing V(A). The "randomized 
trace method" described in Wahba et a1. (1995) may be used to compute tr[A(A)]; it is 
feasible to apply this method to very large systems. 

5.10 APPROXIMATION PROPERTIES OF RBF NETWORKS 

In Chapter 4 we discuss the approximation properties of multilayer perceptrons. 
Radial-basis function networks exhibit good approximation properties of their own, 
paralleling those of multilayer perceptrons. The family of RBF networks is broad 
enough to uniformly approximate any continuous function on a compact set." 

Universal Approximation Theorem 

Let G: IRIm" --> IRI be an integrable bounded function such that G is continuous and 

t",G(X)dX '" 0 

Let " G denote the family of RBF networks consisting of functions F: IRIm. --> IRI repre
sented by 

m, (x - t )  
F(x) = � W;G � 
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where rr > 0, Wi E IR and t, E IRm. for i = 1 , 2, . . .  , mj• We may then state the universal 
approximation theorem for RBF networks (Park and Sandberg, 1991): 

For any continuous input-output mapping function f(x) there is an RBF network with a set 
of centers {tJ� 1 and a common width 0' > 0 such that the input-output mapping function 
F(x) realized by the RBF network is close to fix) in the Lp norm, p E [1,001. 

Note that in the universal approximation theorem as stated, the kernel 
G: IR"'" � IR is not required to satisfy the property of radial symmetry. The theorem is 
therefore stronger than necessary for RBF networks. Most importantly, it provides the 
theoretical basis for the design of neural networks using radial basis functions for prac
tical applications. 

Curse of Dimensionality (Revisited) 

In addition to the universal approximation property of RBF networks, there is the issue 
of the rate of approximation attainable by these networks that must be considered. 
From the discussion presented in Chapter 4, we recall that the intrinsic complexity of a 
class of approximating functions increases exponentially in the ratio mo/s, where mo is 
the input dimensionality (i.e., dimension of the input space) and s is a smoothness index 
measuring the number of constraints imposed on an approximating function in that 
particular class. Bellman's curse of dimensionality tells us that, irrespective of the 
approximation technique employed, if the smoothness index s is maintained constant, 
the number of parameters needed for the approximating function to attain a prescribed 
degree of accuracy increases exponentially with the input dimensionality mo. The only 
way that we can achieve a rate of convergence independent of the input dimensionality 
mv, and therefore be immune to the curse of dimensionality, is for the smoothness index 
s to increase with the number of parameters in the approximating function so as to 
compensate for the increase in complexity. This point is illustrated in Table 5.3, adapted 
from Girosi and Anzellotti (1992). Table 5.3 summarizes the constraints on function 

TABLE 5.3 Two Approximation Techniques and Corresponding 
Function Spaces with the Same Rate of Convergence 
O(l/Yni; ) .  Where m, is the Size of the Hidden Space. 

Function Space 

L.llsliF(s)ds < 00 

where F(s) is the 
multidimensional 
Fourier transform of the 
approximating function 
F(x) 

Sobolev space of 
functions whose 
derivatives up to order 
2m > mo are integrable 

Norm 

L,(n) 

Approximation Technique 

(a) multilayer perceptIons 

F(x) = � ai'P(wTx + bi) i=1 
where '1'(.) is the sigmoid 
activation function 

(b) RBF networks: 
m, ( F(x) = � ai exp Ilx - ti112) 

2<>' 
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space that have to be satisfied by two approximating techniques, multilayer perceptrons 
and RBF networks, for the rate of convergence to be independent of the input dimen
sionality mo' Naturally, the constraints imposed on these two approximating techniques 
are different, reflecting the different paths followed in their formulations. In the case of 
RBF networks, the result holds in the Sobolev space 13 of functions whose derivations 
up to order 2m > ma are integrable. In other words, the number of derivatives of the 
approximating function that are integrable is required to increase with the input dimen· 
sionality rna in order to make the rate of convergence independent of mo' As explained 
in Chapter 4, a similar constraint applies to multilayer perceptrons, but in a rather 
deceptive way. The conclusion to be drawn from Table 5.3 may therefore be stated as: 

The space of approximating functions attainable with multilayer perceptrons and RBF net
works becomes increasingly constrained as the input dimensionality mo is increased. 

The net result is that the curse of dimensionality can be broken neither by neural net
works whether they are multilayer perceptrons or RBF networks, nor by any other 
nonlinear technique of a similar nature. 

Relationship between Sample Complexity. 
Computational Complexity. and Generalization Performance 

A discussion of the approximation problem would be incomplete without some con
sideration being given to the fact that, in practice, we do not have an infinite amount of 
data, but rather a training sample of some finite size. By the same token, we do not 
have a neural network with infinite computational complexity, but rather a finite one. 
Accordingly, there are two components to the generalization error of a neural network 
trained on a data set of finite size and tested on data not seen before, as discussed in 
Chapter 2. One component, called the approximation error, results from the limited 
capacity of the network to represent a target function of interest. The other compo· 
nent, called the estimation error, results from the limited amount of information con
tained in the training sample about the target function. Using this form of 
decomposition, Niyogi and Girosi (1996) have derived a bound on the generalization 
error produced by a Gaussian RBF network, expressed in terms of the size of the hid· 
den layer and the size of the training sample. The derivation is for the case of learning a 
regression function in a model of the kind described in Eq. (5.95); the regression func
tion belongs to a certain Sobolev space. 

This bound, formulated in the terminology of PAC learning described in 
Chapter 2, may be stated as follows (Niyogi and Girosi, 1996): 

Let G denote the class of Gaussian RBF networks with mo input (source) nodes and m1 
hidden units. Let/(x) denote a regression function that belongs to a certain Sobolcv space. 
Assume that the training sample ?J = {(X;,d;)l;� 1 is obtained by random sampling of the 
regressive model based on f(x). Then, for any confidence parameter 1) E (0,1], the gener
alization error produced by the network is bounded from above by 0(2..) + O(mOml lOg(mIN) + .!. log(!(2) 

mj N N 0 
with probability greater than 1- fl. 

(5.124) 
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From the bound of Eq. (5.124). we may make the following deductions: 

• The generalization error converges to zero only if the number of hidden units, m1, 
increases more slowly than the size N of the training sample. 

• For a given size N of training sample, the optimum number of hidden units, m r , 
behaves as (see Problem 5.11) 

(5.125) 

• The RBF network exhibits a rate of approximation O(1Im1) that is similar to that 
derived by Barron (1993) for the case of a multilayer perceptIon with sigmoid activa
tion functions; see the discussion in Section 4.12. 

5.1 1 COMPARISON OF RBF NETWORKS AND 
MULTILAYER PERCEPTRONS 

Radial-basis function (RBF) networks and multilayer perceptrons are examples of 
nonlinear layered feedforward networks. They are both universal approximators. It is 
therefore not surprising to find that there always exists an RBF network capable of 
accurately mimicking a specified MLP, or vice versa. However, these two networks dif
fer from each other in several important respects. 

1. An RBF network (in its most basic form) has a single hidden layer, whereas an 
MLP may have one or more hidden layers. 

2. Typically the computation nodes of an MLP, located in a hidden or an output 
layer, share a common neuronal model. On the other hand, the computation 
nodes in the hidden layer of an RBF network are quite different and serve a dif
ferent purpose from those in the output layer of the network. 

3. The hidden layer of an RBF network is nonlinear, whereas the output layer is lin
ear. However, the hidden and output layers of an MLP used as a pattern classifier 
are usually all nonlinear. When the MLP is used to solve nonlinear regression 
problems, a linear layer for the output is usually the preferred choice. 

4. The argument of the activation function of each hidden unit in an RBF network 
computes the Euclidean norm (distance) between the input vector and the center 
of that unit. Meanwhile, the activation function of each hidden unit in an MLP 
computes the inner product of the input vector and the synaptic weight vector of 
that unit. 

5. MLPs construct global approximations to nonlinear input-output mapping. On 
the other hand, RBF networks using exponentially decaying localized nonlinear
ities (e.g., Gaussian functions) construct local approximations to nonlinear 
input-output mappings. 

This in turn means that for the approximation of a nonlinear input-output mapping, 
the MLP may require a smaller number of parameters than the RBF network for the 
same degree of accuracy. 

The linear characteristics of the output layer of the RBF network mean that such 
a network is more closely related to Rosenblatt's perceptron than to the multilayer 
perceptron. However, the RBF network differs from the perceptron in that it is capable 
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of implementing arbitrary nonlinear transformations of the input space. This is well 
illustrated by the XOR problem, which cannot be solved by any linear perceptron but 
can be solved by an RBF network. 

5.12 KERNEL REGRESSION AND ITS RELATION TO RBF NETWORKS 

The theory of RBF networks presented so far has built on the notion of interpolation. 
In this section we take another viewpoint, namely, kernel regression building on the 
notion of density estimation. 

To be specific, consider again the nonlinear regression model of Eq. (5.95), repro
duced here for convenience of presentation: 

Yi = fix,) + E" i = 1, 2, . . .  , N  

As a reasonable estimate of the unknown regression function fix), we may take the 
mean of observables (i.e., values of the model output y) near a point x. For this 
approach to be successful, however, the local average should be confined to observa
tions in a small neighborhood (i.e., receptive field) around the point x, because in gen
eral, observations corresponding to points away from x will have different mean 
values. More precisely, we recall from the discussion presented in Chapter 2 thatf(x) is 
equal to the conditional mean of y given x (i.e., the regression of y on x), as shown by 

fix) = E[y I xl 

Using the formula for the expectation of a random variable, we may write 

fix) = r>fy(y I X)dY (5.126) 

where fy(y lx) is the conditional probability density function (pdf) of Y, given x. From 
probability theory, we have 

f (  I ) =
fx,Y(x,y) 

y 
y x 

fx(x) 
(5.127) 

where fx(x) is the pdf of x and fx.y(x,y) is the joint pdf of x and y. Hence, using 
Eq. (5.127) in (5.126), we obtain the following formula for the regression function 

f/ fx.y(x, y)dy 
f(x) = fx(x) 

(5.128) 

Our particular interest is in a situation where the joint probability density func
tionfx ,.(x, y) is unknown. All that we have available is the training sample, {(Xi, Yi)l;:l' 
To estimate fx,Y(x, y) and therefore fx(x), we may use a nonparametric estimator 
known as the Parzen-Rosenblatt density estimator (Rosenblatt, 1956, 1970; Parzen, 
1962) . Basic to the formulation of this estimator is a kernel, denoted by K(x), which has 
properties similar to those associated with a probability density function: 
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• The kernel K(x) is a continuous, bounded, and real function ofx, and symmetric about 
the origin where it attains its maximum value. 

• The total volume under the surface of the kernel K(x) is unity; that is, for an m-dimen
sional vector X, 

r K(x)dx = 1 J •• 
(5.129) 

Assuming that Xl' X" " "  xN are independent random vectors and identically distrib
uted, we may formally define the Parzen-Rosenblatt density estimate offx(x) as: 

A 1 N (x - Xi) 
fx(X) = Nhm. � K -h- for X E �"" (5.130) 

where the smoothing parameter h is a positive number called bandwidth or simply 
width; h controls the size of the kernel. (The parameter h used here should not be con
fused with the h used to define the Frechet derivative in Section 5.5.) An important 
property of the Parzen-Rosenblatt density estimator is that it is a consistent estimatorl4 
(i.e., asymptotically unbiased) in the sense that if h = h(N) is chosen as a function of N 
such that 

limh(N) = 0, N-.oo 
then 

lim E [ix<x)] = fx(x) N-.oo 
For this latter equation to hold, x should be a point of continuity for ix(x). 

In a manner similar to that described in Eq. (5.130), we may formulate the 
Parzen-Rosenblatt density estimate of the joint probability density function fx. y(x,y) 
as follows: 

A 1 N (x - Xi) (Y - Yi) fx.y(x,y) = Nh",,+ l  � K -
h- K -h

- for x E �"" and y E � (5.131) 

Integrating ix.Y(x,y) with respect to y, we get the fx(x) of Eq. (5.130), and so we 
should. Moreover, 

A 1 x - Xi Y - Yi f oo N ( ) foo ( ) _'yfx.y(x,y)dy = Nhmo+ l � K -h-
_'

yK -
h- dy 

Changing the variable of integration by putting z = (y - Yi)/h, and using the symmet
ric property of the kernel KO, we obtain the result fOO A 1 N (x - Xi) _/fx,y(X, y)dy = Nhmo � YiK -

h- (5.132) 

Thus, using Eqs. (5.132) and (5.130) as estimates of the quantities in the numerator and 
denominator of Eq. (5.128), respectively, we obtain the following estimate of the 
regression functionf(x), after canceling common terms: 
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F(x) = j(x) 
� YiK(y) 
f K(X - Xj) J�l h 

(S.133) 

where in the denominator, for clarity of presentation, we have used j instead of i as the 
index of summation. As with an ordinary RBF network, the kernel regression estima
tor F(x) defined in Eq. (S.133) is a universal approximator. 

There are two ways in which the approximating function F(x) may be viewed: 

1. Nadaraya-Watson regression estimator. Define the normalized weighting function 

with 

i = 1, 2, . . .  , N  

N 
L WN.,(x) = 1 for all x i= l  

(S.134) 

(S.13S) 

We may then rewrite the kernel regression estimator of Eq. (S.133) in the simpli
fied form 

N 
F(x) = L WN.i(X)Yi (S.136) i= l 

which describes F(x) as a weighted average of the y-observables. The particular 
form of weighting function W N, ,ex) given in Eq. (S.136) was originally proposed 
by Nadaraya (1964) and Watson (1964). Accordingly, the approximating function 
of Eq. (S.136) is often called the Nadaraya-Watson regression estimator 
(NWRE)." 

2. Normalized REF network. For the second viewpoint, we assume spherical sym
metry of the kernel K(x), in which case we may set (Krzyzak et ai., 1996) 

K(X � Xi) = K(llx � Xi ii) for all i (5.137) 

where II . II denotes the Euclidean norm of the enclosed vector. Correspondingly, 
we define the normalized radial basis function 

i = 1, 2, . . . , N (S.138) 
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N 
2: iJlN(X, x;) � 1 for all x i= 1  

(5.139) 

The subscript N in iJlN(x, x,) signifies the use of normalization. 
For the regression problem considered here, we recognize that the "linear 

weights," Wi' applied to the basic functions iJlN(x, x,) are simply the observables, 
Yi' of the regression model for the input data Xi. Thus, letting 

i = 1 , 2, . . . , N 
we may reformulate the approximating function of Eq. (5.133) in the general form 

N 
F(x) � 2: WiiJIN(X, x;) (5 .140) 

;=1  

Equation (5.140) represents the input-output mapping of a normalized radial
basis function (RBF) network (Moody and Darken, 1989; Xu et aI., 1994). Note that 

o ., iJlN(X, Xi) ., 1 for all x and Xi (5.141) 

Accordingly, iJlN(x, x,) may be interpreted as the probability of an event 
described by the input vector x, conditional on Xi. 

The basic difference between the normalized radial-basis function iJlN(X, Xi) of 
Eq. (5.138) and an ordinary radial-basis function is a denominator term that constitutes 
the normalization factor. This normalization factor is an estimate of the underlying pdf 
of the input vector x. Consequently, the basis functions iJlN(X, Xi) for i � 1 , 2, . . .  , N sum 
to unity for all X, as described in Eq. (5.139). In contrast, there is no guarantee that this 
condition is satisfied by the basis (Green's) functions of the ordinary RBF network of 
Eq. (5.57). 

The derivation of the input-output mapping F(x) described in Eq. (5.138) was 
presented here by using the notion of density estimation. Like the hypersurface recon
struction problem, density estimation is an ill-posed problem. To make it well-posed, 
some form of regularization has to be used. The Parzen-Rosenblatt density estimator, 
and therefore the Nadaraya-Watson regression estimator, can be derived within the 
framework of regularization theory (Vapnik, 1982). Naturally, the cost functional to be 
minimized for density estimation is different from the deterministic Tikhonov func
tional of Eq. (5.23). The cost functional for density estimation consists of the sum of 
two terms: a square error term involving the unknown probability density function, 
and an appropriate form of stabilizing functional. 

Multivariate Gaussian Distribution 

A variety of kernel functions is possible in general. However, both theoretical and 
practical considerations limit the choice. As with the Green's function, a widely used 
kernel is the multivariate Gaussian distribution: 

(5.142) 
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where mo is the dimension of the input vector x. The spherical symmetry of the kernel 
K(x) is clearly apparent in Eq. (5.142). Assuming the use of a common width (spread) 
(J" that plays the role of smoothing parameter h for a Gaussian distribution. and center
ing the kernel on a data point Xi' we may write 

K(X � Xi) � (27rrr\m.';2 exp(
l l x �:ill'), i � 1, 2, . . .  , N  (5. 1 43) 

Thus, using Eq. (5.143), the Nadaraya-Watson regression estimator takes the following 
form (Specht, 1991): 

N . 
(

11x - x, II ') �Y' exp - 2rr2 

F
(x) � .N 

(
11x - XIII'

) J� exp 2rr2 
(5.144) 

where the denominator term representing the Parzen-Rosenblatl density estimator, 
consists of the sum of N multivariate Gaussian distributions centered on the data 
points Xl' Xz, . . .  , xN' 

Correspondingly, using Eq. (5.143) in (5.138) and then (5.140), the input-output 
mapping function of the normalized RBF network takes the following form: 

..s 
(

11x - Xi ii') � Wi exp 2rr2 

..s 
(

11 x - x11 12
) � exp 20-2 

F(x) � (5.145) 

In Eqs. (5.144) and (5.145) the centers of the normalized radial-basis functions 
coincide with the data points {xih� [. As with ordinary radial-basis functions, a smaller 
number of normalized radial-basis functions can be used, with their centers treated as 
free parameters to be chosen according to some heuristic (Moody and Darken, 1989) 
or determined in a principled manner (Poggio and Girosi, 1990a). 

5.13 LEARNING STRATEGIES 

The learning process undertaken by a radial-basis function (RBF) network irrespec
tive of its theoretical background, may be visualized as follows. The linear weights 
associated with the output unit(s) of the network tend to evolve on a different "time 
scale" compared to the nonlinear activation functions of the hidden units. Thus, as the 
hidden layer's activation functions evolve slowly in accordance with some nonlinear 
optimization strategy, the output layer's weights adjust themselves rapidly through a 
linear optimization strategy. The important point is that the different layers of an RBF 
network perform different tasks, and so it is reasonable to separate the optimization of 
the hidden and output layers of the network by using different techniques, and perhaps 
by operating on different time scales (Lowe, 1991a). 
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There are different learning strategies that we can follow in the design of an RBF 
network, depending on how the centers of the radial-basis functions of the network are 
specified. Here we identify four approaches. The first three design strategies pertain to 
an RBF network whose formulation is based on interpolation theory. The last design 
strategy combines elements of regularization theory and kernel regression estimation 
theory. 

1 .  Fixed Centers Selected at Random 

The simplest approach is to assume fixed radial-basis functions defining the activation 
functions of the hidden units. The locations of the centers may be chosen randomly 
from the training data set. This is considered to be a "sensible" approach, provided that 
the training data are distributed in a representative manner for the problem at hand 
(Lowe, 1989). For the radial-basis functions themselves, we may employ an isotropic 
Gaussian function whose standard deviation is fixed according to the spread of the 
centers. Specifically, a (normalized) radial-basis function centered at ti is defined as 

i = 1, 2, . . .  , ml (5.146) 

where m, is the number of centers and dm" is the maximum distance between the cho
sen centers. In effect, the standard deviation (i.e., width) of all the Gaussian radial
basis functions is fixed at 

dmax 
(J" 

= Y2m, 
(5.147) 

This formula ensures that the individual radial-basis functions are not too peaked or 
too flat; both of these two extreme conditions should be avoided. As an alternative to 
Eq. (5.147) we may use individually scaled centers with broader widths in areas of 
lower data density, which requires experimentation with the training data. 

The only parameters that would need to be learned in this approach are the lin
ear weights in the output layer of the network. A straightforward procedure for doing 
this is to use the pseudoinverse method (Broomhead and Lowe, 1988). Specifically, we 
have (see also Eqs. (5.77) and (5.78)) 

w = G+ d (5.148) 

where d is the desired response vector in the training set. The matrix G+ is the 
pseudoinverse of the matrix G, which is itself defined as 

(5.149) 

where 

gii = exp( � ';i I lxi � ti I12) , j = 1 , 2, . . .  , N; i = 1 , 2, . . . , m, (5.150) 

where XI is the jth input vector of the training sample. 
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Basic to all algorithms for the computation of a pseudoinverse of a matrix is the 
singular-value decomposition (SVD) (Golub and Van Loan, 1996): 

JIG is a real N-by-M matrix, there exist orthogonal matrices 

U = iu" U2, . . .  , UN} 

and 

such that 

K = min(M, N) 

where 

(5.151) 

The column vectors of the matrix U are called the left singular vectors of G, and the 
column vectors of the matrix V are called its right singular vectors. The (T I )  (T 2' . . .  , (J' K are 
called the singular values of the matrix G. According to the singular value decomposi
tion theorem, the M-by-N pseudoinverse of matrix G is defined by 

G+ = vruT (5.152) 
where l:+ is itself an N-by-N matrix defined in terms of the singular values of G by 

+ . ( 1 1 1 ) l: =dlag - , -, . . .  , -,0, . . .  , 0  
CTj (Jz O"K 

(5.153) 

Efficient algorithms for the computation of a pseudoinverse matrix are discussed in 
Golub and Van Loan (1996). 

It is interesting that experience with the random selection of centers shows that 
this method is relatively insensitive to the use of regularization; see Problem 5.14 for a 
computer experiment on pattern classification using this method. This kind of perfor
mance suggests that the random selection of centers as a method for the design of RBF 
networks from a large training set of fixed size is perhaps a regularization method in its 
own right. 

2, Self-Organized Selection of Centers 

The main problem with the method of fixed centers just described is the fact that it 
may require a large training set for a satisfactory level of performance. One way of 
overcoming this limitation is to use a hybrid learning process, consisting of two differ
ent stages (Moody and Darken, 1989; Lippmann, 1989b; Chen et a!., 1992): 

• Self-organized learning stage, the purpose of which is to estimate appropriate 
locations for the centers of the radial basis functions in the hidden layer. 

• Supervised learning stage, which completes the design of the network by estimat
ing the linear weights of the output layer. 

Although batch processing can be used to implement these two stages of learning, it is 
preferable to take an adaptive (iterative) approach. 
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For the self-organized learning process we need a clustering algorithm that parti
tions the given set of data points into subgroups, each of which should be as homoge
neous as possible. One such algorithm is the k-means clustering algorithm (Duda and 
Hart, 1973), which places the centers of the radial-basis functions in only those regions 
of the input space 1£ where significant data are present. Let mj denote the number of 
radial-basis functions; the determination of a suitable value for mj may require experi
mentation. Let {tk(n));;'� j denote the centers of the radial-basis functions at iteration n 
of the algorithm. Then, the k-means clustering algorithm proceeds as follows: 

1. Initialization. Choose random values for the initial centers tk(O); the only restric
tion is that these initial values be different. It may also be desirable to keep the 
Euclidean norm of the centers small. 

2. Sampling. Draw a sample vector x from the input space 1£ with a certain probabil
ity. The vector x is input into the algorithm at iteration n. 

3. Similarity matching. Let k(x) denote the index of the hest-matching (winning) 
center for input vector x. Find k(x) at iteration n by using the minimum-distance 
Euclidean criterion: 

k(x) � argmin l lx(n) - tk(n) I I , k � 1, 2, . . . , mj k (5.154) 

where tk(n) is the center of the kth radial-basis function at iteration n. 
4. Updating. Adjust the centers of the radial-basis functions, using the update rule: 

( 1 ) _ { t,en) + T)[x(n) - tk(n)], 
tk n + - tk(n), 

k � k(x) 
otherwise 

where T) is a learning-rate parameter that lies in the range 0 < T) < 1. 

(5.155) 

5. Continuation. Increment n by 1, go back to step 2, and continue the procedure 
until no noticeable changes are observed in the centers tk. 

The k-means clustering algorithm just described is, in fact, a special case of a competi
tive (winner-takes-all) learning process known as the self-organizing map, which is dis
cussed in Chapter 9. This latter algorithm also lends itself for implementing the 
self-organized learning stage. 

A limitation of the k-means clustering algorithm is that it can only achieve a local 
optimum solution that depends on the initial choice of cluster centers. Consequently, 
computing resources may be wasted in that some initial centers get stuck in regions of 
the input space 1£ with a scarcity of data points and may therefore never have the 
chance to move to new locations where they are needed. The net result is possibly an 
unnecessarily large network. To overcome this limitation of the conventional k-means 
clustering algorithm, Chen (1995) proposes the use of an enhanced k-means clustering 
algorithm due to Chinunrueng and Sequin (1994), which is based on a cluster varia
tion-weighted measure that enables the algorithm to converge to an optimum or near
optimum configuration, independent of the initial center locations. 

Having identified the individual centers of the Gaussian radial-basis functions 
and their common width using the k-means clustering algorithm or its enhanced ver
sion, the next and final stage of the hybrid learning process is to estimate the weights of 
the output layer. A simple method for this estimation is the least-mean-square (LMS) 
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algorithm described in Chapter 3. The vector of output signals produced by the hidden 
units constitutes the input vector to the LMS algorithm. Note also that the k-means 
clustering algorithm for the hidden units and the LMS algorithm for the output unit(s) 
may proceed with their own individual computations in a concurrent fashion, thereby 
accelerating the training process. 

3_ Supervised Selection of Centers 

In the third approach, the centers of the radial-basis functions and all other free para
meters of the network undergo a supervised learning process; in other words, the RBF 
network takes on its most generalized form. A natural candidate for such a process is 
error-correction learning, which is most conveniently implemented using a gradient
descent procedure that represents a generalization of the LMS algorithm. 

The first step in the development of such a learning procedure is to define the 
instantaneous value of the cost function. 

1 N � � - 2;eJ 2 j� 1 
(5.156) 

where N is the size of the training sample used to do the learning, and ej is the error sig
nal defined by 

ej � dj - F*(xj) 
M 

� dj - 2: wiG(llxj - li l le) 
i=l 

(5.157) 

The requirement is to find the free parameters wI' ti, and I;' (the latter being related 
to the norm-weighting matrix C,) so as to minimize �. The results of this minimization 
are summarized in Table 5.4; the derivations of these results are presented as an exer
cise to the reader in Problem 5.13. The following points are noteworthy in Table 5.4. 

• The cost function � is convex with respect to the linear parameters Wi' but non
convex with respect to the centers Ii and matrix I;'; in the latter case, the 
search for the optimum values of Ii and I;· j may get stuck at a local minimum in 
parameter space. 

• The update equations for Wi' Ii' and I;' are (in general) assigned different 
learning-rate parameters "11" "11" and "113' respectively. 

• Unlike the back-propagation algorithm, the gradient-descent procedure described 
in Table 5.4 for an RBF network does not involve error back-propagation. 

• The gradient vector a�!ali has an effect similar to a clustering effect that is task
dependent (Poggio and Girosi, 1990a). 
For the initialization of the gradient-descent procedure, it is often desirable to 

begin the search in parameter space from a structured initial condition that limits the 
region of parameter space to be searched to an already known useful area, which may 
be achieved by implementing a standard pattern-classification method (Lowe, 1991a). 
In so doing, the likelihood of converging to an undesirable local minimum in weight 
space is reduced. For example, we may begin with a Gaussian classifier, which assumes 
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TABLE 5.4 Adaptation Formulas for the Linear Weights and the 
Positions and Spreads of Centers for RBF Network' 

1 .  Linear weights (output layer) 

a'/:(n) N 

aWi(n) � � ej(n)G(II<, - t,(n)llc) 

a'/:(n) wi(n + 1) � wi(n) - 1l1 �-( �) ' i � 1 , 2, . . . , ml OWi n 
2. Positions of centers (hidden layer) 

a'/:(n) � -I -(�) � 2w;(n) £J e/n)G'(II<, - ti(n)llc) Ii [Xj - ti(n)] ati n j=l 
a'/:(n) t,{n + 1) � ti(n) - 1l2 -(�) ' i � 1, 2, . . . , ml ati n 

3. Spreads of centers (hidden layer) 
a'/:(n) N 

-_�I - � - wi(n) � ein)G'(llxj - ti(n)IIc)Qji(n) ali (n) j� 1  
Qji(n) � [Xj - ti(n)][xj - ti(n)j' 

I - 1(n + 1) � I�I
(n) _ a'/:(n) 

I I 113 aI-I len) 

aThe term ej (n) is the error signal of output unitj at time n. The term G'(-) is 
the first derivative of the Green's function G(·) with respect to its argument. 

that each pattern in each class is drawn from a Gaussian distribution; this special form 
of pattern classifier based on the Bayes hypothesis testing procedure is discussed in 
Chapter 3. 

A question that arises at this stage of the discussion is: What can be gained by 
adapting the positions of the centers of the radial-basis functions? The answer to this 
question naturally depends on the application of interest. Nevertheless, on the basis of 
some results reported in the literature, there is practical merit to the idea of allowing 
the centers to move. Work done by Lowe (1989) on speech recognition using RBF net
works indicates that nonlinear optimization of the parameters that define the activa
tion functions of the hidden layer is beneficial when a minimal network configuration 
is required. However, according to Lowe, the same performance on generalization may 
be achieved by using a larger RBF network; that is, a network with a larger number of 
fixed centers in the hidden layer, and only adapting the output layer of the network by 
linear optimization. 

Wettschereck and Dietterich (1992) have compared the performance of 
(Gaussian) radial-basis function networks with fixed centers to that of generalized 
radial-basis function networks with adjustable centers; in the latter case, the positions of 
the centers are determined by supervised learning. The performance comparison was 
made for the NETtalk task. The original NETtaik experiment was carried out by 
Sejnowski and Rosenberg (1987) using a multilayer perceptron trained with the back
propagation algorithm; it is described in Chapter 13. The purpose of the experiment per
formed by Wettschereck and Dietterich was to understand how a neural network could 
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learn to map English spelling into its phonetic pronunciation. The experimental study by 
Wcttschereck and Dietterich in the NETtalk domain may be summarized as follows: 

• REF networks (with unsupervised learning of the centers' locations and super
vised learning of the output -layer weights) did not generalize nearly as well as 
multilayer perceptrons trained with the back-propagation algorithm . 

• Generalized REF networks (with supervised learning of the centers' locations as 
well as the output-layer weights) were able to exceed substantially the general
ization performance of multilayer perceptrons. 

4. Strict Interpolation with Regularization 

A method for designing REF networks that combines elements of the regularization the
ory of Section 5.5 and the kernel regression estimation theory described in Section 5.12 
in a principled way is described in Yee (1998). The method involves the combined use of 
the following four ingredients: 

1. Radial-basis function, G, admissable (possibly with some scaling) as the kernel of 
a (mean-square) consistent Nadaraya-Watson regression estimate (NWRE). 

2. Diagonal input norm-weighting matrix, I I, common to all centers with entries 

(5.156) 

where hi' h" . . .  , hm are the per dimension bandwidths of a consistent NWRE 
with (scaled) kernel' G, as previously set forth, and ma is the dimensionality of the 
input space. For example, we may set hi = aI CTT, i = 1, 2, . . .  , mo, where a-T is the 
sample variance of the ith input variable estimated from the available training 
input data. The positive input scale factors "" ,  <x" . . . , "'m" can then be determined 
by using a suitable cross-validation (CV) procedure, as explained in Section 5.9. 

3. Regularized strict interpolation, which involves training for the linear weights 
according to Eq. (5.54). 

4. Selection of the regularization parameter A and the input scale factors 
at. az' . . .  , (Jtmll' which is accomplished via an asymptotically optimal method such 
as the leave-out-one CV method defined in Eq. (5.117) or the GCV method 
defined in Eq. (5.121). The selected parameters may be interpreted as follows: 
• The larger the value of A selected, the larger is the noise corrupting the mea
surement of parameters . 

• When the radial-basis function G is a unimodal kernel (e.g., the Gaussian ker
nel), the smaller the value of a particular (Xi. the more "sensitive" the overall 
network output is to the associated input dimension. Conversely, the larger the 
value of a particular (Xi' the less "relevant" the associated input dimension is to 
explaining the variation of the overall network output with respect to changes 
in the input. Hence, we can use the selected cti to rank the relative significance 
of the input variables and thereby indicate which input variables are suitable 
candidates for dimensionality reduction, if necessary. 

The justification for this design procedure is discussed in detail in Yee (1998) . For 
our purposes here, we can motivate these design choices as follows. It can be shown 
that the NWRE corresponds to a special class of regularized REF networks, in the 
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sense that any NWRE may be approximated with vanishing mean-square and absolute 
error by a suitably constructed sequence of regularized RBF networks for which the 
regularization parameter sequence IANI is allowed to grow (at an appropriate rate) to 
infinity with N. the size of training sample. On the other hand, as N --> 00, we have 
(under some mild conditions) the convergence of the risk defined in Eq. (5.99) to the 
(global) mean-squared error. If we use an asymptotically optimal parameter selection 
procedure for the regularization parameter sequence, then, by construction, the result
ing sequence of RBF networks must have (asymptotically) minimum mean-squared 
error over all possible choices of regularization parameter sequence, including the one 
corresponding to the NWRE. If conditions then hold such that the NWRE is known to 
be mean-squared error consistent, the same must also be true for the regularized RBF 
network designed according to the same procedure. In other words, regularized RBF 
networks designed according to this procedure can inherit the consistency properties 
of the NWRE. This consequence allows us to leverage the known consistency results of 
the NWRE in areas such as time series regression, where dependent and nonstationary 
processes are often encountered and where the usual neural network assumptions of 
i.i.d. training data and stationary processes are invalid. In summary, by synthesizing 
elements of both regularization theory and kernel regression estimation theory, the 
design procedure outlined here offers a practical prescription for theoretically sup
ported regularized RBF network design and application. 

5.14 COMPUTER EXPERIMENT: PATTERN CLASSIFICATION 

In this section we use a computer experiment to illustrate the design of a regularized 
RBF network based on the use of strict interpolation. The computer experiment 
involves a binary classification problem based on data drawn from two equiprobable 
overlapping two-dimensional Gaussian distributions corresponding to classes 'ti, and 
'ti2. Details of the Gaussian distributions are the same as those described in Section 4.8. 
Class 'tiJ is characterized by mean vetor [0, 01' and common variance 1, whereas class 
'ti2 is characterized by mean vector [0, 2]T and common variance 4. The experiment 
described in this section may thus be viewed as the regularization RBF counterpart to 
the back-propagation learning experiment of Section 4.8. 

With two classes 'ti 1 and 'ti2, the regularized RBF network is constructed to have 
two output functions, one for each class. Also, binary-valued class indicator outputs are 
used as the desired output values, as shown by 

where k � 1 , 2. 

dip) � {I k 0 
if pattern p belongs to class 'ti, 
otherwise 

Before we proceed with the experiment, however, we must resolve the issue of an 
output decision rule for performing the pattern classification. In Yee ( 1998) it is shown 
that the outputs of a regularized RBF network classifier provide estimates of the pos
terior class probabilities. This is true only under the condition that the network is 
trained with the binary-valued class indicator vector type of desired outputs. We may 
now proceed to apply the decision rule of Eq. (4.55) for this class of networks: 

Select the class corresponding to the maximum output function. 
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The method of strict interpolation for the selection of centers is tested with dif
ferent values of regularization parameter A. For a prescribed A, Eq. (5.54) is used to 
compute the weight vector of the output layer in the RBF network, as shown by 

w = (G + Alr1d 

where G is an N-by-N Green's matrix whose ji-th element is equal to the radiaBy sym
metric Green's function G(xi' Xi)' N is the sample size, and d is the desired response 
vector. 

For each regularization parameter A, the ensemble comprises 50 independent 
networks, each of which is tested against the same reference set of 1000 patterns. 

Table 5.5 presents the ensemble statistics for the probability of correct classifica
tion P" computed for the case of m1 = 20 centers. The ensemble statistics are com
puted for different values of the regularization parameter A. Table 5.6 presents the 
corresponding results computed for the case of a larger regularized RBF network with 
m1 = 100 centers. 

Figure 5.7 displays the decision boundaries formed by the network outputs for a 
regularization parameter A = 10, for which we have the best statistics. The two parts of 
Fig. 5.7 correspond to the best- and worst-performing network within the ensemble 
under test; both parts of the figure are for the case of 100 units. 

TABLE 5.5 Size of Hidden Layer m, = 20 Centers: Details of 
Probabil ity of Correct Classification, P,(%) for 
varying Regularization Parameter 

Regularization Parameter, � 

Ensemble 
Statistic 0 0.1 1 10 100 1000 
Mean 57.49 72.42 74.42 73.80 72.46 72.14 
Std. dev,a 7.47 4.11 3.51 4.17 4.98 5.09 
Minimum 44.20 61.60 65.80 63.10 60.90 60.50 
Maximum 72.70 78.30 78.90 79.20 79.40 79.40 

aStd. dev.: Standard deviation. 

TABLE 5.6 Size of Hidden Layer m, = 100 Centers: Details of 
Probability of Correct Classification, P,(%) for 
Varying Regularization Parameter 

Regularization Parameter, A 

Ensemble 
Statistic 0 0.1 1 10 100 1000 
Mean 50.58 77.03 77.72 77.87 76.47 75.33 

Std. dev.a 4.70 1.45 0.94 0.91 1.62 2.25 
Minimum 41.00 70.60 75.10 75.10 72.10 70.10 
Maximum 61.30 79.20 79.80 79.40 78.70 78.20 

aStd. dev.: Standard deviation. 
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Comparing Tables 5.5 and 5.6, we make the following observations: 

4 5 

1. For both mj = 20 and mj = 100 centers, the classification performance of the net
work for A = 0 is relatively poor. 

2. The use of regularization has a dramatic influence on the classification perfor
mance of the RBF network. 

3. For A '" 0.1, the classification performance of the network is somewhat insensitive 
to an increase in the regularization parameter A. For mj = 20 centers, best perfor
mance is obtained at A = 1 ,  and for mj = 100 centers, it is obtained at A = 10. 

4. Increasing the number of centers from mj = 20 to mj = 100 improves the classifi
cation performance by about 4.5 percent. 
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5 . 1 5  SUMMARY AND DISCUSSION 

The structure of an RBF network is unusual in that the constitution of its hidden units 
is entirely different from that of its output units. With radial-basis functions providing 
the foundation for the design of the hidden units. the theory of RBF networks is linked 
closely with that of radial-basis functions. which is onc of the main fields of study in 
numerical analysis (Singh. 1992). Another interesting point is that with linear weights 
of the output layer providing a set of adjustable parameters, much can be gained by 
ploughing through the extensive literature on linear adaptive filters (Haykin, 1 996). 

Unlike multilayer perceptrons trained with the back-propagation algorithm, the 
design of RBF networks follows a principled approach. In particular, Tikhonov's regu
larization theory presented in Section 5.5 provides a sound mathematical basis for the 
formulation of RBF networks. The Green's function G(x,§) plays a central role in this 
theory. The form of the Green's function as the basis function of the network is deter
mined by the form of the smoothing constraint imposed in the application of regular
ization theory. The smoothing constraint specified by the differential operator D of 
Eq. (5.63) leads to the formulation of a multivariate Gaussian function for the Grccn's 
function. By formulating a different composition for the differential operator D, we 
naturally end up with a different form of Green's function. Keep in mind that once the 
requirement of fewer basis functions than data points is relaxed, the reduction in com
putational complexity becomes an important factor in determining the smoothing reg
ularizer. Here is another possible reason for the use of some other function (e.g., the 
thin-plate-spline function described in Problcm 5.1) as the basis function in the design 
of the regularized RBF network in Fig. 5.5. Whatever the choice of basis functions, to 
derive the full benefits of regularization theory applied to the design of RBF nctworks, 
we need a principled approach for estimating the regularization parameter A. The gen
eralized cross-validation described in Section 5.9 fills this need. The theory justifying 
the use of generalized cross-validation is an asymptotic one, which stipulates that the 
training set must be large enough for a good estimate of A to be attainable. 

Another principled approach for the design of RBF networks is via kernel 
regression. This approach involves the use of density estimation, for which the radial
basis functions sum to unity exactly. Multivariate Gaussian distributions provide a con
venient method for satisfying this requirement. 

In conclusion, the input-output mapping function of a Gaussian RBF network 
bears a close resemblance to that realized by a mixture of experts. This latter model is 
discussed in Chapter 7. 

NOTES AND REFERENCES 

1. Radial-basis functions were first introduced in the solution of the real multivariate inter
polation problem. The early work on this subject is surveyed in Powell ( 1985). It is now 
one of the main fields of research in numerical analysis. 

Broomhcad and Lowe ( 1988) werc the first to exploit the use of radial-basis func
tions in the design of neural networks. Another major contribution to the theory and 
design of radial-basis function networks is due to Poggio and Girosi (1990a). This latter 
paper emphasizes the use of regularization theory applied to this class of networks as a 
method for improved generalization to new data. 
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2. The proof of Cover's theorem follows from these considerations (Cover, 1965): 
• Schlajli's theorem or function-counting theorem, which states that the number of 

homogeneously linearly separable dichotomies of N vectors in general position in 
Euclidean-m1 space is equal to m' - ' (N - 1) C(N, m,) � 2 �o m 

A set of vectors ge = {Xi}� 1 is said to be in general position in Euclidean-m} space if 
every subset of m1 or fewer vectors is linearly independent. 

• Reflection invariance of the joint probability distribution of i!f, which implies that the 
probability (conditional on :?l) that a random dichotomy be separable is equal to the 
unconditional probability that a particular dichotomy of ge (all N vectors in one cate
gory) be separable. 

The function-counting theorem has been independently proved in different forms and 
applied to specific configurations of perceptrons (i.e., linear threshold units) by Cameron 
(1960), Joseph (1960), and Winder (1961). In Cover (1968), this theorem is applied to 
evaluate the capacity of a network of perceptrons in terms of the total number of 
adjustable parameters, which is shown to be lower-bounded by N /(1 + )OglN) where N is 
the number of input patterns. 

3. Another approach for regularization by incorporating prior information into an 
input-{}utput mapping is through the use of Bayesian interpolation; for a detailed exposi
tion of this approach see MacKay (1992a,b) and Neal (1995). 

4. Regularization theory is usually credited to Tikhonov (1963). A similar approach was 
described in Phillips ( 1962). For this reason, the theory is sometimes referred to as 
Tikhonov-Phillips regularization. 

A form of regularization in the actuarial literature was considered in Whittaker 
(1923); the smoothing process considered therein was referred to as graduation or adjust
ment of the observations. 

For a discussion of regularization theory in book form, see Tikhonov and Arsenio 
(1977), Mozorov (1993), and Kirch (1996). 

5. The concept "function space" evolved in consequence of Hilbert's fundamental investi
gation of a certain class of integral equations. While Fredholm, the originator of 
Fredholm integrals, formulated the problem in essentially algebraic language, Hilbert 
recognized the close relation of the problem with the analytic geometry of second-order 
surfaces in a Euclidean space of many dimensions (Lanczos, 1964). 

6. A normed space is a linear vector space in which a real-valued function Ilxll, called the 
norm of x, is defined. The norm I lxl l has the following properties: 

Ilxll > 0 for x oF 0 

11011 � 0 

Ilaxll � lal · llxll, 

Ilx + yll :'0 Ilxll + Ilyll 

The norm Ilxll plays the role of "length" of x. 

a = constant 

7. Strictly speaking, we require the functionf(x) responsible for the data generation to be a 
member of a reproducing kernel Hilbert space (RKHS) with a reproducing kernel in the 
fonn of the Dirac delta distribution & (Tapia and Thompson, 1978). V"re do this because 
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we require that the Dirac delta distribution B be in the decreasing, infinitely continuously 
differentiable functions, that is, the classical space '3 of test functions for the Schwarz the
ory of distributions, with finite D-induced norm, as shown by 

Hp � If E 9': IIDfII < w} 
Generally speaking, engineers usually think of only the L2 space whenever Hilbert 

space is mentioned, perhaps on the grounds that L2 space is isomorphic to any Hilbert 
space. But the norm is the most important feature of a Hilbert space, and isometrics (i.e., 
norm-preserving isomorphism) are more important than simply additive isomorphism 
(Kailath, 1974). The theory of RKHS shows that there are many other different and quite 
useful Hilbert spaces besides the L2 space. For a tutorial review of RKHS, see Kailath 
(1971). 

8. An inner product space is a linear vector space in which the inner product of u and v, 
denoted by (u,v), is induced with the following properties: 

(n, v) � (v, n) 
(an, v) � a(n, v), a � constant 

(n + v, w) � (n, w) + (v, w) 
(n, u) > 0 for u " 0 

An inner product space ?Je is said to be complete, and referred to as a Hilbert space, if 
every Cauchy sequence picked from iff converges in norm to a limit in iff. A sequence of 
vectors {xn} is called a Cauchy sequence if for every € > 0 there exists a number M such 
that (Debnath and Mikusinski 1990) 

Ilxm - x,,11 < E for all (m, n) > M 

9_ In Girosi et al. (1995), a different method for deriving Eq. (5.55) is presented by relating 
the regularizing term 'f;c(F) directly to the smoothness of the approximating function F(x). 

Smoothness is viewed as a measure of the oscillatory nature of a function. In par
ticular, a function is said to be smoother than another function if it is less oscillatory. In 
other words, the smoother a function is, the smaller its high-frequency content will be. 
With this measure of smoothness in mind, let F(s) be the multidimensional Fourier trans
form of F(x), with s denoting a multidimensional transform variable. Let H(s) denote a 
positive function that tends to zero as I lsl l approaches infinity, that is IIH(s) represents 
the action of a "high-pass filter." Then, according to Girosi et al. (1995), we may define a 
smoothness functional representing the regularizing term as: 

'?:C<F) � !f I F(s) 12ds 2 ..... H(s) 

where rno is the dimension of x. By virtue of Parseval's theorem of Fourier theory, this 
functional is a measure of the power contained in the output of the high-pass filter 
II H(s). Thus, by casting the regularization problem in the Fourier domain and using 
properties of the Fourier transform, the solution of Eq. (5.55) is derived. 

10. The most general form of a linear differential operator is 

a + b + · · · + k = n 
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where Xl' X2 • . . .  , Xmo are the elements of vector x ,  and p(x1, x2 • . . .  , xmo) i s  some function of 
these elements. The adjoint operator of D is (Morse and Feshback, 1953) 

11. To obtain generalized cross-validation from ordinary cross-validation, we may consider a 
ridge regression problem described in Wahba (1990): 

y = X ",  + .  (1) 

where X is an N-by-N matrix of inputs, and the noise vector E has a mean vector of zero 
and a covariance matrix equal to 0"21. Using the singular value decomposition of X, we 
may write 

X = UDVT 

where U and V are orthogonal matrices and D is a diagonal matrix. Let 

y = UTy 

i3 = VTa 

and 

We may then use U and V to transform Eq. (1) into 

y = Di3 + E  (2) 

The diagonal matrixD (not to be confused with a differential operator) is chosen to have 
its singular values come in pairs. Then there is an orthogonal matrix W for which W D WT 
is a circulant matrix; that is, 

A = W DWT r ao at 
aN-t  ao 

= aN-2 aN-\ 

at a2 

which is constant down the diagonal. Let 

and 

z = Wy 

"I = Wi3 

t = WE 
We may then use W to transform Eq. (2) into 

z = A'Y + t  (3) 
The diagonal matrix D has "maximally uncoupled" rows, while the circulant matrix A has 
"maximally coupled" rows. 
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With these transformations at hand, we may now state that generalized cross
validation is equivalent to transforming the ridge regression problem of Eq. ( 1 )  into 
the maximally coupled form Eq. (3), then doing ordinary cross-validation on z, and 
finally transforming back to the original coordinate system (Wahba, 1990). 

12. In an appendix to a chapter contribution in Powell (1992) that is based on a lecture pre
sented in 1990, credit is given to a result due to A.C. Brown. The result, apparently 
obtained in 1981, states that an RBF network can map an arbitrary function from a 
closed domain in �m" to IRI. 

Hartman et a1. ( 1 990) consider Gaussian functions and approximations on com
pact subsets or [RrI1o that are convex; therein it is shown that RBF networks with a single 
hidden layer of Gaussian units are universal approximators. However, the most rigorous 
proof of the universal approximation property of RBF networks is presented in Park and 
Sandberg (1991); this latter work was completed before the publication of the paper by 
Hartman et al. 

13. Let n be a bounded domain in [Rn with boundary r. Consider the set ::f of real-valued 
functions that are continuous and have a continuous gradient on n = n + r. The bilinear 
form 

In (grad u:grad v + uv)dx 
is clearly an admissible inner product on g. The completion of 'J' in the norm generated 
by this inner product is known as the Sobolev space (Debnath and Mikusinski, 1990). 
Sobolev spaces play an important role in the theory of partial differential equations and 
are therefore important examples of Hilbert spaces. 

14. For a proof of the asymptotically unbiased property of the Parzen-Rosenblatt density 
estimator, see Parzen (1962) and Cacoullos (1966). 

15. The Nadaraya-Watson regression estimator has been the subject of extensive study in 
statistics literature. In a broader context, non parametric functional estimation occupies a 
central place in statistics; see Hardie (1990), and the collection of papers in Roussas 
(1991) .  

PROBLEMS 

Radial-basis functions 
5.1 The thin-plate-spline funclion is described by 

'fJ(r) = (�r log(�) for some IT >  0 and r E IR 

Justify the use of this function as a translationally and rotationally invariant Grecn's 
function. 

5.2 The set of values given in Section 5.8 for the weight vector w of the RBF network of 
Fig. 5.6 presents one possible solution for the XOR problem. Investigate another set of 
values for the weight vector w for solving this problem. 

5.3 In Section 5 .8 we presented a solution of the XOR problem using an RBF network with 
two hidden units. In this problem we consider an exact solution of the XOR problem 
using an RBF network with four hidden units, Vvith each radial-basis function center 
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being determined by each piece of input data. The four possible input patterns are 
defined by (0, 0), (0, 1), (1, 1), (1 ,  0), which represent the cyclically ordered corners of a 
square. 
(a) Construct the interpolation matrix til for the resulting RBF network. Hence, com

pute the inverse matrix tIl-i, 
(b) Calculate the linear weights of the output layer of the network. 

5.4 The Gaussian function is the only radial-basis function that is factorizable. 
Using this property of the Gaussian function, show that a Green's function G(x, t) 

defined as a multivariate Gaussian distribution may be factorized as follows: 

m 

G(x, I) � II G(x" til 
i=l 

where Xi and tj are the ith elements of the m-by-l vectors x and t. 

Regularized networks 
5.5 Consider the cost functional 

which refers to the approximating function 

F*(x) � � wiG(llx - lill) 
i = 1  

Using the Frechet differential, show that the cost functional W,(F*) is minimized when 

(GTG + )"Go)w � Gl'd 
where the N·by·m1 matrix G, the mt·by.mt matrix Go' the m1·by·l vector W, and the 
N-by-1 vector d are defined by Eqs. (5,72), (5.75), (5,73), and (5.46), respectively. 

5.6 Suppose that we define 

where 
mu mo a2 vt � � � Uji --
j=t i"'l aX/)Xi 

The mo·by·mo matrix U, with its ji·th element denoted by uji' is symmetric and positive 
definite. Hence the inverse matrix U-I exists, and so it permits the following decomposi· 
tion via the similarity transformation: 

v-l � yTl;Y 

� yTl;1/2l;,i'Y 

� eTe 

where V is an orthogonal matrix, 1; is a diagonal matix, l:I/2 is the square root of 1;, and 
the matrix C is defined by 
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The problem is to solve for the Green's function G(x, t) that satisfies the following condi
tion (in the distributional sense): 

(DD)uG(x, t) � 5(x - t) 
Using the mutidimensional Fourier transform to solve this equation for G(x, t), show that 

G(x,t) � exp (-� II x - t"�) 
where 

5.7 Consider a regularizing tenn defined by 

where 

and the linear differential operator D is defined in terms of the gradient operator V and 
the Laplacian operator V2 as follows: 

and 

Show that 

D2k � (V2)' 

'" a2k 
DF(x) � �o k!2' V2kF(x) 

5,8 In Section 55 we derived the approximating function FJx) of Eq, (5,66) by using the 
relationship of Eq. (5.65). In this problem we wish to start with the relationship of 
Eq. (5.65) and use the multidimensional Fourier transformation to derive Eq. (5.66). 
Perfonn this derivation by using the following defmition of the multidimensional Fourier 
transform of the Green's function G(x): 

G(s) � fl!'"" G(x)exp (-i sTx)dx 
where i = v=r and s is the rno-dimensional transform variable. 

5.9 Consider the nonlinear regression problem described in Eq. (5.95). Let a;k denote the ik-th 
element of the inverse matrix (G + 1\1)-1 Hence, starting with Eq, (5.58), show that the 
estimate of the regression functionf(x) may be expressed as 

A N 
f(x) � 2: <V(x, x,)y, k= l  



where Yk is the model output for the input Xk, and 

N 
.v(x, Xk) � L G(ilx - xdl)a;" i>=l  

where G(II · I I) is the Green's function. 
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k � 1, 2, , . .  , N  

S.lO Spline functions are examples of piecewise polynomial approximators (Schumaker, 
1981). The basic idea behind the method of splines is as follows. An approximation region 
of interest is broken up into a finite number of subregions via the use of knots; the knots 
can be fixed, in which case the approximators are linearly parameterized, or they can be 
variable, in which case the approximators are nonlinearly parameterized. In both cases, in 
each region of the approximation a polynomial of degree at most n is used, with the addi
tional requirement that the overall function be n - 1 times differentiable. Polynomial 
splines are relatively smooth functions that are easy to store, manipulate, and evaluate on 
a computer. 

Among spline functions used in practice, cubic splines are perhaps the most popular. 
The cost functional for a cubic spline, pertaining to a one-dimensional input, is defined by 

'W) � � � [y; - f(x;)l' + � r [ d�;:) r dx 
, 

where, in the language of splines, A denotes a smoothing parameter. 
(a) Justify the following properties of the solutionfJx) to this problem: 

(1) fJx) is a cubic polynomial between two successive values of x. 
(2) fA(x) and its first two derivatives are all continuous, except at the boundary 

points where the second derivative offA(x) is zero. 
(b) Since %(f) has a unique minimum, we must have 

for any g drawn from the same class of twice-differentiable functions as fA and for 
any real-valued constant 0.. This means that %( fA + ag), interpreted as a function of 
0., must have a local minimum at 0. = O. Hence, show that r(d'�X)w':Sl)<1x � � �[y  - f,(x;)]g(x;) 

which is the Euler-Lagrange equation for the cubic spline problem. 

Rate of approximation 
5.11 Equation (5.124) defines the upper bound on the generalization error of a Gaussian RBF 

network designed to learn a regression function that belongs to a certain Sobolev space. 
Using this bound, derive the formula of Eq. (5.125) for the optimum size of this network 
for a specified size of training sample. 

Kernel estimation 
5.12 Suppose that you are given a "noiseless" training sample {fC";)W",, J ,  and that the require

ment is to design a network that generalizes to data samples that are corrupted by addi
tive noise and therefore not included in the training set. Let F(x) denote the 
approximating function realized by such a network, which is chosen so that the expected 
squared error 



316 Chapter 5 Radial-Basis Function Networks 

is minimum, where f g(�) is the probability density function of a noise distribution in the 
input space �mll. Show that the solution of this least-squares problem is given by (Webb, 
1994) 

N 
� f(xi)h(x - Xi) 

F(x) � ",i�ccl""N���� 
� h(X - Xi) 
i"'l 

Compare this estimator to the Nadaraya-Watson regression estimator. 

Supervised selection of centers 
5.13 Consider the cost functional 

where 

1 N 
'II � - � e2 

2 j= l  ' 

ej � dj - F*(x) 

� dj - � wiG(llxj - lillc) 
i=d 

The free parameters are the linear weights Wi' the centers t; of the Green's functions, and 
the inverse covariance matrix 'I -/ = c f C;, where Cj is the norm weighting matrix. The 
problem is to find the values of these free parmeters that minimize the cost functional �. 
Derive the following partial derivatives: 

a'll N 
(a) _0 � � ejG(llxj - lillc) 

i)Wj j "", r  
ii'll � 11 -1 (b) - � 2Wi L. ep'(ll xj - Ii C) !i (Xj - I,) at; j= l  

ii'll N 
(e) ---=t � -Wi � ep'(llxj - lillc.lQji 

a.Ii j= l  
where G'(-) i s  the derivative of G(·) with respect to its argument, and 

Qji � (Xj - I,)(xj - t,yr 
For the rules for differentiating a scalar with respect to a vector, see note 2 of Chapter 3. 

Computer Experiments 
5.14 In this problem we continue with the computer experiment in Section 5.13 to study the 

random selection of centers for the design of an RBF network used as a binary pattern 
classifier. The purpose of the experiment is to demonstrate that the generalization per
formance of the network so trained is relatively good. 

The network is intended to solve the binary pattern-classification problem described 
in Section 5.13, where the requirement is to classify data drawn from a mixture model con
sisting of two equiprobable overlapping two-dimensional Gaussian distributions. One dis
tribution has a mean vector [0, of and common variance 1, whereas the other distribution 
has a mean vector [0, 2F' and common variance 4. The "select class with maximum func
tion output" decision rule is used for the classification. 
(a) Consider a random selection of centers using m1 = 20 centers. Compute the mean, 

standard deviation, and minimum and maximum values of the probability of correct 
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classification Pc for different values of regularization parameter >.. = 0, 0.1, 1, 10, 100, 
1000. For the computation of ensemble statistics, use 50 independent network trials 
per ensemble, with each one tested against a fixed reference set of 1000 patterns. 

(b) Construct the decision boundary computed for the configuration described in part (a) 
for regularization parameter >.. = 1 .  

(c) Repeat the computations described in part (a) for m, = 10 centers (selected at 
random). 

(d) In light of your results, discuss the merit of random selection of centers as a method 
for the design of RBF networks., and the role of regularization in the performance of 
the network as a pattern classifier. 

(e) Compare your results with those presented in Section 5.13 that were computed using 
the method of strict interpolation. In particular, confirm that the random selection of 
centers is relatively insensitive to the regularization parameter. 

5.15 It may be argued that in the case of the experiment described in Section 5.13 involving 
the classification of a pair of Gaussian-distributed classes, the RBF network considered 
there performed well since it uses Gaussian radial-basis functions to approximate the 
underlying Gaussian class conditional distributions. In this problem we use a computer 
experiment to explore the design of a strict-interpolation Gaussian RBF network for dis
tinctly discontinuous class conditional distributions. Specifically, consider two equiproba
ble classes �1 and C(52 whose distributions 

• U(C£l)' where C(51 � 01 is a circle of radius r = 2.34 centered at Xc = [-2,30Y 
• U(C(52)' where C(62 C [R2 is a square region centered at Xc with side length r = -v'21T 

Here U(O) denotes a uniform distribution over 0 C 1R2. These parameters are chosen 
so that the decision region for class C(51 is the same as in the Gaussian-distributed case 
considered in Section 5.13. Investigate the use of regularization as a means of improving 
the classification performance of a Gaussian RBF network using strict interpolation. 
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In Chapter 4 we studied multilayer perceptrons trained with the back·propagation 
algorithm. In Chapter 5 we studied another class of layered feedforward networks, 
radial-basis function networks. Both of these neural networks are universal approxi
mators in their own ways. In this chapter we discuss another category of universal feed
forward networks, known as support vector machines (SVM), pioneered by Vapnik 
(Boser, Guyon, and Vapnik, 1992; Cortes and Vapnik, 1995; Vapnik, 1995, 1998). Like 
multilayer perceptrons and radial-basis function networks, support vector machines 
can be used for pattern classification and nonlinear regression. 

Basically, the support vector machine is a linear machine with some very nice 
properties. To explain how it works, it is perhaps easiest to start with the case of sepa
rable patterns that could arise in the context of pattern classification. In this context, 
the main idea of a support vector machine is to construct a hyperplane as the decision 
surface in such a way that the margin of separation between positive and negative 
examples is maximized. The machine achieves this desirable property by following a 
principled approach rooted in the statistical learning theory that is discussed in 
Chapter 2. More precisely, the support vector machine is an approximate implemen
tation of the method of structural risk minimization. This induction principle is based 
on the fact that the error rate of a learning machine on test data (i.e., the generaliza
tion error rate) is bounded by the sum of the training-error rate and a term that 
depends on the Vapnik-Chervonenkis (VC) dimension; in the case of separable pat
terns, a support vector machine produces a value of zero for the first term and mini
mizes the second term. Accordingly, the support vector machine can provide a good 
generalization performance on pattern classification problems despite the fact that it 
does not incorporate problem-domain knowledge. This attribute is unique to support 
vector machines. 

A notion that is central to the construction of the support vector learning algo
rithm is the inner-product kernel between a "support vector" Xi and the vector X drawn 
from the input space. The support vectors consist of a small subset of the training data 
extracted by the algorithm. Depending on how this inner-product kernel is generated, 
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we may construct different learning machines characterized by nonlinear decision sur
faces of their own. In particular, we may use the support vector learning algorithm to 
construct the following three types of learning machines (among others): 

• Polynomial learning machines 
• Radial-basis function networks 
• Two-layer perceptrons (i.e., with a single hidden layer) 

That is, for each of these feedforward networks we may use the support vector learning 
algorithm to implement the learning process using a given set of training data, auto
matically determining the required number of hidden units. Stated in another way: 
Whereas the back-propagation algorithm is devised specifically to train a multilayer 
perceptron, the support vector learning algorithm is of a more generic nature because 
it has wider applicability. 

Organization of the Chapter 

The main body of the chapter is organized in three parts. In the first part we describe 
the basic ideas behind a support vector machine. Specifically, in Section 6.2 we dis
cuss the construction of optimal hyperplanes for the simple case of linearly separable 
patterns. This is followed by considering the more difficult case of nonseparable pat
terns in Section 6.3. 

In so doing, we pave the way for the second part of the chapter, which presents a 
detailed discussion of the support vector machine for solving pattern-recognition 
tasks. This is done in Section 6.4. In Section 6.5 we revisit the XOR problem to illus
trate the construction of a support vector machine. In Section 6.6 we revisit the com
puter experiment on pattern classification that was studied in Chapters 4 and 5, 
thereby providing a comparative evaluation of support vector machines with multi
layer perceptrons trained on the back-propagation algorithm and standard radial-basis 
function networks. 

The last part of the chapter deals with the nonlinear regression problem. In 
Section 6.7 we describe a loss function that is well suited for such a problem. Then in 
Section 6.8 we discuss the construction of a support vector machine for nonlinear 
regression. 

The chapter concludes with some final remarks in Section 6.9. 

6.2 OPTIMAL HYPERPLANE FOR LINEARLY SEPARABLE PATIERNS 

Consider the training sample ( Xi' di)}�" where Xi is the input pattern for the ith exam
ple and di is the corresponding desired response (target output). To begin with, we 
assume that the pattern (class) represented by the subset di = + 1 and the pattern rep
resented by the subset di = - 1  are "linearly separable." The equation of a decision sur
face in the form of a hyperplane that does the separation is 

wTx + b = 0 (6.1) 
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where x is an input vector, w is an adjustable weight vector, and b is a bias, We may thus 
write 

WTXi + b 2::: 0 

WTXi + b < 0 

for d; = + 1  
for d; = -1 

(62) 

The assumption of linearly separable patterns is made here to explain the basic idea 
behind a support vector machine in a rather simple setting; this assumption will be 
relaxed in Section 6,3, 

For a given weight vector w and bias b, the separation between the hyperplane 
defined in Eq. (6.1) and the closest data point is called the margin of separation, 
denoted by p. The goal of a support vector machine is to find the particular hyperplane 
for which the margin of separation p is maximized. Under this condition, the decision 
surface is referred to as the optimal hyperplane. Figure 6.1 illustrates the geometric 
construction of an optimal hyperplane for a two-dimensional input space. 

Let wa and b 0 denote the optimum values of the weight vector and bias, respec
tively. Correspondingly, the optimal hyperplane, representing a multidimensional lin
ear decision surface in the input space, is defined by 

which is a rewrite of Eq. (6.1). The discriminant function 

g(x) = wrx + ba 

(6.3) 

(6.4) 

gives an algebraic measure of the distance from x to the optimal hyperplane (Duda and 
Hart, 1973). Perhaps the easiest way to see this is to express x as 

FIGURE 6.1 I l lustration of 
the idea of an  optimal 
hyperplane for l inearly 
separable patterns. 

w" x = xp + r 
I lwall 

x, 

x 

Support���_--cc-�t7' 
vectors 

x, 
a 
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where xp is the normal projection of x onto the optimal hyperplane, and r is the desired 
algebraic distance; r is positive if x is on the positive side of the optimal hyperplane and 
negative if x is on the negative side. Since, by definition, g(xp) = 0, it follows that 

g(x) = w�x + bo = rllw,,11 
or 

g(x) r =  --
Ilwal l 

(6.5) 

In particular, the distance from the origin (i.e., x = 0) to the optimal hyperplane is 
given by b 01 II w 0 II. If b" > 0, the origin is on the positive side of the optimal hyperplane; 
if bo < 0, it is on the negative side. If bo = 0, the optimal hyperplane passes through the 
origin. A geometric interpretation of these algebraic results is given in Fig. 6.2. 

The issue at hand is to find the parameters Wo and b" for the optimal hyperplane, 
given the training set 2J = ( x" d,)}. In light of the results portrayed in Fig. 6.2, we see 
that the pair (w 0' b 0) must satisfy the constraint: 

w�xi + bo 2:: 1 
wrxi + bo :=; -l 

for d, = + 1  

for d, = -1 
(6.6) 

Note that if Eq. (6.2) holds, that is, the patterns are linearly separable, we can always 
rescale Wo and bo such that Eq. (6.6) holds; this scaling operation leaves Eq. (6.3) 
unaffected. 

The particular data points (x" d,) for which the first or second line of Eq. (6.6) is 
satisfied with the equality sign are called support vectors, hence the name "support vec
tor machine." These vectors play a prominent role in the operation of this class of 
learning machines. In conceptual terms, the support vectors are those data points that 
lie closest to the decision surface and are therefore the most difficult to classify. As 
such, they have a direct bearing on the optimum location of the decision surface. 

o 

/ / / , 

x 

Optimal 
hyperplane 

x, 

FIGURE 6.2 Geometric 
interpretation of algebraic 
distances of points to the 
optimal hyperplane for a 
two-dimensional case. 
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Consider a support vector xi') for which d(') = + 1. Then by definition, we have 

(6.7) 

From Eq. (6.5) the algebraic distance from the support vector xi') to the optimal hyper
plane is 

g(x('» 
r = --Ilwoll 

= { _11�oll Ilwoll 
(6.8) 

where the plus sign indicates that xi') lies on the positive side of the optimal hyperplane 
and the minus sign indicates that xi') lies on the negative side of the optimal hyper
plane. Let p denote the optimum value of the margin of separation between the two 
classes that constitute the training set ?f. Then, from Eq. (6.8) it follows that 

p = 2r 

2 Ilwoll (6.9) 

Equation (6.9) states that maximizing the margin of separation between classes is 
equivalent to minimizing the Euclidean norm of the weight vector w. 

In summary, the optimal hyperplane defined by Eq. (6.3) is unique in the sense 
that the optimum weight vector w 0 provides the maximum possible separation 
between positive and negative examples. This optimum condition is attained by mini
mizing the Euclidean norm of the weight vector w. 
Quadratic Optimization for Finding the Optimal Hyperplane 

Our goal is to develop a computationally efficient procedure for using the training 
sample ?f = ( x" d,)}{:! to find the optimal hyperplane, subject to the constraint 

d,(wTX; + b) :e: 1 for i = 1, 2, . . .  , N  (6.10) 

This constraint combines the two lines of Eq. (6.6) with w used in place of woo 
The constrained optimization problem that we have to solve may now be stated as: 

Given the training sample I(xi> dj)W',l> find the optimum values a/the weight vector w and 
bias b such that they satisfy the constraints 

d;(WTXi + b) '" 1 for i = 1, 2, . . .  , N  

and the weight vector w minimizes the cost function: 

1 </lew) = - wTw 2 
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The scaling factor 1/2 is included here for convenience of presentation. This constrained 
optimization problem is called the primal problem. It is characterized as follows: 

• The cost function <I>(w) is a convex function' of w. 
• The constraints are linear in w. 

Accordingly, we may solve the constrained optimization problem using the method of 
Lagrange multipliers (Bertsekas, 1995). 

First, we construct the Lagrangian function: 

_ 1 T � [ T  ] J(w, b, a) - :z w w - t1 o.i di(w Xi + b) - 1 (6.11) 

where the auxiliary nonnegative variables ai are called Lagrange multipliers. The solu
tion to the constrained optimization problem is determined by the saddle point of the 
Lagrangian function J(w, b, 0.), which has to be minimized with respect to w and b; it 
also has to be maximized with respect to 0.. Thus, differentiating J(w, b, a) with respect 
to w and b and setting the results equal to zero, we get the following two conditions of 
optimality: 

Condition 1 :  

Condition 2: 

aJ(w, b, a) 
= 

0 
aw 

aJ(w, b, a) = 0 ab 
Application of optimality condition 1 to the Lagrangian function of Eq. (6.11) yields 
(after rearrangement of terms) 

N 

W = Lfljdjxj j= 1 
(6.12) 

Application of optimality condition 2 to the Lagrangian function of Eg. (6.11) yields 
N 

� aidi = 0 
i=l 

(6.13) 

The solution vector w is defined in terms of an expansion that involves the N training 
examples. Note, however, that although this solution is unique by virtue of the convex
ity of the Lagrangian, the same cannot be said about the Lagrange coefficients, ai• 

It is also important to note that at the saddle point, for each Lagrange multiplier 
ai' the product of that multiplier with its corresponding constraint vanishes, as shown by 

ai[di(wTxi + b) - 1] = 0 for i = 1, 2, . . .  , N (6.14) 
Therefore, only those multipliers exactly meeting Eq. (6.14) can assume nonzero val
ues. This property follows from the Kuhn -Tucker conditions of optimization theory 
(Fletcher, 1987; Bertsekas, 1995). 

As noted earlier, the primal problem deals with a convex cost function and linear 
constraints. Given such a constrained optimization problem, it is possible to construct 
another problem called the dual problem. This second problem has the same optimal 
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value as the primal problem, but with the Lagrange multipliers providing the optimal 
solution, In particular, we may state the following duality theorem (Bertsekas, 1995): 

(a) If the primal problem has an optimal solution, the dual problem also has an optimal 
solution, and the corresponding optimal values are equal. 

(b) In order for Wu to be an optimal primal solution and Clo to be an optimal dual solu
tion, it is necessary and sufficient that Wo is feasible for the primal problem, and 

cf1(wo) = ](w(" bl>' u,J = minJ(w, b", u,,) 
• 

To postulate the dual problem for our primal problem, we first expand Eq, (6, 1 1 ) , term 
by term, as follows: 

(6,15) 

The third term on the right-hand side of Eq. (6.15) is zero by virtue of the optimality 
condition of Eq. (6.13). Furthermore, from Eq. (6.12) we have 

N N N 
wTw = 2:. Ci/diWTXi = 2:. 2:. CijCijdidjxT Xj 

i= l  i= 1  j= I 
Accordingly, setting the objective function J(w, b, a) � Q(a), we may reformulate 
Eq. (6.15) as 

N 1 N 
Q(oc) � L OCi - - L 

i=! 2 i= 1  
where the (Xi are nonnegative. 

We may now state the dual problem: 

(6.16) 

Given the training sample {(Xi, di)W= 1> find the Lagrange multipliers {aJ�= 1 that maximize 
the objective function 

subject to the constraints 
N 

(1) :L <x,d, � 0 
i= 1 

(2) <Xi ". 0 for i = 1 , 2, . . .  , N  

Note that the dual problem is cast entirely in terms of the training data. Moreover, the 
function Q( a) to be maximized depends only on the input patterns in the form of a set 
of dot products, IxTxj}�j)� l '  

Having determined the optimum Lagrange multipliers, denoted b y  Ci".i' we may 
compute the optimum weight vector Wo using Eq. (6.12) and so write 

N 
w() = L. Uo,idiXi ; = 1  

(6.17) 

To compute the optimum bias bo' we may use the w" thus obtained and take advantage 
of Eq. (6.7) pertaining to a positive support vector, and thus write 

for d" l � 1 (6.18) 
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Statistical Properties of the Optimal Hyperplane 

From the statistical learning theory presented in Chapter 2, we recall that the VC 
dimension of a learning machine determines the way in which a nested structure of 
approximating functions should be used. We also recall that the VC dimension of a set 
of separating hyperplanes in a space of dimensionality m is equal to m + 1. However, 
in order to apply the method of structural risk minimization described in Chapter 2 we 
need to construct a set of separating hyperplanes of varying VC dimension such that 
the empirical risk (i.e., the training classification error) and the VC dimension are both 
minimized at the same time. In a support vector machine a structure is imposed on the 
set of separating hyperplanes by constraining the Euclidean norm of the weight vector 
w. Specifically, we may state the following theorem (Vapnik, 1995, 1998): 

Let D denote the diameter of the smallest ball containing all the input vectors 
Xl' x2, . .  "' XN The set of optimal hyperplanes described by the equation 

w;x + bo = 0 

has a VC dimension h bounded from above as 

(6.19) 

where the ceiling sign !'l means the smallest integer greater than or equal to the number 
enclosed within, p is the margin of separation equal to 2/llwol� and rna is the dimensional
ity of the input space. 

This theorem tells us that we may exercise control over the VC dimension (i.e., com
plexity) of the optimal hyperplane, independently of the dimensionality ma of the 
input space, by properly choosing the margin of separation p. 

Suppose then we have a nested structure described in terms of the separating 
hyperplanes as follows: 

Sk = IwTx + b : l lw l12 :o; Ckl, k = 1, 2, . . .  (6.20) 
By virtue of the upper bound on the VC dimension h defined in Eq. (6.19), the nested 
structure described in Eq. (6.20) may be reformulated in terms of the margin of sepa
ration in the equivalent form 

Sk = {I ::l + 1 :  p2 � ak}' k = 1 , 2, . . . (6.21) 

The ak and ck are constants. 
From Chapter 2 we also recall that in order to achieve a good generalization 

capability, we should select the particular structure with the smallest VC dimension 
and training error, in accordance with the principle of structural risk minimization. 
From Eqs. (6.19) and (6.21) we see that this requirement can be satisfied by using the 
optimal hyperplane (i.e., the separating hyperplane with the largest margin of separa
tion pl. Equivalently, in light of Eq. (6.9), we should use the optimum weight vector Wu 
having the minimum Euclidean norm. Thus, the choice of the optimal hyperplane as 
the decision surface for a set of linearly separable patterns is not only intuitively satis
fying but also in complete fulfillment of the principle of structural risk minimization of 
a support vector machine. 
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6.3 OPTIMAL HYPERPLANE FOR NONSEPARABLE PATTERNS 

The discussion thus far has focused on linearly separable patterns. In this section we 
consider the more difficult case of nonseparable patterns. Given such a set of training 
data, it is not possible to construct a separating hyperplane without encountering clas
sification errors. Nevertheless, we would like to find an optimal hyperplane that mini
mizes the probability of classification error, averaged over the training set. 

The margin of separation between classes is said to be soft if a data point (Xi' d,) 
violates the following condition (see Eq. (6.10» : 

d,(wTx, + b) 2- + 1, 
This violation can arise in one of two ways: 

i = 1, 2, " "  N 

• The data point (Xi' di) falls inside the region of separation but on the right side of 
the decision surface, as illustrated in Fig. 6.3a . 

• The data point (Xi' d,) falls on the wrong side of the decision surface, as illustrated 
in Fig. 6.3b. 

Note that we have correct classification in case 1, but misclassification in case 2. 
To set the stage for a formal treatment of nonseparable data points, we introduce 

a new set of nonnegative scalar variables, l�iW� [0 into the definition of the separating 
hyperplane (i.e., decision surface) as shown here: 

( T di W Xi + b) 2- 1 - �i' i = 1, 2, . . .  , N  (6.22) 
The �i are called slack variables; they measure the deviation of a data point from the 
ideal condition of pattern separability. For 0 "" �i "" 1, the data point falls inside the 
region of separation but on the right side of the decision surface, as illustrated in 
Fig. 6.3a. For �i > 1, it falls on the wrong side of the separating hyperplane, as illustrated 
in Fig. 6.3b. The support vectors are those particular data points that satisfy Eq. (6.22) 

0 0 
x, "�,, x, "�,, o(l (l 

.... ,,". .... ,,1' � � �� �� 0"- 0"-
" " " " 

Support " Support 
vectors vectors " 

0 0 

0 Xl X, 

0 0 0 0 
Data Data 
point point 

FIGURE 6.3 (a) Data point Xi (belonging to class '<:,) falls inside the region of separation, 
but on the right side of the decision surface. (b) Data point Xi (belonging to class '<:,) falls 
on the wrong side of the decision surface. 
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precisely even if �; > O. Note that if an example with �; > 0 is left out of the traiuiug set, 
the decision surface would change. The support vectors are thus defined in exactly the 
same way for both linearly separable and nonseparable cases. 

Our goal is to find a separatiug hyperplane for which the misciassification error, 
averaged on the training set, is minimized. We may do this by minimizing the functional 

N 
<l>m = L I(�; - 1 )  

;= 1 

with respect to the weight vector w, subject to the coustraint described in Eq. (6.22) 
and the constraint on I lw ll'. The function I(�) is an indicator function, defined by 

I(�) = {� if� :5 0  
if � > 0 

Unfortunately, minimization of <I>(�) with respect to w is a nonconvex optimization 
problem that is NP-complete? 

To make the optimization problem mathematically tractable, we approximate the 
functional <I>(�) by writing 

N 
<I>(�) = L �; i= 1 

Moreover, we simplify the computation by formulating the fuuctional to be minimized 
with respect to the weight vector w as follows: 

1 N 
<I>(w, �) = 2: wTw + C

;
� �; (6.23) 

As before, minimizing the first term in Eq. (6.23) is related to minimizing the VC 
dimension of the support vector machine. As for the second term L;�;, it is an upper 
bound on the number of test errors. Formulation of the cost function <I>(w,�) in Eq. (6.23) 
is therefore in perfect accord with the principle of structural risk minimization. 

The parameter C controls the tradeoff between complexity of the machine and 
the number of nonseparable points; it may therefore be viewed as a form of a "regular
ization" parameter. The parameter C has to be selected by the user. This can be done in 
one of two ways: 

• The parameter C is determined experimentally via the standard use of a training! 
(validation) test set, which is a crude form of resampling . 

• It is determined analytically by estimating the VC dimension via Eq. (6.19) and 
then by using bounds on the generalization performance of the machine based 
on the VC dimension. 

In any event, the functional <I>(w,�) is optimized with respect to w and {�;}�" sub
ject to the constraint described in Eq. (6.22), and �i ;;': O. In so doing, the squared norm 
of w is treated as a quantity to be jointly minimized with respect to the nonseparable 
points rather than as a constraint imposed on the minimization of the number of non
separable points. 
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The optimization problem for nonseparable patterns just stated, includes the 
optimization problem for linearly separable patterns as a special case. Specifically, set
ting �, = 0 for all i in both Eqs. (6.22) and (6.23) reduces them to the corresponding 
forms for the linearly separable case. 

We may now formally state the primal problem for the nonseparable case as: 
Given the training sample I(x;, d;)W=b find the optimum values of the weight vector w and 
bias b such that they satisfy the constraint 

d,(wTx, + b) " 1 - 1;, for i = 1, 2, . . .  , N  

ti 2: 0 for all i 

and such that the weight vector w and the slack variables ti minimize the cost functional 
1 .  N 

<1>( w, 1;) = 2: w'w + C � 1;, 

where C is a user-specified positive parameter. 

Using the method of Lagrange mUltipliers and proceeding in a manner similar to that 
described in Section 6.2, we may formulate the dual problem for nonseparable pat
terns as (see Problem 6.3): 

Given the training sample {(Xi> di)W=l, find the Lagrange multipliers {Q'.J�=l that maximize 
the objective function 

subject to the constraints 
N 

(1) � riA = 0 
; = 1  

(2) 0 '" a, '" C for i = 1, 2, . . .  , N 

where C is a user-specified positive parameter. 

Note that neither the slack variables �, nor their Lagrange multipliers appear in the dual 
problem. The dual problem for the case of nonseparable patterns is thus similar to that 
for the simple case of linearly separable patterns except for a minor but important differ
ence. The objective function Q( a) to be maximized is the same in both cases, The nonsep
arable case differs from the separable case in that the constraint a, 2: 0 is replaced with 
the more stringent constraint 0 :5 a, :5 C. Except for this modification, the constrained 
optimization for the nonseparable case and computations of the optimum values of the 
weight vector w and bias b proceed in the same way as in the linearly separable case. 
Note also that the support vectors are defined in exactly the same way as before. 

The optimum solution for the weight vector w is given by 
N, 

Wo = 2: C'iO,idix,j 
i= l 

(6.24) 

where Ns is the number of support vectors. The determination of the optimum values 
of the bias also follows a procedure similar to that described before. Specifically, the 
Kuhn-Tucker conditions are now defined by 
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i = 1 , 2, . , " N (6.25) 
and 

l1i�i = 0, i = 1, 2, . . .  , N  (6.26) 
Equation (6.25) is a rewrite of Eq. (6.14) except for the replacement of the unity term 
by (1 - �,). As for Eq. (6.26), the 11, are Lagrange multipliers that have been intro
duced to enforce the nonnegativity of the slack variables �, for all i. At the saddle point 
the derivative of the Lagrangian function for the primal problem with respect to the 
slack variable �, is zero, the evaluation of which yields 

aj + �i = C 

By combining Eqs. (6.26) and (6.27), we see that 
�, = O  if a, < C  

(6.27) 

(6.28) 
We may determine the optimum bias bo by taking any data point (x" d;) in the training 
set for which we have 0 < 0.0 , < C and therefore �, = 0, and using that data point in 
Eq. (6.25). However, from a numerical perspective it is better to take the mean value of 
b" resulting from all such data points in the training sample (Burges, 1998). 

6.4 HOW TO BUILD A SUPPORT VECTOR MACHINE 
FOR PATTERN RECOGNITION 

With the material on how to find the optimal hyperplane for nonseparable patterns at 
hand, we are now in a position to formally describe the construction of a support vec
tor machine for a pattern-recognition task. 

Basically, the idea of a support vector machine3 hinges on two mathematical 
operations summarized here and illustrated in Fig. 6.4: 

1. Nonlinear mapping of an input vector into a high-dimensional feature space that 
is hidden from both the input and output. 

2. Construction of an optimal hyperplane for separating the features discovered in 
step 1 .  

The rationale for each of these two operations is explained in what follows. 

Input (data) space 

FIGURE 6.4 Nonlinear map 
'1'0 from the input space to 
the feature space. 
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Operation 1 is performed in accordance with Cover's theorem on the separability 
of patterns, which is discussed in Chapter 5. Consider an input space made up of non
linearly separable patterns. Cover's theorem states that such a multidimensional space 
may be transformed into a new feature space where the patterns are linearly separable 
with high probability, provided two conditions are satisfied. First, the transformation is 
nonlinear. Second, the dimensionality of the feature space is high enough. These two 
conditions are embodied in operation 1 .  Note, however, Cover's theorem does not dis
cuss the optimality of the separating hyperplane. It is only by using an optimal separat
ing hyperplane that the VC dimension is minimized and generalization is achieved. 

This latter matter is where the second operation comes in. Specifically, operation 2 
exploits the idea of building an optimal separating hyperplane in accordance with the 
theory described in Section 6.3, but with a fundamental difference: The separating hyper
plane is now defined as a linear function of vectors drawn from the feature space rather 
than the original input space. Most importantly, construction of this hyperplane is per
formed in accordance with the principle of structural risk minimization that is rooted in VC 
dimension theory. The construction hinges on the evaluation of an inner-product kernel. 

Inner-Product Kernel 

Let x denote a vector drawn from the input space, assumed to be of dimension mo' Let 
{'Pj(x) lJ� I denote a set of nonlinear transformations from the input space to the feature 
space: m I is the dimension ofthe feature space. It is assumed that 'Pj(x) is defined a pri
ori for all j. Given such a set of nonlinear transformations, we may define a hyperplane 
acting as the decision surface as follows: 

� Wj'Pj (x) + b = 0 
) = 1  

(6.29) 

where {w)j�, denotes a set of linear weights connecting the feature space to the output 
space, and b is the bias. We may simplify matters by writing 

m, 
L Wj'Pj(x) = 0 
)=0 

(6.30) 

where it is assumed that 'Po(x) = 1 for all x, so that Wo denotes the bias b. Equation (6.30) 
defines the decision surface computed in the feature space in terms of the linear weights 
of the machine. The quantity 'P/x) represents the input supplied to the weight Wj via the 
feature space. Define the vector 

<p(x) = ['Po(x), 'P'(x), . . .  , 'Pm,(x)], 
where, by definition, we have 

'Po(X) = 1 for all x 

(6.31) 

(6.32) 

In effect, the vector <p(x) represents the "image" induced in the feature space due to 
the input vector x, as illustrated in Fig. 6.4. Thus, in terms of this image we may define 
the decision surface in the compact form: 

WT<p(X) = 0 (6.33) 

Adapting Eq. (6.12) to our present situation involving a feature space where we now 
seek "linear" separability of features, we may write 
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N 
W = L uidi'F(xi) i= 1  

(6.34) 

where the feature vector 'F(x,) corresponds to the input pattern Xi in the ith example. 
Therefore, substituting Eq. (6.34) in (6.33), we may define the decision surface com
puted in the feature space as: 

N 
L uidicpT(x,}'F(x) = 0 (6.35) i= l  

The term cpT(XJ<p(X) represents the inner product of two vectors induced in the feature 
space by the input vector X and the input pattern Xi pertaining to the ith example. We 
may therefore introduce the inner-product kernel denoted by K(x, Xi) and defined by 

K(x, x,) = 'FT(X)CP(Xi) 
m, 

= L <p/X)<P/Xi) j=O 
for i = 1, 2, . . .  , N 

(6.36) 

From this definition we immediately see that the inner-product kernel is a symmetric 
function of its arguments, as shown by 

K(x, x,) = K(xi, x) for all i (6.37) 
Most importantly, we may use the inner-product kernel K(x, x,) to construct the opti
mal hyperplane in the feature space without having to consider the feature space itself 
in explicit form. This is readily seen by using Eq. (6.36) in (6.35), whereby the optimal 
hyperplane is now defined by 

N 
L u,d,K(x, Xi) = 0 (6.38) 
;=1  

Mercer's Theorem 

The expansion of Eq. (6.36) for the inner-product kernel K(x, x,) is an important spe
cial case of Mercer's theorem that arises in functional analysis. This theorem may be 
formally stated as (Mercer, 1908; Courant and Hilbert, 1970): 

Let K(x, x') be a continuous symmetric kernel that is defined in the closed interval 
a ::5 x :s: b and likewise for x' . The kernel K(x, x') can be expanded in the series 

K(x, x') = � �''''i(X)'''i(X') (6.39) i=1 
with positive coefficients., Ai > 0 for all i. For this expansion to be valid and for it to con
verge absolutely and uniformly, it is necessary and sufficient that the condition 

f f K(x, x')IJ;(x)>!J(x')dxdx' '" 0 

holds for all >!J(.) for which 

f >!J2(x)dx < 00 
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The functions 'Pi(X) are called eigenfunctions of the expansion and the numbers Ai are 
called eigenvalues. The fact that all of the eigenvalues are positive means that the ker
nal K(x,x') is positive definite. 

In light of Mercer's theorem, we may now make the following observations: 

• For Ai if' 1 ,  the ith image � 'P,(x) induced in the feature space by the input vec
tor x is an eigenfunction of the expansion. 

• In theory, the dimensionality of the feature space (i.e., the number of eigenvalues/ 
eigenfunctions) can be infinitely large. 

Mercer's theorem only tells us whether or not a candidate kernel is actually an 
inner-product kernel in some space and therefore admissible for use in a support vec
tor machine. However, it says nothing about how to construct the functions 'P,(x); we 
have to do that ourselves. 

From the defining equation (6.23), we see that the support vector machine 
includes a form of regularization in an implicit sense. In particular, the use of a kernel 
K(x, x') defined in accordance with Mercer's theorem corresponds to regularization 
with an operator D such that the kernel K(x, x') is the Green's function of DD, where 
D is the adjoint of D (Smola and Schtilkopf, 1998). Regularization theory is discussed 
in Chapter 5. 

Optimum Design of a Support Vector Machine 

The expansion of the inner-product kernel K(x, x,) in Eq. (6.36) permits us to construct 
a decision surface that is nonlinear in the input space, but its image in the feature space 
is linear. With this expansion at hand, we may now state the dual form for the con
strained optimization of a support vector machine as follows: 

Given the training sample I(xh di)}tl> find the Lagrange multipliers 100J�1 that maximize 
the objective function 

Q(<x) � (6.40) 

subject to the constraints: 
N 

(1 ) L <Xidi � 0 
i= 1 

(2) 0 oS <Xi oS C for i �  1 , 2, . . .  , N  

where C is a user-specified positive parameter. 

Note that constraint (1) arises from optimization of the Lagrangian Q(a) with respect 
to the bias b = w" for 'Po(x) = 1 .  The dual problem just stated is of the same form as 
that for the case of nonseparable patterns considered in Section 6.3, except for the fact 
that the inner product Xi T Xj used therein has been replaced by the inner-product kernel 
K(xi, x). We may view K(xi, x) as the ij-th element of a symmetric N-by-N matrix K, as 
shown by 

(6.41) 
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Having found the optimum values of the Lagrange multipliers, denoted by IX",i' we may 
determine the corresponding optimum value of the linear weight vector, wo' connect
ing the feature space to the output space by adapting the formula of Eq, (6,17) to the 
new situation, Specifically, recognizing that the image <pix;) plays the role of input to 
the weight vector w, we may define Wo as 

N 
Wo = L (Xo,idi 'P(XJ 

i = 1  
(6.42) 

where <pix;) is the image induced in the feature space due to x,. Note the first compo
nent of Wo represents the optimum bias bu' 

Examples of Support Vector Machine 

The requirement on the kernel K(x, x,) is to satisfy Mercer's theorem. Within this 
requirement there is some freedom in how it is chosen. In Table 6.1 we summarize the 
inner-product kernels for three common types of support vector machines: polynomial 
learning machine, radial-basis function network, and two-layer perceptron. The follow
ing points are noteworthy: 

1. The inner-product kernels for polynomial and radial-basis function types of sup
port vector machines always satisfy Mercer's theorem. In contrast. the inner
product kernel for a two-layer perceptron type of support vector machine is 
somewhat restricted, as indicated in the last row of Table 6.1. This latter entry is a 
testament to the fact that the determination of whether or not a given kernel sat
isfies Mercer's theorem can indeed be a difficult matter; see Problem 6.8. 

2. For all three machine types, the dimensionality of the feature space is determined 
by the number of support vectors extracted from the training data by the solution 
to the constrained optimization problem. 

3. The underlying theory of a support vector machine avoids the need for heuristics 
often used in the design of conventional radial-basis function networks and mul
tilayer perceptrons: 

TABLE 6.1 Summary of Inner-Product Kernels 

Type of support Inner product kernel 
vector machine K(x, Xi)' i = 1, 2, . .  " N 
Polynomial learning machine (X'/XI + 1)P 

Radial-basis function network exp ( -2�2 11 x  - x,112) 
Two-layer perceptron tanh(j3oxTx; + �1) 

Comments 

Power p is specified a priori 
by the user 

The width 0'2, common to 
all the kernels, is specified 
a priori by the user 

Mercer's theorem is 
satisfied only for some 
values of 130 and /31 
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• In the radial-basis function type of a support vector machine, the number of 
radial-basis functions and their centers are determined automatically by the 
number of support vectors and their values, respectively, 

• In the two-layer perceptron type of a support vector machine, the number of 
hidden neurons and their weight vectors are determined automatically by the 
number of support vectors and their values, respectively. 

Figure 6.5 displays the architecture of a support vector machine. 
Irrespective of how a support vector machine is implemented, it differs from the 

conventional approach to the design of a multilayer perceptron in a fundamental way. 
In the conventional approach, model complexity is controlled by keeping the number 
of features (i.e., hidden neurons) small. On the other hand, the support vector machine 
offers a solution to the design of a learning machine by controlling model complexity 
independently of dimensionality, as summarized here (Vapnik, 1995, 1998): 

• Conceptual problem. Dimensionality of the feature (hidden) space is purposely 
made very large to enable the construction of a decision surface in the form of a 
hyperplane in that space. For good generalization performance, the model com
plexity is controlled by imposing certain constraints on the construction of the 
separating hyperplane, which results in the extraction of a fraction of the training 
data as support vectors. 

• Computational problem. Numerical optimization in a high-dimensional space 
suffers from the curse of dimensionality. This computational problem is avoided 
by using the notion of an inner-product kernel (defined in accordance with 
Mercer's theorem) and solving the dual form of the constrained optimization 
problem formulated in the input (data) space. 

FIGURE 6.5 Architecture of 
support vector machine. 
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6.5 EXAMPLE: XOR PROBLEM (REVISITED) 

To illustrate the procedure for the design of a support vector machine, we revisit the 
XOR (Exclusive OR) problem discussed in Chapters 4 and 5. Table 6.2 presents a sum
mary of the input vectors and desired responses for the four possible states. 

To proceed, let (Cherkassky and Mulier, 1998) 
K(x, Xi) = (1 + xTx,)' (6.43) 

With X = [Xl' x2V and Xi = [Xii '  Xi2F, we may thus express the inner·product kernel 
K(x, x,) in terms of monomials of various orders as follows: 

K(x, Xi) = 1 + XrX71 + 2XIX2XilXi2 + X�X72 + 2XIXil + 2XZXi2 
The image of the input vector x induced in the feature space is therefore deduced to be 

<p(x) = [1 , xl, VzXtX" xl, VzXb VzxX 
Similarly, 

<P(Xi) = [1, xft, VzXi[Xi2, xi" VzXil, VzXi2r, 
From Eq. (6.41), we also find that 

K { i l il 
i = 1 , 2, 3, 4 

The objective function for the dual form is therefore (see Eq. (6.40)) 
1 , 

Q(",) = "'[ + "" + "'3 + "'4 - 2: (9"'t - 2",["" - 2"'["'3+2"'["'4 

+ 9",l + 2"" "'3 - 2"" "'4 + 9",l - 2"'3"'4 + 9",l) 
Optimizing Q(",) with respect to the Lagrange multipliers yields the following set of 
simultaneous equations: 

9al - 0.2 - (Y3 + 0'.4 = 1 
-0:1 + 90.2 + CX3 - <X4 = 1 
-0'.1 + 0:2 + 9et3 - <X4 = 1 

O'.t - 0:'.2 - U3 + 90'.4 = 1 

TABLE 6.2 XOR Problem 

Input vector, x 

(-1, -1) 
(-1, +1) 
(+1, -1) 
(+1, +1) 

Desired response, d 

-1 
+1 
+1 
-1 
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Hence, the optimum values of the Lagrange multipliers are 

I 
(Xo, l  = CXo. 2 = 0.0,3 = Cto, 4 = '8 

This result indicates that in this example all four input vectors {xi)i� 1 are support vec
tors. The optimum value of Q(a) is 

1 
Qo(a) = 4 

Correspondingly, we may write 

or 

� Il wol l' = � 
1 

I l wo ll = 
Yz 

From Eq. (6.42), we find that the optimum weight vector is 

1 
Wo = 8 [-'P(X,) + 'P(X,) + 'P(X3) - 'P(X4)] 

1 
8 

o 

o 

1 

Yz 
1 

- Yz  
- Yz  

-l/Yz 
o 

o 

o 

+ 

1 

1 1 

- Yz  - Yz  
+ 

1 1 

- Yz  Yz 
Yz - Yz  

The first element of wI) indicates that the bias b is zero. 
The optimal hyperplane is defined by (see Eq. (6.33)) 

w�'P(x) = 0 

1 

1 

Yz 
1 

Yz 
Yz 
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Decision FIGURE 6.6 (a) Polynomial 
boundary machine for solving the XOR 

problem. (b) Induced images 
in the feature space due to 
the four data points of the 
XOR problem. 

1 
xi [ 0, 0, 1z. O. 0, 0 ] V2XIX2 
xl 

= 0  

V2XI 
V2X2 

which reduces to 
-XIXZ = 0 

The polynomial form of support vector machine for the XOR problem is as shown 
in Fig. 6.6a. For both Xl = x2 = -1 and x, = X, = + 1, the output y = -1; and for both 
X, = -l,x, = + 1 and Xl = + 1 and x, = -1, we have y = + 1. Thus the XOR problem is 
solved as indicated in Fig. 6.6b. 

6.6 COMPUTER EXPERIMENT 

In this computer experiment we revisit the pattern-classification problem that we stud
ied in Chapters 4 and 5. The experiment involved the classification of two overlapping 
two-dimensional Gaussian distributions labeled 1 (class cgl) and 2 (Class cg2)' The scat
ter plots for these two sets of data are shown in Fig. 4.14. The probability of correct 
classification produced by the Bayesian (optimum) classifier is calculated to be 

p, = 81.51 percent 
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TABLE 6.3 Summary of the Results of Two-Class Pattern
Classification Experiment Using the Support Vector 
Machine 

Probability of correct 
classification, p c 

Number of support 
vectors,Ns 

Common width, (}"2 = 4 
Regularization parameter, C = 0.1 

81.22 81.28 

298 287 

81.55 

283 

81.49 81.45 

287 286 

Table 6.3 presents the summary of the results obtained from a computer experi
ment performed on this data set using the support vector machine. For the inner-product 
kernel, we used the radial-basis function: ( I l x - Xi 11

2) K(x, x,) � exp 2,,' ' i = 1, 2, . . .  , N 

where the same width ,,2 � 4 was used for all points in the data set. The machine was 
trained on a total of N � 500 data points drawn at random from the population of data 
representing the two classes. The value used for the regularization parameter was C � 0.1. 

The results presented in Table 6.3 pertain to five different trials of the experi
ment, with each trial involving the use of 500 data points for training and 32,000 data 
points for testing. The probability of correct classification, averaged over these five tri
als, is 81.40 percent. This average is almost equal to that realized by the Bayesian classi
fier. The fact that this optimum result was exceeded by 0.05 percent on one of the trials 
is attributed to experimental errors. 

The near-perfect classification performance attained by the support vector 
machine is further confirmed by the decision boundary shown in Fig. 6.7, which was 
achieved by one of the five realizations of the machine picked at random. In this figure 
we have also included the decision boundary for the Bayesian classifier, which consists 
of a circle of center x, � [-2/3,01' and radius r � 2.34. Figure 6.6 clearly demonstrates 
that the support vector machine is capable of constructing a decision boundary between 
the two classes '\;, and '\;2 that is almost as good as the optimum decision boundary. 

Returning to the summary of results presented in Table 6.3, the second row dis
plays the sizes of the five different realizations of the support vector machine. These 
results indicate that for this experiment, the support vector machine learning algo
rithm selected close to 60 percent of the data points as support vectors. 

In the case of nonseparable patterns, all the training errors give rise to support vec
tors of their own; this follows from the Kuhn-Tucker conditions. For the present experi
ment, the classification error is about 20 percent. With a sample size of 500, we therefore 
find that about one third of the support vectors were in fact due to classification errors. 

Summarizing Remarks 

Comparing the results of this simple computer experiment on the support vector 
machine with the corresponding results reported in Section 4.8 on the multilayer per
ceptron trained on the same data sample using the back -propagation algorithm, we can 
make the following observations: 



5 

4 

3 

2 

1 

x2 0 
- 1 

- 2  

- 3  

- 4  

-5 -5 -4 -3 -2 - 1  0 
x, 

Section 6.7 .-Insensitive Loss Function 339 

FIGURE 6.7 Decision surface 
for the computer experiment 

2 3 4 5 on pattern classification. 

1. The support vector machine has the inherent ability to solve a pattern-classification 
problem in a manner close to the optimum for the problem of interest. Moreover, it is able 
to achieve such a remarkable performance with no problem domain knowledge built into 
the design of the machine. 

2. The multilayer perceptron trained using the back-propagation algorithm, on 
the other hand, provides a computationally efficient solution to the pattern-classification 
problem of interest. For the two-class experiment described here we were able to real
ize a probability of correct classification of about 79.70 percent using a multilayer per
ceptron with only two hidden neurons. 

In making this summary, we highlighted the individual virtues of these two 
approaches to pattern classification. However, for a balanced summary we must also 
identify their individual shortcomings. In the case of a support vector machine, the 
near-to-perfect classification performance is achieved at the cost of a significant 
demand on computational complexity. On the other hand, for a multilayer perceptron 
trained on the back-propagation algorithm to attain a classification performance com
parable to that of the support vector machine for the same pattern-classification tasks, 
we need to do two things: build problem-domain knowledge into the design of the mul
tilayer perceptron, and tune a multitude of design parameters, a practice that can be 
excruciating for difficult learning tasks. 

6.7 E-INSENSITIVE LOSS FUNCTION 

Up to this point in the chapter we have focused on the use of support vector machines for 
solving pattern-recognition tasks. We now consider the use of support vector machines to 
solve nonlinear regression problems. To prepare for this discussion we will first address 
the issue of a suitable optimization criterion for this latter class of learning tasks. 

In Chapter 4 on multilayer perceptrons and Chapter 5 on radial-basis function net
works, we used a quadratic loss function as the criterion for optimizing these networks. 
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The main reason for using this criterion is mathematical, that is, for computational con
venience. However, a least-squares estimator is sensitive to the presence of outliers 
(i.e., observations that are improbably large for a nominal model), and it performs 
poorly when the underlying distribution of the additive noise has a long tail. To over
come these limitations, we need a robust estimator that is insensitive to small changes in 
the model. 

With robustness as a design goal, any quantitative measure of robustness must be 
concerned with the maximum degradation of performance that is possible for an .
deviation from the nominal noise model. According to this viewpoint. an optimal 
robust estimation procedure minimizes the maximum degradation, and will therefore 
be a minimax procedure of some kind (Huber, 1981). For the case when the additive 
noise has a probability density function that is symmetric about the origin. the mini
max procedure' for solving the nonlinear regression problem uses the absolute error 
as the quantity to be minimized (Huber, 1964). That is, the loss function has the form 

L(d,y) � I d  - yl  (6.44) 
where d is the desired response and y is the estimator output. 

To construct a support vector machine for approximating a desired response d, 
we may use an extension of the loss function in Eq. (6.44), originally proposed in 
Vapnik (1995, 1998), as described here 

L (d ) � 
{ I d  - yl - " 

t: , Y  
0 

for l d  - y l  2- • 
otherwise (6.45) 

where . is a prescribed parameter. The loss function L.( d, y) is called the .-insensitive 
loss function. It is equal to zero if the absolute value of the deviation of the estimator 
output y from the desired response d is less than or equal to zero, and it is equal to the 
absolute value of the deviation minus . otherwise. The loss function of Eq. (6.44) is a 
special case of the .-insensitive loss function for . � O. Figure 6.8 illustrates the depen
dence of L,(d, y) on the error d - y. 

6.8 SUPPORT VECTOR MACHINES FOR NONLINEAR REGRESSION 

Consider a nonlinear regressive model in which the dependence of a scalar d on a vec
tor x is described by 

d � f(x) + v 

FIGURE 6.8 E-insensitive loss 
function. -8 o + 8  d-y 

(6.46) 
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The scalar-valued nonlinear function f(x) is defined by the conditional expectation 
E[Dlx], as discussed in Chapter 2; D is a random variable with a realization denoted by 
d. The additive noise term v is statistically independent of the input vector x. The func
tion f(· ) and the statistics of noise v are unknown. All that we have available is a set of 
training data {(xi,di)];:'" where Xi is a sample value of the input vector x and di is the 
corresponding value of the model output d. The problem is to provide an estimate of 
the dependence of d on x. 

To proceed, we postulate an estimate of d, denoted by y, which is expanded in 
terms of a set of nonlinear basis functions {'P/x)l}:'o as follows: 

where 

and 

m, 
y = � wj'P/x) j=O 

= wT<p(x) 

<p(x) = ['Po(x), 'Pj(x), . . .  , 'Pm,(xlY 

(6.47) 

As before, it is assumed that 'Po(x) = 1, so that the weight Wo represents the bias b. The 
issue to be resolved is to minimize the empirical risk 

subject to the inequality 

1 N 
Remp = N � L,(di'Yi) (6.48) 

Ilw ll' :5 Co (6.49) 

where Co is a constant. The .-insensitive loss function Lidi, y,) is as previously defined 
in Eq. (6.45). We may reformulate this constrained optimization problem by intro
ducing two sets of nonnegative slack variables {�,l;:'j and {�il;:'j that are defined 
as follows: 

di - wT<p(x,) :5 • + �i' i = 1 , 2, . . . , N (6.50) 

wT<p(x,) - di :5 • + �:, i = 1 , 2, . . . , N (6.51) 

�i 2: 0, i = 1, 2, . . .  , N  (6.52) 

t� 2: 0, j = 1, 2, . . .  , N  (6.53) 

The slack variables �i and�; describe the .-insensitive loss function defined in Eq. (6.45). 
This constrained optimization problem may therefore be viewed as equivalent to that 
of minimizing the cost functional 

(6.54) 

subject to the constraints of Eqs. (6.50) to (6.53). By incorporating the term wTw/2 in 
the functional <p(w, �, n of Eq. (6.54), we dispense with the need for the inequality 
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constraint of Eq. (6.49). The constant C in Eg. (6.54) is a user-specified parameter. 
Accordingly, we may define the Lagrangian function: 

N 1 N 
J(w, �, �', a, a', ,,/, ,,/' ) = C � (�i + W + 2: WTW - � ai [wT<p(Xi) - di + E + �,] 

N 
2: a ; [di - WT<P(Xi) + E + d (6.55) i= l 

N 
2: (-yi�i + "/iW i= l 

where the ai and the ai are the Lagrange multipliers. The last term on the right-hand 
side of Eq. (6.55), involving "/i and "/i, is included to ensure that the optimality con
straints on the Lagrange multipliers 0::; and 0.; assume variable forms. The requirement 
is to minimize J(w, �, f a, a' , ,,/, ,,/ ') with respect to the weight vector w and slack vari
ables � and �'; it must also be maximized with respect to a and a' and also with respect 
to ,,/ and ,,/'. By carrying out this optimization we have in respective ways: 

N W = 2: (ai - a;)<p(xi) (6.56) i = 1 
"Ii = C � (Xi (6.57) 

and 

",i = c - 0.; (6.58) 

The optimization of J(w, �, f ,  a, a' , ,,/, ,,/' ) just described is the primal problem for 
regression. To formulate the corresponding dual problem, we substitute Eqs. (6.56) 
through (6.58) in Eq. (6.55), and thus get the convex functional (after simplifying 
terms): 

N N 
Q(ai, ail = 2: di(ai - ai l - E 2: (ai + ai) i=1 i"" l  

1 N N 
- 2: � � (ai - ai l(aj - aJ)K(x" x) 

(6.59) 

where K(xi, x) is the inner-product kernel defined in accordance with Mercer's theorem: 

The solution to our constrained optimization problem is thus obtained by maximizing 
Q(a, a') with respect to the Lagrange multipliers a and a', subject to a new set of con
straints that incorporates the constant C included in the definition of the function 
<I>(w, �, n of Eq. (6.54). 

We may now state the dual problem for nonlinear regression using a support vec
tor machine as follows: 
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Given the training sample {(x" d,)Wol  find the Lagrange multipliers {a,}��l  and {a:l�ol that 
maximize the objective function 

N N 
Q(a" ai ) � � d, <a, - aD - • � (a, + an 

;=1 ;=1 

1 N N 
- :2 � � (a, - an(aj - aj)K(x" Xj) 

subject to the following constraints: 
N 

(1)  � (a, - aD � 0 
1 = 1  

(2) 0 $ a, $ C, i � 1 ,2, . . .  , N 
o :::; ai :::;; C, i = 1 ,2, . . .  , N 

where C is a user·specified constant. 

Constraint (1) arises from optimization of the Lagrangian with respect to the bias 
b � Wo for 'l'o(x) = 1 .  Thus, having obtained the optimum values of Ci" and Cij, we may 
then use Eq. (6.56) to determine the optimum value of the weight vector w for a pre
scribed map 'I'(x). Note that, as in the solution to the pattern-recognition problem, only 
some of the coefficients in the expansion of Eq. (6.56) have values different from zero; in 
particular, the data points for which Ci, '* Cit define the support vectors for the machine. 

The two parameters E and C are free parameters that control the VC dimension 
of the approximating function 

F(x, w) � wTx 
N 

= � (Ci, - CiilK(x, x,) 
(6.60) 

i = l  

Both E and C must be selected by the user. In a conceptual sense, the choice of E and C 
raises the same issues of complexity control as the choice of parameter C for pattern 
classification. In practice, however, complexity control for regression is a more difficult 
problem for the following reasons: 

o The parameters E and C must be tuned simultaneously. 
o Regression is intrinsically more difficult than pattern classification. 

A principled approach for the selection of E and C is still an open research area. 
Finally, as with a support vector machine for pattern recognition, a support vec

tor machine for nonlinear regression may be implemented in the form of a polynomial 
learning machine, radial-basis function network, or two-layer perceptron. The inner 
product kernels for these three methods of implementation are presented in Table 6.1. 

6.9 SUMMARY AND DISCUSSION 

The support vector machine is an elegant and highly principled learning method for 
the design of a feedforward network with a single hidden layer of nonlinear units. Its 
derivation follows the principle of structural risk minimization that is rooted in VC 
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dimension theory, which makes its derivation even more profound. As the name 
implies, the design of the machine hinges on the extraction of a subset of the training 
data that serves as support vectors and therefore represents a stable characteristic of 
the data. The support vector machine includes the polynomial learning machine, 
radial-basis function network, and two-layer perceptron as special cases. Thus, 
although these methods provide different representations of intrinsic statistical regu
larities contained in the training data, they all stem from a common root in a support 
vector machine setting. 

Unlike the popular back-propagation algoflthm, the support vector learning 
algorithm operates only in a batch mode. There is another important difference 
between these two algorithms. The back-propagation algorithm minimizes a quadratic 
loss function, regardless of what the learning task is. In contrast, the support vector 
learning algorithm for pattern recognition is quite different from that for nonlinear 
regression, as indicated here: 

• When performing a pattern-recognition task, the support vector learning algo
rithm minimizes the number of training samples that fall inside the margin of 
separation between positive and negative examples; this is only approximately 
true, since the slack variables £, are used instead of the indicator function 
I(£, - 1) . Although such a criterion is not exactly the same as that of minimiz
ing the probability of classification error, it is considered to be more appropri
ate than the mean-square error criterion that is behind the back-propagation 
algorithm. 

• When performing a nonlinear regression task, the support vector learning algo
rithm minimizes an e-insensitive loss function that is an extension of the mean 
absolute error criterion of minimax theory. The algorithm is thereby robustifled. 

Whatever the learning task, the support vector machine provides a method for control
ling model complexity independently of dimensionality. In particular, the model com
plexity problem is solved in a high-dimensional space by using a penalized hyperplane 
defined in the feature (hidden) space as the decision surface; the result is good general
ization performance. The curse of dimensionality is bypassed by focusing on the dual 
problem for performing the constrained optimization problem. An important reason 
for using thc dual setting is to avoid having to define and compute the parameters of 
the optimal hyperplane in a data space of possibly high dimensionality. 

Ordinarily, the training of a support vector machine consists of a quadratic pro
gramming problemS that is attractive for two reasons: 

• It is guaranteed to find a global extremum of the error surface, where the error 
refers to the difference between the desired response and the output of the sup
port vector machine. 

• The computation can be performed efficiently. 
Most importantly, by using a suitable inner-product kernel, the support vector machine 
automatically computes all the important network parameters pertaining to that 
choice of a kernel. For example, in the case of a radial-basis function network, the ker
nel is a Gaussian function. For this method of implementation, the number of radial-
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basis functions and their centers, and the linear weights and bias levels are all com
puted automatically. The centers of the radial-basis functions are defined by the sup
port vectors picked by the quadratic optimization strategy. The support vectors are 
typically a fraction of the total number of examples constituting the training sample. 
We may thus view the design of an RBF network obtained using the support-vector 
machine learning procedure as a sparse version of the corresponding design resulting 
from the use of a strict interpolation strategy described in the previous chapter. 

Several commercial optimization libraries6 can be used to solve the quadratic pro
gramming problem. However, these libraries are of limited use. The memory require
ments of the quadratic programming problem grow with the square of the size of the 
training sample. Consequently, in real-life applications that may involve several thou
sand data points, the quadratic programming problem cannot be solved by a straightfor
ward use of a commercial optimization library. Osuna et al. (1997) have developed a 
novel decomposition algorithm that attains optimality by solving a sequence of much 
smaller subproblems. In particular, the decomposition algorithm takes advantage of the 
support vector coefficients that are active on either side of their bounds defined by 
Cii = 0 or Cii = C. It is reported therein that the decomposition algorithm performs satis
factorily in applications with as many as 100,000 data points. 

In terms of running time, support vector machines are currently slower than 
other neural networks (e.g., multilayer perceptrons trained with the back-propagation 
algorithm) for a similar generalization performance. There are two reasons for this 
slower behavior: 

1. There is no control over the number of data points selected by the learning algo
rithm for use as support vectors. 

2. There is no provision for incorporating prior knowledge about the task at hand 
into the design of the learning machine. 

Modifications of the support vector machine intended to deal with these shortcomings 
are now briefly discussed. 

The issue of how to control the selection of support vectors is a difficult one, par
ticularly when the patterns to be classified are nonseparable and the training data are 
noisy. In general, attempts to remove known errors from the data before training or to 
remove them from the expansion after training will not give the same optimal hyper
plane because the errors are needed for penalizing nonseparability. In Osuna and 
Girosi (1998), the problem of reducing the running time of a support vector machine 
for pattern classification has been investigated. Two novel approaches for dealing with 
this problem are described: 

• The support vector machine is itself used as a nonlinear regression tool to 
approximate the decision surface (separating the classes) with a user-specified 
accuracy. 

• The procedure for training the support vector machine is reformulated to yield 
the same exact decision surface while using a smaller number of basis functions. 

In the first approach, the solution is simplified by approximating it with a linear combi
nation of a subset of the basis functions. The resulting machine is a natural extension of 
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the support vector machine for function approximation. This extension is designed to 
find the minimum of a cost functional of the following form: 

N 1 
'€,(F) = � I dj - F(x,) I, -r 2C IjJ(F) 

where F(') is the approximating function, 1jJ(.) is a smoothness functional, and lx i, is 
the e-insensitive cost function defined by 

if lx l < e 

otherwise 

The e-insensitive cost function has the effect of making the solution robust to outliers 
and insensitive to errors below a certain threshold e. The minimum of the cost func
tional '€,(F) has the form 

N 
F(x) = L c,G(x, x,) 

i = i  
where G(·, ·  ) is a kernel that depends on the particular choice of the smoothness func
tion 1jJ(.), and the coefficients cj are computed by solving a quadratic programming 
problem. The solution is typically sparse; that is, only a small number of the cj will be 
different from zero, and their number is controlled by the parameter e .  In the second 
approach, the primal problem is reformulated in such a way that it has the same initial 
structure as the original primal problem, but with one difference: The inner-product 
kernel K(x, x') is now incorporated in the formulation. Both approaches also lend 
themselves to use for reducing the complexity of support vector machines for nonlin
ear regression. 

Finally, turning to the issue of prior knowledge, it is widely recognized that the per
formance of a learning machine can be improved by incorporating prior knowledge about 
the task to be learned in the design of the machine (Abu-Mostafa, 1995). In general, two 
different ways of exploiting prior knowledge have been pursued in the literature: 

• An additional term is included in the cost function, thereby forcing the learning 
machine to construct a function that incorporates the prior knowledge. This is 
precisely what is done in the use of regularization. 

• Virtual examples are generated from the given training sample. The motivation 
here is that the learning machine can extract the prior knowledge more readily 
from the artificially enlarged training data. 

In the second approach, the learning process may be slowed down due to correlations 
in the artificial data and the increased size of the training data set. However, the sec
ond approach has an advantage over the first approach because it may be readily 
implemented for all kinds of prior knowledge and learning machines. One way of 
implementing the second approach is to proceed as follows (Schiilkopf et aI., 1996): 

1. A support vector machine is trained on the given data to extract a set of support 
vectors in the usual way. 
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2. Artificial examples, called virtual support vectors, are generated by applying prior 
knowledge in the form of desired invariance transformations to the support vec
tors obtained under step 1 .  

3. Another support vector machine is trained on the artificially enlarged set of 
examples. 

This method has the potential of yielding a significant gain in classification accuracy at 
a moderate cost in time: It requires two training runs instead of a single one, but it con
structs classification rules using more support vectors. 

NOTES AND REFERENCES 

1. Let Ct; be a subset of IRm. The subset 4£ is said to be convex if 

OlX + (1 - Ol)y E C(; for all (x, y) E C(; and Ol E [0, 1] 

A function f: Cf6 � IR is said to be a convex function if 

f(OlX + (1 - Ol)y) '" Olf(x) + (1 - Ol)f(y) for all (x, y) E C(; and Ol E [0, 1] 

2. With computational complexity as the issue of interest, we may identify two classes of 
algorithms: 
• Polynomial time algorithms, which require a running time that is a polynomial func

tion of the problem size. For example, the fast Fourier transform (FIT) algorithm, 
commonly used for spectrum analysis, is a polynomial time algorithm as it requires a 
running time of order nlogn, where n is a measure of the problem size . 

• Exponential time algorithms, which require a running time that is an exponential 
function of the problem size. For example, an exponential time algorithm may take 
time 2n, where n is a measure of the problem size. 

On this basis we may view polynomial time algorithms as "efficient" algorithms and 
exponential time algorithms as "inefficient" algorithms. 

There are many computational problems that arise in practice, for which no effi
cient algorithms have been devised. Many if not all of these seemingly intractable prob
lems are said to belong to a class of problems referred to as NP-complete problems. The 
term "NP" stands for "nondeterministic polynomial." 

For more detailed discussion of NP-complete problems, see Cook (1971), Garey 
and Johnson (1979), and Carmen et a1. (1990). 

3. The idea of an inner-product kernel was first used in Aizerman et a!. (1964a, 1964b) in 
the formulation of the method of potential functions, which represents the forerunner to 
radial-basis function networks. About the same time, Vapnik and Chervonenkis (1965) 
developed the idea of an optimal hyperplane. The combined use of these two powerful 
concepts in formulating the support vector machine was pioneered by Vapnik and 
coworkers in 1992; see Boser, Guyon and Vapnik (1992) and Cortes and Vapnik (J995).A 
full mathematical account of the support vector machine was first described in Vapnik 
(1995), and subsequently in a more expanded form in Vapnik (1998). 

4. Huber's minimax theory is based on neighborhoods that are not global by virtue of 
excluding asymmetric distributions. Nevertheless, this theory deals successfully with a 
large part of traditional statistics, particularly, regression. 
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PROBLEMS 

5. In Schurmars (1997), the use of linear programming is explored by adopting the Ll norm, 

Ilw111, in place of the L, norm, Ilwlb, that is used in support vector machines. The Ll norm 
of the weight vector w is defined by 

where Wi is the ith element of w. Maximum margin classification using the L\ norm 
appears to be biased toward axis-oriented hyperplanes, that is, toward weight vectors 
with few nonzero elements. 

6. Comrnercial libraries for quadratic programming include the following: 
• MINOS5.4: (Murtagh and Saunders, 1978) 
• LSSOL (Gill et aI., 1986) 
• LOQO (Vanderbei, 1994) 
• QPOPT and SQOPT (Gill and Murray, 1991). 

Optimal separating hyperplane 
6.1 Consider the case of a hyperplane for linearly separable patterns, which is defined by the 

equation 

where w denotes the weight vector, b denotes the bias, and x denotes the input vector. 
The hyperplane is said to correspond to a canonical pair (w,b) if, for the set of input pat
terns {XiJt: b the additional requirement 

min I W1'Xi + b l  � 1 i=1,2" ... N 

is satisfied. Show that this requirement leads to a margin of separation between the two 
classes equal to 2/llwll. 

6.2 Justify the following statement in the context of nonseparable patterns: Misclassification 
implies nonseparability of patterns, but the converse is not necessarily true. 

6.3 Starting with the primal problem for the optimization of the separating hyperplane for 
nonseparable patterns, formulate the dual problem as described in Section 6.3. 

6.4 In this problem we explore the "leave-one-out method," discussed in Chapter 4, for esti
mating the expected test error produced by an optimal hyperplane for the case of non
separable patterns. Discuss the various possibilities that can arise in the use of this 
method by eliminating anyone pattern from the training sample and constructing a solu
tion based on the remaining patterns. 

6.5 The location of the optimal hyperplane in the data space is determined by the data points 
selected as support vectors. If the data are noisy, one's first reaction might be to question 
the robustness of the margin of separation to the presence of noise. Yet careful study of 
the optimal hyperplane reveals that the margin of separation is actually robust to noise. 
Discuss the rationale for this robust behavior. 

Inner-product kernel 
6.6 The inner-product kernel K(Xi' Xj) is evaluated over a training sample '!J of size N, yield

ing the N-by-N matrix: 



Problems 349 

where Kij = K(xj,xj). The matrix K is positive in that all of its elements have positive val
ues. Using the similarity transformation: 

K �  QAQT 

where A is a diagonal matrix of eigenvalues and Q is a matrix made up of the corre
sponding eigenvectors, formulate an expression for the inner-product kernel K(xi• xj} in 
terms of the eigenvalues and eigenvectors of matrix K. What conclusions can you draw 
from this representation? 

6.7 (a) Prove the unitary invariance property of the inner-product kernel K(x, x); that is, 

K(x, x,) � K(Qx, Qx,) 

where Q is a unitary matrix defined by 

Q-l � QT 

(b) Demonstrate that all three inner-product kernels described in Table 6.1 satisfy this 
property. 

6.8 The inner-product kernel for a two-layer perceptron is defined by 

K(x, x,) � tanh (�oxTx, + �1) 

Explore some values for the constants �o and �l for which Mercer's theorem is not 
satisfied. 

Pattern classification 
6.9 The inner-product kernel for a polynomial learning machine used to solve the XOR 

problem is defined by 

What is the minimum value of power p for which the XOR problem is solved? Assume that 
p is a positive integer. What is the result of using a value for p larger than the minimum? 

6.10 Figure P6.10 shows the XOR function operating on a three-dimensional pattern x, as 
described here 

XOR(Xl' Xb X3) = Xl E8 X2 EEl X3 
where the symbol EB denotes the Exclusive OR Boolean function operator. Design a 
polynomial learning machine to separate the two classes of points represented by the 
output of this operator. 

6.11 Throughout the chapter we discussed the use of a support vector machine for binary clas
sification. Discuss how a support vector machine can be used to solve an M-ary pattern
classification problem, where M > 2. 

Nonlinear regression 
6.12 The dual problem described in Section 6.8 for using a support vector machine to solve 

the nonlinear regression problem includes the following constraint: 

N 
� (",, - "': ) � 0 
; =1 

where the ai and at are the Lagrange multipliers. Show that this constraint arises from 
minimization of the Lagrangian with respect to the bias b, that is, the first element Wo of 
the weight vector w corresponding to lflo(X) = 1 .  
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Virtnes and limitations 
6.13 (a) Compare the virtues and limitations of support vector machines with those of radial

basis function (RBF) networks with respect to the following tasks: 
(1) Pattern classification 
(2) Nonlinear regression 

(b) Do the same for support vector machines versus multilayer perceptrons trained 
using the back-propagation algorithm. 

Computer experiments 
6.14 Figure P6.14 shows a set of data points corresponding to two classes, 'i61 and <{S2' Both 

coordinates,xl and x2, range from -1 to + 1 .  Using a single radial-basis function kernel 

K(x. I) = exp( -lix - 1112) 

construct the optimal hyperplane and identify the support vectors for this data set. 

6.15 The computer experiment described in Section 6.6 was for the classification of two over
lapping Gaussian distributions. The following "regularization" parameter was used in 
that experiment: C = 0.1, The common width of the radial-basis functions used for con
structing the inner-product kernels was 0"2 = 4. Repeat the computer experiment 
described in that section for the following two values of the regularization parameter: 
(a) C = 0.05 
(b) C = 0.2 
Comment on your results in light of the findings reported in Section 6,6. 

6.16 In applying radial-basis function networks to nonlinear regression problems, we often 
find that the use of an unlocalized basis function such as the multiquadric results in a 
more accurate solution than the use of a localized basis function such as the Gaussian 
function, It may be conjectured that a similar situation arises in the case of support vec
tor machines, because the use of an (unbounded) polynomial learning machine may 
prove more accurate than a (bounded) radial-basis function machine. Using a computer 
experiment on a nonlinear regression problem, explore the validity of this conjecture. 
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Committee Machines 

7.1 INTRODUCTION 

In the previous three chapters we describe three different approaches to supervised 
learning. The MLP trained with the back-propagation algorithm, discussed in Chapter 4, 
relies on a form of global optimization for its design. The RBF network, discussed in 
Chapter 5, relies on local optimization for its design. The support vector machine, dis
cussed in Chapter 6, exploits VC-dimension theory for its design. In this chapter we 
discuss another class of methods for solving supervised learning tasks. The approach 
used here is based on a commonly used engineering principle: divide and conquer. 

According to the principle of divide and conquer, a complex computational task 
is solved by dividing it into a number of computationally simple tasks and then com
bining the solutions to those tasks. In supervised learning, computational simplicity is 
achieved by distributing the learning task among a number of experts, which in tum 
divides the input space into a set of subspaces. The combination of experts is said to 
constitute a committee machine. Basically, it fuses knowledge acquired by experts to 
arrive at an overall decision that is supposedly superior to that attainable by any one of 
them acting alone. The idea of a committee machine may be traced back to Nilsson 
(1965); the network structure considered therein consisted of a layer of elementary 
perceptrons followed by a vote-taking perceptron in the second layer. 

Committee machines are universal approximators. They may be classified into 
two major categories: 

1. Static structures. In this class of committee machines, the responses of several pre
dictors (experts) are combined by means of a mechanism that does not involve 
the input signal, hence the designation "static." This category includes the follow
ing methods: 
• Ensemble averaging, where the outputs of different predictors are linearly 

combined to produce an overall output. 
• Boosting, where a weak learning algorithm is converted into one that achieves 

arbitrarily high accuracy. 
2. Dynamic structures. In this second class of committee machines, the input signal 

is directly involved in actuating the mechanism that integrates the outputs of the 
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individual experts into an overall output, hence the designation "dynamic." Here 
we mention two kinds of dynamic structures: 
• Mixture of experts, in which the individual responses of the experts are nonlin
early combined by means of a single gating network . 

• Hierarchical mixture of experts, in which the individual responses of the 
experts are nonlinearly combined by means of several gating networks 
arranged in a hierarchical fashion. 

In the mixture of experts, the principle of divide and conquer is applied just once, 
whereas in the hierarchical mixture of experts it is applied several times, resulting 
in a corresponding number of levels of hierarchy. 

The mixture of experts and hierarchical mixture of experts may also be viewed as 
examples of modular networks. A formal definition of the notion of modularity is 
(Osherson et aI., 1990): 

A neural network is said to be modular if the computation performed by the network can 
be decomposed into two or more modules (subsystems) that operate on distinct inputs 
without communicating with each other. The outputs of the modules are mediated by an 
integrating unit that is not permitted to feed information back to the modules. In particu
lar, the integrating unit both (1) decides how the outputs of the modules should be com
bined to form the final output of the system, and (2) decides which modules should learn 
which training patterns. 

This definition of modularity rules out the static class of committee machines since 
there is no integrating unit at the output that has a decision-making role. 

Organization of the Chapter 

This chapter is organized in two parts. The class of static structures is covered in the 
fIrst part, encompassing Sections 7.2 through 7.5. Section 7.2 discusses the method of 
ensemble averaging, followed by a computer experiment in Section 7.3. Section 7.4 dis
cusses the boosting technique, followed by a computer experiment in Section 7.5. 

The class of dynamic structures is covered in the second part of the chapter, 
encompassing Sections 7.6 through 7.13. Specifically, Section 7.6 discusses the mixture 
of experts (ME) as an associative Gaussian mixture model. Section 7.7 discusses the 
more general case, namely the hierarchical mixture of experts (HME). This latter 
model is closely related to standard decision trees. Then Section 7.8 describes how a 
standard decision tree may be used to solve the model selection problem (i.e .. number 
of gating and expert networks) for HME. In Section 7.9, we defIne some a posteriori 
probabilities that assist us in the formulation of learning algorithms for the HME 
model. In Section 7.10 we lay the foundation for solving the parameter estimation 
problem by formulating the likelihood function for the HME model. Section 7.11 pre
sents an overview of learning strategies. This is followed by a detailed discussion of the 
so-called EM algorithm in Section 7. 12 and its application to the HME model in 
Section 7.13. 

The chapter concludes with some final remarks in Section 7.14. 
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7.2 ENSEMBLE AVERAGING 

Figure 7.1 shows a number of differently trained neural networks (i.e., experts), which 
share a common input and whose individual outputs are somehow combined to pro
duce an overall output y. To simplify the presentation, the outputs of the experts are 
assumed to be scalar-valued. Such a technique is referred to as an ensemble averaging 
methodl . The motivation for its use is two-fold: 

• If the combination of experts in Fig. 7.1 were replaced by a single neural network, 
we would have a network with a correspondingly large number of adjustable 
parameters. The training time for such a large network is likely to be longer than 
for the case of a set of experts trained in parallel. 

• The risk of overfitting the data increases when the number of adjustable parame-
ters is large compared to cardinality (i.e., size of the set) of the training data. 

In any event, in using a committee machine as depicted in Fig. 7.1, the expectation is 
that the differently trained experts converge to different local minima on the error Sur
face, and overall performance is improved by combining the outputs in some way. 

Consider first the case of a single neural network that has been trained on a given 
data set. Let x denote an input vector not seen before, and let d denote the correspond
ing desired response (representing a class label or numerical response); x and d repre
sent realizations of the random vector X and random variable D, respectively. Let F(x) 
denote the input-output function realized by the network. Then, in light of the mater
ial on the biaslvariance dilemma presented in Chapter 2, we may decompose the 
mean-square error between F(x) and the conditional expectation E[D I X = x]into its 
bias and variance components as follows: 

E,,[(F(x) - E[D I X = x])'] = B,,(F(x)) + V",(F(x)) 
where B�(F(x» is the bias squared: 

B,(F(x)) = (E,[F(x)] - E[D I x = X])2 

and V,,(F(x)) is the variance: 

Input 
x(n) -

.... 
v 

� 
• 

V,,(F(x» = E,,[(F(x) - E",[F(x)])'] 

Expert YI(n) 
1 

Expert y,(n) 
2 

c... 

� 
Combiner 

Output 
yen) 

(7.1 ) 

(7.2) 

(7.3) 

� Expert 
v K 

YK(n) FIGURE 7.1 Block diagram of 
a committee machine based 
on ensemble-averaging. 
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The expectation E", is taken over the space q}J, defined as the space encompassing the 
distribution of all training sets (i.e., inputs and target outputs) and the distribution of all 
initial conditions. 

There are different ways of individually training the expert networks in Fig. 7.1 
and also different ways of combining their outputs. For the discussion presented here, 
we will consider the situation where the expert networks have an identical configura
tion, but they are trained starting from different initial conditions. For the combiner at 
the output of the committee machine in Fig. 7.1, we will use a simple ensemble aver
ager.' Let .'J denote the space of all initial conditions. Let Flx) denote the average of 
the input-<lutput functions of the expert networks in Fig. 7.1 over a "representative" 
number of initial conditions. By analogy with Eq. (7.1), we may write 

E,[(F/(X) - E[D I X  � x]),] � Bj(F(x» + V.(F(x)) (7.4) 

where Bj (F(x» is the squared bias defined over the space .'J: 

B,(F(x)) = (Ej[Flx)] - E[D Ix = x])' 

and V, (F(x)) is the corresponding variance: 

V,(F(x)) � E,[(Flx) - E,[F(x)])'] 
The expectation E:; is taken over the space .'J. 

(7.5) 

(7.6) 

From the definition of space q}J, we may view it as the product of the space of ini
tial conditions, .'J, and the remnant space denoted by q}J'.  Accordingly, we may write, 
again by analogy with Eq. (7.1): 

E",. [(F/(x) - E[D I x  = x])'] = B",.(E/(x)) + V",. (F/(x» (7.7) 

where B",.(F(x» is the squared bias defined over the remnant space q}J': 

B",.(F/(x» � (E",.[Flx)] - E[D IX � x])' 

and V�.(F/(x)) is the corresponding variance: 

V".(F/(x)) = E",. [(Fix) - E".[Flx)])'] 
From the definitions of spaces q}J, .'J, and q}J',  we readily see that 

It follows therefore that Eq. (7.8) may be rewritten in the equivalent form: 

B",.(F/(x)) = (E,,[F(x)] - E[D I X  = x])' 

� B",(F(x)) 

(7.8) 

(7.9) 

(7.10) 

(7.11) 

Consider next the variance V •. (Flx)) of Eq. (7.9). Since the variance of a random vari
able is equal to the mean-square value of that random variable minus its bias squared, 
we may equivalently write 

V",.(Flx)) = E".[(F/(X))2] - (E".[Fb)])' 

= E�.[(FrCx))2] - (E,,[F(x)])2 
(7.12) 
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where in the last line we have made use of Eq. (7.10). Similarly, we may redefine 
Eq. (7.3) in the equivalent form 

V,,(Flx)) = E",[(F(x))'] - (E,,[F(x)])' (7.13) 

Note that the mean-square value of the function F(x) over the entire space q[, is des
tined to be equal to or greater than the mean-square value of the ensemble-averaged 
function F](x) over the remnant space q[,'. That is, 

E",[F(x)'] � E",[(F](x))'] 
In light of this inequality, comparison of Eqs. (7.12) and (7.13) immediately reveals that 

(7.14) 

Thus, from Eqs. (7.11) and (7.14) we draw two conclusions (Naftaly et aI., 1997): 

1, The bias of the ensemble-averaged function Fix), pertaining to the committee 
machine of Fig. 7.1, is exactly the same as that of the function F(x) pertaining to a 
single neural network. 

2. The variance of the ensemble-averaged function Fix) is less than that of the 
function F(x). 

These theoretical findings point to a training strategy for reducing the overall 
error produced by a committee machine due to varying initial conditions (Naftaly et aI., 
1997): The constituent experts of the machine are purposely overtrained, the use of 
which is justified on the following grounds. Insofar as the individual experts are con
cerned, the bias is reduced at the cost of variance. Subsequently, however, the variance 
is reduced by ensemble averaging the experts over the initial conditions, leaving the bias 
unchanged. 

7.3 COMPUTER EXPERIMENT I 

In this computer experiment on the ensemble-averaging method, we revisit the pattern 
classification problem considered in the previous three chapters. The problem pertains 
to the classification of two overlapping two-dimensional Gaussian distributions. The 
two distributions have different mean vectors and different variances. The statistics of 
distribution 1 (class '1,1,) are 

,.., = [0, OJ" 

crT = 1 

The statistics of distribution 2 (class '1,12) are 
"'2 = [2, OJ" 

O"i = 4 

Scatter plots for these two distributions are shown in Fig. 4.13. 
The two classes are assumed to be equiprobable. The costs for misclassifications 

are assumed to be equal, and the costs for correct classifications are assumed to be 
zero. On this basis, the (optimum) Bayes classifier achieves a probability of correct 
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classification p, � 81.51 percent. Details of this calculation are also presented in 
Chapter 4. 

In the computer experiment described in Chapter 4 we were able to achieve a 
probability of correct classification close to 80 percent using a multilayer perceptron 
with two hidden neurons and trained using the back-propagation algorithm. In this 
experiment we study a committee machine composed as follows: 

• Ten experts. 
• Each expert made up of a multilayer perceptIOn with two hidden neurons. 

All the experts were individually trained using the back-propagation algorithm. The 
parameters used in the algorithm were 

Learning-rate parameter, 1] � 0.1 
Momentum constant, u � 0.5 

The size of the training sample was 500 patterns. All the experts were trained on the 
same data set, but were initialized differently. In particular, the initial values of the 
synaptic weights and thresholds were picked at random from a uniform distribution 
inside the range [-1, 1]. 

Table 7.1 presents a summary of the classification performances of the 10 experts 
trained on 500 patterns using the test set. The probability of correct classification 
obtained by simply taking the arithmetic average of the 10 results presented in Table 7.1 
is p, . .  ," � 79.37 percent. On the other hand, by using the ensemble-averaging method, 
that is, by simply summing the individual outputs of the 10 experts and then computing 
the probability of correct classification, we obtained the result: Pc.", � 80.27 percent. 
This result represents an improvement of 0.9 percent over Pc.av' The improvement of 
Pe ens over Pc av was maintained in all the trials of the experiment. The classification 
re�ults were �ll computed using 32,000 test patterns. 

TABLE 7.1 Classification 
Performances of 
Individual Experts Used 
in a Committee 
Machine 

Correct classification 
Expert percentage 

Net 1 80.65 
Net 2 76.91 
Net 3 80.06 
Net 4 80.47 
Net S 80.44 
Net 6 76.89 
Net 7 80.55 
Net 8 80.47 
Net 9 76.91 
Net 10 80.38 
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Summarizing the results of this experiment, we may say: The classification 
performance is improved by overtraining the individual multilayer perceptrons (experts), 
summing their individual numerical outputs to produce the overall output of the com
mittee machine, and then making a decision. 

7.4 BOOSTING 

As mentioned in the introduction, boosting is another method that belongs to the "sta
tic" class of committee machines. Boosting is quite different from ensemble averaging. 
In a committee machine based on ensemble averaging, all the experts in the machine 
are trained on the same data set; they may differ from each other in the choice of initial 
conditions used in network training. By contrast, in a boosting machine the experts are 
trained on data sets with entirely different distributions; it is a general method that can 
be used to improve the performance of any learning algorithm. 

Boosting3 can be implemented in three fundamentally different ways: 

1. Boosting by filtering. This approach involves filtering the training examples by 
different versions of a weak learning algorithm. It assumes the availability of a 
large (in theory, infinite) source of examples, with the examples being either dis
carded or kept during training. An advantage of this approach is that it allows for 
a small memory requirement compared to the other two approaches. 

2. Boosting by subsampling. This second approach works with a training sample of 
fixed size. The examples are "resampled" according to a given probability distrib
ution during training. The error is calculated with respect to the fixed training 
sample. 

3. Boosting by reweighting. This third approach also works with a fixed training 
sample, but it assumes that the weak learning algorithm can receive "weighted" 
examples. The error is calculated with respect to the weighted examples. 

In this section we describe two different boosting algorithms. One algorithm, due to 
Schapire (1990), belongs to approach 1. The other algorithm, known as AdaBoost due 
to Freund and Schapire (1996a, 1996b), belongs to approach 2. 

Boosting by Filtering 

The original idea of boosting described in Schapire (1990) is rooted in a distribution
free or probably approximately correct (PAC) model of learning. From the discussion 
of PAC learning presented in Chapter 2, we recall that a concept is a Boolean function 
in some domain of instances that contains encodings of all objects of interest. In PAC 
learning, a learning machine tries to identify an unknown binary concept on the basis 
of randomly chosen examples of the concept. To be more specific, the goal of the learn
ing machine is to find a hypothesis or prediction rule with an error rate of at most E, for 
arbitrarily small positive values of E, and this should hold uniformly for all input distri
butions. It is for this reason that the PAC learning model is also referred to as a strong 
learning model. Since the examples are of a random nature, it is likely that the learning 
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machine will be unable to learn anything about the unknown concept due to the pre
sentation of a highly unrepresentative example. We therefore require the learning 
model to succeed only in finding a good approximation to the unknown concept with a 
probability of 1 - B, where 8 is a small positive number. 

In a variant of the PAC learning model, called a weak learning model, the 
requirement to learn an unknown concept is relaxed dramatically. The learning 
machine is now required to find a hypothesis with an error rate only slightly less than 
1/2. When a hypothesis guesses a binary label in an entirely random manner on every 
example, it can be right or wrong with equal probability. That is, it achieves an error 
rate of exactly 1/2. It follows therefore that a weak learning model has to perform only 
slightly better than random guessing. The notion of weak learnability was introduced 
by Kearns and Valiant (1989), who posed the hypothesis boosting problem that is 
embodied in the following question: 

Are the notions of strong and weak learning equivalent? 

In other words, is any concept class that is weakly learnable also strongly learnable? 
This question, which is perhaps surprising, was answered in the affirmative by Schapire 
(1990). The proof presented therein was constructive. Specifically, an algorithm was 
devised for directly converting a weak learning model into a strong learning model. 
This is achieved by modifying the distribution of examples in such a way that a strong 
learning model is built around a weak one. 

In boosting by filtering, the committee machine consists of three experts or sub
hypotheses. The algorithm used to train them is called a boosting algorithm. The three 
experts are arbitrarily labeled "first," "second," and "third." The three experts are indi
vidually trained as follows: 

1. The first expert is trained on a set consisting of N, examples. 
2. The trained first expert is used to filter another set of examples by proceeding in 

the following manner: 
• Flip a fair coin; this in effect simulates a random guess. 
• If the result is heads, pass new patterns through the first expert and discard 

correctly classified patterns until a pattern is misclassified. That misclassified 
pattern is added to the training set for the second expert. 

• If the result is tails, do the opposite. Specifically, pass new patterns through the 
first expert and discard incorrectly classified patterns until a pattern is classi
fied correctly. That correctly classified pattern is added to the training set for 
the second expert. 

• Continue this process until a total of N, examples has been filtered by the first 
expert. This set of filtered examples constitutes the training set for the second 
expert. 

By following this coin flipping procedure, it is ensured that if the first expert is 
tested on the second set of examples, it would have an error rate of 1 /2. In other 
words, the second set of N, examples available for training the second expert has 
a distribution entirely different from the first set of N, examples used to train the 
first expert. In this way. the second expert is forced to learn a distribution differ
ent from that learned by the first expert. 
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3. Once the second expert has been trained in the usual way, a third training set is 
formed for the third expert by proceeding in the following manner: 
• Pass a new pattern through both the first and second experts. If the two 

experts agree in their decisions, discard that pattern. If, on the other hand, they 
disagree, the pattern is added to the training set for the third expert . 

• Continue with this process until a total of N, examples has been filtered jointly 
by the first and second experts. This set of jointly filtered examples constitutes 
the training set for the third expert. 

The third expert is then trained in the usual way, and the training of the entire 
committee machine is thereby completed. 

This three-point filtering procedure is illustrated in Fig. 7.2. 
Let N2 denote the number of examples that must be filtered by the first expert to 

obtain the training set of N, examples for the second expert. Note that N, is fixed, and 
N, depends on the generalization error rate of the first expert. Let N, denote the num
ber of examples that must be jointly filtered by the first and second experts to obtain 
the training set of N, examples for the third expert. With N, examples also needed to 
train the first expert, the total size of data set needed to train the entire committee 
machine is N. = N, + N2 + N,. However, the computational cost is based on 3N, exam
ples because N, is the number of examples actually used to train each of the three 
experts. We may therefore say that the boosting algorithm described herein is indeed 
"smart" in the sense that the committee machine requires a large set of examples for 
its operation, but only a subset of that data set is used to perform the actual training. 

Another noteworthy point is that the filtering operation performed by the first 
expert and the joint filtering operation performed by the first and second experts 
make the second and third experts, respectively, focus on "hard-to-leam" parts of the 
distribution. 

N2 examples Trained 
Expert 

1 

N1 examples with 
statistics different 
from those learned 
by Expert 1 

(a) Filtering of examples perfonned by Expert 1 

Trained 
� Expert 

1 

xamples 

Trained 
� Expert 

2 

-

-

} Nt examples with 
statistics different from 
those learned by both 
Experts 1 and 2 

(b) Filtering of examples perfonned by Experts 2 and 3 
FIGURE 7.2 I l lustration of 
boosting by filtering. 
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In the theoretical derivation of the boosting algorithm originally presented in 
Schapire (1990), simple voting was used to evaluate the performance of the committee 
machine on test patterns not seen before. Specifically, a test pattern is presented to the 
committee machine. If the first and second experts in the committee machine agree in 
their respective decisions, that class label is used. Otherwise, the class label discovered 
by the third expert is used. However, in experimental work presented in Drucker et al. 
(1993, 1994), it has been determined that addition of the respective outputs of the three 
experts yields a better performance than voting. For example, in the optical character 
recognition (OCR) problem, the addition operation is performed simply by adding the 
"digit 0" outputs of the three experts, and likewise for the other nine digit outputs. 

Suppose that the three experts (i.e., subhypotheses) have an error rate of . < 1/2 
with respect to the distributions on which they are individually trained; that is, all three 
of them are weak learning models. In Schapire (1990), it is proved that the overall 
error rate of the committee machine is bounded by 

g(.) = 3.' - 2.3 (7.15) 
The bound g(.) is plotted versus . in Fig. 7.3. From this figure we see that the bound is 
significantly smaller than the original error rate •. By applying the boosting algorithm 
recursively, the error rate can be made arbitrarily small. In other words, a weak learn
ing model, which performs only slightly better than random guessing, is converted into 
a strong learning model. It is in that sense that we may say that strong and weak learn
ability are indeed equivalent. 

Ada Boost 

A practical limitation of boosting by filtering is that it often requires a large training 
sample. This limitation can be overcome by using another boosting algorithm called 
AdaBoost (Freund and Schapire, 1996a, 1996b), which belongs to boosting by resam
piing. The sampling framework of AdaBoost is the natural framework of batch learn
ing; most importantly, it permits the training data to be reused. 

FIGURE 7.3 Graph of Eq. (7. 1 5) 
for boosting by filtering. 
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As with the boosting by filtering algorithm,AdaBoost has access to a weak learn
ing model. The goal of the new algorithm is to find a final mapping function or hypoth
esis with low error rate relative to a given distribution '!iJ over the labeled training 
examples. It differs from other boosting algorithms in two respects: 

• AdaBoost adjusts adaptively to the errors of the weak hypothesis returned by the 
weak learning model, hence the name of the algorithm. 

• The bound on performance of AdaBoost depends only on the performance of 
the weak learning model on those distributions that are actually generated dur
ing the learning process. 

AdaBoost operates as follows. On iteration n, the boosting algorithm provides 
the weak learning model with a distribution '!iJn over the training sample ?J. In 
response, the weak learning model computes a hypothesis fllin : x .... y that correctly 
classifies a fraction of the training examples. The error is measured with respect to the 
distribution '!iJ .. The process continues for T iterations, and finally the boosting 
machine combines the hypotheses filiI> fIIi" . . .  , flliT into a single final hypothesis fllifin' 

To calculate (1) the distribution '!iJn on iteration n, and (2) the final hypothesis 
fllifin' the simple procedure summarized in Table 7.2 is used. The initial distribution '!iJI is 
uniform over the training sample ?J, as shown by 

for all i 

Given the distribution '!iJn and weak hypothesis fllin on iteration n of the algorithm, the 
next distribution '!iJn+ 1 is computed by multiplying the weight of example i by some num
ber I3n E [0, 1) if fIIi n classifies the input vector Xi correctly; otherwise, the weight is left 
unchanged. The weights are then renormalized by dividing by the normalizing constant 
Zn' In effect, the "easy" examples in the training set ?J that are correctly classified by many 
of the previous weak hypotheses are given lower weights, whereas the "hard" examples 
that are often misclassified are given higher weights. Thus the AdaBoost algorithm 
focuses the most weight on those examples that appear to be hardest for it to classify. 

As for the final hypothesis fllifin, it is computed as a weighted vote (i.e., weighted 
linear threshold) of the weak hypotheses filiI' flli2, . . .  , fllip That is, for a given input vector 
x, the final hypothesis fllifin outputs the label d that maximizes the sum of the weights of 
the weak hypotheses predicting that label. The weight of hypothesis fIIi n is defined to be 
10g(I/l3n), so that greater weight is given to hypotheses with lower error. 

The important theoretical property of Ad.Boost is stated in the following theo
rem (Freund and Schapire, 1996a): 

Suppose the weak learning model, when called by AdaBoost, generates hypotheses with 
errors E1, E2 • • .  ", ET, where the error En on iteration n of the AdaBoost algorithm is defined by 

Assume that En :;; 1/2, and let 'Yn = 1/2 - En' Then the following upper bound holds on 
the error of the final hypothesis: 

(7.16) 
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TABLE 7.2 Summary of Ada Boost 

Input Training sample {(x,A)W�l 
Distribution 9Jj over the N labeled examples 
Weak learning model 
Integer T specifying the number of iterations of the algorithm 

Initialization: Set 2bl(i)�l/ N for all i 

Computation: Do the following for n = 1, 2, . . .  , T: 
1 .  Call the weak learning model, providing it with the distribution q]jn" 
2. Get back hypothesis '?j n : X � Y 
3. Calculate the error of hypothesis '?j n: 

4. 

5. 

Output: 

E" 
Set � � --n 

1 - En 
Update the distribution S1Jn: 

if2Fn (x;) = di 

otherwise 

where Zn is a normalization constant (chosen so that 2iJn+1(i) is a 
probability distribution). 

The final hypothesis is 

This theorem shows that if the weak hypotheses constructed by the weak learning 
model consistently have error only slightly better than 1/2, then the training error of 
the final hypothesis 2I'fin drops to zero exponentially fast. However, this does not mean 
that the generalization error on test data is necessarily small. Experiments presented in 
Freund and Schapire (1996a) indicate two things. First, the theoretical bound on the 
training error is often weak. Second, the generalization error tends to be much better 
than what the theory would suggest. 

Table 7.2 presents a summary of AdaBoost for a binary classification problem. 
When the number of possible classes (labels) is M > 2, the boosting problem 

becomes more intricate because the probability that random guessing gives the correct 
label is 1/ M, which is now smaller than 1/2. For boosting to be able to use any hypoth
esis that is slightly better than random guessing in such a situation, we need to some
how change the algorithm and the definition of what is meant to be a "weakly 
learning" algorithm. Ways of invoking that change are described in Freund and 
Schapire (1997) and Schapire (1997). 

Error Performance 

Experiments with AdaBoost reported in Breiman (1996b) show that when the training 
error and test error are plotted as a function of the number of boosting iterations, we 
often find that the test error continues to decrease after the training error has reduced 
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FIGURE 7.4 Conceptualized 
error performance of the 
AdaBoost algorithm. 

essentially to zero. This phenomenon is illustrated in Fig. 7.4. A similar result was 
reported earlier in Drucker et al. ( 1994) for boosting by filtering. 

The phenomenon displayed in Fig. 7.4 is very surprising in light of what we 
know about the generalization performance of a single neural network. From 
Chapter 4 we recall that in the case of a multilayer perceptron trained with the back
propagation algorithm, the error on test (validation) data decreases, reaches a mini
mum, and then increases due to overfitting; see Fig. 4.20. The behavior displayed in 
Fig. 7.4 is remarkably different in that as the networks become more and more com
plex through increased training, the generalization error continues to decrease. Such 
a phenomenon appears to contradict Occam's razor, which states that a learning 
machine should be as simple as possible in order to achieve a good generalization 
performance. 

In Schapire et al. (1997), an explanation is given for this phenomenon as it 
applies to AdaBoost. The key idea of the analysis presented therein is that in evaluat
ing the generalization error produced by a boosting machine, not only the training 
error should be considered but also the confidence of classifications. The analysis pre
sented therein reveals a relation between boosting and support vector machines; sup
port vector machines are considered in the previous chapter. In particular, the 
classification margin, for example, is defined as the difference between the weight 
assigned to the correct label pertaining to that example and the maximal weight 
assigned to any single incorrect label. From this definition, it is easy to see that the 
margin is a number in the range [-1, 1] and that an example is correctly classified if and 
only if its margin is positive. Thus Schapire et al. show that the phenomenon observed 
in Fig. 7.4 is indeed related to the distribution of margins of the training examples with 
respect to the generated voting classification error. It should be emphasized again that 
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the margin analysis presented in Schapire et aJ. (1997) is specific to AdaBoost and does 
not apply to other boosting algorithms. 

7.5 COMPUTER EXPERIMENT II 

In this experiment we explore the boosting by filtering algorithm to solve a fairly diffi
cult pattern classification task. The classification problem is two-dimensional, involving 
nonconvex decision regions, as shown in Fig. 7.5. One class of patterns consists of data 
points lying inside the region labeled 'ti [, and the other class of patterns consists of data 
points inside the region labeled 'ti2. The requirement is to design a committee machine 
that decides whether a test pattern belongs to class 'til or to class 'ti2. 

The committee machine used to solve this problem consists of three experts. 
Each expert consists of a 2-5-2 multilayer perceptron that has two input nodes, five 
hidden neurons, and two output neurons. The back-propagation algorithm was used to 
perform the training. Figure 7.6 displays the scatter plots of the data used to train the 
three experts. The data shown in Fig. 7.6a were used to train expert 1 .  The data shown 
in Fig. 7.6b were filtered by expert 1 after its training was completed; this data set was 
used to train expert 2. The data shown in Fig. 7.6c were filtered by the combined action 
of trained experts 1 and 2; this data set was used to train expert 3. The size of training 
sample for each expert was N[ = 1000 patterns. Examining these three figures we 
observe: 

• The training data for expert 1 in Fig. 7.6a are uniformly distributed. 
• The training data for expert 2 in Fig. 7.6b exhibit concentrations of data points in 
areas labeled A and B that are seemingly difficult for the first expert to classify. 
The number of data points in these two regions is equal to the number of the cor
rectly classified points. 

FIGURE 7.5 Pattern 
configurations for 
experiment on boosting. 
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FIGURE 7.6 Scatter plots for expert training in computer experiment on boosting: 
(a) Expert 1. (b) Expert 2. (c) Expert 3 . 

• The training data for expert 3 in Fig. 7.6c exhibit an even greater concentration of 
data points seemingly difficult for both experts 1 and 2 to classify. 
Figures 7.7a, 7.7b, and 7.7c display the decision boundaries formed by experts 1 , 

2,  and 3, respectively. Figure 7.7d displays the overall decision boundary formed by the 
combined action of all three experts, which is obtained by simply summing their indi
vidual outputs. Note that the difference between the decision regions of Figs. 7.7a and 
7.7b pertaining to experts 1 and 2 defines the distribution of data points in Fig. 7.6c 
used to train expert 3. 

The probabilities of correct classification for the three experts on test data were: 
Expert 1 : 
Expert 2 :  
Expert 3 :  

75.15 percent 
71.44 percent 
68.90 percent 
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FIGURE 7.7 Decision boundaries formed by the different experts in the boosting 
experiment. (a) Expert 1 .  (b) Expert 2. (c) Expert 3. (d) Entire committee machine. 

The overall probability of correct classification for the entire committee machine was 
91 .79 percent, which was computed using 32,000 patterns for test data. The overall 
decision boundary constructed by the boosting algorithm for the three experts shown 
in Fig. 7.7d is further evidence for this good classification performance. 

7.6 ASSOCIATIVE GAUSSIAN MIXTURE MODEL 

In the second part of the chapter, beginning with this section, we study the second class 
of committee machines, namely dynamic structures. The term "dynamic" is used here 
in the sense that integration of knowledge acquired by the experts is accomplished 
under the action of the input signal. 

To begin the discussion, consider a modular network in which the learning 
process proceeds by fusing self-organized and supervised forms of learning in a seam-
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less fashion. The experts are technically performing supervised learning in that their 
individual outputs are combined to model the desired response. There is, however, a 
sense in which the experts are also performing self-organized learning; that is, they se!f
organize to find a good partitioning of the input space so that each expert does well at 
modeling its own subspace, and as a whole group they model the input space well. 

In the learning scheme just described, there is a point of departure from the 
schemes considered in the previous three chapters in that a specific model is assumed 
for generating the training data. 

Probabilistic Generative Model 

To fix ideas, consider a regression problem in which a regressor x produces a response 
denoted by random variable D; a realization of this random variable is denoted by d. 
Without loss of generality, we have adopted a scalar form of regression, merely to sim
plify the presentation. Specifically, we assume that the generation of response d is gov
erned by the following probabilistic model (Jordan and Jacobs, 1995); 

1. An input vector x is picked at random from some prior distribution. 
2. A particular rule, say the kth rule, is selected in accordance with the conditional 

probability P(k I x, atOll, given x and some parameter vector a(O). 
3. For rule k, k = 1. 2, . . . . K. the model response d is linear in x. with an additive 

error Ek modeled as a Gaussian distributed random variable with zero mean and 
unit variance: 

for all k (7.17) 

and 
for all k (7.18) 

Under point 3. the unity variance assumption is made just for didactic simplicity. In 
general. each expert can have a different output variance that can be learned from the 
training data. 

The probabilistic generation of D is determined by the conditional probability 
P(D = d l x,w£O»). given x and some parameter vector w£O). for k = 1 . 2 . . . . .  K. We do 
not require that the probabilistic generative model just described must have a direct 
correspondence to a physical reality. Rather, we simply require that the probabilistic 
decisions embodied therein represent an abstract model. which with increasing preci
sion specifies the location of the conditional mean of response d on a nonlinear mani
fold that relates the input vector to mean output (Jordan. 1994). 

According to this model. the response D can be generated in K different ways. 
corresponding to the K choices of label k. Thus. the conditional probability of generat
ing response D = d, given input vector x, is equal to 

K 
P(D = d I x.o(O») = 2: P(D = d I x.w�O») P(k I x. a(O») (7.19) 

k= l 
where 0(0) is the generative model parameter vector denoting the combination of a(O) 
and IWkO)lf� 1 The superscript 0 in a(O) and win) is intended to distinguish the generative 
model parameters from those of the mixture of experts model considered next. 
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Mixture of Experts Model 

Consider the network configuration of Fig. 7.8, referred to as a mixture of experts (ME) 
model.4 Specifically, it consists of K supervised modules called expert networks or sim
ply experts, and an integrating unit called a gating network that performs the function 
of a mediator among the expert networks. It is assumed here that the different experts 
work best in different regions of the input space in accordance with the probabilistic 
generative model described, hence the need for the gating network. 

With the regression problem assumed to be scalar, each expert network consists 
of a linear filter. Figure 7.9 shows the signal-flow graph of a single neuron constituting 
expert k. Thus, the output produced by expert k is the inner product of the input vector 
x and synaptic weight vector W k of this neuron, as shown by 

Input vector 

Expert 

I 

Expert 
2 

Expert 

K 

k = 1, 2, . . .  , K 

Gating 
network 

Output 

signal 

y 

FIGURE 7.8 Block diagram of the ME model; the scalar outputs of the 
experts are mediated by a gating network. 

FIGURE 7.9 Signal-flow 
graph of a single linear 
neuron constituting expert k. 

(7.20) 
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FIGURE 7.10 (a) Single layer 
of softmax neurons for the 
gating network. (b) Signal· 
flow graph of a softmax 
neuron. 
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The gating network consists of a single layer of K neurons, with each neuron assigned 
to a specific expert. Figure 7.1Oa shows the architectural graph of the gating network, 
and Fig. 7.1Ob shows the signal·flow graph of neuron k in that network. Unlike the 
experts, the neurons of the gating network are nonlinear, with their activation func· 
tions defined by 

exp (uk) 
K 2: exp(uj) 
j= l 

k � 1 , 2, . . .  , K  (7.21) 

where Uk is the inner product of the input vector x and synaptic weight vector ak; that is, 

k � 1 , 2, . . .  , K  (7.22) 

The "normalized" exponential transformation of Eq. (7.21) may be viewed as a multi· 
input generalization of the logistic function. It preserves the rank order of its input val· 
ues, and is a differentiable generalization of the "winner·takes·all" operation of 
picking the maximum value. For this reason, the activation function of Eq. (7.21) is 
referred to as softmax (Bridle, 1990a). Note that the linear dependence of Uk on the 
input x makes the outputs of the gating network nonlinear functions of x. 

For a probabilistic interpretation of the gating network's role, we may view it as a 
"classifier" that maps the input vector x into multinomial probabilities so that the dif· 
ferent experts will be able to match the desired response (Jordan and Jacobs, 1995). 
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Most importantly, the use of softmax as the activation function for the gating network 
ensures that these probabilities satisfy the following requirements: 

for all k (7.23) 

and 

(7.24) 

Let Yk denote the output of the kth expert in response to the input vector x. The 
overall output of the ME model is 

K 
Y = L gkYk (7.25) 

k ee l  
where, as pointed out earlier, gk is a nonlinear function of x. Given that rule k of the 
probabilistic model is selected and the input is x, an individual output Yk is treated as 
the conditional mean of the random variable D, as shown by 

E[D I x,kJ = Yk 

= w[x, k = 1, 2, . . . , K  
(7.26) 

With fLk denoting the conditional mean of D, we may write 

/-Lk = Yb k = 1, 2, . . .  , K (7.27) 

The variance of D is the same as that of the error 'k' Thus, invoking the use of Eq. (7.18), 
we may write 

var[D I x,kJ = 1, k =  1 , 2, . . .  , K  (7.28) 

The probability density function of D, given the input vector x and given that the kth 
rule of the probabilistic generative model (i.e., expert k) is selected, may therefore be 
described as: 

fn(d I x, k, 0) = � exp (-� (d - Yk)2) , k = 1, 2, . . .  , K  (7.29) 

where 0 is a parameter vector denoting the parameters of the gating network and 
those of the experts in the ME model. The probability density function of D, given x, is 
the mixture of the probability density functions {fD(d I x,k,O)}��) o  with the mixing para
meters being the multinominal probabilities determined by the gating network. We 
may thus write 

K 

iD (d I x, 0) = L g,jD (d I x, k, 0) 
k= l  

(7.30) 
= � t-, gk exp( -� (d - Yk)2) 

The probability distribution of Eq. (7.30) is called an associative Gaussian mix
ture model. Its nonassociative counterpart is the traditional Gaussian mixture model 
(Titterington et aI., 1985; McLachlan and Basford, 1988), which is briefly described in 
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Chapter 5. An associative model differs from a nonassociative model in that the condi
tional means fLk and mixing parameters gk are not fixed; rather, they are all functions of 
the input vector x. The associative Gaussian mixture model of Eq. (7.30) may therefore 
be viewed as a generalization of the traditional Gaussian mixture model. 

The important aspects of the ME model shown in Fig. 7.8, assuming that it is 
properly tuned through training, are : 

L The output Yk of the kth expert provides an estimate of the conditional mean of 
the random variable representing the desired response D, given x and that rule k 
of the probabilistic generative model holds. 

2, The output gk of the gating network defines the multinomial probability that the 
output of expert k matches the value D = d, on the basis of knowledge gained 
from x alone. 

Workin� with the probability distribution of Eq. (7.30) and given the training sample 
{(xi,di)],�l' the problem is to learn the conditional means fLk = Yk and the mixing para
meters gk' k = 1 , 2, . . . , K, in an optimum manner, so that fD(d ix,e) provides a good 
estimate of the underlying probability density function of the environment responsible 
for generating the training data. 

Example 7.1 Regression Surface 

Consider an ME model with two experts, and a gating network with two outputs denoted by gl 
andg,. The output g] is defined by (see Eq. (7.21» 

exp(u,) 

1 
1 + exp( -(u] - U2)) 

Let 81 and 8z denote the two weight vectors of the gating network. We may then write 

k = 1 , 2 

and therefore rewrite Eq. (7.31) as: 

1 
g] = 1 + exp(-xT(a, - a,» 

The other output gz of the gating network is 

g2 = 1 - g, 

1 
1 + exp( -xT(a, - a,» 

(7.31) 

(7.32) 

Thus, both gl and gz are in the form of a logistic function, but with a difference. The orientation 
of gl is determined by the direction of the difference vector (a1 - 82)' whereas the orientation of 
gz is determined by the direction of the difference vector (82 - 81), that is the negative of that for 
gate gl. Along the ridge defined by 81 = 82, we have gl = g2 = 1/2, and the two experts con
tribute equally to the output of the ME model. Away from the ridge, one or the other of the two 
experts assumes the dominant role. 

• 
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7.7 HIERARCHICAL MIXTURE OF EXPERTS MODEL 

The ME model of Fig. 7.8 works by dividing the input space into different subspaces, 
with a single gating network responsible for distributing information (gathered from 
the training data) to the various experts. The hierarchical mixtures of experts (HME) 
model, illustrated in Fig. 7.11, is a natural extension of the ME model. The illustration 
is for an HME model of four experts. The architecture of the HME model is like a tree, 
in which the gating networks sit at the various nonterminals of the tree and the experts 
sit at the leaves of the tree. The HME model differs from the ME model in that the 
input space is divided into a nested set of subspaces, with the information combined 
and redistributed among the experts under the control of several gating networks 
arranged in a hierarchical manner. 

The HME model of Fig. 7.11 has two levels of hierarchy or two layers of gating 
networks. By continuing with the application of the principle of divide and conquer in 
a manner similar to that illustrated, we may construct an HME model with any number 
of levels of hierarchy. Note that according to the convention described in Fig. 7.1 1, the 
numbering of gating levels starts from the output node of the tree. 
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FIGURE 7.11  Hierarchical mixture of experts (HME) i l lustrated for two levels of hierarchy. 
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The formulation of the HME model of Fig. 7.11 can be viewed in two ways 
(Jordan, 1994): 

1. The HME model is aproduct of the divide and conquer strategy. If we believe that 
it is a good strategy to divide the input space into regions, then it is an equally 
good strategy to divide each of those regions into subregions. We can continue 
recursively in this manner until we reach a stage where the complexity of the 
approximating surfaces is a good fit to the "local" complexity of the training data. 
The HME model should therefore perform at least as well as, and often better 
than, the ME model for this reason: A higher level gating network in the HME 
model effectively combines information and redistributes it to the experts in the 
particular subtree controlled by that gating network. Consequently, each para
meter in the subtree in question shares strength with other parameters contained 
in the same subtree, thereby contributing to possible improvement in the overall 
performance of the HME model. 

2, The HME model is a soft-decision tree. According to this second viewpoint, the 
mixture of experts is just a one-level decision tree, sometimes referred to as a 
decision stump. In a more general setting, the HME model is viewed as the prob
abilistic framework for a decision tree, with the output node of the HME model 
referred to as the root of the tree. The methodOlogy of a standard decision tree 
constructs a tree that leads to hard (e.g., yes-no) decisions in different regions of 
the input space. This is to be contrasted with the soft decisions performed by an 
HME model. Consequently, the HME model may outperform the standard deci
sion tree for two reasons: 
• A hard decision inevitably results in loss of information, whereas a soft deci
sion tries to preserve information. For example, a soft binary decision conveys 
information about distance from the decision boundry (i.e., the point at which 
the decision is 0.5), whereas a hard decision cannot. We may therefore say that 
unlike the standard decision tree, the HME model adheres to the information 
preservation rule. This empirical rule states that the information content of an 
input signal should be preserved in a computationally efficient manner until 
the system is ready for final decision-making or parameter estimation 
(Haykin, 1996). 

• Standard decision trees suffer from a greediness problem. Once a decision is 
made in such a tree, it is frozen and never changes thereafter. The HME model 
lessens the greediness problem because the decisions made throughout the tree 
are continually altered. Unlike the standard decision tree, it is possible in the 
HME model to recover from a poor decision somewhere further along the tree. 

The second viewpoint, that is, a soft decision tree is the preferred way to think 
about an HME model. With the HME viewed as the probabilistic basis for a decision 
tree, it allows us to calculate a likelihood for any given data set, and maximize that like
lihood with respect to the parameters that determine the splits between various 
regions in the input space. Thus, by building on what we already know about standard 
decision trees, we may have a practical solution to the model selection problem as dis
cussed in the next section. 
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7.8 MODEl SELECTION USING A STANDARD DECISION TREE 

As with every other neural network, a satisfactory solution to the parameter estima
tion problem hinges on the selection of a suitable model for the problem at hand. In 
the case of an HME model, the model selection involves the choice of the number and 
arrangement of the decision nodes in the tree. One practical solution to this particular 
model selection problem is to run a standard decision tree algorithm on the training 
data, and to adopt the tree so obtained as the initializing step for the learning algo
rithm used to determine the parameters of the HME model (Jordan, 1994). 

The HME model has clear similarities with standard decision trees, such as the 
classification and regression tree (CART) due to Breiman et aI., (1984). Figure 7.12 
shows an example of CART, where the space of input data, :r is repeatedly partitioned 
by a sequence of binary splits into terminal nodes. Comparing Fig. 7.12 with Fig. 7.11, 
we readily see the following similarities between CART and HME: 

• The rules for selecting splits at intermediate (i.e., nonterminal) nodes of CART 
play an analogous role to gating networks in the HME model. 

• The terminal nodes in CART play an analogous role to expert networks in the 
HME model. 
By starting with CART for a classification or regression problem of interest, we 

take advantage of the discrete nature of CART to provide an efficient search among 
alternative trees. By using a tree so chosen as the initializing step in the learning algo
rithm for parameter estimation, we take advantage of the continuous probabilistic 
basis of the HME model to yield an improved "soft" estimate of the desired response. 

The CART Algorithm 

In light of what has just been said, a brief description of the CART algorithm is in 
order. The description is presented in the context of regression. Starting with the train
ing data ((x" d;)W�1 o we may use CART to construct a binary tree T for least-squares 
regression, by proceeding as follows (Breiman et aI., 1984): 

1, Selection of splits. Let a node t denote a subset of the current tree T. Let d(t) 
denote the average of d, for all cases (x" d,) falling into t, that is, 

1 d (t) = -( )  2: d, N t  x,EI 

FIGURE 7.12 Binary decision 
tree, described as follows: 
• Nodes t2 and t3 are 
descendents of node tl . 
• Nodes t4 and ts are 
descendents of node t2; and 
l ikewise for t6 and t7 in 
relation to t3' 

(7.33) 

t, 
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where the sum is over all d, such that x, E t and N(t) is the total number of cases 
in t. Define 

and 

1 � -
'get) � - � (d, - d(t))' N x,Et 

'g(T) � � 'get) 
,eT 

(7.34) 

(7.35) 

For node t, the sum 2:xe,(d, - d(t))' represents the "within node sum of 
squares"; that is, it is the t�tal squared deviations of all the d, in t from their aver
age d(t). Summing these deviations over t E T gives the total node sum of 
squares and dividing it by N gives the average. 

Given any set of splits S of a current node t in T, the best split s* is that split 
in S that most decreases 'g(T). To be more precise, suppose that for any split s of 
node t into tL (a new node to the left of t) and tR (another new node to the right of 
t), we let 

�'g(s,t) � 'g(T) - 'g(tL) - 'g(tR) 
The best split s* is then taken to be the particular split for which we have 

�'g(s',t) � max �'g(t,s) ,eS 

(7.36) 

(7.37) 

A regression tree so constructed is designed to maximize the decrease in 'g(T). 
2. Determination of a terminal node. A node t is declared a terminal node if this con

dition is satisfied: 

max �'g(s,t) < 13 ,es (7.38) 

where 13 is a prescribed threshold. 
3. Least-squares estimation of a terminal node's parameters. Let t denote a terminal 

node in the final binary tree T, and let X(t) denote the matrix composed of x, E t. 
Let d(t) denote the corresponding vector composed of all the d, in t. Define 

wet) � X+(t)d(t) (7.39) 

where X+(t) is the pseudoinverse of matrix X(t). The use of wet) yields a least
squares estimate of d(t) at the output of terminal node t. Using the weights calcu
lated from Eq. (7.39), the split selection problem is solved by looking for the least 
sum of squared residuals (errors) with respect to the regression surfaces, rather 
than with respect to the means. 

Using CART to Initialize the H ME Model 

Suppose that the CART algorithm has been applied to a set of training data, resulting 
in a binary decision tree for this problem. We may describe a split produced by CART 
as a multidimensional surface defined by 

aTx + b = 0 
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where x is the input vectoT, a denotes a parameter vector, and b denotes a bias. 
Consider next the corresponding sitnation in an HME model. From Example 7.1 

we note that the regression surfacc produced by a gating network in a binary tree may 
be expressed as: 

1 
(7.40) g � 1 + exp (-(a'x + b» 

which defines a split, particularly when g � 1/2. Let the weight vector (difference) a 
for this particular gating network be written as 

a 
a = l la ll · W (7.41) 

where I iall denotes the length (i.e., Euclidean norm) of a, and a/llall is a normalized 
unit-length vector. Using Eq. (7.41) in (7.40), we may thus rewrite a parameterized 
split at a gating network as: 

g = 
1 + exp (-Il a ll ((11:11)' x + II� II)) 

(7.42) 

where we see that a/lla l l  determines the direction of the split and I ia l l  determines the 
sharpness of the split. From the discussion presented in Chapter 2, we observe that the 
length of vector a acts effectively as the reciprocal of temperature. The important point 
to note from Eg. (7.42) is that a gating network made up of a linear filter followed by a 
softmax form of nonlinearity is able to mimic a split in the style of CART. Moreover, 
we have an additional degree of freedom, namely, the length of parameter vector a. In 
a standard decision tree, this additional parameter is irrelevant because a threshold 
(i.e., hard decision) is used to create a split. In contrast, the length of a has a profound 
influence on the split sharpness produced by a gating network in the HME model. 
Specifically, for a synaptic weight vector a of fixed direction, we may state that: 

• when a is long (i.e., the temperature is low), the split is sharp, and 
• when a is short (i.e., the temperature is high), the split is soft. 

If, in the limit we have I ial l � O. the split vanishes and g = 1/2 on both sides of the van
ished (fictitious) split. The effect of setting I ial l = 0 is equivalent to pruning the nonter
minal node from the tree, because the gating network in question is no longer splitting. 
In the very extreme case when I ial l is small (i.e .. the temperature is high) at every non
terminal node, the entire HME model acts like a single node; that is, the HME is 
reduced to a linear regression model (assuming linear experts).As the synaptic weight 
vectors of the gating networks start to grow in length, the HME starts to make (soft) 
splits, thereby enlarging the number of degrees of freedom available to the model. 

We may thus initialize the HME by proceeding as follows: 

1. Apply CART to the training data. 
2. Set the synaptic weight vectors of the experts in the HME model equal to the 

least -squares estimates of the parameter vectors at the corresponding terminal 
nodes of the binary tree resulting from the application of CART. 
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3. For the gating networks: 
(a) set the synaptic weight vectors to point in directions that are orthogonal to 

the corresponding splits in the binary tree obtained from CART, and 
(b) set the lengths (i.e., Euclidean norms) of the synaptic weight vectors equal 

to small random vectors. 

7.9 A PRIORI AND A POSTERIORI PROBABILITIES 

The multinomial probabilities gk and gjlk pertaining to the first-level and second-level 
gating networks, respectively, may be viewed as a priori probabilities, in the sense that 
their values are solely dependent on the input vector (stimulus) x. In a corresponding 
way, we may define a posteriori probabilities hjlk and h, whose values depend on both 
the input vector x and the responses of the experts to x. This latter set of probabilities is 
useful in the development of learning algorithms for HME models. 

Referring to the HME model of Fig. 7.1 1 , we define the a posteriori probabilities 
at the nonterminal nodes of the tree as (Jordan and Jacobs, 1994): 

and 

g, � gjlkexp (-� (d - Y1k)') 
h -

1- 1 (7.43) k - t, gk t gj lkeXP ( -� (d - Yjk)2) 
gjlkeXP ( -� Cd - Yjk)2) 

J� gjlkexP ( -� (d - Yjk)2) (7.44) 

The product of hk and hjl' defines the joint a posteriori probability that expert (j, k) 
produces an output Yj' that matches the desired response d, as given by 

hj' = h,hjlk 

gkgjlkexp ( -� (d - Yjk)2) 
The probability hj' satisfies the following two conditions 

and 
2 2 

for all (j, k) 

:L :L hjk = l 
j=l k=l 

(7.45) 

(7.46) 

(7.47) 

The implication of Eq. (7.47) is that credit is distributed across the experts on a com
petitive basis. Moreover, we note from Eq. (7.45) that the closer Yj' is to d, the more 
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likely it is that expert (j, k) is given credit for its output having matched d, which is 
intuitively satisfying. 

An important feature of the HME model that deserves special mention is the 
recursiveness in the computations involved in calculating the a posteriori probabilities. 
In examining Eqs. (7.43) and (7.44), we see that the denominator of hj1k in Eq. (7.44) 
appears in the numerator of hk in Eq. (7.43). In an HME model we want to calculate the 
a posteriori probability for every nonterminal node in the tree. This is where recursive
ness is of particular value. Specifically, the calculation of the a posteriori probabilities of 
all the nonterminal nodes in the tree is achieved in a single pass as described here: 

• In moving through the tree toward the root node, level by level, the a posteriori 
probability at any nonterminal node of the tree is obtained simply by combining 
the a posteriori probabilities of its "children". 

7.10 MAXIMUM LIKELIHOOD ESTIMATION 

Turning next to the issue of parameter estimation for the HME model, we first note 
that its probabilistic interpretation is somewhat different from that of the ME model. 
With the HME model formulated as a binary tree, it is assumed that the environment 
responsible for generating the data involves a nested sequence of soft (binary) deci
sion�� terminating on the regression of the input vector x onto the output d. In particular, 
we assume that in the probabilistic generative model for the HME, the decisions are 
modeled as multinomial random variables (Jordan and Jacobs, 1994). That is, for each 
input x we interpret g;(x, 01) as the multinomial probabilities associated with the first 
decision, and gjl' (x, OJ,) as the conditional multinomial distributions associated with the 
second decision. As before, the superscript 0 signifies true values of the generative 
model parameters. The decisions form a decision tree.As with the ME model, softmax 
is used as the activation function of the gating networks throughout the HME model. 
In particular, the activation g, of the kth output neuron in the top-level gating network 
is defined by 

k = 1 , 2 (7.48) 

where Uk is the weighted sum of the inputs applied to that neuron. Similarly, the activa
tion of the jth output neuron in the kth gating network in the second level of hierarchy 
is defined by 

gI l' = ( ) ( ) ' exp U1k + exp U2k 
(j, k) = 1 , 2 

where Ujk is the weighted sum of the inputs applied to this particular neuron. 

(7.49) 

For the sake of presentation we will work with an HME model with only two lev
els of hierarchy (i.e., two layers of gating networks), as indicated in Fig. 7.11. As with 
the ME model, each of the experts in the HME model is assumed to consist of a single 
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layer of linear neurons. Let Yik denote the output of expert (j, k). We may then express 
the overall output of the HME model as 

2 2 
Y = 2: gk 2: gl lk Yik k=  I j= 1 

(7.50) 

Following a procedure similar to that described for the ME model in Section 7.6, 
we may formulate the probability density function of the random variable D represent
ing the desired response for the HME model of Fig. 7.1 1 ,  given the input x, as follows: 

fo rd Ix,o) = vh tl gk � gjlk exp ( -� (d - Yik)2) (7.51 ) 

Thus, for a given set of training data, Eq. (7.51) defines a model for the underlying dis
tribution of the data. The vector 0 encompasses all the synaptic weights involved in the 
characterization of the gating and expert networks of the HME model. 

The designation likelihood function, denoted by 1(0), is given to the probability 
density functionfo(d Ix, 0), viewed as a function of the parameter vector O. We thus write 

1(0) = fD (d I x, o) (7.52) 
Although the conditional joint probability density function and the likelihood function 
have exactly the same formula, it is vital that we appreciate the physical difference 
between them. In the case of fo(dlx, 0), the input vector x and parameter vector 0 are 
fixed but the desired response d is variable. However, in the case of the likelihood 
function 1(0), both x and d are fixed but 0 is variable. 

In practice, we find it more convenient to work with the natural logarithm of the 
likelihood function rather than the likelihood itself. Using L(O) to denote the log
likelihood function, we write 

L(O) = 10g[I(0)] 
= log [to (d Ix,O)] (7.53) 

The logarithm of 1(0) is a monotonic transformation of 1(0). This means that whenever 
1(0) increases, its logarithm L(O) also increases. Since 1(0) is a formula for a conditional 
probability density function, it can never become negative. It follows therefore that 
there is no problem in evaluating L(O). Hence, an estimate Ii of parameter vector 0 can 
be obtained as a solution of the likelihood equation 

a� 1(0) = 0 

or equivalently the log-likelihood equation 

:0 L(O) = 0 (7.54) 

The term "maximum likelihood estimate" with the desired asymptotic 
properties5 usually refers to a root of the likelihood equation that globally maximizes 
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the likelihood function 1(0). The estimate 6 used in practice, however, may in actual 
fact be a local maximum and not a global maximum. In any event, maximum likelihood 
estimation, due to Fisher (1925), is based on a relatively simple idea: 

Different populations generate different data samples and any given data sample is more 
likely to have come from some population than from some others. 

More specifically, the unknown parameter vector II is estimated by its most plausible 
value, given the input vector x. [n other words, the maximum likelihood estimate 0 is 
that value of the parameter vector 0 for which the conditional probability density func
tionjD(d ix, 0) is maximum. 

7.1 1 LEARNING STRATEGIES FOR THE HME MODEL 

The probabilistic description of the HME model in Section 7.10 has led us to the log
likelihood function L(O) as the objective function to be maximized. The key question is 
how to perform this maximization . As with every optimization problem, there is no 
unique approach to the maximization of L(O). Rather, we have several approaches at 
our disposal, two of which are summarized here (Jacobs and Jordan, 1991; Jordan and 
Jacobs, 1994,): 

1. Stochastic gradient approach. This approach yields an on-line algorithm for the 
maximization of L (O). Its formulation for a two-level HME model, as depicted in 
Fig. 7.11, hinges on formulas for the following ingredients: 

• The gradient vector aLI aW]k for the vector of synaptic weights in expert (j, k). 
• The gradient vector aLI aak for the vector of synaptic weights in output neuron k 
of the top-level gating network. 

• The gradient vector aLlaa]k for the vector of synaptic weights in the output neuron of the second-level gating network associated with expert (j, k). 
It is a straightforward matter to show that (see Problem 7.9): 

aL 
- = h] lk (n) hk(n)(d(n) - Yjk(n» x(n) aWjk 

aL 
- = hk(n)(hJlk(n) - gjlk(n» x(n) (J8jk 

(7.55) 

(7.56) 

(7.57) 

Equation (7.55) states that during the training process, the synaptic weights of expert 
(j, k) are adjusted to correct for the error between the output Yjk and the desired 
response d, in proportion to the joint a posteriori probability h]k that expert (j, k) pro
duces an output that matches d. Equation (7.56) states that the synaptic weights of out
put neuron k in the top-level gating network are adjusted so as to force the a priori 
probabilities gk(n) to move toward the corresponding a posteriori probabilities hk(n). 
Equation (7.57) states that the synaptic weights of the output neuron of the second
level gating network associated with expert (j, k) are adjusted to correct for the error 
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between the a priori probability gil' and the corresponding a posteriori probability hllk 
in proportion to the a posteriori probability hk(n). 

According to Eqs. (7.55) to (7.57), the synaptic weights of the HME model are 
updated after the presentation of each pattern (stimulus). By summing the gradient 
vectors shown here over n, we may formulate the batch version of the gradient ascent 
algorithm for maximizing the log-likelihood function L(O). 

2. Expectation-maximization approach. The expectation-maximization (EM) algo
rithm, due to Dempster et a1. (1977), provides an iterative procedure for computing 
maximum likelihood estimates in situations where, except for some missing data, the 
issue of maximum likelihood estimation would be a straightforward matter. The EM 
algorithm derives its name from the fact that on each iteration of the algorithm there 
are two steps: 

• Expectation step or E-step, which uses the observed data set of an incomplete data 
problem and the current value of the parameter vector to manufacture data so as 
to postulate an augmented or so-called complete data set. 

• Maximization step or M-step, which consists of deriving a new estimate of the 
parameter vector by maximizing the log-likelihood function of the complete data 
manufactured in the E-step. 

Thus, starting from a suitable value for the parameter vector, the E-step and M-step 
are repeated on an alternate basis until convergence. 

The situations where the EM algorithm is applicable include not only those that 
involve naturally incomplete data, but also a variety of other situations where the 
incompleteness of data is not at all evident in or natural to the problem of interest. 
Indeed, computation of the maximum likelihood estimate is often greatly facilitated by 
artificially formulating it as an incomplete data problem. This is done because the EM 
algorithm is able to exploit the reduced complexity of the maximum likelihood estima
tion, given the complete data (McLachlan and Krishnan, 1997). The HME model is one 
such example application. In this case, missing data in the form of certain indicator 
variables are artificially introduced into the HME model to facilitate the maximum 
likelihood estimation of the unknown parameter vector, as described in Section 7.12. 

An important feature of the HME model, whether designed using the stochastic 
gradient approach or the EM algorithm, is two-fold: 

• Each gating network in the model is continually computing the a posteriori prob
ability for every data point in the training set. 

• The adjustments applied to the synaptic weights of the expert and gating net
works in the model, from one iteration to the next, are functions of the a posteri
ori probability thus computed and the corresponding a priori probability. 

Accordingly, if an expert network lower down in the tree fails to do a good job in fit
ting the training data in its local neighborhood, the regression (discriminant) surface of 
a gating network higher up in the tree will be moved around. This movement can, in 
turn, help the experts on the next iteration of the learning algorithm to fit the data bet
ter by shifting the subspaces in which they are supposed to do their data fitting. This is 
the process by which the HME model is able to ameliorate the greediness problem 
inherent to a standard decision tree like CART. 
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7.12 EM ALGORITHM 

The EM algorithm is remarkable in part because of the simplicity and generality of the 
underlying theory. and in part because of the wide range of applications that fall under 
its umbrella." In this section we present a description of the EM algorithm in a generic 
sense. We go on to consider its application to the parameter estimation problem in the 
HME model in the next section. 

Let the vector z denote the missing or unobservable data. Let r denote the 
complete-data vector, made up of some observable data d and the missing data vector 
z. There are therefore two data spaces, m and 0J. to be considered, with the mapping 
from m to 0J being many-to-one. However. instead of observing the complete data vec
tor r, we are actually only able to observe the incomplete data d = d(r) in 0J. 

Let fir 10) denote the conditional pdf of r, given a parameter vector O. It follows 
therefore that the conditional pdf of random variable D, given 0, is defined by 

fD(d lo) = r f,(r IO)dr Jm(d) (7.58) 

where m(d) is the subspace of m that is determined by d = d(r). The EM algorithm is 
directed at finding a value of 0 that maximizes the incomplete-data log-likelihood 
function 

L(O) = 10gfD(d IO) 

This problem, however, is solved indirectly by working iteratively with the complete
data log-likelihood function 

LJO) = 10gfc(rIO) (7.59) 
which is a random variable, because the missing data vector z is unknown. 

To be more specific, let 9(n) denote the value of the parameter vector 0 on itera
tion n of the EM algorithm. In the E-step of this iteration, we calculate the expectation 

Q(O,O(n)) = E[L,(O)] (7.60) 
where the expectation is performed with respect to 9(n). In the M-step of this same 
iteration, we maximize Q(0,6(n» with respect to 0 over the parameter (weight) space 
"W, and so find the updated parameter estimate 9(n + 1), as shown by 

O(n + 1 )  = arg max Q(O, O(n)) 
• 

(7.61) 

The algorithm is started with some initial value 6(0) of the parameter vector O. The 
E-step and M-step are then alternately repeated in <J.ccordance with .qqs. (7.60) and 
(7.61), respectively, until the difference between L(O(n + 1)) and L(O(n» drops to 
some arbitrary small value; at that point the computation is terminated. 

Note that after an iteration of the EM algorithm, the incomplete-data log-likelihood 
function is not decreased, as shown by (see Problem 7.10) 

L(O(n + 1) ;,: LO(n» for n = 0, 1, 2, . . . , (7.62) 

Equality usually means that we are at a stationary point of the log-likelihood function.7 
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7.13 APPLICATION OF THE EM ALGORITHM TO THE HME MODEL 

Having familiarized ourselves with the EM algorithm. we are now ready to solve the 
parameter estimation problem in the HME model using the EM algorithm." 

Let g�) and gWk denote the (conditional) multinomial probabilities associated 
with the decisions taken by the first-level gating network k and second-level gating 
network (j, k) of the HME model in Fig. 7.11 , respectively, when it operates under 
example i of the training set. Then, from Eq. (7.51) we readily see that the correspond
ing value of the conditional pdf of the random variable D, given example Xi and para
meter vector 6, is given by 

I - _1_ � (i) � (i) (_� _ (i) 2) fD(di xi,6) - v'21T t=; gk J� gjJk exp 2 (di Yjk )  (7.63) 

where y)� is the output produced by expert (j, k) in response to the ith example of the 
training set. Assuming that all the N examples contained in the training set are statisti
cally independent, we may formulate the log-likelihood function for the incomplete 
data problem as follows: 

L(6) = log [ DfD(di I Xi,6)] (7.64) 

Using Eq. (7.63) in (7.64) and ignoring the constant -(1/2)log(2"IT), we may write 

L(O) = � log [ � gf) t, gJ% exp( -�(di - y)�)2) ] (7.65) 

To compute the maximum likelihood estimate of 6, we have to find a stationary point 
(i.e., local or global maximum) of L(O). Unfortunately, the log-likelihood function 
L(O), as defined in Eq. (7.65), does not lend itself readily to this kind of computation. 

To overcome this computational difficulty, we artificially augment the observable 
data {diW�l by including a corresponding set of missing data in accordance with the 
EM algorithm. We do so by introducing indicator variables that pertain to the probabil
ity model of the HME architecture as follows (Jordan and Jacobs, 1994): 

• z�) and z)i1 are interpreted as the labels that correspond to decisions made in the 
probability model for the ith example in the training set. These variables are defined 
in such a way that only a single one of the zZl is equal to one and only a single one of 
the zjil is equal to one for all i. Both z�) and zij1 are treated as statistically indepen
dent discrete random variables with their respective expectations defined by 

and 

E[z�)l = p[z�) = l l x"di,6(n)] 
- h(i) - k 

(i) [ (i) _ A ]  E[Zjl.l = P Zjlk - l l x"d"O(n) 
- h(i) - jlk 

(7.66) 

(7.67) 

where 6(n) is the estimate of parameter vector ° at iteration n of the EM algorithm. 
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• zj2 = zji1 Zr) is interpreted as the label that specifies the expert (j, k) in the prob
ability model for the ith example in the training sample. It is also treated as a dis
crete random variable with its expectation, defined by 

E[z!2] = E[zji1 zi')] 
= E[z)i\] E[z�)] (7.68) 

- he') hO) = he') - jlk k jk 
The h�), hJi1 and hJ2 in Eqs. (7.66) to (7.68) are the a posteriori probabilities intro
duced in Section 7.9; the superscript i has been added to them to signify the train
ing example in question. See Problem 7.13 for a justification of these three 
equations. 

By adding the missing data thus defined to the observable data, the maximum likeli
hood estimation problem is considerably simplified. More specifically, let fJd"zj2 Ix,,0) 
denote the conditional pdf of the complete data made up of d, and z;2, given x, and 
parameter vector O. We then write 

2 2 
fld" zj2Ix"o) = II II (g�) gjikUlfik(d,) 

j'" 1 k =  1 
(7.69) 

where fjk(d,) is the conditional pdf of d" given that expert (j, k) in the HME model is 
chosen; that is,fjk(i) is given by the Gaussian distribution: 

_ _ 1 (_� _ (') 2) fik(d,) - v27i exp 2 (d, Yik ) (7.70) 

Note that the formula of Eq. (7.69) corresponds to a hypothetical experiment, contain
ing indicator variables represented by z(2 that are non observable in a physical data 
sense. In any event, the log-likelihood function for the complete-data problem, 
accounting for the entire training set, is given by 

_ (i) [ N ] L,.(O) - log ,l]f,(d" Z)k I x" O) 

= 10g[ U }] D (g�) gji1Md,»),i1 ] 
N 2 2 

= L L L zJN log g�) + log g)i1 + log fjk( d,)] i = l  roo 1 k = l 

(7.71) 

Using Eq. (7.70) in (7.71) and ignoring the constant - (1 /2)log(27T), we may therefore 
write 

N 2 2 [ . .  1 ] 
L,(O) = � ft; � z)2 log g�) + logg;i1 - 2 (d, - y)2J' (7.72) 

Comparing Eq. (7.72) with (7.65), we immediately see the computational benefit 
gained by adding the indicator variables as missing data to the set of observables: The 
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maximum likelihood estimation problem has been decoupled into a set of regression 
problems for the individual experts and a separate set of multinomial classification 
problems for the gating networks. 

To proceed with the application of the EM algorithm, we first invoke the E-step 
of the algorithm by taking the expectation of the complete data log-likelihood function 
LJ6), as shown by 

Q(6,9(n)) = E[L,(6)] 

= � � � E[zj21 . (logg�) + loggji� - � (d, - yj2)2) (7.73) 

where the expectation operator is shown acting on the indicator variable zj2 as this is 
the only unobservable variable. Hence, using Eq. (7.68) in (7.73), we obtain (Jordan 
and Jacobs, 1994): 

N 2 2  ( . 1 ) Q(6,9(n)) = � � �1 hjQ log g�) + log gji� - 2: (d, - yj21' (7.74) 

The M-step of the algorithm requires maximizing Q (6,D (n)) with respect to 6. The 
parameter vector 6 is made up of two sets of synaptic weights: one belonging to the 
gating networks and the other belonging to the experts. From our earlier discussion we 
note the fOllowing: 

• The synaptic weights of the experts determine Y�2, which also enters the defini
tion of h)2. The expression Q(O, 9 (n)) is therefore influenced by the experts only 
through the term hjp (d, - yj2)2 . 

• The synaptic weights of the gating networks determine the probabilities g(2, g;?k and h�2· The expression Q(6,9(n)) is therefore influenced by the gating n�t
works only through the term hj� (log gf) + log gjiD. 

Accordingly, the M -step of the algorithm reduces to the following three optimization 
problems for an HME with two levels of hierarchy: 

and 

N wjk(n + 1) = arg min � hj2 (d, - yj2)' 
Wjk i=1 

N 2 
Bj(n + 1) = arg max � � h�) log g�) 

aJ ;=1 k = 1  

N 
ajk (n + 1) = arg max � 

a1k ;=1 

2 2 
� h(i) � h(')1 log g(i) � i � m l mil 
1= 1 m= l  

(7.75) 

(7.76) 

(7.77) 

The optimizations in Eqs. (7.75) to (7.77) are done with h fixed; h is a function of the 
parameters but the derivatives are not taken through h. Note also that all the quanti
ties in the right-hand sides of these equations refer to measurements made at step n. 

The optimization in Eq. (7.75), pertaining to the experts, is a weighted least
squares estimation problem. The remaining two optimization in Eqs. (7.76) and (7.77), 
pertaining to the gating networks, are maximum likelihood estimation problems 9 Note 
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also that although the equations are formulated for two levels of hierarchy, they may 
be readily extended to an arbitrary number of levels of heirarchy. 

7.14 SUMMARY AND DISCUSSION 

In the study of modeling, pattern classification, and regression problems, we have two 
extreme cases to consider: 

1. Simple models, which provide insight into the problem of interest but lack accuracy. 
2. Complex models, which provide accurate results but lack insight. 

It is perhaps impossible to combine simplicity and accuracy in a single model. In the 
context of the discussion presented in the second part of this chapter, CART is an 
example of a simple model that uses hard decisions to partition the input space into a 
piecewise set of subspaces, with each subspace having its own expert. Unfortunately, 
the use of hard decisions results in some information loss and therefore loss in perfor
mance. The multilayer perceptron (MLP), on the other hand, is a complex model with 
a nested form of nonlinearity designed to preserve the information content of the 
training data. However, it uses a black box approach to globally fit a single function 
into the data, thereby losing insight into the problem. The HME, representing a 
dynamic type of committee machine, is a compromise model between these two 
extremes, sharing common features with both CART and MLP: 

• The architecture of HME is similar to that of CART, but differs from it in soft 
partitioning rather than hard partitioning the input space. 

• The HME uses a nested form of nonlinearity similar to that of MLP, not for the 
purpose of input-output mapping, but rather for partitioning the input space. 

In this chapter we emphasize the use of two tools for the design of an HME model: 
• CART as the architectural basis for dealing with the model selection problem. 
• EM algorithm for solving the parameter estimation problem by iteratively com-
puting maximum likelihood estimates of the model parameters. 

The EM algorithm is usually guaranteed to move uphill in likelihood. Therefore, by 
using CART to initialize the EM algorithm in the manner described in Section 7.8, we 
may expect the EM algorithm to yield a better generalization performance than would 
be possible with the initial condition established by CART. 

The EM algorithm is important and fundamental if the application of interest is 
that of maximum likelihood estimation, such as in modeling. An interesting modeling 
application is described in Jacobs, Jordan, and Barto (1991b), where an ME model is 
trained to do the what/where task. In this task. the model is required to determine 
what an object is, and where it is in the visual field. Two experts were used in the study, 
each of which is specialized for one aspect of the task. For a specific input, both experts 
generate outputs. But, the gating network decides the appropriate mixture for that 
input. The successful results reported by Jacobs et al. demonstrate that it is possible for 
a task assignment to be innately determined, not on the basis of the task per se, but 
rather by the match between a task's requirements and the computational properties 
of the model (Elman et aI., 1996). 
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We finish this discussion by returning to the other class of committee machines 
studied in the first part of the chapter. Whereas the ME model or HME model relies 
on the use of gating network(s) activated by the input signal for fusing the knowledge 
acquired by the various experts in the model, a committee machine, based on the use 
of ensemble averaging or, alternatively, boosting, relies on the learning algorithm itself 
to do the integration, as summarized here: 

1, Ensemble averaging improves error performance in a clever way by the com
bined use of two effects: 
• Reduction of error due to bias by purposely overfitting the individual experts 

in the committee machine. 
• Reduction of error due to variance by using different initial conditions in the 

training of the individual experts, and then ensemble-averaging their respec
tive outputs. 

2. Boosting improves error performance in an ingenious way of its own. In this case, 
individual experts are required to perform only slightly better than random 
guessing. The weak learnability of the experts is converted into strong learnabil
ity whereby the committee machine's error is made arbitrarily small. This 
remarkable conversion is achieved by filtering the distribution of the input data 
in a manner causing the weak learning models (i.e., experts) to eventually learn 
the entire distribution, or by ,esampling the training examples according to a cer
tain probability distribution as in AdaBoost. The advantage of AdaBoost over 
boosting by filtering is that it works with a training sample of fixed size. 

NOTES AND REFERENCES 

1. Ensemble-averaging methods are discussed in Perrone (1993), where a large bibliography 
on the subject is included. Other references on this subject include Wolpert (1992), and 
Hashem (1997). 

2. The use of ensemble-averaging for the design of a committee machine over a set of dif
ferent initial conditions has been suggested by several neural network practitioners. 
However, the statistical analysis presented in Naftaly et a1. (1997) and the procedure 
described therein for training a committee machine designed by ensemble-averaging 
over the space of initial conditions appear to be the first of their kind. In that paper, 
experimental results are presented based on the sunspot data and energy-prediction 
competition data. In both cases, significant reduction in variance is demonstrated by 
averaging over the space of initial conditions. 

According to Naftaly et a1. (1997), the use of popular training constraints such as 
weight decay and early stopping is not recommended in the design of a committee 
machine by ensemble averaging over the space of initial conditions. 

3. The main references on boosting theory and related experimental studies, more or less in 
chronological order, are as follows: Schapire (1990), Drucker et at. (1993, 1994), Freund 
(1995), Breiman (1996b), Freund and Schapire (1996a, 1996b, 1997), Schapire (1997), and 
Schapire et a1. (1997). The first references on the three basic approaches to boosting are 
as follows: 
• Filtering: Schapire (1990) 
• Resampling: Freund and Schapire (1996a) 
• Reweighting: Freund (1995) 
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4. The idea of using a mixture of experts for realizing a complex mapping function was first dis
cussed by Jacobs, Jordan, Nowlan, and Hinton in their 1991a paper. The development of this 
model was motivated by (1) a proposal described in Nowlan (1990), viewing competitive 
adaptation in unsupervised learning as an attempt to fit a mixture of simple probability dis
tributions (such as Gaussians) into a set of data points, and (2) ideas developed in the Ph.D. 
thesis of Jacobs (1990) using a similar modular architecture but a different cost function. 

5. Maximum likelihood estimators have some desirable properties. Under quite general 
conditions, the following asymptotic properties may be proved (Kmenta, 1971): 

(i) Maximum likelihood estimators are consistent. Let L(O) denote the log-likelihood 
function and SI denote an element of the parameter vector a. The partial derivative 
aLias; is called a score. We say that a maximum likelihood estimator is consistent in 
the sense that the value of Si' for which the score aLias; is identically zero, con
verges in probabilily to the true value of Si as the sample size used in the estimation 
approaches infinity. 

(ii) Maximum likelihood estimators are asymptotically efficient. That is. 

lim 
{varre, - 8tl} � 1 

N-t'" Ii; 
for all i 

where N is the sample size, ei is the maximum likelihood estimate of Si' and iii is the 
ith diagonal element of the inverse of Fisher:" information matrix. Fisher's informa
tion matrix is defined by 

E[ a'L J asi 
[ a'L 1 E aejae, 

[ a2L 1 E 
iisjaeM 

J � -
[ a'L 1 E as2aSl 

E[ a'L 1 
ao} 

[ a2L 1 
E ae,aeM 

[ a'L 1 E aeMoej 
[ a'L 1 E aeMas, E[ _alL 1 

ask 

where M is the dimension of parameter vector a. 
(iii) Maximum likelihood estimators are asymptotically Gaussian_ That is, as the sample 

size approaches infinity, each element of the maximum likelihood estimate a 
assumes a Gaussian distribution. 

In practice, we find the large sample (i.e., asymptotic) properties of maximum likelihood 
estimators hold rather well for sample size N � 50. 

6. The paper by Newcomb (1886), considering the estimation of parameters of a mixture of 
two univariate Gaussian distributions, appears to be the earliest reference to an EM-type 
of process reported in the literature. 

The name "EM algorithm" was coined by Dempster, Laird, and Rubin in their 
1977 fundamental paper. In that paper, formulation of the EM algorithm for computing 
maximum likelihood estimates from incomplete data at various levels of generality was 
presented for the first time. 

The first unified account of the theory, methodology, and applications of the EM 
algorithm, its history, and extensions was presented in book form by McLachlan and 
Krishnan (1997)_ 

7. Under fairly general conditions, the likelihood values computed by the EM algorithm 
converge to stationary values. Wu (1983) presents a detailed account of the convergence 
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properties of the EM algorithm. However, the EM algorithm will not always lead to a 
local or a global maximum of the likelihood function. In Chapter 3 of the book by 
McLachlan and Krishnan (1997), two examples are presented where this is not the case. 
In one example the algorithm converges to a saddle point, and in the other example the 
algorithm converges to a local minimum of the likelihood function. 

8. The EM algorithm can also handle Bayesian maximum a posterior (MAP) estimation by 
incorporating prior information on the parameter vector; see Problem 7.1 1 .  Using Bayes' 
rule, we may express the conditional probability density function for parameter vector 6, 
given a set of observations x, as 

f (0 1  ) � fx(xI O)f@(O) 
" x  

fx(x) 

From this relation, we readily see that maximizing the a posteriori density fe(6Ix) is 
equivalent to maximizing the product fx(xIO)f .. (O), since fx (x) is independent of 0, The 
probability density function ta(O) represents the prior information available on O. 
Maximizing ta(Olx) provides the most probable estimate of the parameter vector 0, given 
x. Two pOints are noteworthy in the context of this estimate: 

• Maximum likelihood estimation, represented by maximizingjx(xIO) with respect to 0, 
is a reduced form of maximum a posteriori estimation, reduced in the sense that it is 
void of prior information . 

• The use of prior information is synonymous with regularization, which (we recall 
from Chapter 5) corresponds to a smooth input-output mapping. 

In Waterhouse et al. (1996), a Bayesian framework for estimating parameters of a mix
ture of experts model is presented. The Bayesian approach described therein overcomes 
a phenomenon known as "overfitting", which leads to an estimate with high variance 
when using maximum likelihood inference. 

9. An efficient algorithm, known as the iteratively reweighted least-squares (IRLS) algorithm, 
is available to solve the maximum likelihood estimation problems described in Eqs. (7.76) 
and (7,77); for a description of the IRLS algorithm, see McCullagh and NeIder (1989), 

Ensemble Averaging 
7.1 Consider a committee machine consisting of K experts. The input-output function of the 

kth expert is denoted by Fix), where x is the input vector and k = 1, 2, . . .  , K. The individ
ual outputs of the experts are linearly combined to form the overall output y, defined by 

K 
Y � � w,Fk(x) k"' l  

where Wk is a linear weight assigned to Fk(x). The requirement is to evaluate wk so that y 
provides a least-squares estimate of the desired response d corresponding to x. Given a 
set of training data !(Xj,di)}f", 1 , determine the required values of the wk's to solve this 
parameter estimation problem. 

Boosting 
7.2 Compare the computational advantages and disadvantages of boosting by filtering and 

AdaBoost. 
7.3 Ordinarily, boosting performs best on weak learning models., that is, learning models with 

relatively low generalization error rates. Suppose, however, you are given a strong learning 
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model, that is, a learning model with high generalization error rate. Assume that you are 
dealing with a training sample of fixed size. How do boosting by filtering and AdaBoost 
cope with this situation? 

Mixture of Experts 
7.4 Consider a piecewise-linear task described by 

if Xl = 1 
ifxl = -l 

For comparison, the following network configurations are used: 
1. Multilayer perceptron: "10--"710.......,1" network 
2. Mixture of experts: Gating networks: 10-'72; 

Expert networks: 10-'71 
Compare the computational complexities of these two networks. 

7.5 The ME model described by the conditional probability density function of Eq. (7.30) is 
based on a scalar regression model, in which the error is Gaussian distributed with zero 
mean and unit variance. 
(a) Reformulate this equation for the more general case of an ME model corresponding 

to a multiple regression model, in which the desired response is a vector with dimen
sion q and the error is a multivariate Gaussian distribution with zero mean and 
covariance matrix I. 

(b) How is the ME model for this reformulation different from the ME model shown in 
Fig. 7.S? 

7.6 Derive the stochastic gradient algorithm for the training of the mixure of experts model. 
Hierarchical Mixture of Experts 

7.7 (a) Construct the block diagram of an HME model with three levels of hierarchy. 
Assume the use of a binary decision tree for the model. 

(b) Write the a posteriori probabilities for the nonterminal nodes of the HME described 
in part (a). Demonstrate the recursiveness of the computations involved in evaluat
ing these probabilities. 

(c) Formulate the conditional probability density function for the HME model 
described in part (a). 

7.8 Discuss the similarities and differences between HME models and radial-basis function 
(RBF) networks. 

7.9 Derive the equations that describe the stochastic gradient algorithm for the training of an 
HME model with two levels of hierarchy. Assume a binary decision tree for the model. 

EM Algorithm and its Application to the HME Model 
7.10 Prove the monotonic-increasing property of the EM algorithm described in Eq. (7.62). 

For this derivation, do the following: 
(a) Let 

k( I d  0) = fJr l O) 
r , fD(d I O) 

denote the conditional probability density function of the augmented data vector r, 
given the observation d and parameter vector o. Hence, the incomplete data log
likelihood function may be expressed as 

L(O) = L,(O) - log k(rld,O) 
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where L,(O) = log i(r 10) is the complete data log-likelihood function. By taking the 
expectation of L(O) with respect to the conditional distribution of r, given d, show 
that 

L(O) = Q(0,9(n)) - K(0,9(n)) 
where 

K(0,9(n)) = E[log k(rld,9)] 
Hence, show that 

L(9(n + 1)) - L(9(n)) = [Q(9(n + 1),9(n)) - Q(9(n),9(n))] 
- [K(9(n + 1),9(n)) - K(9(n),9(n))] 

(b) Jensen's inequality states that if f(·) is a convex function and u is a random variable, 
then 

E[g(u)] '" g(E[u]) 
where E is the expectation operator; moreover, if g(.) is strictly convex, then equality 
in this relation implies that u = E[u] with probability 1 (Cover and Thomas, 1991). 
Using Jensen's inequality, show that 

K(9(n + 1), 9(n)) - K(9(n),9(n)) '" 0 

Hence, show that Eq. (7.62) holds for n = 0, 1,2, . . . . 
7.11 The EM algorithm is easily modified to accommodate the maximum a posteriori (MAP) 

estimate of a parameter vector 8. Using Bayes' rule, modify the E-step and M-step of the 
EM algorithm to provide for this estimation. 

7.U For an HME trained with the EM algorithm and an MLP trained with the hack-propagation 
algorithm to provide a similar level of performance for a given task, we would intuitively 
expect the computational complexity of the HME to exceed that of the MLP. Argue in 
favor of or against the plausibility of this statement. 

7.13 Justify the relations between the indicator variables and corresponding a posteriori prob
abilities described in Eqs. (7.66) to (7.68). 

7.14 Equation (7.75) describes the weighted least-squares for the optimization of the expert 
networks in the HME model of Fig. 7.11. assuming that the desired response d is scalar. 
How is this relation modified for the case of a multidimensional desired response? 
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An important feature of neural networks is the ability they have to learn from their 
environment, and through learning to improve performance in some sense. In the pre
vious four chapters, the focus was on algorithms for supervised learning, for which a 
set of targets of interest is provided by an external teacher. The targets take the form 
of a desired input-output mapping, which the network is required to approximate. In 
this chapter and the next three chapters, we study algorithms for self-organized learn
ing or unsupervised learning. The purpose of an algorithm for self-organized learning 
is to discover significant patterns or features in the input data, and to do the discovery 
without a teacher. To do so, the algorithm is provided with a set of rules of a local 
nature, which enables it to learn to compute an input-output mapping with specific 
desirable properties; the term "local" means that the change applied to the synaptic 
weight of a neuron is confined to the immediate neighborhood of that neuron. The 
modeling of network stuctures used for self-organized learning tends to follow neuro
biological structures to a much greater extent than for supervised learning. This may 
not be surprising, because the process of network organization is fundamental to the 
organization of the brain. 

The structure of a self-organizing system may take on a variety of different 
forms. It may, for example, consist of an input (source) layer and an output (representa
tion) layer, with feedforward connections from input to output and lateral connections 
between neurons in the output layer. Another example is a feedforward network with 
multiple layers, in which the self-organization proceeds on a layer-by-Iayer basis. In 
both examples, the learning process consists of repeatedly modifying the synaptic 
weights of all the connections in the system in response to input (activation) patterns 
and in accordance with prescribed rules, until a final configuration develops. 

This chapter on self-organizing systems is restricted to Hebbian learning. The pri
mary focus of the chapter is principal components analysis, which is a standard technique 
commonly used for data reduction in statistical pattern recognition and signal processing. 
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The material in this chapter is organized as follows. In Section 8.2 we use qualitative 
arguments to describe the basic principles of self-organization. This is followed by 
introductory material on principal components analysis in Section 8.3, which is also 
basic to the self-organizing systems discussed in the rest of the chapter. 

With this basic background material on hand, we then proceed to study some 
specific self-organizing systems. In Section 8.4 we describe a simple model consisting of 
a single neuron, which extracts the first principal component in a self-organized man
ner. In Section 8.5 we describe a more elaborate self-organizing system in the form of a 
feedforward network with a single layer of neurons, which extracts all the principal 
components by building on the previous simple model. This procedure is illustrated by 
a computer experiment on image coding presented in Section 8.6. In Section 8.7 we 
describe another self-organizing system for a similar function; this system is even more 
elaborate because it also includes lateral connections. 

In Section 8.8 we present a classification of algorithms for principal components 
analysis using neural networks. This is followed by Section 8.9 on the classification of 
data reduction algorithms into adaptive and batch methods. 

In Section 8.10 we describe a nonlinear form of principal components analysis 
that builds on the idea of an inner-product kernel defined in accordance with Mercer's 
theorem, which is discussed in Chapter 6 on support vector machines. 

The chapter concludes in Section 8.11 with some final thoughts on principal com
ponents analysis. 

8.2 SOME INTUITIVE PRINCIPLES OF SELF-ORGANIZATION 

As mentioned previously, self-organized (unsupervised) learning consists of repeat
edly modifying the synaptic weights of a neural network in response to activation pat
terns and in accordance with prescribed rules, until a final configuration develops. The 
key question, of course, is how a useful configuration can finally develop from self
organization. The answer lies essentially in the following observation (Turing, 1952): 

Global order can arise from local interactions. 

This observation is of fundamental importance; it applies to the brain and to artificial 
neural networks. In particular, many originally random local interactions between 
neighboring neurons of a network can coalesce into states of global order and ulti
mately lead to coherent behavior in the form of spatial patterns or temporal rhythms; 
these are the essence of self-organization. 

Network organization takes place at two different levels that interact with each 
other in the form of a feedback loop. The two levels are: 

• Activity. Certain activity patterns are produced by a given network in response to 
input signals . 

• Connectivity. Connection strengths (synaptic weights) of the network are modi
fied in response to neuronal signals in the activity patterns, due to synaptic 
plasticity. 
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The feedback between changes in synaptic weights and changes in activity patterns 
must be positive in order to achieve self-organization (instead of stabilization) of the 
network. Accordingly, we may abstract the first principle of self-organization (von der 
Malsburg, 1 990a): 

PRINCIPLE 1. Modifications in synaptic weights tend to self-amplify. 

The process of self-amplification is constrained by the requirement that modifications 
in synaptic weights must be based on locally available signals, namely presynaptic sig
nals and postsynaptic signals. The requirements of self-reinforcement and locality 
specify the mechanism whereby a strong synapse leads to coincidence of presynaptic 
and postsynaptic signals. In turn, the synapse is increased in strength by such a coinci
dence. The mechanism described here is in fact a restatement of Hebb's postulate of 
learning! 

In order to stabilize the system there must be some form of competition for "lim
ited" resources (e.g., number of inputs, energy resources). Specifically, an increase in 
the strength of some synapses in the network must be compensated for by a decrease 
in others. Accordingly, only the "successful" synapses can grow, while the less success
ful ones tend to weaken and may eventually disappear. This observation leads us to 
abstract the second principle of self-organization (von der Malsburg, 1990a): 

PRINCIPLE 2. Limitation of resources leads to competition among synapses and 
therefore the selection of the most vigorously growing synapses (i.e., the fittest) at the 
expense of the others. 

This principle is also made possible by synaptic plasticity. 
For OUf next observation we note that a single synapse on its own cannot effi

ciently produce favorable events. To do so, we need cooperation among a set of 
synapses converging onto a particular neuron and carrying coincident signals strong 
enough to activate that neuron. We may therefore abstract the third principle of self
organization (von der Malsburg, 1990a): 

PRINCIPLE 3. Modifications in synaptic weights tend to cooperate. 

The presence of a vigorous synapse can enhance the fitness of other synapses, in spite 
of the overall competition in the network. This form of cooperation may arise due to 
synaptic plasticity, or due to simultaneous stimulation of presynaptic neurons brought 
on by the existence of the right conditions in the external environment. 

All three principles of self-organization described thus far relate only to the 
neural network itself. However, for self-organized learning to perform a useful infor
mation-processing function, there must be redundancy in the activation patterns sup
plied to the network by the environment. The issue of redundancy is discussed in 
Shannon's framework of information theory in Chapter 10. For now it suffices to pos
tulate the last principle of self-organized learning as follows (Barlow, 1989): 

PRINCIPLE 4. Order and structure in the activation patterns represent redundant 
information that is acquired by the neural network in the form of knowledge, which is a 
necessary prerequisite to self-organized learning. 
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network. 

Some of this knowledge may be obtained by observations of statistical parameters 
such as the mean. variance, and correlation matrix of the input data. 

Principles 1 through 4 on self-organized learning provide the neurobiological 
basis for the adaptive algorithms for principal components analysis described in this 
chapter and for Kohonen's self-organizing map presented in the next chapter. These 
principles are also incorporated in many other self-organized models that are moti
vated by neurobiological considerations. One such model that deserves to be men
tioned is Linsker's model of the mammalian visual system (Linsker, 1986). 

Self-Organized Feature Analysis 

Processing information in the visual system is performed in stages. In particular, sim
ple features such as contrast and edge orientation are analyzed in the early stages of 
the system, whereas more elaborate complex features are analyzed in later stages. 
Figure 8.1 shows the gross structure of a modular network that resembles the visual 
system. In Linsker's model, the neurons of the network in Fig. 8.1 are organized into 
two-dimensional layers, with local forward connections from one layer to the next. 
Each neuron receives information from a limited number of neurons located in an 
overlying region of the previous layer, which constitutes the receptive field of that neu
ron. The receptive fields of the network play a crucial role in the synaptic development 
process because they make it possible for neurons in one layer to respond to spatial 
correlations of the neuronal activities in the previous layer. 1\vo assumptions of a 
structural nature are made: 
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1. The positions of the synaptic connections are fixed for the entire neuronal devel
opment process once they have been chosen. 

2. Each neuron acts as a linear combiner. 
The model combines aspects of Hebb-like synaptic modification with cooperative 
and competitive learning in such a way that the network's outputs optimally discrim
inate among an ensemble of inputs, with the self-organized learning proceeding on a 
layer-by-Iayer basis. That is, the learning process permits the self-organized feature
analyzing properties of each layer to develop fully before proceeding to the next 
layer. In Linsker (1986), simulation results are presented that are qualitatively simi
lar to properties found in the early stages of visual processing in cats and monkeys. 
Recognizing the highly complex nature of the visual system, it is indeed remarkable 
that the simple model considered by Linsker is capable of developing similar feature
analyzing neurons. The point is not to imply that feature-analyzing neurons in the 
mammalian visual system develop in exactly the manner described in Linsker's 
model. Rather, such structures may be produced by a relatively simple layered net
work whose synaptic connections develop in accordance with a Hebbian form of 
learning. 

Our primary interest in this chapter, however, is in principal components analysis 
and how it can be performed using self-organizing systems based on Hebbian learning. 

8.3 PRINCIPAL COMPONENTS ANALYSIS 

A common problem in statistical pattern recognition is that of feature selection or fea
ture extraction. Feature selection refers to a process whereby a data space is trans
formed into a feature space that, in theory, has exactly the same dimension as the 
original data space. However, the transformation is designed in such a way that the 
data set may be represented by a reduced number of "effective" features and yet retain 
most of the intrinsic information content of the data; in other words, the data set 
undergoes a dimensionality reduction. To be specific, suppose we have an m-dimensional 
vector x and wish to transmit it using I numbers, where I < m. If we simply truncate the 
vector x, we will cause a mean-square efror equal to the sum of the variances of the 
elements eliminated from x. So we ask the following question: Does there exist an 
invertible linear transformation T such that the truncation of Tx is optimum in the 
mean-squared error sense? Clearly, the transformation T should have the property 
that some of its components have low variance. Principal components analysis (also 
known as the Karhunen-Loeve transformation in communication theory) maximizes 
the rate of decrease of variance and is therefore the right choice. In this chapter we 
derive Hebbian-based learning algorithms that can perform principal components 
analysis1 on a data vector of interest. 

Let X denote an m-dimensional random vector representing the environment of 
interest. We assume that the random vector X has zero mean: 

E[X] = 0 
where E is the statistical expectation operator. If X has a nonzero mean, we subtract 
the mean from it before proceeding with the analysis. Let q denote a unit vector, also of 
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dimension m, onto which the vector X is to be projected. This projection is defined by 
the inner product of the vectors X and q, as shown by 

subject to the constraint 
A � XTq � qTX (8.1) 

(8.2) 

The projection A is a random variable with a mean and variance related to the statis
tics of the random vector X. Under the assumption that the random vector X has zero 
mean, it follows that the mean value of the projection A is zero too: 

E[A] � qTE[X] � 0 
The variance of A is therefore the same as its mean-square value, and so we may write 

(I' � E[A'] 

� E[(qTX)(XTq)] 

� qlE[XXT]q 

� qTRq (8.3) 

The m-by-m matrix R is the correlation matrix of the random vector X, formally 
defined as the expectation of the outer product of the vector X with itself, as shown by 

R � E[XXI) (8.4) 

We observe that the correlation matrix R is symmetric, which means that 
RT � R (8.5) 

From this property it follows that if a and b are any m-by-I vectors, then 
aTRb � bTRa (8.6) 

From Eq. (8.3) we see that the variance ()"' of the projection A is a function of the 
unit vector q; we may thus write 

l\J( q) � ()"' 

� qTRq 
(8.7) 

on the basis of which we may think of l\J(q) as a variance probe. 

Eigenstructure of Principal Components Analysis 

The next issue to be considered is that of finding those unit vectors q along which l\J(q) 
has extremal or stationary values (local maxima or minima), subject to a constraint on 
the Euclidean norm of q. The solution to this problem lies in the eigenstructure of the 
correlation matrix R. If q is a unit vector such that the variance probe l\J( q) has an 
extremal value, then for any small perturbation 8q of the unit vector q, we find that, to 
a first order in 3q, 

l\J(q + 3q) � l\J(q) (8.8) 
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Now, from the definition of the variance probe given in Eq, (8,7), we have 
Hq + oq) = (q + oq)TR(q + oq) 

= qTRq + 2(oq)TRq + (oq)'R oq 
where in the second line, we have made use of Eq, (8,6). Ignoring the second-order 
term (oq)'R oq and invoking the definition of Eq. (8.7), we may therefore write 

",(q + oq) = qTRq + 2(oq)TRq 
= "'(q) + 2(oq)'Rq 

Hence, the use of Eq. (8.8) in (8.9) implies that 
(Sq)'Rq = 0 

(8.9) 

(8.10) 
Just any perturbations Sq of q are not admissible; rather, we are restricted to use 

only those perturbations for which the Euclidean norm of the perturbed vector q + Sq 
remains equal to unity; that is 

I l q + Sq ll = 1 
or equivalently, 

(q + oq)'(q + oq) = 1 
Hence, in light of Eq. (8.2), we require that to a first order in oq, 

(Sq)'q = 0 (8.11 ) 
This means that the perturbations oq must be orthogonal to q, and therefore only a 
change in the direction of q is permitted. 

By convention, the elements of the unit vector q are dimensionless in a physical 
sense. If, therefore, we are to combine Eqs. (8,10) and (8.11), we must introduce a scal
ing factor ;' into the latter equation with the same dimensions as the entries in the cor
relation matrix R. We may then write 

(Sq) TRq - ;'(Sq)' q = 0 
or equivalently, 

(Sq)T(Rq - ;.q) = 0 
For the condition of Eq. (8.12) to hold, it is necessary and sufficient to have 

Rq = ;'q 

(8.12) 

(8.13) 
This is the equation that governs the unit vectors q for which the variance probe ",(q) 
has extremal values. 

Equation (8.13) is recognized as the eigenvalue problem, commonly encountered 
in linear algebra (Strang, 1980). The problem has nontrivial solutions (i.e., q '" 0) only 
for special values of ;. that are called the eigenvalues of the correlation matrix R. The 
associated values of q are called eigenvectors. A correlation matrix is characterized by 
real, nonnegative eigenvalues. The associated eigenvectors are unique, assuming that 
the eigenvalues are distinct. Let the eigenvalues of the m-by-m matrix R be denoted by 
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AI> 1.2, . . . , Am' and the associated eigenvectors be denoted by qj, q" . . .  , qrn> respectively. 
We may then write 

j = 1, 2, . . .  , m  (S.14) 

Let the corresponding eigenvalues be arranged in decreasing order: 
Aj > Az > . . .  > Ai > . . .  > Am (S.15) 

so that Aj = Am,,, Let the associated eigenvectors be used to construct an m-by-m 
matrix: 

(8.16) 

We may then combine the set of m equations represented in (S.14) into a single equa
tion: 

RQ = QA (S.17) 

where A is a diagonal matrix defined by the eigenvalues of matrix R: 
A = diag [AI> A2, . . . , Ai' . . . , Am] (8.1S) 

The matrix Q is an orthogonal (unitary) matrix in the sense that its column vectors (i.e., 
the eigenvectors of R) satisfy the conditions of orthonormality: 

T _ { 1 , j = i  q, % - 0, j * i 
Equation (S.19) requires distinct eigenvalues. Equivalently, we may write 

QTQ = I 

(S.19) 

from which we deduce that the inverse of matrix Q is the same as its transpose, as 
shown by 

(S.20) 

This means that we may rewrite Eq. (S.17) in a form known as the orthogonal similarity 
transformation: 

(S.21) 

or in expanded form, 

(8.22) 

The orthogonal similarity (unitary) transformation of Eq. (S.21) transforms the corre
lation matrix R into a diagonal matrix of eigenvalues. The correlation matrix R may 
itself be expressed in terms of its eigenvalues and eigenvectors as: 

m 
R = L A,q,qT (S.23) 

i=l  

which is referred to as the spectral theorem. The outer product q, qT is of rank 1 for all i. 
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Equations (8.21) and (8.23) are two equivalent representations of the eigende
composition of the correlation matrix R. 

Principal components analysis and eigendecomposition of matrix R are basically 
one and the same, just viewing the problem in different ways. This equivalence follows 
from Eqs. (8.7) and (8.23) where we see that the variance probes and eigenvalues are 
indeed equal, as shown by 

j = 1, 2, . . .  , m (8.24) 

We may now summarize the two important findings we have made from the 
eigenstructure of principal components analysis: 

• The eigenvectors of the correlation matrix R pertaining to the zero-mean ran
dom vector X define the unit vectors qj' representing the principal directions 
along which the variance probes 1jJ( qj) have their extremal values . 

• The associated eigenvalues define the extremal values of the variance probes ljJ(u). 

Basic Data Representations 

Let the data vector x denote a realization of the random vector X. 
With m possible solutions for the unit vector q, we find that there are m possi

ble projections of the data vector x to be considered. Specifically, from Eq. (8.1) we 
note that 

a- = qTx = xTq .  J J l '  j = 1, 2, . . .  , m  (8.25) 

where the aj are the projections of x onto the principal directions represented by the 
unit vectors oj" The aj are called the principal components; they have the same physical 
dimensions as the data vector x. The formula in Eq. (8.25) may be viewed as one of 
analysis. 

To reconstruct the original data vector x exactly from the projections aJ, we pro
ceed as follows. Hrst, we combine the set of projections laj Ij � 1, 2, . .  " m) into a single 
vector, as shown by 

(8.26) 

� QTX 

Next, we premultiply both sides of Eq. (8.26) by the matrix Q, and then use the relation 
of Eq. (8.20). Accordingly, the original data vector x may be reconstructed as follows: 

x � Qa 

(8.27) 

which may be viewed as the formula for synthesis. In this sense, the unit vectors qj 
represent a basis of the data space. Indeed, Eq. (8.27) is nothing but a coordinate trans
formation, according to which a point x in the data space is transformed into a corre
sponding point a in the feature space. 
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Dimensionality Reduction 

From the perspective of statistical pattern recognition, the practical value of principal 
components analysis is that it provides an effective technique for dimensionality reduc
tion. In particular, we may reduce the number of features needed for effective data 
representation by discarding those linear combinations in Eq. (8.27) that have small 
variances and retain only those terms that have large variances. Let AI' A2, . . .  , Al denote the largest I eigenvalues of the correlation matrix R. We may then approximate the 
data vector x by truncating the expansion of Eq. (8.27) after I terms as follows: 

I 
x = 22 ajqj 

j= l [all 

= [qlo qj, .. · , q!l J:J l �  m (8.28) 

Given the original data vector x, we may use Eq. (8.25) to compute the set of principal 
components retained in Eq. (8.28) as follows: 

q; [J x, l � m  (8.29) 

The linear projection of Eq. (8.29) from �m to �I (i.e., the mapping from the data space 
to the feature space) represents an encoder for the approximate representation of the 
data vector x as illustrated in Fig. 8.2a. Correspondingly, the linear projection of Eq. (8.28) 

Input 
(data) 
vector Encoder Vector of 

principal 
components [;: J � [:n � [::] 

Xm q1J a( 

Vector of 
principal 

components 

(a) 
Reconstructed 

data 
vector [::]=N�[q�_::.Od�---," l � rJ:] 

(b) 

FIGURE 8.2 I l lustration of 
two phases of principal 
components analysis: 
(a) Encoding. (b) Decoding. 
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from i;l' to i;lm (i.e., the mapping from the feature space back to the data space) repre
sents a decoder for the approximate reconstruction of the original data vector x, as 
illustrated in Fig. 8.2b. Note that the dominant (i.e., largest) eigenvalues A" 1,2' . . .  , Al do 
not enter the computations described in Eqs. (8.28) and (8.29); they merely determine 
the number of principal components used for encoding and decoding, respectively. 

The approximation error vector e equals the difference between the original data 
vector x and the approximating data vector i, as shown by 

e = x - x  
Substituting Eqs. (8.27) and (8.28) in (8.30) yields 

m 
e = L ajqj 

j"'[+ l 

(8.30) 

(8.31) 

The error vector e is orthogonal to the approximating data vector i, as illustrated in 
Fig. 8.3. In other words, the inner product of the vectors i and e is zero. This property is 
shown by using Eqs. (8.28) and (8.31) as follows: 

m I T' "" T "" e x = � aiqi � ajqj 
i=l+ l j=l 

m I 
= L L aiajqT qj i=/+1 j=l 

= 0 

(8.32) 

where we have made use of the second condition in Eq. (8.19). Equation (8.32) is 
known as the principle of orthogonality. 

The total variance of the m components of the data vector x is, via Eq. (8.7) and 
the first line of Eq. (8.22), 

m m 

L "T = L AJ (8.33) 
j= l j= l 

where "T is the variance of the jth principal component aj• The total variance of the I 
elements of the approximating vector i is 

I I 
L "T = L A) (8.34) 
j= l j= l 

The total variance of the (l - m) elements in the approximation error vector x - i is 
therefore 

m m 
L "J = L Aj 

j=l+ l j=l+ l 

FIGURE 8.3 I l lustration of 
the relationship between 
vector x, its reconstructed 
version X, and error vector e. 

.� 
o i 

(8.35) 
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The eigenvalues >-'+1' . . .  , >-m are the smallest (m - /) eigenvalues of the correlation 
matrix R; they correspond to the terms discarded from the expansion of Eq. (8.28) 
used to construct the approximating vector X. The closer all these eigenvalues are to 
zero, the more effective the dimensionality reduction (resulting from the application of 
the prinCipal components analysis to the data vector x) will be in preserving the infor
mation content of the original input data. Thus, to perform dimensionality reduction 
on some input data, we compute the eigenvalues and eigenvectors of the correlation 
matrix of the input data vector, and then project the data orthogonally onto the subspace 
spanned by the eigenvectors belonging to the dominant eigenvalues. This method of data 
representation is commonly referred to as subspace decomposition (Oja, 1983). 

Example 8.1 Bivariate Data Set 

To i1lustrate the application of principal components analysis, consider the example of a bivari� 
ate (two-dimensional) data set depicted in Fig. 8.4, where it is assumed that both feature axes are 
approximately of the same scale. The horizontal and vertical axes of the diagram represent the 
natural coordinates of the data set. The rotated axes labeled 1 and 2 result from the application 
of principal components analysis to this data set. From Fig. 8.4 we see that projecting the data set 
onto axis 1 captures the salient feature of the data, namely the fact that the data set is bimodal 
(Le., there are two clusters in its structure). Indeed, the variance of the projections of the data 
points onto axis 1 is greater than that for any other projection axis in the figure. By contrast, the 

2 

4 
1 

2 

o 2 4 6 8 
FIGURE 8.4 A cloud of data points is shown in two dimensions, and the 
density plots formed by projecting this cloud onto each of two axes, 1 and 2, 
are indicated. The projection onto axis 1 has maximum variance, and clearly 
shows the bimodal, or clustered character of the data. 
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inherent bimodal nature of the data set is completely obscured when it is projected onto the 
orthogonal axis 2. 

The important point to note from this simple example is that although the cluster structure 
of the data set is evident from the two-dimensional plot of the raw data displayed in the frame
work of the horizontal and vertical axes, this is not always the case in practice. In the morc gen
eral case of high-dimensional data sets, it is quite conceivable to have the intrinsic cluster structure 
of the data concealed, and to see it we must perform a statistical analysis similar to principal com
ponents analysis (Linsker, 1988a). 

• 

8.4 HEBBIAN-BASED MAXIMUM EIGENFILTER 

There is a close correspondence between the behavior of self-organized neural net
works and the statistical method of principal components analysis. In this section we 
demonstrate this correspondence by establishing a remarkable result: A single linear 
neuron with a Hebbian-type adaptation rule for its synaptic weights can evolve into a 
filter for the first principal component of the input distribution (Oja, 1982). 

To proceed with the demonstration, consider the simple neuronal model 
depicted in Fig. 8.5a. The model is linear in the sense that the model output is a linear 
combination of its inputs. The neuron receives a set of m input signals XI '  xz, . . .  , xm 
through a corresponding set of m synapses with weights wl' w" . . . , Wm, respectively. 
The resulting model output y is thus defined by 

FIGURE 8.5 Signal-flow 
graph representation of 
maximum eigenfilter. 
(a) Graph of Eq. (8.36). 
(b) Graph of Eqs. (8.41) and 
(8.42). 
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Note that in the situation described here we have a single neuron to deal with, so there 
is no need to use double subscripts to identify the synaptic weights of the network. 

In accordance with Hebb's postulate of learning, a synaptic weight Wi varies with 
time, growing strong when the presynaptic signal Xi and postsynaptic signal y coincide 
with each other. Specifically, we write 

w,(n + 1)  � w,(n) + 'T]y(n)xi(n), i = 1 , 2, . . . , m  (8.37) 

where n denotes discrete time and 'T] is the learning-rate parameter. However, this 
learning rule in its basic form leads to unlimited growth of the synaptic weight Wi' 
which is unacceptable on physical grounds. We may overcome this problem by incor
porating some form of saturation or normalization in the learning rule for the adapta
tion of synaptic weights. The use of normalization has the effect of introducing 
competition among the synapses of the neuron over limited resources, which, from 
Principle 2 of self-organization, is essential for stabilization. From a mathematical 
point of view, a convenient form of normalization is described by (Oja, 1982): 

( 1) 
w,(n) + 'T]y(n)x,(n) Wi n + � (Li� 1 [wi(n) + 'T]y(n)xi(n)1') 1/2 

(8.38) 

where the summation in the denominator extends over the complete set of synapses 
associated with the neuron. Assuming that the learning-rate parameter 'T] is small, we 
may expand Eq. (8.38) as a power series in 'T], and so write 

w,(n + 1 )  � w,(n) + 'T]y(n)[xi(n) - y(n)wi(n)] + O('T]') (8.39) 
where the term O( 'T]2) represents second- and higher-order effects in 'T]. For small 'T], we 
may justifiably ignore this term, and therefore approximate Eq. (8.38) to first order in 
'T] as follows: 

w,(n + 1)  � w,(n) + 'T]y(n)[x,(n) - y(n)w,(n)] (8.40) 
The term y(n)x,(n) on the right-hand side of Eq. (8.40) represents the usual Hebbian 
modifications to synaptic weight Wi' and therefore accounts for the self-amplification 
effect dictated by Principle 1 of self-organization. The inclusion of the negative term 
-y(n)w,(n) is responsible for stabilization in accordance with Principle 2; it modifies 
the input x,(n) into a form that is dependent on the associated synaptic weight w,(n) 
and the output yen), as shown by 

xl (n) � x,(n) - y(n)w,(n) (8.41) 
which may be viewed as the effective input of the ith synapse. We may now use the def
inition given in Eq. (8.41) to rewrite the learning rule of Eq. (8.40) as follows: 

w,(n + 1)  � w,(n) + 'T]y(n)x[ (n) (8.42) 
The overall operation of the neuron is represented by a combination of two signal

flow graphs, as shown in Fig. 8.5. The signal-flow graph of Fig. 8.5a shows the dependence 
of the output yen) on the weights w/n), w,(n), . . .  , wm(n), in accordance with Eq. (8.36). 
The signal-flow graph of Fig. 8.5b provides a portrayal of Eqs. (8.41) and (8.42); the trans
mittance Z-I in the middle portion of the graph represents a unit-delay operator. The 
output signal y(n) produced in Fig. 8.5a acts as a transmittance in Fig. 8.5b. The graph of 
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Fig. S.5b clearly exhibits the following two forms of internal feedback acting on the 
neuron: 

• Positive feedback for self-amplification and therefore growth of the synaptic 
weight w,(n), according to its external input x,(n) . 

• Negative feedback due to -yen) for controlling the growth, thereby resulting in 
stabilization of the synaptic weight w,(n). 

The product term -y(n)w,(n) is related to a forgetting or leakage factor that is fre
quently used in learning rules, but with a difference: The forgetting factor becomes 
more pronounced with a stronger response yen). This kind of control appears to have 
neurobiological support (Stent, 1973). 

Matrix Formulation of the Algorithm 

For convenience of presentation, let 

and 
wen) � [w1(n), w,(n), . . . . wm(nJY 

(S.43) 

(S.44) 

The input vector x(n) and the synaptic weight vector wen) are typically both realiza
tions of random vectors. Using this vector notation we may rewrite Eq. (S.36) in the 
form of an inner product as follows: 

y(n) � xT(n)w(n) � wT(n)x(n) 
Similarly, we may rewrite Eq. (S.40) as 

wen + 1) � wen) + 1]y(n)[x(n) - y(n)w(n)] 
Hence, substituting Eq. (8.45) in (8.46) yields 

wen + 1 )  = wen) + 1][x(n)x'(n)w(n) - wT(n)x(n)xT(n)w(n)w(n)] 

(8.45) 

(S.46) 

(S.47) 

The learning algorithm of Eq. (S.47) represents a nonlinear stochastic difference 
equation, which makes convergence analysis of the algorithm mathematically difficult. 
To pave the way for this convergence analysis, we will digress briefly to introduce a 
general tool for convergence analysis of stochastic approximation algorithms. 

Asymptotic Stability Theorem 

The self-organized learning algorithm of Eq. (S.47) is a special case of the generic sto
chastic approximation algorithm 

wen + 1) � wen) + 1](n)h(w(n),x(n)), n = 0, 1 , 2, . . .  , (S.4S) 

The sequence 1](' ) is assumed to be a sequeuce of positive scalars. 
The update function h(·,. ) is a deterministic function with some regularity condi

tions imposed on it. This function, together with the scalar sequence 1]('), specify the 
complete structure of the algorithm. 
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The goal of the prooedure described here is to associate a deterministic ordinary 
differential equation (ODE) with the stochastic nonlinear difference equation (8.48). 
The stability properties of the differential equation are then tied to the convergence 
properties of the algorithm. This procedure is a fairly general tool and has wide applic
ability. It was developed independently by Ljung (1977) and by Kushner and Clark 
(1978), who used different approaches.' 

To begin with, the procedure assumes that the stochastic approximation algorithm 
described by Eq. (8.48) satisfies the following set of conditions, using our terminology: 

1_ The T](n) is a decreasing sequence of positive real numbers, such that we have: 
. 

(a) L T](n) = 00 (8.49) 
n = 1  

00 

(b) L TJ"(n) < co forp > 1 (8.50) 
n = 1  

(e) T](n) -> 0 as n ----t 00 (8.51 ) 

2. The sequence of parameter (synaptic weight) vectors w(·) is bounded with prob
ability l .  

3. The update function h( w, x) is continuously differentiable with respect to w and x, 
and its derivatives are bounded in time. 

4. The limit 

hew) = lim E[h(w,X)] n�" (8.52) 

exists for each w; the statistical expectation operator E is over the random vector 
X with a realization denoted by x. 

5. There is a locally asymptotically stable (in the sense of Lyapunov) solution to the 
ordinary differential equation 

d � 
- wet) = h(w(t)) dt (8.53) 

where t denotes continuous time; stability in the sense of Lyapunov is discussed 
in Chapter 14. 

6. Let q, denote the solution to Eq. (8.53) with a basin of attraction 0Ii\(q); basin of 
attraction is defined in Chapter 14. Then the parameter vector wen) enters a com
pact subset iJl. of the basin of attraction 0Ii\( q)  infinitely often, with probability l. 

The six conditions described here are all reasonable. In particular, condition l(a) is a 
neoessary condition that makes it possible for the algorithm to move the estimate to a 
desired limit, regardless of the initial conditions. Condition l(b) gives a condition on how 
fast T](n) must tend to zero; it is considerably less restrictive than the usual condition 

00 

L T]'(n) < 00 
n = l  

Condition 4 is the basic assumption that makes it  possible to associate a differential 
equation with the algorithm of Eq. (8.48). 
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Consider then, a stochastic approximation algorithm described by the recursive 
equation (8.48), subject to assumptions 1 through 6. We may then state the asymp
totic stability theorem for this class of stochastic approximation algorithms as follows 
(Ljung, 1977; Kushner and Clark, 1978): 

lim wen) = q" 
fl ---t'" 

infinitely often with probability 1 (8.54) 

We emphasize, however, that although the procedure described here can provide 
us with information about asymptotic properties of the algorithm (8.48), it usually does 
not tell us how large the number of iterations n has to be for the results of the analysis 
to be applicable. Moreover, in tracking problems where a time-varying parameter vec
tor is to be tracked using algorithm (8.48), it is not feasible to require 

'I](n) --> 0 as n -7 oc;. 
as stipulated by condition I (c). We may overcome this latter difficulty by assigning 
some small. positive value to '1], the size of which usually depends on the application of 
interest. This is usually done in the practical use of stochastic approximation algo
rithms in neural networks. 

Stability Analysis of the Maximum Eigenfilter 

In the ODE approach to stability, we have the tool we need to investigate the conver
gence behavior of the recursive algorithm of Eq. (8.46) pertaining to a maximum 
eigenfilter, as described here. 

To satisfy condition 1 of the asymptotic stability theorem, we let 
1 'I](n) = -n 

Next, we note from Eq. (8.47) that the update function h(w,x) is defined by 
h(w,x) = x(n)y(n) - i(n)w(n) 

= x(n)xT(n)w(n) - [wT(n)x(n)xT(n)w(n)jw(n) 
(8.55) 

which clearly satisfies condition 3 of the theorem. Equation (8.55) results from the use 
of a realization x of the random vector X in the update function hew. X). For condition 4 
we take the expectation of hew, X) over X, and thus write 

h = lim E[X(n)XT(n)w(n) - (wT(n)X(n)XT(n)w(n» w(n)J 
n�" (8.56) 

= Rw(oo) - [wT(oo)Rw(oo)jw(oo) 
where R is the correlation matrix of the stochastic process represented by the random 
vector X(n), and w(oo) is the limiting value of the synaptic weight vector. 

In accordance with condition 5 and in light of Eqs. (8.53) and (8.56). we seek sta
ble points of the nonlinear differential equation 

d -- wet) = h (w(t» dt 
= Rw(t) - [wT(t)Rw(t)jw(t) 

(8.57) 
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Let wet) be expanded in terms of the complete orthonormal set of eigenvectors of the 
correlation matrix R as follows: 

m 
wet) = � Sk(t)'!k (S.5S) k= l 

where qk is the kth normalized eigenvector of the matrix R. and the coefficient Sit) is 
the time-varying projection of the vector wet) onto qk' Substituting Eq. (S.5S) in (S.57), 
and using the basic definitions 

and 

qTRqk = Ak 
where Ak is the eigenvalue associated with qk' we finally get 

Equivalently, we may write 
dSk(t) � 2 -

d 
- = AkSk(t) - ek(t) .:.. A,S, (t), t 1= 1 k = 1 , 2, . . .  , m  

(S.59) 

(S.60) 

We have thus reduced the convergence analysis of the stochastic approximation algo
rithm of (S.4S) to the stability analysis of a system of ordinary differential equations 
(S.60) involving the principal modes ek(t). 

There are two cases to be considered here, depending on the value assigned to 
the index k. Case I corresponds to 1 < k s m, and case II corresponds to k = 1; m is 
the dimension of both x(n) and wen). These two cases are considered in turn. 
Case I. 1 < k s m. For the treatment of this case we define 

Mt) "'k(t) = e,(t)' 1 < k s m (S.61 ) 

Hence it is assumed that S,(t) * 0, which is true with probability 1 provided that the 
initial values w(O) are chosen at random. Then, differentiating both sides of Eq. (S.61) 
with respect to time t, we get 

d"'k(t) 1 dSk(t) ek(t) dS,(t) 
----;tt = 

e, (t) ----:it - eM ----:it 

_1_ dSk(t) _ "'k(t) dS,(t) 
e,(t) dt S,(t) dt ' 

(S.62) 

1 < k s m 

Next, using Eq. (S.60) in (S.62), applying the definition of Eq. (S.61), and then simplify-
ing the result, we get 

l < k s m  (S.63) 
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With the eigenvalues of the correlation matrix R assumed to be distinct and arranged 
in decreasing order, we have 

A, > A2 > . .  ' > Ak > . . .  > Am > 0 (8.64) 

It follows therefore that the eigenvalue difference A, - Ak, representing the reciprocal 
of a time constant in Eq. (8.63), is positive, so we find that for case I: 

ak(t) --> 0 as t --> oc for 1 < k :5 m (8.65) 
Case U. k = 1. From Eq. (8.60), this second case is described by the differential equation 

m 
= A,S,(t) - A,Si(t) - S,(t) 2: A,sM (8.66) 

1=2 
m 

= A,S,(t) - A,Sl(t) - Sl(t) 2: A,aM {=2 
However, from case I we know that a, --> 0 for I * 1 as t --> 00 • Hence the last term on 
the right·hand side of Eq. (8.66) approaches zero as time t approaches infinity. Ignoring 
this term, Eq. (8.66) simplifies to 

for t � 00 (8.67) 

It must be emphasized, however, that Eq. (8.67) holds only in an asymptotic sense. 
Equation (8.67) represents an autonomous system (i.e., a system with no explicit 

time dependence). The stability of such a system is best handled using a positive-definite 
function called the Lyapunov function, a detailed treatment of which is deferred to 
Chapter 14. Let s denote the state vector of an autonomous system, and V(t) denote a 
Lyapunov function of the system. An equilibrium state s of the system is asymptoti
cally stable if 

d - V(t) < 0 for s E '1L - s dt 

where '1L is a small neighborhood around s. 
For the problem at hand, we assert that the differential equation (8.67) has a 

Lyapunov function defined by 

V(t) = [Sl(t) - 1]' (8.68) 
To validate this assertion, we must show that V(t) satisfies two conditions: 

1. 
d�;t) < 0 for all t (8.69) 

2. V(t) has a minimum (8.70) 
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Differentiating Eq. (8.68) with respect to time, we get 

d�;t) 
= 40I(t)[OI (t) - 1] 

d11 

= -4''10j(t) [oj(t) - 1]' 
(8.71) 

for t ----* 00 

where in the second line we have made use of Eq. (8.67). Since the eigenvalue "I is pos
itive, we find from Eq. (8.71) that the condition of Eq. (8.69) is true for t approaching 
infinity. Furthermore, from Eq. (8.71 ) we note that Vet) has a minimum [i.e., dV(t)/ dt is 
zero] at Ol(t) = ±1, and so the condition of Eq. (8.70) is also satisfied. We may there
fore conclude the analysis of case II by stating that 

Ol (t) --7 ± 1 as t 4 co  (8.72) 

In light of the result described in Eq. (8.72) and the definition of Eq. (8.71), we 
may restate the result of case I given in Eq. (8.65) in its final form: 

as t 4 cc for 1 < k :5  m (8.73) 

The overall conclusion drawn from the analysis of cases I and II is twofold: 

• The only principal mode of the stochastic approximation algorithm described in 
Eq. (8.47) that will converge is Ol(t); all the other modes of the algorithm will 
decay to zero . 

• The mode Ol(t) will converge to ± 1. 
Hence, condition 5 of the asymptotic stability theorem is satisfied. Specifically, in 

light of the expansion described in Eq. (8.58), we may formally state that 
wet) --7 ql as t ---7 co 

where ql is the normalized eigenvector associated with the largest eigenvalue "I of the 
correlation matrix R. 

We must next show that, in accordance with condition 6 of the asymptotic stabil
ity theorem, there exists a subset st of the set of all vectors, such that 

lim wen) = ql 
n�oo 

infinitely often with probability 1 

To do so, we must first satisfy condition 2, which we do by hard-limiting the entries of 
wen) so that their magnitndes remain below some threshold a. We may then define the 
norm of w(n) by writing 

Il w(n) II = max Iw;(n)1 :5 a 
J ' (8.74) 

Let st be the compact subset of IRm defined by the set of vectors with norm less than or 
equal to a. It is straightforward to show that (Sanger, 1989b) 

If Ilw(nlll '" a, and the constant a is sufficiently large, then IIw(n + Il ll < Ilw(nlll with 
probability 1 .  

Thus, as the number of iterations n increases, wen) will eventually be within st ,  and it 
will remain inside st (infinitely often) with probability 1 .  Since the basin of attraction 
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>J3(q , ) includes all vectors with bounded norm, we have sa E >J3(q,) . In other words, 
condition 6 is satisfied. 

We have now satisfied all six conditions of the asymptotic stability theorem, and 
thereby shown that (subject to the aforementioned assumptions) the stochastic approx
imation algorithm of (8.47) will cause wen) to coverge with probability 1 to the eigen
vector q ,  associated with the largest eigenvalue ", of the correlation matrix R. This is 
not the only fixed point of the algorithm, but it is the only one that is asymptotically 
stable. 

Summarizing Properties of the Hebbian-Based 
Maximum Eigenfilter 

The convergence analysis just presented shows that a single linear neuron governed by 
the self-organized learning rule of Eq. (8.39), or equivalently that of Eq. (8.46), adap
tively extracts the first principal component of a stationary input. This first principal 
component corresponds to the largest eigenvalue "1 of the correlation matrix of the 
random vector X(n); in fact, "1 is related to the variance of the model output yen), as 
shown here. 

Let (J'2(n) denote the variance of random variable Yen) with a realization of it 
denoted by yen), that is, 

(J'2(n) = E[y2(nl] (8.75) 

where Yen) has zero mean for a zero-mean input. Letting n --> 00 in Eq. (8.46) and using 
the fact that, in a corresponding way, wen) approaches q" we obtain 

x(n) = y(n)q, for n ---? x 
Using this relation, we can show that the variance (]2(n) approaches ", as the number 
of iterations n approaches infinity; see Problem 8.2. 

In summary, a Hebbian-based linear neuron whose operation is described by 
Eq. (8.46) converges with probability 1 to a fixed point, which is characterized as fol
lows (Oja, 1982): 

1. The variance of the model output approaches the largest eigenvalue of the cor
relation matrix R, as shown by 

lim (J'2(n) = "1 (8.76) 
n � oo  

2. The synaptic weight vector of the model approaches the associated eigenvec
tor, as shown by 

lim wen) = q, 
n�oc 

(8.77) 

with 
lim Ilw(n) 11 = 1 
n �oo 

(8.78) 

These results assume that the correlation matrix R is positive definite with the 
largest eigenvalue "1 having multiplicity 1. They also hold for a nonnegative definite 
correlation matrix R provided that ", > 0 with multiplicity 1. 
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Example 8.2 Matched Filter 

Consider a random vector X( n) composed as follows: 

X(n) � s + V(n) 
where s is a fixed unit vector representing the signal component, and V(n) is a zero-mean white
noise component. The correlation matrix of the input vector is 

R � E[X(n)XT(n)] 
= SST + a2I 

where cr2 is the variance of the elements of the noise vector Yen), and I is the identity matrix. The 
largest eigenvalue of the correlation matrix R is therefore 

Al = 1 + cr2 
The associated eigenvector ql is 

ql = S 
It is readily shown that this solution satisfies the eigenvalue problem 

Rq, � �,q, 

Hence, for the situation described in this example, the self-organized linear neuron (upon conver
gence to its stable condition) acts as a matched filter in the sense that its impulse response (repre
sented by the synaptic weights) is matched to the signal component s of the input vector X(n) . 

8.5 HEBBIAN-BASED PRINCIPAL COMPONENTS ANALYSIS 

• 

The Hebbian-based maximum eigenfilter of the previous section extracts the first prin
cipal component of the input. This single linear neuronal model may be expanded into 
a feedforward network with a single layer of linear neurons for the purpose of princi
pal components analysis of arbitrary size on the input (Sanger, 1989b). 

To be specific, consider the feedforward network shown in Fig. 8.6. The following 
two assumptions of a structural nature are made: 

1. Each neuron in the output layer of the network is linear. 
2. The network has m inputs and I outputs, both of which are specified. Moreover, 

the network has fewer outputs than inputs (i.e., I < m). 

FIGURE 8.6 Feedforward 
network with a single layer of 
computation nodes. 
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The only aspect of the network that is subject to training is the set of synaptic weights 
(w;') connecting source nodes i in the input layer to computation nodes j in the output 
layer, where i � 1 , 2, . . .  , m, andj � 1 , 2, . . .  , l. 

The output y;(n) of neuron j at time n, produced in response to the set of inputs 
(x,(n)li � 1, 2, . . . , m) is given by (see Fig 8.7a) 

m 
y/n) � L w;,(n)x,(n), j � 1, 2, . . .  , 1  (8.79) 

; = 1  

The synaptic weight win) is adapted in accordance with 
Hebbian learning, as shown by (Sanger, 1989b): 

a generalized form of 

Aw;,(n) � '1 [y;(n)x;(n) - y;(n) � wk;(n)Yk(n) l i = 1 , 2, " . ,  m 
j � 1, 2, . . .  , 1  

(8.80) 
where Aw;,(n) is the change applied to the synaptic weight win) at time n, and '1 is the 
learning-rate parameter. The generalized Hebbian algorithm (GHA) of Eq. (8.80) for a 
layer of I neurons includes the algorithm of Eq. (8.39) for a single neuron as a special 
case, that is,j � 1 .  

To develop insight into the behavior of the generalized Hebbian algorithm, we 
rewrite Eq. (8.80) in the form 

Aw;,(n) � '1y;(n)[x/ (n) - wji(n)y;(n)], 
i = 1, 2, . . .  , m 
j � 1 , 2, . . .  , 1  

(8.81) 
where xi(n) is a modified version of the ith element of the input vector x(n); it is a 
function of the index j, as shown by 

j- l 
x/(n) � x;(n) - L wk,(n)Yk(n) (8.82) 

k"'l  
For a specified neuron j, the algorithm described in Eq. (8.81) has exactly the same 
mathematical form as that of Eq. (8.39), except for the fact that the input signal x,(n) is 
replaced by its modified value x/en) in Eq. (8.82) . We may go one step further and 
rewrite Eq. (8.81) in a form that corresponds to Hebb's postulate of learning, as shown 
by 

t:.w;;{n) � '1y;(n)x['(n) (8.83) 
where 

x['(n) � x/ - w;,(n)y;(n) (8.84) 
Thus noting that 

w;,(n + 1) � w;,(n) + t:.wji(n) (8.85) 
and 

w;,(n) � z-l[w;,(n + 1)] (8.86) 
where Z-l is the unit-delay operator, we may construct the signal-flow graph of Fig. 8.7b 
for the generalized Hebbian algorithm. From this graph we see that the algorithm 
lends itself to a local form of implementation, provided that it is formulated as in 
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x1(n) 

Wjl(n) 

",(n) wj2(n) 
y/n) 

w. (n) 1,m 

xm(n) 

(a) 
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-Yj_ l(n) 
xi(n) ?-----+--owi_ 1 , i(n) 

xi'en) 

(b) 

FIGURE 8.7 The signal-flow graph representation of generalized Hebbian 
algorithm, (a) Graph of Eq, (8.79), (b) Graph of Eqs, (8,BO) through (8,Bl), 

Eq, (8.85). Note also that y/n) , responsible for feedback in the signal-flow graph of 
Fig. 8.7b, is itself determined by Eq. (8.79); signal-flow graph representation of this lat
ter equation is shown in Fig. 8.7a. 

For a heuristic understanding of how the generalized Hebbian algorithm actually 
operates, we first use matrix notation to rewrite the version of the algorithm defined in 
Eq. (8.81) as follows: 

j = 1 , 2, . . . , 1  (8.87) 
where 

j- t 
x' (n) � x(n) - L w.(n)Yk(n) (8.SS) 

k=l 

The vector x' (n) represents a modified form of the input vector. Based on the repre
sentation given in Eq. (S.S7), we make the following observations (Sanger, 1989b): 

1. For the first neuron of the feedforward network shown in Fig. 9.6, we have 
x'(n) � x(n) 
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In this case, the generalized Hebbian algorithm reduces to that of Eq. (8.46) for a sin
gle neuron. From the material presented in Section 8.5 we already know that this neu
ron will discover the first principal component of the input vector x(n). 

2. For the second neuron of the network in Fig. 8.6, we write 

j = 2: 

Provided that the first neuron has already converged to the first principal component, 
the second neuron sees an input vector x'(n) from which the first eigenvector of the 
correlation matrix R has been removed. The second neuron therefore extracts the first 
principal component of x' (n), which is equivalent to the second principal component 
of the original input vector x(n). 

3. For the third neuron we write 

j = 3: x'(n) = x(n) - w/(n)y/(n) - w,(n)y,(n) 
Suppose that the first two neurons have already converged to the first and second prin
cipal components, as explained in steps 1 and 2. The third neuron now sees an input 
vector x'(n) from which the first two eigenvectors have been removed. Therefore, it 
extracts the first principal component of the vector x'(n), which is equivalent to the 
third principal component of the original input vector x(n). 

4. Proceeding in this fashion for the remaining neurons of the feedforward net
work in Fig. 8.6, it is now apparent that each output of the network trained in accor
dance with the generalized Hebbian algorithm of Eq. (8.81) represents the response to 
a particular eigenvector of the correlation matrix of the input vector, and that the indi
vidual outputs are ordered by decreasing eigenvalue. 

This method of computing eigenvectors is similar to a technique known as 
Hotelling's deflation technique (Kreyszig, 1988); it follows a procedure similar to 
Gram-Schmidt orthogonalization (Strang, 1980) . 

The neuron-by-neuron description presented here is intended merely to simplify 
the explanation. In practice, all the neurons in the generalized Hebbian algorithm tend 
to converge together. 

Convergence Considerations 

Let Wen) = {wji(n)) denote the l-by-m synaptic weight matrix of the feedforward net
work shown in Fig. 8.6; that is, 

Wen) = [w/ (n), w,(n), . . . . w,(n)F (8.89) 
Let the learning-rate parameter of the generalized Hebbian algorithm of Eq. (8.81) 
take a time-varying form 'len), such that in the limit we have 

lim 'len) = 0 and 
n�� 

" 

� 'len) = 00 
n=O 

We may then rewrite this algorithm in the matrix form 

,lW(n) = 'l(n){y(n)x'(n) - LT[y(n)yT(n)]W(n)} 

(8.90) 

(8.91) 
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where the operator LT [ , 1 sets all the elements above the diagonal of its matrix argu
ment to zero, thereby making that matrix lower triangular. Under these conditions, and 
invoking the assumptions made in Section 8,4, convergence of the GHA algorithm is 
proved by following a procedure similar to that presented in the previous section for 
the maximum eigenfilter. Thus we may state the following theorem (Sanger, 1989b): 

If the synaptic weight matrix Wen) is assigned random values at time step n = 0, then with 
probability 1 ,  the generalized Hebbian algorithm of Eq, (8.91) will converge to a fixed 
point with WT(n) approaching a matrix whose columns are the first I eigenvectors of the 
m-by-m correlation matrix R of the m-by-l input vector, ordered by decreasing eigenvalue. 

The practical significance of this theorem is that it guarantees the generalized 
Hebbian algorithm to find the first I eigenvectors of the correlation matrix R, assuming 
that the associated eigenvalues are distinct. Equally important is the fact that we do 
not need to compute the correlation matrix R. Rather, the first I eigenvectors of R are 
computed by the algorithm directly from the input data, The resulting computational 
savings can be enormous especially if the dimensionality m of the input space is very 
large, and the required number of the eigenvectors associated with the [ largest eigen
values of the correlation matrix R is a small fraction of m, 

The convergence theorem is formulated in terms of a time-varying learning-rate 
parameter 'len), In practice, the learning-rate parameter is chosen to be a small con
stant Tj, in which case convergence is guaranteed with mean-squared error in synaptic 
weights of order '1, 

In Chatterjee et aL (1998), the convergence properties of the GHA algorithm 
described in Eq, (8.91) are investigated, The analysis presented therein shows that 
increasing '1 leads to faster convergence and larger asymptotic mean-square error, which 
is intuitively satisfying, In that paper, the tradeoff between the accuracy of computation 
and speed of learning is made explicit, among other things, 

Optimality of the Generalized Hebbian Algorithm 

Suppose that in the limit we write 

Ll.wj(n) ---7 0 and wj(n) ---7 q] as n ---7 00 for j = 1 , 2, " "  I 

and that we have 

Ilw/n) I I = 1 for allj 

(8.92) 

(8,93) 

Then the limiting values q" q2' " "  q, of the synaptic weight vectors of the neurons in 
the feedforward network of Fig, 8,5 represent the normalized eigenvectors associated 
with I dominant eigenvalues of the correlation matrix R, and which are ordered in 
descending eigenvalue. At equilibrium we may therefore write 

(8,94) 

where )" > A2 > ' "  > A" 
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For the output ofneuronj, we have the limiting value 
lim y (n) = xT(n)q· = qTx(n) (8.95) 
n�co J ] J 

Let 1j(n) denote a random variable with a realization denoted by the outputYj(n). The 
cross-correlation between the random variables Y/n) and Yk(n) at equilibrium is 
given by 

= qJRqk 

= {"Ol,' k = j 
k '" j 

(8.96) 

Hence, we may state that at equilibrium the generalized Hebbian algorithm of Eq. (8.91) 
acts as an eigen-analyzer of the input data. 

Let x(n) denote the particular value of the input vector x(n) for which the limit
ing conditions of Eq. (8.92) are satisfied for j = 1 - 1. Hence, from the matrix form of 
Eq. (8.80), we find that in the limit 

, 
x(n) = 2: Yk(n)qk (8.97) 

k= l 

This means that given two sets of quantities, the limiting values q" Ih, . . .  , 'It of the 
synaptic weight vectors of the neurons in the feedforward network of Fig. 8.5 and the 
corresponding outputs y,(n), y,(n), . . . , yJn), we may then construct a linear least
squares estimate x(n) of the input vector x(n) . In effect, the formula of Eq. (8.97) may 
be viewed as one of data reconstruction, as depicted in Fig. 8.8. Note that in light of the 
discussion presented in Section 8.3, this method of data reconstruction is subject to an 
approximation error vector that is orthogonal to the estimate x(n). 

Summary of the GHA 

The computations involved in the generalized Hebbian algorithm (GHA) are simple; 
they may be summarized as follows: 

1. Initialize the synaptic weights of the network, Wj" to small random values at time 
n = 1. Assign a small positive value to the learning-rate parameter 1]. 

FIGURE 8.8 Signal-flow 
graph representation of how 
the reconstructed vector i is 
computed. q, 

�(n) 
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2. For n = 1,j = 1, 2, . . .  , /, and i = 1, 2, . . .  , m, compute 
m 

y/n) = � wi,(n)x,(n) 
j�l  

where x,(n) is the ith component of the m-by-1 input vector x(n) and / is the 
desired number of principal components. 

3. Increment n by 1, go to step 2, and continue until the synaptic weights wi' reach 
their steady-state values. For large n, the synaptic weight wi' of neuron j con
verges to the ith component of the eigenvector associated with the jth eigenvalue 
of the correlation matrix of the input vector x(n). 

8.6 COMPUTER EXPERIMENT: IMAGE CODING 

We complete discussion of the generalized Hebbian learning algorithm by examining 
its use for solving an image coding problem. 

Figure 8.9a shows an image of parents used for training; this image emphasizes 
edge information. It was digitized to form a 256 X 256 image with 256 gray levels. The 
image was coded using a linear feedforward network with a single layer of 8 neurons, 
each with 64 inputs. To train the network, 8 X 8 nonoverlapping blocks of the image 
were used. The experiment was performed with 2000 scans of the picture and a small 
learning rate 1] = 10-'. 

Figure 8.9b shows the 8 X 8 masks representing the synaptic weights learned by 
the network. Each of the eight masks displays the set of synaptic weights associated with 
a particular neuron of the network. Specifically, excitatory synapses (positive weights) 
are shown white, whereas inhibitory synapses (negative weights) are shown black; gray 
indicates zero weights. In our notation, the masks represent the columns of the 64 X 8 
synaptic weight matrix WT after the generalized Hebbian algorithm has converged. 

To code the image, the following procedure was used: 
• Each 8 X 8 block of the image was multiplied by each of the 8 masks shown in 

Fig. 8.9b, thereby generating 8 coefficients for image coding; Fig. 8.9c shows the 
reconstructed image based on the dominant 8 principal components without 
quantization. 

• Each coefficient was uniformly quantized with a number of bits approximately 
proportional to the logarithm of the variance of that coefficient over the image. 
Thus, the first three masks were assigned 6 bits each, the next two masks 4 bits 
each, the next two masks 3 bits each, and the last mask 2 bits. Based on this repre
sentation, a total of 34 bits were needed to code each 8 X 8 block of pisels, result
ing in a data rate of 0.53 bits per pise!. 

To reconstruct the image from the quantized coefficients, all the masks were weighted 
by their quantized coefficients, then added to reconstitute each block of the image. The 
reconstructed parents' image with 15 to 1 compression ratio is shown in Fig. 8.9d. 
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Original image 

(a) 

Using first 8 components 

(e) 

Weights 
,-------, 

(b) 

15 to 1 compression 

(d) 

FIGURE 8.9 (a) An image of parents used in the image coding 
experiment. (b) 8 x 8 masks representing the synaptic weights learned 
by the GHA. (c) Reconstructed image of parents obtained using the dom· 
inant 8 principal components without quantization. (d) Reconstructed 
image of parents with 1 5  to 1 compression ratio using quantization. 

For a variation on the first image. we next applied the generalized Hebbian algo
rithm to the image of an ocean scene shown in Fig. 8. lOa. This second image empha
sizes textural information. Figure 8.lOb shows the 8 x 8 masks of synaptic weights 
learned by the network by proceeding in the same manner described; note the differ
ence between these masks and those of Fig. 8.9b. Figure 8.1 Oc shows the reconstructed 
image of the ocean scene based on the dominant 8 principal components without 
quantization. To study the effect of quantization. the outputs of the first 2 masks were 
quantized using 5 bits each, the third with 3 bits, and the remaining 5 masks with 2 bits 
each. Thus a total of 23 bits were needed to code each 8 x 8 block of pixels. resulting in 
a bit rate of 0.36 bits per pixel. Figure 8.lOd shows the reconstructed image of the 
ocean scene, using its own masks quantized in the manner just described. The compres
sion ratio of this image was 22 to 1 .  



(b) 

(e) Cd) 

(e) 
FIGURE 8.10 (a) Image of ocean scene. (b) 8 x 8 masks representing 
the synpatic weights learned by the GHA algorithm applied to the 
ocean scene. (e) Reconstructed image of ocean scene using 8 
dominant principal components. (d) Reconstructed image of ocean 
scene with 22 to 1 compression ratio, using masks of part (b) with 
quantization. (e) Reconstructed image of ocean scene using the masks 
of Fig. 8.9(b} for encoding, with quantization for a compression of 22 
to 1, same as that in part (d). 
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To test the "generalization" performance of the generalized Hebbian algorithm, 
we finally used the masks of Fig. 8.9b to decompose the ocean scene of Fig. 8.10a and 
then applied the same quantization procedure that was used to generate the recon
structed image of Fig. 8.lOd. The result of this image reconstruction is shown in Fig. 8.lOe 
with a compression ratio of 22 to 1, the same as that in Fig. 8.lOd. While the recon
structed images in Figs. 8.10d and 8.lOe do bear a striking accord with each other, it can 
be seen that Fig. 8.lOd possesses a greater amount of "true" textural information and 
thus looks less "blocky" than Fig. 8.lOe. The reason for this behavior lies in the network 
weights. For the training performed on the images of the parents and the ocean scene, 
the first four weights are very similar. However, for the parents image the final four 
weights encode edge information, but in the case of the ocean scene these weights 
encode the textural information. Thus when encoding of the ocean scene occurs with the 
edge-type weights, the reconstruction of textural data is crude, thereby resulting in a 
blocky appearance. 

8.7 ADAPTIVE PRINCIPAL COMPONENTS ANALYSIS USING LATERAL 
INHIBITION 

The generalized Hebbian algorithm described in the previous section relies on the 
exclusive use of feedforward connections for principal components analysis. In this 
section we describe another algorithm called the adaptive principal components extrac
tion (APEX) algorithm (Kung and Diamantaras, 1990; Diamantaras and Kung, 1996). 
The APEX algorithm uses both feedforward and feedback connections 3 The algo
rithm is iterative in nature in that if we are given the first (j - 1) principal components, 
the jth principal component is readily computed. 

Figure 8. 1 1 shows the network model used for the derivation of the APEX algo
rithm. As before, the input vector x has dimension m, with its components denoted by 
x" x" . . .  , xm. Each neuron in the network is assumed to be linear. As depicted in Fig. 8.11, 
there are two kinds of synaptic connections in the network: 

FIGURE 8.11  Network with 
feedforward and lateral 
connections for deriving the 
APEX algorithm. 

Xm�t;:--:� 
Input 
layer j 

Output 
layer 
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• Feedforward connections from the input nodes to each of the neurons 1 ,  2, . . . , j, 
with j < m. Of particular interest here are the feedforward connections to neu
ronj; these connections are represented by the feedforward weight vector 

Wj = [wj1(n), Wj2(n), . . .  , Wjm(n)]' 
The feedforward connections operate in accordance with a Hebbian learning 
rule; they are excitatory and therefore provide for self-amplification . 

• Lateral connections from the individual outputs of neurons 1 , 2, . . . ,j - 1 to neu
ron j, thereby applying feedback to the network. These connections are repre
sented by the feedback weight vector 

a/n) = [ajl(n), aj2(n), . . .  , aj.j_l(n)]' 

The lateral connections operate in accordance with an anti-Hebbian learning 
rule, which has the effect of making them inhibitory. 

In Fig. 8.11 the feedforward and feedback connections of neuron j are boldfaced 
merely to emphasize that neuron j is the subject of study. 

The output Yj(n) of neuronj is given by 

y/n) = wJ(n)x(n) + aT(n)yj-1(n) (8.98) 

where the contribution wJ(n)x(n) is due to the feedforward connections, and the 
remaining contribution aT(n)Yj-l(n) is due to the lateral connections. The feedback sig
nal vector Yj-l(n) is defined by the outputs of neurons 1 , 2, . . .  ,j - 1:  

(8.99) 

It is assumed that the input vector x(n) is drawn from a stationary process whose cor
relation matrix R has distinct eigenvalues arranged in decreasing order as follows: 

(8.100) 

It is further assumed that neurons 1 , 2, ... ,j - 1 of the network in Fig. 8.11 have already 
converged to their respective stable conditions, as shown by 

Wk(O) = q" 

a.(O) = 0, 

k = 1 , 2, . . .  , j  - 1 

k = 1 , 2, . . . , j  - 1 

(8.101) 

(8. 102) 

where qk is the eigenvector associated with the kth eigenvalue of the correlation 
matrix R, and time step n = 0 refers to the start of computations by neuronj of the net
work. We may then use Eqs. (8.98), (8.99), (8.101), and (8.102) to write 

Yj-l(n) = [qfx(n), qix(n), . . . , q�,x(n)l 
= Qx(n) 

(8.103) 

where Q is a (j - l)-by-m matrix defined in terms of the eigenvectors q" q2, . . .  , qj-l 

associated with the (j - 1) largest eigenvalues A" A2' . . .  , Aj-l of the correlation matrix R; 
that is, 

(8.104) 
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The requirement is to use neuron j in the network of Fig. 8.11 to compute the next 
largest eigenvalue Aj of the correlation matrix R of the input vector x(n) and the asso
ciated eigenvector qi 

The update equations for the feedforward weight vector w/n) and the feedback 
weight vector aj(n) for neuronj are defined as, respectively, 

and 
w/n + I) = wJ(n) + 1][y/n)x(n) - Y7(n)w/n)] (8.105) 

(8.106) 

where 1] is the learning-rate parameter, assumed to be the same for both update equa
tions. The term y/n)x(n) on the right-hand side of Eq. (8.106) represents Hebbian 
learning, whereas the term -y/n)YJ_I(n) on the right-hand side of Eq. (8.106) repre
sents anti-Hebbian learning. The remaining terms, -Y7(n)w/n) and yJ(n)a/n). are 
included in these two equations to assure the stability of the algorithm. Basically, 
Eq. (8.105) is the vector form of Oja's leaning rule described in Eq. (8.40), whereas 
Eq. (8.106) is new, accounting for the use of lateral inhibition (Kung and Diamantaras, 
1990; Diamantaras and Kung, 1996). 

We prove absolute stability ofthe neural network of Fig. 8.11 by induction, as follows: 

• First, we prove that if neurons 1 . 2, . . .  ,j - 1 have converged to their stable condi
tions, then neuron j converges to its own stable condition by extracting the next 
largest eigenvalue Aj of the correlation matrix R of the input vector x(n) and the 
associated eigenvector qt 

• Next, we complete the proof by induction by recognizing that neuron 1 has no 
feedback and therefore the feedback weight vector al is zero. Hence this particu
lar neuron operates in exactly the same way as Oja's neuron, and from Section 8.4 
we know that this neuron is absolutely stable under certain conditions. 

The only matter that requires attention is therefore the first point. 
To proceed then, we invoke the fundamental assumptions made in Section 8.4. 

and so state the following theorem in the context of neuron j in the neural network of 
Fig. 8.11 operating under the conditions described by Eqs. (8.105) and (8.106) (Kung 
and Diamantaras, 1990; Diamantaras and Kung, 1996): 

Given that the leaming�rate parameter 'T1 is assigned a sufficiently small value to ensure 
that the adjustments to the weight vectors proceed slowly, then in the limit, the feedfor
ward weight vector and the average output power (variance) of neuron j approaches the 
normalized eigenvector qj and corresponding eigenvalue Aj of the correlation matrix R, as 
shown by, respectively, 

and 

lim w en) = q n-too J J 

lim o'i(n) = Aj , � "  

where "T(n) = E[YT(N)], and AI > A2 > > Aj > . . .  > Am > O. In other words. 
given the eigenvectors Ql' . . .  , Qj-l ' neuronj in the network of Fig. 8.11 computes the next 
largest eigenvalue Aj and associated eigenvector qj. 
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To prove this theorem, consider first Eq. (8.105). Using Eqs. (8.98) and (8.99), and 
recognizing that 

a!(n)Yj_l (n) = Y!_l(n)a/n) 
we may recast Eq. (8.105) as follows: 

w,(n + 1) = w/n) + '1[x(n)xT(n)w,(n) + x(n)xT(n)QTa,(n) - yJ(n)w,(n)] (8.107) 

where the matrix Q is defined by Eq. (8.104). The term yJ(n) in Eq. (8.107) has not 
been touched for a reason that will become apparent. Invoking the fundamental 
assumptions described in Section 8.4, we find that applying the statistical expectation 
operator to both sides of Eq. (8.107) yields 

(8.108) 

where R is the correlation matrix of the input vector x(n), and uJ(n) is the average out
put power of neuron j. Let the synaptic weight vector w/n) be expanded in terms of 
the entire orthonormal set of eigenvectors of the correlation matrix R as follows: 

m 
wj(n) = 2: 8jk(n)qk (8.109) k=l  

where qk is  the eigenvector associated with the eigenvalue Ak of matrix R, and 8jk(n) is 
a time-varying coefficient of the expansion. We may then use the basic relation (see 
Eq. (8.14)) 

Rqk = Akqk 
to express the matrix product Rw/n) as follows: 

rn 
Rw,(n) = 2: 8jk(n)Rqk k=l  

rn 
= 2: Ak8j,(n)qk k=l  

Similary, using Eq. (8.104), we may express the matrix product RQTa,(n) as 

RQTa/n) = R[qb q" . . .  , qj_!la/n) 

j-l 
= 2: Akajk(n)qk k=l  

(8.110) 

(8.111 ) 

Hence, substituting Eqs. (8.109), (8.110), and (8.111) in (8.108), and simplifying, we get 
(Kung and Diamantaras, 1990) 
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m m 
2: alk(n + I )qk � 2: II + Tj[Ak - crJ(n)]} alk(n)qk k= l k= i  

j-l 
+ Tj 2: Akajk(n)qk k= i  

(8.112) 

Following a procedure similar to that described, it is possible to show that the 
update equation (8.106) for the feedback weight vector a/n) may be transformed as 
follows (see Problem 8.7): 

a/n + 1) = -TjAkajk(n)lk + /1 - Tj[Ak + crT(n)]}a/n) (8.113) 

where lk is a vector all of whose j elements are zero, except for the kth element, which 
is equal to 1 .  The index k is restricted to lie in the range 1 S k s j - 1. 

There are two cases to be considered, depending on the value assigned to index k 
in relation to j - 1 .  Case I refers to 1 s k S j - 1 ,  which pertains to the analysis of the 
"old" principal modes of the network. Case II refers to j S k S m, which pertains to 
the analysis of the remaining "new" principal modes. The total number of principal 
modes is m, the dimension of the input vector x(n). 

CASE I: I S k S j - l  

In this case we deduce the following update equations for the coefficient ajk(n) associ
ated with eigenvector qk and the feedback weight aj,(n) from Eqs. (8.112) and (8.113), 
respectively: 

FIGURE S.12 Signal-flow 
graph representation of 
Eqs. (S. 1 14) and (S. l l S). 

(8.114) 

l + ry C\ - a/Cn» 
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and 

(8.115) 
Figure 8.12 presents a signal-flow graph representation of Eqs. (8.114) and (8.115). 

In matrix form we may rewrite Eqs. (8.114) and (8.115) as [ 6ik(n + 1) ] 
= 
[ 1 + T)[Ak - O"j(n)] T)Ak ] [6'k(n) ] (8.116) 

aiken + 1)  - T)Ak 1 - T)[Ak + af(n)] a,k(n) 
The system matrix described in Eq. (8.116) has a double eigenvalue at 

Pik = [1 - T)O"J(n)l' (8.117) 
From Eq. (8.117) we can make two important observations: 

1. The double eigenvalue Pik of the system matrix in Eq. (8.116) is independent of all 
the eigenvalues Ak of the correlation matrix R, corresponding to k = 1 , 2, . . .  , j - 1.  

2. For all k, the double eigenvalue Pjk depends solely on the learning-rate parameter 
T) and the average output power O"} of neuron j. It is therefore less than unity, pro
vided that T) is a sufficiently small, positive number. 

Given that Pik < 1 ,  the coefficients 0ik(n) of the expansion in Eq. (8.109) and the feedback 
weights aiken) will, for all k, approach zero asymptotically with the same speed, since all 
the principal modes of the network have the same eigenvalue (Kung and Diamantaras, 
1990; Diamantaras and Kung, 1996). This result is a consequence of the property that 
the orthogonality of eigenvectors of a correlation matrix does not depend on the 
eigenvalues. In other words, the expansion of wi(n) in terms of the orthonormal set of 
eigenvectors of the correlation matrix R given in Eq. (8.109), which is basic to the 
result described in Eq. (8.117), is invariant to the choice of eigenvalues A, 11.2, . . . , AI-I' 
CASE II: j :=; k :=; m 
In this second case, the feedback weights aiken) have no influence on the modes of the 
network, as shown by 

aiken) = 0 for j :=; k :=; m 
Hence, for every principal mode k ;" j we have a very simple equation: 

6ik(n + 1) = (1 + T)[Ak - 0"}(n)]\6ik(n) 

(8.118) 

(8.119) 
which follows directly from Eqs. (8.112) and (8.118). According to case I, both 6i,cn) 
and ai,(n) will eventually converge to zero for k = 1 ,2, . . .  , j - 1.  With the random vari
able Y/n) representing the output of neuron j, we may express its average output 
power as follows: 

O"J(n) = E[Yl(n)] 
m 

= L Ak eJdn) 
k=j 

where in the last line we have made use of the following relation: 

T { A" 1 =  k 
qkRq, = 0, otherwise 

(8.120) 
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It foIlows therefore that Eq. (8.119) cannot diverge, because whenever alk(n) becomes 
large such that a-l(n) > "b then I + 11["k - uJ(n)] becomes smaIler than unity, in 
which case alAn) wiIl decrease in magnitude. Let the algorithm be initialized, with 
8j/0) * 0. Also define 

8jk(n) rjk(n) = 8jj(n) ' k = j + 1 ,  . . . . m 

We may then use Eq. (8.119) to write 
1 + 11["k - uJ(n)] rjk(n + 1) = 
1 

[ _  '( )] rjk(n) 
+ 11 "j u, n 

(8.121) 

(8.122) 

With the eigenvalues of the correlation matrix arranged in the descending order 

it foIlows that 

8jk(n) 
-(-) 

< 1 for all n, and for k = j + 1 ,  . . .  , m 8jj n (8.123) 

Moreover, we note from Eqs. (8.119) and (8.120) that 8jj(n + 1) remains bounded; 
therefore, 

rjk(n) -7 ° as n --> 00 for k = j + 1 ,  . . .  , m  

Equivalently, in light of the definition given in Eq. (8.121) we may state that 

8j.{n) -7 0 as n --> 00 for k = j + 1 ,  . . .  , m  

Under this condition, Eq. (8.120) simplifies to 

uJ(n) = "18�(n) 
and so Eq. (8.119) for k = j becomes 

8jj(n + 1) = [I + 11"1 [1 - 8,/n)Jl 811(n) 
From this equation we immediately deduce that 

al/n) --> 1 as n --> 00 

The implications of this limiting condition and that of Eq. (8.125) are twofold: 

1. From Eq. (8.126) we have 

2. From Eq. (8.109) we have 

uJ(n) --> "j as n --> 00 

(8.124) 

(8.125) 

(8.126) 

(8.127) 

(8.128) 

(8.129) 

(8.130) 

In other words, the neural network model of Fig. 8.11 extracts the jth eigenvalue and 
associated eigenvector of the correlation matrix R of the input vector x(n) as the num
ber of iterations n approaches infinity. This of course assumes that neurons 1 , 2, . . .  , 
j - 1 of the network have already converged to the respective eigenvalues and associ
ated eigenvectors of the correlation matrix R. 
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The treatment of the APEX algorithm presented here rests on the premise that 
neurons 1, 2, . . .  , j - 1 have converged before neuron j begins to act. This was done 
merely to explain the operation of the algorithm in a simple way. In practice, however, 
the neurons in the APEX algorithm tend to converge together 4 

Learning Rate 

In the APEX algorithm described in Eqs. (S.105) and (S.106), the same learning-rate 
parameter T] is used for updating both the feedforward weight vector w/n) and feed
back weight vector a/n). The relationship of Eq. (S.117) may be exploited to define an 
optimum value for the learning-rate parameter for each neuronj by setting the double 
eigenvalue Pjk equal to zero. In such a case, we have 

1 
T]j.opt(n) = ,-----( ) CJj n (S.131) 

where <Ty(n) is the average output power of neuron j. A more practical proposition, 
however, is to set (Kung and Diamantaras, 1990; Diamantaras and Kung, 1996): 

1 
T]j = -

"j- ' (S.132) 

which yields an underestimated value for the learning-rate parameter, since "j_' > "j and 
<Ty(n) --7 "j as n --7 "'. Note that the eigenvalue "i-l is computed by neuron j - 1 and 
therefore available for use in updating the feedforward and feedback weights of neuron j. 

Summary of the APEX Algorithm 

1. Initialize the feedforward weight vector Wj and the feedback weight vector aj to 
small random values at time n = 1. where j = 1, 2, . . . , m. Assign a small positive 
value to the learning-rate parameter T]. 

2. Set j = 1, and for n = 1 ,2, . . .  , compute 

Yl(n) = wf(n)x(n) 

w,(n + 1) = wl(n) + T][y,(n)x(n) - y;(n)wl(n)] 
where x(n) is the input vector. For large 11, we have w1(n) --7 q" where q ,  is the 
eigenvector associated with the largest eigenvalue A I of the correlation matrix of 
x(n). 

3. Setj = 2, and for n = 1 , 2, . . .  , compute 

Yj_,(n) = [Yl(n), Y2(n), . . . , Yj-l(n)j' 
y;(n) = wJ(n)x(n) + aJ(n)Yj_l(n) 

w/n + 1) = wj(n) + T] [y/n)x(n) - YJ(n)w/n)] 

aj(n + 1) = aj(n) - T][Yj(n)yj_,(n) + YJ(n)a/n)] 
4. Increment j by 1 ,  go to step 3, and continue until j = m, where m is the desired 

number of principal components. (Note that j = 1 corresponds to the eigenvector 
associated with the largest eigenvalue, which is taken care of in step 2.) For large 
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n we have w/n) -> qj and a/n) -> 0, where qj is the eigenvector associated with 
the jth eigenvalue of the correlation matrix ofx(n). 

8.8 TWO CLASSES OF PCA ALGORITHMS 

In addition to the generalized Hebbian algorithm (GHA), discussed in Section 8.5, and 
the APEX algorithm, discussed in Section 8.7, several other algorithms for principal 
components analysis (PCA) have been reported in literature.s The various PCA algo
rithms using neural networks may be categorized into two classes: reestimation algo
rithms and decorrelating algorithms. 

According to this classification, the GHA is a reestimation algorithm in that 
Eqs. (8.87) and (8.88) may be recast in the equivalent form 

win + 1 )  = wJ(n) + 'lly/n)[x(n) - x/n)] (8.133) 

where Xj (n) is the reestimator defined by 
j 

x/n) = 2: wk(n)y,(n) (8.134) k"" l  
In a reestimation algorithm the neural network has only forward connections, whose 
strengths (weights) are modified in a Hebbian manner. The successive outputs of the net
work are forced to learn different principal components by subtracting estimates of the 
earlier components from the input before the data set is involved in the learning proces& 

In contrast, the APEX algorithm is a decorrelating algorithm. In such an algo
rithm the neural network has both forward and feedback connections. The strengths of 
the forward connections follow a Hebbian law, whereas the strengths of the feedback 
connections follow an anti-Hebbian law. The successive outputs of the network are 
decorrelated, forcing the network to respond to different principal components. 

Principal Subspace 

In situations where only the principal subspace (i.e .. the space of the principal compo
nents) is required, we may use a symmetric model in which the reestimator x/n) in the 
GHA algorithm is replaced by 

I 
x (n) = 2: wk(n)Yk(n) for ali i 

k=l  
(8.135) 

In the symmetric model defined by Eqs. (8.133) and (8.135), the network converges to 
a set of outputs that span the principal subspace, rather than the principal components 
themselves. At convergence, the weight vectors of the network are orthogonal to each 
other, as in the GHA. The principal subspace, as described here, may be viewed as a 
generalization of the classical Oja rule defined in Eq. (8.46). 

8.9 BATCH AND ADAPTIVE METHODS OF COMPUTATION 

A discussion of principal components analysis would be incomplete without some consid
eration of the computational aspects of the problem. In this context there are two basic 
approaches to the computation of principal components: batch and adaptive methods. 
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The method of eigendecomposition described in Section 8.3 and the related method of 
singular value decomposition belong to the batch category. On the other hand, the GHA 
and APEX algorithms discussed in Sections 8.5 and 8.7 belong to the adaptive category. 

In theory, eigendecomposition is based on the ensemble-averaged correlation 
matrix R of a random vector X(n) as described in Section 8.3. In practice, we use an 
estimate of the correlation matrix R. Let [x(n) r,; �1 denote a set of N realizations of the 
random vector X(n) at uniformly spaced discrete instants of time. Given such a set of 
observations, we may then use the sample mean as an estimate of the correlation 
matrix as follows: 

1 N 
K(N) = - � x(n)x'(n) N n = l  

(8.136) 

Provided that the environment represented by the random vector X(n) is ergodic, the 
sample mean K (N) approaches R as the sample size N approaches infinity. On this basis 
we may apply the eigendecomposition procedure to the sample mean K (N) and thereby 
compute its eigenvalues and associated eigenvectors by invoking the use of Eq. (8.22) 
with K (N) used in place of R. 

From a numerical perspective, however, a better method is to use singular value 
decomposition (SVD) by applying it directly to the data matrix. For the set of observa
tions [x(n)I,;"� 1 >  the data matrix is defined by 

A = [x(l), x(2), . . . , x(N)] (8.137) 
Then, except for the scaling factor liN, we readily see that the estimate K(N) of the 
correlation matrix R is equal to the matrix product AAT According to the singular 
value decomposition theorem described in Chapter 5, the data matrix A(n) may be 
decomposed as follows (Golub and Van Loan, 1996): 

A = VIVT (8.138) 
where V and V are orthogonal matrices, which means that 

V-I = VT 
and 

V-I = VT 
As for matrix I, it has a structure of the form 

I =  

o 

o 

o 

(8.139) 

(8.140) 

(8.141) 

where k -5 m, and where m is the dimension of the observation vector x(n). The num
bers "1 ' "" . . .  , "k are called the singular values of the data matrix A. Correspondingly, the 
columns of the orthogonal matrix V are called the left singular vectors, and the columns 
of the matrix V are called the right singular vectors. The singular value decomposition of 
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data matrix A is related to the eigendecomposition of the estimate R(N) of the corre
lation matrix in the following ways: 

• Except for the scaling factor 1/YN, the singular values of the data matrix A are the 
square roots of the eigenvalues of the estimate R (N) . 

• The left singular vectors of A are the eigenvectors of R(N). 

Now we can see the numerical advantage of singular value decomposition over eigen
decomposition. For a prescribed accuracy of computation, the singular value decompo
sition procedure requires half the numerical precision of the eigendecomposition 
procedure. Moreover, several algorithms and highly accurate canned routines are avail
able for implementing the singular value decomposition procedure on a computer 
(Golub and Van Loan, 1996; Haykin, 1996). However, in practice, storage requirements 
may restrict the use of these routines to values of sample size that are not too excessive. 

Turning next to the category of adaptive methods, these methods work with an 
arbitrarily large sample size N. For all practical purposes there is no restriction on N. 
Adaptive methods are exemplified by Hebbian-based neural networks, whose opera
tion is inspired by ideas from neurobiology. The storage requirement of such methods is 
relatively modest, since intermediate values of the eigenvalues and associated eigenvec
tors do not have to be stored. Another attractive feature of adaptive algorithms is that, 
in a nonstationary environment, they have an inherent ability to track gradual changes 
in the optimal solution in an inexpensive way compared to batch methods. However, 
the main drawback of adaptive algorithms of the stochastic approximation type is their 
relatively slow rate of convergence, which puts them at a disadvantage compared to 
classical batch techniques; this is especially so on large stationary problems, even when 
the adaptive methods are implemented on parallel neural hardware (Kotilainen, 1993). 

8,10 KERNEL PRINCIPAL COMPONENTS ANALYSIS 

The form of PCA discussed up to this point in the chapter involves computations in the 
input (data) space. We now consider another form of PCA where the computations are 
performed in a feature space that is nonlinearly related to the input space, The feature 
space we have in mind is that defmed by an inner-product kernel in accordance with 
Mercer's theorem; the notion of inner-product kernels is discussed in Chapter 6 on 
support vector machines. The idea of kernel-based principal components analysis is due 
to SchDlkopf et al. (1998). 

Due to the nonlinear relationship between the input space and feature space, 
kernel PCA in nonlinear. However, unlike other forms of nonlinear PCA, ' the imple
mentation of kernel PCA relies on linear algebra. We may therefore think of kernel 
PCA as a natural extension of ordinary PCA. 

Let vector 'P(xj) denote the image of an input vector Xj induced in a feature space 
defined by the nonlinear map: 'P:lRmo�lRml , where mo is the dimensionality of the input 
space and m1 is the dimensionality of the feature space. Given the set of examples 
(XJ,�L we have a corresponding set of feature vectors (<P(X,)L�l' Accor�ingly, we may 
define an m1-by-m 1 correlation matrix in the feature space,denoted by R,as follows: 

� 1 N 
R � N � <P(Xi)<pT(X,) (8.142) 
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As with ordinary PCA. the first thing we have to do is to ensure that the set of feature 
vectors {'f'(Xi)}i�l has zero mean: 

To satisfy this condition in the feature space is a more difficult proposition than it is in 
the input space; in Problem 8.10 we describe a procedure for catering to this require
ment. Proceeding then on the assumption that the feature vectors have been centered. 
we may adapt the use of Eq. (8.14) to our present situation by writing 

Rij � };ij (8.143) 

where }; is an eigenvalue of the correlation matrix R and ij is the associated eigenvec
tor. Now we note that all eigenvectors that satisfy Eq. (8.143) for}; '" 0 lie in the span 
of the set of feature vectors (cp(x,) W Consequently. there does exist a corresponding set 
of coefficients (aj}j�l for which we can write 

N 
ij � � Cijcp(X;J (8.144) j=l 

Thus substituting Eqs. (8. 142) and (8.144) into (8.143). we obtain 
N N N 
� � Cijcp(x')K(x"xj) � IV}; � "'jcp(x;l (8.145) i= l j = l j= l 

where K (xi.x) is an inner·product kernel defined in terms of the feature vectors by 
(8.146) 

We need to go one step further with Eq. (8.145) so that the relationship is expressed 
entirely in terms of the inner-product kernel. To do so. we premultiply both sides of 
Eq. (8.145) by the transposed vector cpT(X,). thereby obtaining 

N N N 
� � CijK(XkoX,)K(Xi.x;l � N}; � CijK(x"xj). k � 1 . 2, . . .  , N (8.147) i=l j=l j=1 

where the definitions of K(XkoXi) and K(XkoXj) follow Eq. (8.146). 
We now introduce two matrix definitions: 

• The N-by-N matrix K, called the kernel matrix, whose ij-th element is the inner
product kernel K(Xi,Xj) . 

• The N-by-1 vector a, whose jth element is the coefficient Cij' 
Accordingly, we may recast Eq. (8.147) in the compact matrix form: 

K2a � N};Ka (8.148) 

where the squared matrix K2 denotes the product of K with itself. Since K is common 
to both sides of Eq. (8.148), all the solutions of this eigenvalue problem that are of 
interest are equally well represented in the simpler eigenvalue problem: 

(8.149) 
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Let Al 2': A2 2': ' "  2': AN denote the eigenvalues of the kernel matrix K; that is 

(8.150) 

where );j is the jth eigenvalue of the correlation matrix R. Then Eq. (8.149) takes the 
standard form 

Ko< = AO< (8.151) 

where the coefficient vector 0< plays the role of the eigenvector associated with the 
eigenvalue A of the kernel matrix K. The vector " is normalized by requiring that the 
eigenvector ii of the correlation matrix R is normalized to unit length; that is 

� T -
qkqk = 1 for k = 1 . 2, . . . , p  (8.152) 

where it is assumed that the eigenvalues are arranged in decreasing order, with Ap 
being the smallest nonzero eigenvalue of the kernel matrix K. Using Eq. (8.144) and 
then invoking Eq. (8.151), we may show that the normalization condition of Eq. (8.152) 
is equivalent to 

k = 1, 2, . . . , p  (8.153) 

For the extraction of principal components, we need to compute the projections 
onto the eigenvectors iik in feature space, as shown by 

N 
iiI'P(x) = 2: "k.i'PT(Xj)'P(x) 

j=l 
N 

= 2: "k.iK(xj,x), k = 1 , 2, . . .  , p  
j=l 

(8.154) 

where the vector x is a "test" point, and "k,j is the jth coefficient of eigenvector O<k asso
ciated with the kth eigenvalue of matrix K. The projections of Eq. (8.154) define the 
nonlinear principal components in the m1-dimensionaI feature space. 

Figure 8.13 illustrates the basic idea of kernel peA, where the feature space is 
nonlinearly related to the input space via the transformation <p(x). Parts a and b of the 
figure refer to the input space and feature space, respectively. The contour lines shown 
in Fig. 8.13b represent constant projections onto a principal eigenvector, which is 
shown as a dashed arrow. In this figure it is assumed that the transformation <p(x) has 
been chosen in such a way that the images of the data points induced in the future 
space congregate themselves essentially along the eigenvector. Figure 8.13a shows the 
nonlinear contour lines in the input space that correspond to those in the feature 
space. Note that we purposely have not shown a pre-image of the eigenvector in the 
input space, as it may not even exist (Schtilkopf et aI., 1998). 

For inner-product kernels defined in accordance with Mercer's theorem, we are 
basically performing ordinary peA in an mcdimensional feature space, where the 
dimension m1 is a design parameter. All the properties of ordinary peA that are 
described in Section 8.3 carry over to kernel peA. In particular, kernel peA is linear in 
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FIGURE 8.13 I l lustration of the kernel PCA. (a) Two-dimensional input space, displaying 
a set of data points. (b) Two-dimensional feature space, displaying the induced images 
of the data points congregating around a principal eigenvector. The uniformly spaced 
dashed lines in part (b) represent contours of constant projections onto the 
eigenvector; the corresponding contours are nonlinear in the input space. 

the feature space, but nonlinear in the input space. As such, it can be applied to all 
those domains where ordinary PCA has been used for feature extraction or data 
reduction, for which nonlinear extension would make sense. 

In Chapter 6, we presented three methods for constructing inner-product kernels 
that were based on the use of polynomials, radial-basis functions, and hyperbolic func
tions; see Table 6.1. The question of how to select the kernel best suited for a given task 
(i.e., the appropriate feature space) is an open problem (SchOlkopf, 1997). 

Summary of the Kernel peA 

L Given the training examples {xJ�" compute the N-by-N kernel matrix 
K = {K(x" Xi)), where 

K(x" Xi ) = <pT(x,)<P(xi) 

2. Solve the eigenvalue problem: 

where A is an eigenvalue of the kernel matrix K and ", is the associated eigenvector. 
3. Normalize the eigenvectors so computed by requiring that 

T 1 
Q.k Ol.k = 

Ak' 
k = 1 , 2, . . .  , p  
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where Ap is the smallest nonzero eigenvalue of matrix K, assuming that the eigen
values are arranged in decreasing order. 

4. For the extraction of principal components of a test point x, compute the projec
tions 

a, � ilk 'P(X) 
N 

� 2: "" ,) K(x), xl, 
)=1 

k � 1 , 2, . . .  , p  

where "'k,j is the jth element of eigenvector "k' 

Example 8.3 

To provide some intuitive understanding for the operation of kernel peA, we show in Fig. 8.14 
the results of a simple experiment described in Scholkopf et a1. ( 1 998). The two-dimensional 
data, consisting of components Xl and x2, used in this experiment were generated as follows: The 
xl-values have a uniform distribution in the interval [-1 , 1 ] .  The x2-vaJues are nonlinearly 
related to the xl-values by the formula: 

0.5 . --0.5 lliWu/-:""=i\J.5 
1 0 1 1  0 0 a 1 

FIGURE 8,14 Two-dimensional example illustrating the kernel 
PCA. From left to right, the polynomial degree of the kernel is 
d � 1 , 2, 3, 4. From top to bottom, the first three eigenvectors 
in the feature space are shown. The first column corresponds 
to ordinary peA, and the other three columns correspond to 
kernel PCA with polynomial degree d � 2, 3, 4. (Reproduced 
with permission from Dr. Klaus-Robert Muller.) 
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where v is an additive Gaussian noise of zero mean and variance 0.04. 
The results of PCA shown in Fig. 8.14 were obtained using kernel polynomials: 

K(x. Xi) � (XTXi)', d � 1, 2, 3, 4  
where d = 1 corresponds to linear PCA, and d = 2,3,4 corresponds to kernel PCA. Linear PCA, 
shown on the left of Fig. 8.14, results in only two eigenvalues since the dimensionality of the 
input space is two. In contrast, kernel PCA permits the extraction of higher-order components, 
as shown by the results depicted in columns 2, 3, and 4 of Fig. 8.14, corresponding to pOlynomial 
degree d = 2,3,4, respectively. The contour lines shown in each part of the figure (except for the 
zero eigenvalue in the case of linear PCA) represent constant principal values (i.e., constant pro
jections onto the eigenvector associated with the eigenvalue in question). 

Based on the results shown in Fig. 8.14, we make the following observations: 
• As expected, linear PCA fails to provide an adequate representation of the nonlinear 

input data. 
• In all cases, the first principal component varies monotonical1y along a parabola that 

underlies the input data. 
• In the kernel peA, the second and third principal components exhibit a behavior that 

appears somewhat similar for different values of polynomial degree d. 
• In the case of polynomial degree d = 2, the third principal component of kernel peA 

appears to pick up the variance due to the additive Gaussian noise v. By removing the 
contribution due to this component, we would in effect be performing some form of noise 
reduction. 

• 

8.11 SUMMARY AND DISCUSSION 

In this chapter we present material dealing with the theory of principal components 
analysis and the use of neural networks for its implementation. It is appropriate that 
we now reflect over that material and ask: How useful is principal components analy
sis? The answer to this question, of course, depends on the application of interest. 

If the main objective is to achieve good data compression while preserving as 
much information about the inputs as possible, the use of principal components analy
sis offers a useful self-organized learning procedure. Here we note from the material 
presented in Section 8.3 that the use of a subspace decomposition method based on the 
"first I principal components" of the input data provides a linear mapping, which is 
optimum in the sense that it permits reconstruction of the original input data in the 
mean-square error sense. Moreover, a representation based on the first I principal 
components is preferable to an arbitrary subspace representation, because the princi
pal components of the input data are naturally ordered in decreasing eigenvalue or, 
equivalently, decreasing variance. Accordingly, we may optimize the use of principal 
components analysis for data compression by employing the greatest numerical preci
sion to encode the first principal component of the input, and progressively less preci
sion to encode the remaining I - 1 components. 

A related issue is the representation of a data set made up of an aggregate of sev
eral clusters. For the clusters to be individually visible, the separation between them 
has to be larger than the internal scatter of the clusters. If it so happens that there are 
only a few clusters in the data set, then the leading principal axes found by using the 
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principal components analysis will tend to pick projections of clusters with good sepa
rations, thereby providing an effective basis for feature extraction. 

In this latter context we mention a useful application of a principal components 
analyzer as the preprocessor for a supervised neural network (e.g., multilayer percep
tron trained with the back-propagation algorithm). The motivation here is to speed up 
convergence of the learning process by decorrelatiug the input data. A supervised 
learning procedure such as back-propagation relies on steepest descent. The conver
gence process in this form of learning is typically slow due to interacting effects of a 
multilayer perceptron's synaptic weights on the error signal, even with the use of sim
ple local accelerating procedures such as momentum and adaptive learning rates for 
individual weights. If, however, the inputs to the multilayer perceptron consist of 
uncorrelated components, then from the discussion presented in Chapter 4 we note 
that the Hessian matrix of the cost function 'il(n) with respect to the free parameters of 
the network is more nearly diagonal than would be the case otherwise. With this form 
of diagonalization in place, the use of simple local accelerating procedures permits a 
considerable acceleration in the convergence process, which is made possible by 
appropriate scaling of the learning rates along each weight axis independently 
(Becker, 1 991). 

With the Hebbian-based algorithms of this chapter motivated by ideas taken 
from neurobiology, it is fitting to conclude our discussion by commenting on the role of 
principal components analysis in biological perceptual systems. Linsker (1990a) ques
tions the "sufficiency" of principal components analysis as a principle for determining 
the response property developed by a neuron to analyze an ensemble of input 
"scenes." In particular, the optimality of principal components analysis with respect to 
the accurate reconstruction of an input signal from a neuron's response is considered 
to be of questionable relevance. In general, it appears that a brain does much more 
than simply try to reproduce the input scenes received by its sensory units. Rather, 
some underlying "meaningful cues" or features are extracted so as to permit high-level 
interpretations of the inputs. We may therefore sharpen the question we raised at the 
beginning of this discussion and ask: How useful is principal components analysis for 
perceptual processing? 

Ambros-Ingerson et al. (1990) point out the significance of the algorithms set 
forth by Oja (1982) and Sanger (1989a) for principal components analysis (i.e., the 
Hebbian-inspired algorithms discussed in Sections 8.4 and 8.5) in a hierarchical cluster
ing algorithm. They put forward the hypothesis that hierarchical clustering may 
emerge as a fundamental property (at least in part) of memories based on long-term 
potentiation (LTP)-like synaptic modifications of the kind found in cOrlico-bulbar 
networks and circuitry of similar design in other regions of the brain, and which prop
erty may be used for recognizing environmental cues. The point is that self-organized 
principal components analysis may be significant in hierarchical clustering of learned 
cues in the cerebral cortex not because of its optimal reconstruction property, but 
rather by virtue of its intrinsic property of picking projections of clusters with good 
separations. 

Another interesting role for principal components analysis in perceptual pro
cessing appears in an approach to the shape-fram-shading problem, proposed in Atick 
et al. (1996). The problem may be stated as follows: How is the brain able to perceive 
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a three-dimensional shape from the shading patterns cast in a two-dimensional 
image? Atick et al. propose a hierarchical solution to the shape-from-shading prob
lem, consisting of two notions: 

1. The brain, through evolution or prior experience, has discovered that objects 
can be classified into lower-dimensional object classes with regard to their 
shape. This notion in effect builds on the fact that the cues the brain uses to 
extract a three-dimensional interpretation are well understood. 

2. In light of notion 1, the extraction of a shape from shading patterns is reduced to 
the much simpler problem of parameter estimation in a low-dimensional space. 

For example, the gross structure of a human head shape is invariably the same, in the 
sense that all people have noses representing protrusions, eye sockets representing 
depressions, and foreheads and cheeks representing flatter regions. This invariance 
suggests that any given face, expressed as r(6,1) in cylindrical coordinates, may be 
described as the sum of two components: 

r(6,1) = ro(6,1) + p(6,1) 

where ro(6,1) denotes a mean-head for a particular category of people (e.g., male 
adults or female adults), and p(6,/) denotes perturbations that capture the identity of a 
particular person. Typically, p(6,1) is small compared to ro(6,1). To represent p(6,1), 
Atick et al. use principal components analysis, whereby the fluctuations are repre
sented in terms of a set of eigenfunctions (i.e., the two-dimensional counterparts of 
eigenvectors). Results are presented in Atick et al. (1996), demonstrating the ability 
of the two-stage hierarchical approach to recover the three-dimensional surface for a 
given person from a single two-dimensional image of that person. 

NOTES AND REFERENCES 

1. Principal components analysis (peA) is perhaps the oldest and best known technique in 
multivariate analysis (Jolliffe, 1986; Preisendorfer, 1988). It was first introduced by 
Pearson (1901), who used it in a biological context to recast linear regression analysis 
into a new form. It was then developed by HateHing (1933) in work done on psychome
try. It appeared once again and quite independently in the setting of probability theory, 
as considered by Karhunen (1947): and was subsequently generalized by Loove (1963). 

2. The approaches taken by Ljung (1977) and Kushner and Clark (1978) for studying the 
dynamical behavior of a stochastic approximation algorithm reduce the problem to that 
of studying the dynamics of an associated differential equation. However, these two 
approaches are fundamentally different. Ljung's approach involves the use of a 
Lyapunov function, whereas the approach taken by Kushner and Clark involves a linear 
interpolation process and invokes the so-called Arzela-Ascoli theorem (Dunford and 
Schwartz, 1966). The approach by Kushner and Clark is followed in Diamantaras and 
Kung (1996) for studying the convergence of the Hebbian-based maximum eigenfilter. 
The conclusions reached therein are the same as those obtained using Ljung's approach. 

3. F6ldiak (1989) expanded the neural network configuration for principal components 
analysis by including anti-Hebbian feedback connections. The motivation for this modifica
tion was derived from some earlier work by Barlow and Foldiak (1989) on adaptation and 
decorrelation in the visual cortex; there it was argued that if the neurons interact according 
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PROBLEMS 

to an anti-Hcbbian rule, then the outputs of the neurons define a coordinate system in 
which there are no correlations even when the incoming signals have strong correlations. 

The usc of lateral inhibitions among the output neurons was also proposed by 
Rubncr and Tavan (1989) and Rubner and Schulten (1990). However. unlike the model 
proposed by F6ldiak, the lateral network considered by Rubner et a1. is not symmetri
cally connected. Rather, the lateral network is hierarchical, in that neuron i (say) inhibits 
all other neurons in the model except ror 1 ,2  . . . .  , i - I , where i :::: 1 ,2, . . . .  

The APEX model studied in  Kung and Diamantaras (1990) has the same network 
topology as that of the model due to Rubner et a1., but it uses Oja's single-neuron learn
ing rule (described in Section 8.4) for adjusting the synaptic weights in both the fcedfor
ward and lateral connections in the model. 

4. A rigorous proof of convergence of the APEX algorithm, with all the neurons tending to 
converge together, is given in Chen and Liu (1992). 

5. For a discussion of several neural models for principal components analysis and their 
comparison, see thc book by Diamantaras and Kung (1996). 

6. Nonlinear PCA methods. excluding kernel PCA, may be grouped into three classes 
(Diamantaras and Kung, 1996): 
• Hebbian nelworks, which are obtained by replacing the lin car neurons in Hebbian

based PCA algorithms with nonlinear neurons (Karhunen and 10utsensalo, 1995). 
• Repliealor networks or aafoeneoders, which are built around multilayer perceptrons: 

replica tor networks are discussed in Chapter 4. 

• Principal curves, which are bascd on an iterative estimation of a curve or surface cap
turing the structure of the data (Hastie and Stuetzle, 1989). In Ritter et al. (1992) and 
Cherkassky and Mulier (1995), it is pointed out that Kohonen's self-organizing map 
can be viewed as a computational procedure for finding a discrete approximation of 
principal curves; self-organizing maps are discussed in the next chapter. 

Hebbian-based maximum eigentilter 
8.1 For the matched filter considered in Example 8.2, the eigcnvaluc Al and associated eigen

vector qj are defined by 

qt = S 
Show that these parameters satisfy the basic relation 

Rqj = Ajql 
where R is the correlation matrix of the input vector X. 

8.2 Consider the maximum eigenfilter where the weight vector w(n) evolves in accordance 
with Eq. (8.46). Show that the variance of the filter output approaches Amax as n 
approaches infinity, where Amax is the largest eigenvalue of thc correlation matrix of the 
input vector. 

8.3 A1inor components analysis (MCA) is the opposite of principal components analysis. In 
MCA, we seek to find those directions that minimize the projection variance. The direc
tions so found are the eigenvectors corresponding to the smallest (minimum) eigenval
ues of the correlation matrix R of the input vcctor X(n). 
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In this problem we explore how to modify the single neuron of Section 8.4 so as to 
find the minor component of R. In particular, we make a change of sign in the learning 
rule of Eq. (8.40), obtaining (Xu et aI., 1992) 

wi(n + 1) � w,(n) - 'ly(n)[xi(n) - yen) w.cn)] 

Show that if the smallest eigenvalue of the correlation matrix R is Am with multiplicity 1, 
then 

where qm is the eigenvector associated with Am' 
Hebbian-based principal components analysis 

8,4 Construct a signal-flow graph to represent the vector-valued Eqs. (8.87) and (8.88). 
8.5 The ordinary differential equation approach to convergence analysis described in 

Section 8.4 does not apply directly to the generalized Hebbian-Iearning algorithm 
(GHA). However, by expressing the synaptic weight matrix Wen) in Eq. (8.91) as a vec
tor made up of the individual columns of W(n), we may interpret the update function 
h(',') in the usual way, then proceed to apply the asymptotic stability theorem. Hence, in 
light of what has been said here, explore the convergence theorem for the generalized 
Hebbian-learning algorithm. 

8.6 In this problem we explore the use of the generalized Hebbian algorithm to study two
dimensional receptive fields produced by a random input (Sanger, 1990). The random 
input consists of a two-dimensional field of independent Gaussian noise with zero mean 
and unit variance, which is convolved with a Gaussian mask (filter) and then multiplied 
by a Gaussian window. The Gaussian mask has a standard deviation of 2 pixels, and the 
Gaussian window has a standard deviation of 8 pixels. The resulting random input x(r, s) 
at position (r, s) may thus be written as follows: 

x(r, s) � mer, s)[g(r,s) * w(r, s)] 

where w(r, s) is the field of independent and identically distributed Gaussian noise,g(r, s) 
is the Gaussian mask, and mer, s) is the Gaussian window function. The circular convolu
tion of g(r, s) and w(r, s) is defined by 

N-J N-i 
g(r, s) * w(r, s) � � � g(p, q)w(r - p, s - q) 

p=O q=O 

where g(r, s) and w(r, s) are both assumed to be periodic. 
Use 2000 samples of the random input x(r, s) to train a single-layer feedforward net

work by means of the generalized Hebbian algorithm. The network has 4096 inputs 
arranged as a 64 X 64 grid of pixels, and 16 outputs. The resulting synaptic weights of the 
trained network are represented as 64 X 64 arrays of numbers. Perform the computa
tions described herein and display the 16 arrays of synaptic weights as two-dimensional 
masks. Comment on your results. 

8,7 Equation (8.113) defines the transformed version of the update equation (8.106) for 
computing the feedback weight vector 3j (n). The transformation is based on the defini
tion of the synaptic weight vector Wj (n) in terms of the m principal modes of the network 
given in Eq. (8.109). Derive Eq. (8.113). 
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8.8 Consider the system matrix of Eq. (8.116), represented by the signal-flow graph of Fig. 8.12 
which corresponds to 1 :s k ::s j - 1. 
(a) Formulate the characteristic equation of this 2 x 2 matrix. 
(b) Show that the matrix has a double eigenvalue. 
(e) Justify the statement that all the principal modes of the network have the same 

eigenvalue. 
8.9 The GHA uses forward connections only, whereas the APEX algorithm uses both for

ward and lateral connections. Yet despite these differences, the long-term convergence 
behavior of the APEX algorithm is in theory exactly the same as that of the GHA. Justify 
the validity of this statement. 

Kernel PCA 
8.10 Let Kij denote the centered counterpart of the ij-th element Kij of kernel matrix K. Show 

that (Schtilkopf, 1997) 
- I � T l � T K;j � Kij - IV ,-:f:;1 <P (xm)<P(Xj) - IV � <P (x,)<p(x") 

1 N N + N' �1 � <pT(xm)<P(x") 

Suggest a compact representation of this relation in matrix form. 
8.11 Show that the normalization of eigenvector €X of the kernel matrix K is equivalent to the 

requirement that Eq. (8.153) be satisfied. 
S.U Summarize the properties of kernel peA. 



Self-Organizing Maps 

9.1 INTRODUCTION 

In this chapter we continue our study of self-organizing systems by considering a spe
cial class of artificial neural networks known as self-organizing maps. These networks 
are based on competitive learning; the output neurons of the network compete among 
themselves to be activated or fired, with the result that only one output neuron, or one 
neuron per group, is on at any one time. An output neuron that wins the competition is 
called a winner-takes·all neuron or simply a winning neuron. One way of inducing a 
winner-takes-all competition among tbe output neurons is to use lateral inhibitory 
connections (i.e., negative feedback paths) between them; such an idea was originally 
proposed by Rosenblatt (1958). 

In a self-organizing map, the neurons are placed at the nodes of a lattice that is 
usually one- or two-dimensional. Higher-dimensional maps are also possible but not as 
common. The neurons become selectively tuned to various input patterns (stimuli) or 
classes of input patterns in the course of a competitive learning process. The locations 
of the neurons so tuned (i.e., the winning neurons) become ordered with respect to 
each other in such a way that a meaningful coordinate system for different input fea· 
tures is created over the lattice (Kohonen, 1990a). A self-organizing map is therefore 
characterized by the formation of a topographic map of the input patterns in which the 
spatial locations (i.e., coordinates) of the neurons in the lattice are indicative of intrinsic 
statistical features contained in the input patterns, hence the name "self-organizing map." 

As a neural model, the self-organizing map provides a bridge between two levels 
of adaptation: 

• Adaptation rules formulated at the microscopic \evel of a single neuron . 
• Formation of experimentally better and physically accessible patterns of feature 

selectivity at the microscopic level of neural layers. 

Because a self-organizing map is inherently nonlinear, it may thus be viewed as a non
linear generalization of principal components analysis (Ritter, 1995). 

The development of self-organizing maps as a neural model is motivated by a dis
tinct feature of the human brain: The brain is organized in many places in such a way 
that different sensory inputs are represented by topologically ordered computational 

443 
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maps. In particular, sensory inputs such as tactile (Kaas et aI., 1983), visual (Hubel and 
Wiesel, 1962, 1977), and acoustic (Suga, 1985) are mapped onto different areas of the 
cerebral cortex in a topologically ordered manner. Thus the computational map consti
tutes a basic building block in the information-processing infrastructure of the nervous 
system. A computational map is defined by an array of neurons representing slightly 
differently tuned processors or filters, which operate on the sensory information-bearing 
signals in parallel. Consequently, the neurons transform input signals into a place
coded probability distribution that represents the computed values of parameters by 
sites of maximum relative activity within the map (Knudsen et aI., 1987). The informa
tion so derived is of such a form that it can be readily accessed by higher-order proces
sors using relatively simple connection schemes. 

Organization of the Chapter 

The material presented in this chapter on computational maps is organized as follows. 
In Section 9.2 we describe two feature-mapping models, which in their own individual 
ways are able to explain or capture the essential features of computational maps in the 
brain. The two models differ from each other in the form of the inputs used. 

The rest of the chapter is devoted to detailed considerations of one of these mod
els, commonly referred to as a "self-organizing map" due to Kohonen (1982). In 
Section 9.3 we use neurobiological considerations to develop a mathematical formal
ism of Kohonen's model. A summary of the model is presented in Section 9.4. 
Important properties of the model are described in Section 9.5, which is followed by 
computer simulations in Section 9.6. The performance of the feature map may finally 
be fine-tuned through a supervised technique known as learning vector quantization; 
this technique is described in Section 9.7. Section 9.8 describes a computer experiment 
on adaptive pattern classification that combines the use of learning vector quantiza
tion and the self-organizing map. In Section 9.9 we describe hierarchical vector quanti
zation built around the self-organizing map for data compression. Section 9.10 
describes another application of the self-organizing map for building contextual maps 
that find applications in unsupervised categorization of phonemic classes from text, 
remote sensing, and data exploration. The chapter concludes with some final remarks 
in Section 9.12. 

9.2 TWO BASIC FEATURE-MAPPING MODELS 

Anyone who examines a human brain cannot help but be impressed by the extent to 
which the brain is dominated by the cerebral cortex. The brain is almost completely 
enveloped by the cerebral cortex, which obscures the other parts. For sheer complexity, 
the cerebral cortex probably exceeds any other known structure in the universe 
(Hubel and Wiesel, 1977). What is equally impressive is the way in which different sen
sory inputs (motor, somatosensory, visual, auditory, etc.) are mapped onto correspond
ing areas of the cerebral cortex in an orderly fashion; to appreciate this point, see the 
cytoarchitectural maps of the cerebral cortex in Fig. 2.4. The use of computational 
maps offers the following properties (Knudsen et aI., 1987): 
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• At each stage of representation, each incoming piece of information is kept in its 
proper context . 

• Neurons. dealing with closely related pieces of information, are close together so 
that they can interact via short synaptic connections. 

Our interest lies in building artificial topographic maps that learn through self
organization in a neurobiologically inspired manner. In this context. the one important 
point that emerges from the very brief discussion of computational maps in the brain is 
the principle of topographic map formation. which may be stated as (Kohonen, 1990a): 

The spatial location of an output neuron in a topographic map corresponds to a particular 
domain or feature of data drawn from the input space. 

This principle has provided the neurobiological motivation for two basically different 
feature-mapping models' described herein. 

Figure 9.1 displays the layout of the two models. In both cases the output neurons 
are arranged in a two-dimensional lattice. This kind of topology ensures that each neu
ron has a set of neighbors. The models differ from each other in the manner in which 
the input patterns are specified. 

neuron 

Activated 
neuron 

Winning 
neuron 

o 0 0 

o 0 0 0 

Two-dimensional array 
of postsynaptic neurons 

Bundle of synaptic 
connections. (There is a 
similar bundle of synaptic 
connections originating from 
other presynaptic neurons.) 

(a) Willshaw-von def Malsburg's model 

Input 

Two-dimensional array 
of postsynaptic neurons 

Bundle of synaptic 
connections. 

(b) Kohonen model 

FIGURE 9.1 Two self
organized feature maps. 
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The model of Fig. 9.1a was originally proposed by Willshaw and von der 
Malsburg (1976) on biological grounds to explain the problem of retinotopic mapping 
from the retina to the visual cortex (in higher vertebrates). Specifically. there are two 
separate two-dimensional lattices of neurons connected together. with one projecting 
onto the other. One lattice represents presynaptic (input) neurons, and the other lat
tice represents postsynaptic (output) neurons. The postsynaptic lattice uses a short
range excitatory mechanism as well as a long-range inhibitory mechanism. These two 
mechanisms are local in nature and critically important for self-organization. The two 
lattices are interconnected by modifiable synapses of a Hebbian type. Strictly speak
ing, therefore, the postsynaptic neurons are not winner takes all; rather, a threshold is 
used to ensure that only a few postsynaptic neurons will fire at any one time. 
Moreover, to prevent a steady buildup in the synaptic weights that may lead to net
work instability, the total weight associated with each postsynaptic neuron is limited by 
an upper boundary condition 2 Thus, for each neuron some synaptic weights increase 
while others decrease. The basic idea of the Willshaw-von der Malsburg model is for 
the geometric proximity of presynaptic neurons to be coded in the form of correlations 
in their electrical activity, and to use these correlations in the postsynaptic lattice so as 
to connect neighboring presynaptic neurons to neighboring postsynaptic neurons. A 
topologically ordered mapping is thereby produced by self-organization. Note, how
ever, that the Willshaw-von der Malsburg model is specialized to mapping where the 
input dimension is the same as the output dimension. 

The second model of Fig. 9.1b, introduced by Kohonen (1982), is not meant to 
explain neurobiological details. The model captures the essential features of computational 
maps in the brain and yet remains computationally tractable.' It appears that the Kohonen 
model is more general than the Willshaw-von der Malsburg model in the sense that it is 
capable of performing data compression (i.e., dimensionality reduction on the input). 

In reality, the Kohonen model belongs to the class of vector-coding algorithms. 
The model provides a topological mapping that optimally places a fixed number of 
vectors (i.e., code words) into a higher-dimensional input space, and thereby facilitates 
data compression. The Kohonen model may therefore be derived in two ways. We may 
use basic ideas of self-organization, motivated by neurobiological considerations, to 
derive the model, which is the traditional approach (Kohonen, 1982, 1990a, 1997a). 
Alternatively, we may use a vector quantization approach that uses a model involving 
an encoder and a decoder, which is motivated by communication-theoretic considera
tions (Luttrell, 1989b, 1991a). In this chapter we consider both approaches. 

The Kohonen model has received much more attention in the literature than the 
Willshaw-von der Malsburg model. It possesses certain properties discussed later in 
the chapter, which make it particularly interesting for understanding and modeling 
cortical maps in the brain. The remainder of the chapter is devoted to the derivation of 
the self-organiZing map, its basic properties and ramifications. 

9.3 SELF-ORGANIZING MAP 

The principal goal of the self-organizing map (SaM) is to transform an incoming sig
nal pattern of arbitrary dimension into a one- or two-dimensional discrete map, and to 
perform this transformation adaptively in a topologically ordered fashion. Figure 9.2 
shows the schematic diagram of a two-dimensional lattice of neurons commonly used 
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as the discrete map. Each neuron in the lattice is fully connected to all the source nodes 
in the input layer. This network represents a feedforward structure with a single com
putational layer consisting of neurons arranged in rows and columns. A one-dimensional 
lattice is a special case of the configuration depicted in Fig. 9.2: in this special case the 
computational layer consists simply of a single column or row of neurons. 

Each input pattern presented to the network typically consists of a localized 
region or "spot" of activity against a quiet background. The location and nature of such 
a spot usually varies from one realization of the input pattern to another. All the neu
rons in the network should therefore be exposed to a sufficient number of different 
realizations of the input pattern to ensure that the self-organization process has a 
chance to mature properly. 

The algorithm responsible for the formation of the self-organizing map proceeds 
first by initializing the synaptic weights in the network. This can be done by assigning 
them small values picked from a random number generator; in so doing, no prior order is 
imposed on the feature map. Once the network has been properly initialized, there are 
three essential processes involved in the formation of the self-organizing map, as sum
marized here: 

L Competition. For each input pattern, the neurons in the network compute their 
respective values of a discriminant function. This discriminant function provides 
the basis for competition among the neurons. The particular neuron with the 
largest value of discriminant function is declared winner of the competition. 

2. Cooperation. The winning neuron determines the spatial location of a topological 
neighborhood of excited neurons, thereby providing the basis for cooperation 
among such neighboring neurons. 
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3. Synaptic Adaptation. This last mechanism enables the excited neurons to increase 
their individual values of the discriminant function in relation to the input pat
tern through suitable adjustments applied to their synaptic weights. The adjust
ments made are such that the response of the winning neuron to the subsequent 
application of a similar input pattern is enhanced. 

The processes of competition and cooperation are in accordance with two of the 
four principles of self-organization described in Chapter 8. As for the principle of self
amplification. it comes in a modified form of Hebbian learning in the adaptive process. 
As explained in Chapter 8. the presence of redundancy in the input data (though not 
mentioned explicitly in describing the SOM algorithm) is needed for learning since it 
provides knowledge. Detailed descriptions of the processes of competition. coopera
tion. and synaptic adaptation are now presented. 

Competitive Process 

Let m denote the dimension of the input (data) space. Let an input pattern (vector) 
selected at random from the input space be denoted by 

(9.1) 
The synaptic weight vector of each neuron in the network has the same dimension as 
the input space. Let the synaptic weight vector of neUron j be denoted by 

j = 1 , 2, . . . , 1  (9.2) 

where 1 is the total number of neurons in the network. To find the best match of the 
input vector x with the synaptic weight vectors wj' compare the inner products wTx for 
j = 1 ,  2, . . .  , 1 and select the largest. This assumes that the same threshold is applied to 
all the neurons; the threshold is the negative of bias. Thus, by selecting the neuron with 
the largest inner product wTx. we will have in effect determined the location where the 
topological neighborhood of excited neurons is to be centered. 

From Chapter 1 we recall that the best matching criterion, based on maximizing 
the inner product wTx, is mathematically equivalent to minimizing the Euclidean dis
tance between the vectors x and wj ' If we use the index i(x) to identify the neuron that 
best matches the input vector x, we may then determine i(x) by applying the condition4 

i(x) = arg min Ilx - Wil l , j = 1 , 2  . . . .  , 1  
I 

(9.3) 

which sums up the essence of the competition process among the neurons. According 
to Eq. (9.3), i(x) is the subject of attention because we want the identity of neuron i. 
The particular neuron i that satisfies this condition is called the best-matching or win
ning neuron for the input vector x. Equation (9.3) leads to this observation: 

A continuou.� input space of activation patterns is mapped onto a discrete output space of 
neurons by a process of competition among the neurons in the network. 

Depending on the application of interest, the response of the network could be 
either the index of the winning neuron (i.e., its position in the lattice), or the synaptic 
weight vector that is closest to the input vector in a Euclidean sense. 
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Cooperative Process 

The winning neuron locates the center of a topological neighborhood of cooperating 
neuron& The key question is: How do we define a topological neighborhood that is 
neurobiologically correct? To answer this question, remember that there is neurobio
logical evidence for lateral interaction among a set of excited neurons. In particular, a 
neuron that is firing tends to excite the neurons in its immediate neighborhood more 
than those farther away from it, which is intuitively satisfying. This observation leads us 
to make the topological neighborhood around the winning neuron i decay smoothly 
with lateral distanceS (Lo et aI., 1991 ,  1993; Ritter et aI., 1992). To be specific, let hl•i 
denote the topological neighborhood centered on winning neuron i, and encompassing a 
set of excited (cooperating) neurons, a typical one of which is denoted by j. Let di,i 
denote the lateral distance between winning neuron i and excited neuron j. Then we 
may assume that the topological neighborhood hi.i is a unimodal function of the lateral 
distance dl•i, such that it satisfies two distinct requirements: 

• The topological neighborhood hi.i is symmetric about the maximum point defined 
by di,j = 0; in other words, it attains its maximum value at the winning neuron i for 
which the distance dj,i is zero. 

• The amplitude of the topological neighborhood hi.i decreases monotonically with 
increasing lateral distance dj,i' decaying to zero for dj,i -+ 00 ;  this is a necessary 
condition for convergence. 

A typical choice of hji that satisfies these requirements is the Gaussian function6 

h - ( d/i ) j,i(x) - exp -20"2 (9.4) 

which is translation invariant (i.e., independent of the location of the winning neuron). 
The parameter IT is the "effective width" of the topological neighborhood as illustrated 
in Fig. 9.3; it measures the degree to which excited neurons in the vicinity of the winning 
neuron participate in the learning process. In a qualitative sense, the Gaussian topolog
ical neighborhood of Eq. (9.4) is more biologically appropriate than a rectangular one. 

h J.' 1 .0 

-----"''-----------'0------''''"--- �,! 
FIGURE 9.3 Gaussian 
neighborhood function. 
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Its use also makes the SOM algorithm converge more quickly than a rectangular topo
logical neighborhood would (Lo et aI., 1991, 1993; Erwin et aI., 1992a). 

For cooperation among neighboring neurons to hold, it is necessary that topolog
ical neighborhood hM be dependent on latera! distance dj.i between winning neuron i 
and excited neuron j in the output space rather than on some distance measure in the 
original input space. This is precisely what we have in Eq. (9.4). In the case of a one
dimensional lattice, dj.i is an integer equal to Ij-il. On the other hand, in the case of a 
two-dimensional !attice it is defined by 

(9.5) 

where the discrete vector 'i defines the position of excited neuron j and 'i defines the 
discrete position of winning neuron i, both of which are measured in the discrete out
put space. 

Another unique feature of the SOM algorithm is that the size of the topological 
neighborhood shrinks with time. This requirement is satisfied by making the width a of 
the topologica! neighborhood function hi,i decrease with time. A popular choice for the 
dependence of a on discrete time n is the exponential decay described by (Ritter et aI., 
1992; Obermayer et aI., 1 991) 

a(n) = ao exp( -�) n = 0, 1 , 2, . . .  , (9.6) 

where aD is the value of a at the initiation of the SOM algorithm, and T) is a time con
stant. Correspondingly, the topological neighborhood assumes a time-varying form of 
its own, as shown by 

_ ( d/. ) hj,i l,j(n) - exp -2a2(n) , n = 0, 1 , 2, . . .  , (9.7) 

where a(n) is defined by Eq. (9.6). Thus, as time n (i.e., the number of iterations) 
increases, the width a(n) decreases at an exponential rate, and the topological neigh
borhood shrinks in a corresponding manner. Henceforth we will refer to hj.it,/n) as the 
neighborhood function. 

Another useful way of viewing the variation of the neighborhood function 
hj,it,j(n) around a winning neuron i(x) is as follows (Luttrell, 1989a). The purpose of a 
wide hlit'j(n) is essentially to correlate the directions of the weight updates of a large 
number of excited neurons in the lattice. As the width of hj.it,/n) is decreased, so is the 
number of neurons whose update directions are correlated. This phenomenon 
becomes particularly obvious when the training of a self-organizing map is played on a 
computer graphics screen. It is rather wasteful of computer resources to move a large 
number of degrees of freedom around a winning neuron in a correlated fashion, as in 
the standard SOM algorithm. Instead it is much better to use a renormalized SOM 
form of training, according to which we work with a much smaller number of normal
ized degrees of freedom. This operation is easily performed in discrete form by having a 
neighborhood function hj.it,j(n) of constant width, but gradually increasing the total 
number of neurons. The new neurons are inserted halfway between the old ones, and 
the smoothness properties of the SOM algorithm guarantee that the new ones join the 
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synaptic adaptation in a graceful manner (Luttrell, 1989a). A summary of the renor
malized SOM algorithm is presented in Problem 9.13. 

Adaptive Process 

Now we come to the last process, the synaptic adaptive process, in the self-organized 
formation of a feature map. For the network to be self-organizing, the synaptic weight 
vector Wj of neuron j in the network is required to change in relation to the input vec
tor l<. The question is how to make the change. In Hebb's postulate of learning, a synap
tic weight is increased with a simultaneous occurrence of presynaptic and postsynaptic 
activities. The use of such a rule is well suited for associative learning. For the type of 
unsupervised learning being considered here, however, the Hebbian hypothesis in its 
basic form is unsatisfactory for the following reason: Changes in connectivities occur in 
one direction only, which finally drive all the synaptic weights into saturation. To over
come this problem we modify the Hebbian hypothesis by including a forgetting term
g(Yj)wj, where Wj is the synaptic weight vector of neuron j and g(y) is some positive 
scalar function of the response Yj' The only requirement imposed on the function g(y) 
is that the constant term in the Taylor series expansion of g(y) be zero, so that we may 
write 

g(y) = 0 for Yj = 0 (9.8) 

The significance of this requirement will become apparent momentarily. Given such a 
function, we may then express the change to the weight vector of neuron j in the lattice 
as follows: 

(9.9) 

where 1] is the learning-rate parameter of the algorithm. The first term on the right -hand 
side of Eq. (9.9) is the Hebbian term and the second term is the forgetting term. To sat
isfy the requirement of Eg. (9.8), we choose a linear function for g(y), as shown by 

g(Yj) = 1]Yj 
We may further simplify Eq. (9.9) by setting 

Using Eqs. (9.10) and (9.11) in (9.9), we obtain 

I!.Wj = 'Tjhj.i(,)(l< - Wj) 

(9.10) 

(9.11) 

(9.12) 

Finally, using discrete-time formalism, given the synaptic weight vector w/n) of 
neuron j at time n, the updated weight vector w/n + 1 )  at time n + 1 is defined by 
(Kohonen, 1982; Ritter et aI., 1992; Kohonen, 1997a): 

(9.13) 

which is applied to all the neurons in the lattice that lie inside the topological neigh
borhood of winning neuron i. Equation (9.13) has the effect of moving the synaptic 
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weight vector w; of winning neuron i toward the input vector x. Upon repeated presen
tations of the training data, the synaptic weight vectors tend to follow the distribution 
of the input vectors due to the neighborhood updating. The algorithm therefore leads 
to a topological ordering of the feature map in the input space in the sense that neurons 
that are adjacent in the lattice will tend to have similar synaptic weight vectors. We 
have more to say on this issue in Section 9.5. 

Equation (9.13) is the desired formula for computing the synaptic weights of the 
feature map. In addition to this equation, however, we need the heuristic of Eq. (9.7) 
for selecting the neighborhood function hj,;(,)(n) and another heuristic for selecting the 
learning-rate parameter 1](n). 

The learning-rate parameter 1](n) should be time varying as indicated in Eq. (9.13), 
which is how it should be for stochastic approximation. In particular, it should start at 
an initial value 1]0' and then decrease gradually with increasing time n. This require
ment can be satisfied by choosing an exponential decay for 1](n) ,as shown by 

1](n) � 1]oexp( -�), n = 0, 1, 2, . . .  , (9. 14) 

where T2 is another time constant of the SOM algorithm. Even though the exponential 
decay formulas described in Eqs. (9.6) and (9. 14) for the width of the neighborhood 
function and the learning-rate parameter, respectively, may not be optimal, they are 
usually adequate for the formation of the feature map in a self-organized manner. 

Two Phases of the Adaptive Process: Ordering and Convergence 

Starting from an initial state of complete disorder, it is amazing how the SOM algo
rithm gradually leads to an organized representation of activation patterns drawn from 
the input space, provided that the parameters of the algorithm are selected properly. 
We may decompose the adaptation of the synaptic weights in the network, computed 
in accordance with Eq. (9.13), into two phases: an ordering or self-organizing phase fol
lowed by a convergence phase. These two phases of the adaptive process are described 
as follows (Kohonen, 1982, 1997a): 

1. Self-organizing or ordering phase. It is during this first phase of the adaptive 
process that the topological ordering of the weight vectors takes place. The 
ordering phase may take as many as 1000 iterations of the SOM algorithm, and 
possibly more. Careful considerations must be given to the choice of the learning
rate parameter and neighborhood function: 
• The learning-rate parameter 1](n) should begin with a value close to 0.1: there

after it should decrease gradually, but remain above 0.01. These desirable val
ues are satisfied by the following choices in the formula of Eq. (9.14): 

1]() � 0.1 

T2 � 1000 

• The neighborhood function hj,;{n) should initially include almost all neurons in 
the network centered on the winning neuron i, and then shrink slowly with time. 
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Specifically, during the ordering phase that may occupy 1000 iterations or 
more, hJn) is permitted to reduce to a small value of only a couple of neigh
boring neurons around a winning neuron or to the winning neuron by itself. 
Assuming the use of a two-dimensional lattice of neurons for the discrete map, 
we may thus set the initial size <To of the neighborhood function equal to the 
"radius" of the lattice. Correspondingly, we may set the time constant T] in the 
formula of Eq. (9.6) as follows: 

1000 
Tl = --10g<To 

2. Convergence phase. This second phase of the adaptive process is needed to fine 
tune the feature map and therefore provide an accurate statistical quantification 
of the input space. As a general rule, the number of iterations constituting the 
convergence phase must be at least 500 times the number of neurons in the net
work. Thus, the convergence phase may have to go on for thousands and possibly 
tens of thousands of iterations: 
• For good statistical accuracy, the learning parameter TJ(n) should be main

tained during the convergence phase at a small value, on the order of 0.01. In 
any event, it must not be allowed to decrease to zero; otherwise, it is possible 
for the network to get stuck in a metastable state. A metastable state belongs to 
a configuration of the feature map with a topOlogical defect. The exponential 
decay of Eq. (9.14) guarantees against the possibility of metastable states. 

• The neighborhood function hl.i(X) should contain only the nearest neighbors of 
a winning neuron, which may eventually reduce to one or zero neighboring 
neurons. 

9.4 SUMMARY OF THE SOM ALGORITHM 

The essence of Kohonen's SOM algorithm is that it substitutes a simple geometric 
computation for the more detailed properties of the Hebb-like rule and lateral interac
tions. The essential ingredients/parameters of the algorithm are: 

• A continuous input space of activation patterns that are generated in accordance 
with a certain probability distribution. 

• A topology of the network in the form of a lattice of neurons, which defines a dis
crete output space. 

• A time-varying neighborhood function hj.i(x)(n) that is defined around a wiuning 
neuron i(x). 

• A learning-rate parameter TJ(n) that starts at an initial value TJo and then decreases 
gradually with time, n, but never goes to zero. 

For the neighborhood function and learning-rate parameter, we may use Eqs. (9.7) and 
(9.14), respectively, for the ordering phase (i.e., the first thousand iterations or so). For 
good statistical accuracy, 'len) should be maintained at a small value (0.01 or less) dur
ing the convergence for a fairly long period of time, which is typically thousands of iter
ations. As for the neighborhood function, it should contain only the nearest neighbors 
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of the winning neuron at the start of the convergence phase, and may eventually shrink 
to one or zero neighburing neurons. 

There are three basic steps involved in the application of the algorithm after initial
ization: sampling, similarity matching, and updating. These three steps are repeated until 
formation of the feature map has completed. The algorithm is summarized as follows: 

1. Initialization. Choose random values for the initial weight vectors w/O). The only 
restriction here is that the w/O) be different for j = 1, 2, . . . , I, where I is the num
ber of neurons in the lattice. It may be desirable to keep the magnitude of the 
weights small. 

Another way of initalizing the algorithm is to select the weight vectors 
lw/O)}j� l from the available set of input vectors {x,},� 1 in a random manner. 

2_ Sampling. Draw a sample x from the input space with a certain probability; the 
vector x represents the activation pattern that is applied to the lattice. The dimen
sion of vector x is equal to m. 

3. Similarity Matching. Find the best-matching (winning) neuron i(x) at time step n 
by using the minimum-distance Euclidean criterion: 

i(x) = arg min I lx(n) - Wi l l . j = 1, 2, . . . , I 
I 

4. Updating. Adjust the synaptic weight vectors of all neurons by using the update 
formula 

win + 1) = win) + "l(n)hj. i(,)(n)(x(n) - win)) 
where "l(n) is the learning-rate parameter, and hii ('l(n) is the neighborhood func
tion centered around the winning neuron i(x); both "l(n) and hj.i(,)(Il) are varied 
dynamically during learning for best results. 

5. Continuation. Continue with step 2 until no noticeable changes in the feature map 
are observed. 

9.5 PROPERTIES OF THE FEATURE MAP 

Once the SOM algorithm has converged, the feature map computed by the algorithm 
displays important statistical characteristics of the input space. 

To begin with, let ::e denote a spatially continuous input (data) space. the topology of 
which is defined by the metric relationship of the vectors x E ::e. Let .91 denote a spa
tially discrete output space, the topology of which is endowed by arranging a set of neu
rons as the computation nodes of a lattice. Let <I> denote a nonlinear transformation 
called a feature map, which maps the input space ::e onto the output space .91, as shown by 

<I> : ::e  -> .91 (9.15) 

Equation (9.15) may be viewed as an abstraction of Eq. (9.3) that defines the location 
of a winning neuron i(x) developed in response to an input vector x. For example, in a 
neurobiological context, the input space ::e may represent the coordinate set of somato
sensory receptors distributed densely over the entire body surface. Correspondingly, 
the output space .91 represents the set of neurons located in that layer of the cerebral 
cortex to which the somatosensory receptors are confined. 
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Given an input vector x, the SOM algorithm proceeds by first identifying a best
matching or winning neuron i(x) in the output space 81, in accordance with the feature 
map <1>. The synaptic weight vector Wi of neuron i(x) may then be viewed as a pointer 
for that neuron into the input space se; that is, the synaptic elements of vector Wi may 
be viewed as the coordinates of the image of neuron i projected in the input space. 
These two operations are depicted in Fig. 9.4. 

The feature map <I> has some important properties: 

Property 1. Approximation of the Input Space. The feature map <1>, represented by 
the set of synaptic weight vectors {Wj} in the output space 81, provides a good approxima
tion to the input space 9? 

The basic aim of the SOM algorithm is to store a large set of input vectors x E se 
by finding a smaller set of prototypes Wj E 81, so as to provide a good approximation to 
the original input space se. The theoretical basis of the idea just described is rooted in 
vector quantization theory, the motivation for which is dimensionality reduction or data 
compression (Gersho and Gray, 1992). It is therefore appropriate to present a brief dis
cussion of this theory. 

Consider Fig. 9.5, where e(x) acts as an encoder of the input vector x and x'(e) acts 
as a decoder of c(x). The vector x is selected at random from a training sample (i.e., 
input space se), subject to an underlying probability density function fx(x). The opti
mum encoding-decoding scheme is determined by varying the functions c(x) and x' (c), 
so as to minimize the expected distortion defined by I f  00 D = 2: -00 dxfx(x)d(x, x') (9.16) 
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FIGURE 9.5 Encoder-decoder 
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where the factor 1/2 has been introduced for convenience of presentation, and d(x,x') 
is a distortion measure. The integration is performed over the entire input space '1£ 
assumed to be of dimensionality m. A popular choice for the distortion measure d(x,x') 
is the square of the Euclidean distance between the input vector x and the reconstruc
tion vector x'; that is, 

d(x, x') = Ilx - x'II' 
= (x - X')T(X - x') (9.17) 

Thus we may rewrite Eq. (9.16) as 

1 J" D = 2: -oc dX/x(x)llx - x'II' (9.18) 

The necessary conditions for the minimization of the expected distortion D are embod
ied in the generalized Lloyd algorithm' (Gersho and Gray, 1992). The conditions are 
twofold: 

Condition 1 .  Given the input vector x, choose the code c = e(x) to minimize the 
squared error distortion Ilx - x'(e)112 
Condition 2. Given the code e, compute the reconstruction vector x' = x'(e) as 
the centroid of those input vectors x that satisfy condition 1 .  

Condition 1 i s  recognized as a nearest-neighbor encoding rule. Conditions 1 and 2 imply 
that the average distortion D is stationary (i.e., at a local minimum) with respect to 
variations in the encoder c(x) and decoder x'(e), respectively. To implement vector 
quantization, the generalized Lloyd algorithm operates in a batch training mode. 
Basically, the algorithm consists of alternately optimizing the encoder c(x) in accor
dance with condition 1, and then optimizing the decoder x'(e) in accordance with con
dition 2 until the expected distortion D reaches a minimum. In order to overcome the 
local-minimum problem, it may be necessary to run the generalized Lloyd algorithm 
several times with different initial code vectors. 

The generalized Lloyd algorithm is closely related to the SOM algorithm, as 
shown in Luttrell (1989b). We may delineate the fonn of this relationship by consider
ing the scheme shown in Fig. 9.6, where we have introduced a signal-independent noise 
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decoder model. 

process v following the encoder e(x). The noise v is associated with a fictitious "com
munication channel" between the encoder and the decoder, the purpose of which is to 
account for the possibility that the output code e(x) may be distorted. On the basis of 
the model shown in Fig. 9.6, we may consider a modified form of expected distortion as 
follows: 

Dt � � roo dxfx(X) roo dV'IT(v)llx - x'(e(x) + v)II' (9.19) 

where 'IT ( v) is the probability density function (pdf) of the additive noise v, and the sec
ond integration is over all possible realizations of this noise. 

In accordance with the strategy described for the generalized Lloyd algorithm, 
there are two separate optimizations to be considered for the model of Fig. 9.6, one 
pertaining to the encoder and the other pertaining to the decoder. To find the optimum 
encoder for a given x, we need the partial derivative of the expected distortion mea
sure Dt with respect to the encoded vector e. Using Eq. (9.19), we thus obtain 

aDt 1 foo a I I  ' 1 1' 1 - � -fx(x) dv'IT(v)- X - X (c) <-« x)+v ae 2 -00 ae 
(9.20) 

To find the optimum decoder for a given e, we need the partial derivative of the 
expected distortion measure Dt with respect to the decoded vector x' (c). Using Eq. (9.19), 
we thus obtain 

a�
(
l
) 

� _ f 00 dXfx(x)'IT(e - e(x)) (x - x' (e)) 
ax c -CIO 

(9.21) 

Hence, in light of Eqs. (9.20) and (9.21), conditions 1 and 2 stated earlier for the gener
alized Lloyd algorithm must be modified as follows (Luttrell, 1989b): 

Condition 1. Given the input vector x, choose the code e � c(x) to minimize the 
distortion measure 

(9.22) 
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Condition II. Given the code e, compute the reconstruction vector x' ( c) to satisfy 
the condition 

x'(e) = 

LX" dX!X(X)7T( C - e(x))x 

f_"oodx!x(X)7T(e - e(x)) 
(9.23) 

Equation (9.23) is obtained by setting the partial derivative aDj/ax'(c) in Eq. (9.21) 
equal to zero and then solving for x'( c). 

The model described in Fig. 9.5 may be viewed as a special case of that shown in 
Fig. 9.6. In particular, if we set the probability density function 7T(V) of the noise v 
equal to a Dirac delta function 8(1'), conditions I and II reduce to conditions 1 and 2 
for the generalized Lloyd algorithm, respectively. 

To simplify condition I, we assume that 7T(V) is a smooth function of v. It may 
then be shown that, to a second-order of approximation, the distortion measure Dz 
defined in Eq. (9.22) consists of two components (Luttrell, 1989b): 

• The conventional distortion term, defined by the squared error distortion Ilx - x' (e)II' 
• A curvature term that arises from the noise model 7T(v) 

Assuming that the curvature term is small, condition I for the model of Fig. 9.6 may be 
approximated by condition I for the noiseless model of Fig. 9.5. This in turn reduces 
condition I to a nearest-neighbor encoding rule as before. 

As for condition II, we may realize it by using stochastic descent learning. In par
ticular, we choose input vectors x at random from the input space 2e using the factor 
Jdx!x(x), and update the reconstruction vector x'(c) as follows (Luttrell, 1989b): 

(9.24) 

where "l is the learning-rate parameter, and e(x) is the nearest-neighbor encoding 
approximation to condition 1. The update equation (9.24) is obtained by inspection of 
the partial derivative in Eq. (9.21). This update is applied to all e, for which we have 

7T(e - e(x)) > 0 (9.25) 

We may think of the gradient descent procedure described in Eq. (9.24) as a way of 
minimizing the distortion measure Dj of Eq. (9.19). That is, Eqs. (9.23) and (9.24) are 
essentially of the same type. except for the fact that (9.23) is batch and (9.24) is contin
uous (i.e., in flowthrough form). 

The update equation (9.24) is identical to the (continuous) SOM algorithm of 
Eq. (9.13), bearing in mind the correspondences listed in Table 9.1. Accordingly, we 
may state that the generalized Lloyd algorithm for vector quantization is the batch 
training version of the SOM algorithm with zero neighborhood size; for zero neighbor
hood, 7T(O) = 1 .  Note that in order to obtain the generalized Lloyd algorithm from the 
batch version of the SOM algorithm we do not need to make any approximations 
because the curvature terms (and all higher-order terms) make no contribution when 
the neighborhood has zero width. 
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TABLE 9.1 Correspondence between the SOM Algorithm and the 
Model of Fig. 9.6 

Encoding-Decoding 
Model of Fig. 9.6 

Encoder c(x) 
Reconstruction vector x'(c) 
Probability density function 'll"(c - c(x» 

SOM Algorithm 

Best-matching neuron i (x) 
Synaptic weight vector Wj 
Neighborhood function hj,i (X) 

The important points to note from the discussion presented here are: 

• The SOM algorithm is a vector quantization algorithm. which provides a good 
approximation to the input space i'f. This viewpoint provides another approach 
for deriving the SOM algorithm. as exemplified by Eq. (9.24) . 

• According to this viewpoint, the neighborhood function hJ)('l in the SOM algo
rithm has the form of a probability density function. In Luttrell (1991a), a zero
mean Gaussian model is considered appropriate for the noise v in the model of 
Fig. 9.6. We thus also have theoretical justification for adopting the Gaussian 
neighborhood function of Eq. (9.4). 

The batch SaM' is merely a rewrite of Eq. (9.23), with summations used to approximate 
the integrals in the numerator and denominator of the right-hand side of the equation. 
Note that in this version of the SOM algorithm the order in which the input patterns 
are presented to the network has no effect on the final form of the feature map, and 
there is no need for a learning-rate schedule. But the algorithm still requires the use of 
a neighborhood function. 

Property 2. Topological Ordering. The feature map <I> computed by the SaM algo
rithm is topologically ordered in the sense that the spatial location of a neuron in the lat
tice corresponds to a particular domain or feature of input patterns. 

The topological ordering property' is a direct consequence of the update equa
tion (9.13) that forces the synaptic weight vector w, of the winning neuron i(x) to move 
toward the input vector x. It also has the effect of moving the synaptic weight vectors 
Wi of the closest neurons j along with the winning neuron i(x). We may therefore visual
ize the feature map <I> as an elastic or virtual net with the topology of a one- or two
dimensional lattice as prescribed in the output space sa, and whose nodes have weights 
as coordinates in the input space i'f (Ritter, 1995). The overall aim of the algorithm may 
thus be stated as: 

Approximate the input space 7£ by pointers or prototypes in the form of synaptic Weight vec
tors Wj' in such a way that the feature map cI> provides a faithful representation of the impor
tant features that characterize the input vectors x E 2t' in terms of a certain criterion. 

The feature map <I> is usually displayed in the input space i'f. Specifically, all the point
ers (i.e., synaptic weight vectors) are shown as dots, and the pointers of neighboring 
neurons are connected with lines in accordance with the topology of the lattice. Thus, 
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by using a line to connect two pointers Wi and WI ' we are indicating that the corre
sponding neurons i and j are neighboring neurons in the lattice. 

Property 3, Density Matching. The feature map <I> reflects variations in the statistics of 
the input distribution: regions in the input space ge from which sample vectors x are 
drawn with a high probability of occurrence are mapped onto larger domains of the out
put space sIl, and therefore with better resolution than regions in :r from which sample 
vectors x are drawn with a low probability of occurrence. 

Let fx(x) denote the multidimensional pdf of the random input vector X. This 
pdf, integrated over the entire inpnt space :r, must equal unity, by definition: 

f!X(X)dX � 1 

Let m(x) denote the map magnification factor, defined as the number of neurons in a 
small volume dx of the input space :r. The magnification factor, integrated over the 
input space :r, must contain the total number I of neurons in the network, as shown by 

roc m(x)dx � I (9.26) 

For the SOM algorithm to match the input density exactly, we require that (Amari, 1980) 

m(x) x fx(x) (9.27) 

This property implies that if a particular region of the input space contains frequently 
occurring stimuli, it will be represented by a larger area in the feature map than a 
region of the input space where the stimuli occur less frequently. 

Generally in two-dimensional feature maps the magnification factor m(x) is not 
expressible as a simple function of the probability density function fx(x) of the input 
vector x. It is only in the case of a one-dimensional feature map that it is possible to 
derive such a relationship. For this special case we find that, contrary to earlier suppo
sition (Kohonen, 1982), the magnification factor m(x) is not proportional to fx(x). Two 
different results are reported in the literature, depending on the encoding method 
advocated: 

1. Minimum-distortion encoding, according to which the curvature terms and all 
higher-order terms in the distortion measure of Eq. (9.22) due to the noise model 
'IT(") are retained. This encoding method yields the result 

m(x) x f�' (x) (9.28) 

which is the same as the result obtained for the standard vector quantizer 
(Luttrell, 1991a). 

2. Nearest-neighbor encoding, which emerges if the curvature terms are ignored, as in 
the standard form of the SOM algorithm. This encoding method yields the result 
(Ritter, 1991) 

m(x) rye f�3 (x) (9.29) 



Section 9.6 Computer Simulations 461 

Our earlier statement that a cluster of frequently occurring input stimuli is represented 
by a larger area in the feature map still holds, albeit in a distorted version of the ideal 
condition described in Eq. (9.27). 

As a general rule (confirmed by computer simulations), the feature map com
puted by the SOM algorithm tends to overrepresent regions of low input density and 
to underrepresent regions of high input density. In other words, the SOM algorithm 
fails to provide a faithful representation of the probability distribution that underlies 
the input data.lO 

Property 4. Feature selection. Given data from an input space with a nonlinear distri
bution, the self-organizing map is able to select a set of best features for approximating 
the underlying distribution. 

This property is a natural cuhnination of Properties 1 through 3. It brings to mind 
the idea of principal components analysis that is discussed in the previous chapter, but 
with an important difference as illustrated in Fig. 9.7. In Fig. 9.7a we show a two
dimensional distribution of zero-mean data points resulting from a linear input-output 
mapping corrupted by additive noise. In such a situation, principal components analy
sis works perfectly fine: It tells us that the best description of the "linear" distribution 
in Fig. 9.7a is defined by a straight line (i.e., one-dimensional "hyperplane") that passes 
through the origin and runs parallel to the eigenvector associated with the largest 
eigenvalue of the correlation matrix of the data. Consider next the situation described 
in Fig. 9.7b, which is the result of a nonlinear input-output mapping corrupted by addi
tive noise of zero mean. In this second situation, it is impossible for a straight-line 
approximation computed from principal components analysis to provide an acceptable 
description of the data. On the other hand, the use of a self-organizing map built on a one
dimensional lattice of neurons is able to overcome this approximation problem by virtue 
of its topological-ordering property. This latter approximation is illustrated in Fig. 9.7b. 

In precise terms we may state that self-organizing feature maps provide a discrete 
approximation of the so-called principal curvd1 or principal surfaces (Hastie and 
Stuetzle, 1989), and may therefore be viewed as a nonlinear generalization of principal 
components analysis. 

9.6 COMPUTER SIMULATIONS 

Two-Dimensional Lattice Driven by a Two-Dimensional 
Distribution 

We illustrate the behavior of the SOM algorithm by using computer simulations 
to study a network with 100 neurons, arranged in the form of a two-dimensional 
lattice with 10 rows and 10 columns. The network is trained with a two-dimensional 
input vector x, whose elements Xl and x2 are uniformly distributed in the region 
{( -1 < Xl < + 1); (- 1  < x, < + 1)). To initialize the network the synaptic weights 
are chosen from a random set. 

Figure 9.8 shows three stages of training as the network learns to represent the 
input distribution. Figure 9.8a shows the uniform distribution of data used to train the 
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FIGURE 9.7 <a) Two
dimensional distribution 
produced by a linear 
input-output mapping. 
(b) Two-dimensional 
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mapping. 
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feature map. Figure 9.8b shows the initial values of the synaptic weights, randomly cho
sen. Figures 9.8c and 9.8d present the values of the synaptic weight vectors, plotted as 
dots in the input space, after completion of the ordering and convergence phases, 
respectively. The lines drawn in Fig. 9.8 connect neighboring neurons (across rows and 
columns) in the network. 

The results shown in Fig. 9.8 demonstrate the ordering phase and the conver
gence phase that characterize the learning process of the SOM algorithm. During the 
ordering phase the map unfolds to form a mesh, as shown in Fig. 9.8c. The neurons are 
mapped in the correct order at the end of this phase. During the convergence phase the 
map spreads out to fill the input space. At the end of this second phase, shown in Fig. 9.8d, 
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FIGURE 9.8 (a) Input data distribution. (b) Initial condition of the two-dimensional 
lattice. (c) Condition of the lattice at the end of the ordering phase. (d) Condition 
of the lattice at the end of the convergence phase. 

the statistical distribution of the neurons in the map approaches that of the input vec
tors, except for some edge effects. Comparing the final state of the feature map in Fig. 9.8d 
with the uniform distribution of the input in Fig. 9.8a, we see that the tuning of the map 
during the convergence phase has captured the local irregularities that can be seen in 
the input distribution. 

The topological ordering property of the SOM algorithm is well illustrated in 
Fig. 9.8d. In particular we observe that the algorithm (after convergence) captures the 
underlying topology of the uniform distribution at the input. In the computer simulations 
presented in Fig. 9.8, the input space 11: and output space st are both two-dimensional. 

One-Dimensional Lattice Driven by a Two-Dimensional 
Distribution 

We now examine the case when the dimension of the input space 11: is greater than the 
dimension of the output space st. In spite of this mismatch, the feature map <I> is often 
able to form a topological representation of the input distribution. Figure 9.9 shows 
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FIGURE 9.9 (a) Two-dimensional input data distribution. (b) Initial condition of 
the one-dimensional lattice. (c) Condition of the lattice at the end of the 
ordering phase. (d) Condition of the lattice at the end of the convergence phase. 

three different stages in the evolution of a feature map initialized as in Fig. 9.9b and 
trained with input data drawn from a uniform distribution inside a square as in Fig. 9.9a, 
but this time the computation is performed with a one-dimensional lattice of 100 neurons. 
Figures 9.9c and 9.9d show the feature map after the completion of the ordering and 
convergence phases, respectively. Here we see that the feature map computed by the 
algorithm is very distorted in order to fill the square as densely as possible and thereby 
provide a good approximation to the underlying topology of the two-dimensional 
input space 11:. The approximating curve shown in Fig. 9.9d resembles a Peono curve 
(Kohonen, 1990a).An operation of the kind exemplified by the feature map of Fig. 9.9, 
where an input space 11: is represented by projecting it onto a lower-dimensional out
put space .'ii, is referred to as dimensionality reduction. 

Parameter Specifications for the Simulations 

Figure 9.10 presents details of the variations of the neighborhood function hjn) and 
learning-rate parameter "l(n) with time (i.e., number of epochs) for the experiments 
involving a one-dimensional lattice. The neighborhood-function parameter <T(n), shown 
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FIGURE 9.10 (a) Exponential decay of neighborhood function parameter cr(n). (b) Expo
nential decay of learning-rate parameter '1(n). (c) Initial shape of the Gaussian neigh
borhood function. (d) Shape of the neighborhood function at the end of the ordering 
phase (i.e., beginning of the convergence phase). 

in Fig. 9.lOa, starts with an initial value <To � 18 and then shrinks to about 1 in 1000 iter
ations during the ordering phase. During that same phase, the learning-rate parameter 
'1(n) starts with an initial value '10 � 0.1 and then decreases to 0.037. Figure 9.lOc shows 
the initial Gaussian distribution of neurons around a winning neuron located at the 
midpoint of the one-dimensional lattice. Figure 9.lOd shows the shape of the neighbor
hood function at the end of tbe ordering phase. During the convergence phase the 
learning-rate parameter decreases linearly from 0.037 to 0.001 in 5000 iterations. 
During the same phase the neighborhood function decreases essentially to zero. 

The specifications of the ordering phase and convergence phase for the computer 
simulations in Fig. 9.8 involving the two-dimensional lattice are similar to those used 
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for the one-dimensional lattice, except for the fact that the neighborhood function is 
now two-dimensional. The parameter <T(n) starts at the initial value <To � 3 and then 
decreases to 0.75 in 1000 iterations. Figure 9.11 displays the initial value of the two
dimensional Gaussian neighborhood function hj,i for (To = 3 and a winning neuron cen
tered on the point (7.8) inside the two-dimensional lattice of 10 X 10 neurons. 

9.7 LEARNING VECTOR QUANTIZATION 

Vector quantization. discussed previously in Section 9.6, is a technique that exploits the 
underlying structure of input vectors for the purpose of data compression (Gersho and 
Gray. 1992). Specifically. an input space is divided into a number of distinct regions, and 
for each region a reconstruction vector is defined. When the quantizer is presented a 
new input vector, the region in which the vector lies is first determined, and is then rep
resented by the reproduction vector for that region. Thus. by using an encoded version 
of this reproduction vector for storage or transmission in place of the original input 
vector, considerable savings in storage or transmission bandwidth can be realized. at 
the expense of some distortion. The collection of possible reproduction vectors is 
called the code book of the quantizer, and its members are called code words. 

A vector quantizer with minimum encoding distortion is called a Voronoi or 
nearest-neighbor quantizer, since the Voronoi cells about a set of points in an input 
space correspond to a partition of that space according to the nearest-neighbor rule 
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based on the Euclidean metric (Gersho and Gray, 1992). Figure 9.12 shows an example 
of an input space divided into four Voronoi cells with their associated Voronoi vectors 
(i.e., reconstruction vectors). Each Voronoi cell contains those points of the input 
space that are the closest to the Voronoi vector among the totality of such points. 

The SOM algorithm provides an approximate method for computing the Voronoi 
vectors in an unsupervised manner, with the approximation being specified by the 
synaptic weight vectors of the neurons in the feature map; this is merely restating prop
erty 1 of the SOM algorithm discussed in Section 9.6. Computation of the feature map 
may therefore be viewed as the first of two stages for adaptively solving a pattern classi
fication problem, as depicted in Fig. 9.13. The second stage is provided by learning vec
tor quantization, which provides a mechanism for the final fine tuning of a feature map. 

Learning vector quantization 12 (LVQ) is a supervised learning technique that uses 
class information to move the Voronoi vectors slightly, so as to improve the quality of 
the classifier decision regions. An input vector x is picked at random from the input 
space. If the class labels of the input vector x and a Voronoi vector w agree, the Voronoi 
vector w is moved in the direction of the input vector x. If, on the other hand, the class 
labels of the input vector x and the Voronoi vector w disagree, the Voronoi vector w is 
moved away from the input vector x. 
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FIGURE 9.12 Voronoi 
diagram involving four cells. 
(Adapted from R.M Gray, 
1 984, with permission of 
IEEE.) 
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FIGURE 9.13 Block diagram of adaptive pattern class
ification, using a self-organizing feature map and learn
ing vector quantizer. 
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Let {wAJ= ! denote the set ofVoronoi vectors, and let {XJ�= l  denote the set of input 
(observation) vectors. We assume that there are many more input vectors than Voronoi 
vectors, which is typically the case in practice. The learning vector quantization (LVQ) 
algorithm proceeds as follows: 

(i) Suppose that the Voronoi vector w, is the closest to the input vector Xi' Let '£W. 
denote the class associated with the Voronoi vector We and '£,. denote the class 
label of the input vector Xi' The Voronoi vector w, is adjusted as follows: 

• If '£w, � '£", then 

w,(n + 1) � wJn) + a,,[xi - wJn)] (9.30) 
where 0 < an < 1 .  

• If, on the other hand, 't:w, '" '£", then 

wJn + 1) � wJn) - a,,[xi - wJn)] 
(ii) The other Voronoi vectors are not modified. 

(9.31 ) 

It is desirable for the learning constant an to decrease monotonically with the 
number of iterations n. For example, a" may initially be about 0.1 or smaller, and then 
decrease linearly with n. After several passes through the input data, the Voronoi vec
tors typically converge, and the training is complete. However, difflculties may be 
experienced if the method is applied without proper care. 

9.8 COMPUTER EXPERIMENT: ADAPTIVE PATIERN CLASSIFICATION 

In pattern classification, the first and most important step is feature selection (extrac
tion), which is ordinarily performed in an unsupervised manner. The objective of this 
first step is to select a reasonably small set of features, in which the essential informa
tion content of the input data (to be classified) is concentrated. The self-organizing 
map, by virtue of property 4 discussed in Section 9.5, is well suited for the task of fea
ture selection, particularly if the input data are generated by a nonlinear process. 

The second step in pattern classification is the actual classification. where the fea
tures selected from the input data are assigned to individual classes. Although a self
organizing map is equipped to perform the role of classification too, the recommended 
procedure for best performance is to accompany it with a supervised learning scheme 
for the second stage of classification. The combination of a self-organizing map and a 
supervised learning scheme forms the basis of an adaptive pattern classification that is 
hybrid in nature. 

Such a hybrid approach to pattern classification may take different forms, 
depending on how the supervised learning scheme is implemented. One simple 
scheme is to use a learning vector quantizer, which is described in the previous section. 
We thus have the two-stage adaptive pattern classifier shown in Fig. 9.13. 

In this experiment we revisit the classification of overlapping two-dimensional, 
Gaussian-distributed patterns labeled I (class '£1) and labeled 2 (class '£2)' which was 
first described in Chapter 4 involving the use of a multilayer perceptron trained with 
the back-propagation algorithm. The scatter plots for the data used in the experiment 
are shown in Fig. 4.13. 
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FIGURE 9.14 (a) Self-organizing map after labeling. (b) Decision 
boundary constructed by the feature map of part a. (c) Labeled 
map after learning-vector quantization. (d) Decision boundary 
constructed by the feature map of part c. 

Figure 9.14a shows the two-dimensional feature map of 5 X 5 neurons after 
training with the SaM algorithm is complete. The feature map has been labeled, with 
each neuron assigned to one class or the other depending on how it responds to test 
data drawn from the input distribution. Figure 9.14b shows the decision boundary real
ized by the feature map operating on its own. 

Figure 9.14c shows the modified feature map after it was tuned in a supervised 
manner using LVQ. Figure 9.14d shows the decision boundary produced by the com
bined action of the SaM and LVQ algorithms. Comparing these two figures with their 
counterparts shown in Figs. 9.14a and 9. 14b, we see, in a qualitative manner, the benefi
cial effect obtained by using the LVQ. 

Table 9.2 presents a summary of the classification performances of the feature 
map on its own and the feature map working together with the learning vector quan
tizer. The results presented here were obtained on 10 independent trials of the experi
ment, with each experiment involving the use of 30,000 patterns as test data. On each 
trial of the experiment there was an improvement in classification performance due to 
the use of LVQ. The average classification performance for the feature map on its own 



470 Chapter 9 Self-Organizing Maps 

TABLE 9.2 Summary of Classification Performances 
(Percentage) for the Computer Experiment 
on Overlapping Two-Dimensional Gaussian 
Distribution Using 5 x 5 Lattice 

Cascade combination of 
Feature map feature map and learning 

Trial on its own vector quantizer 

1 79.05 80.18 
2 79.79 80.56 
3 79.41 81.17 
4 79.38 79.84 
5 80JO 80.43 
6 79.55 80.36 
7 79.79 80.86 
8 78.48 80.21 
9 80.00 80.51 

10 80.32 81.06 
Average 79.61 % 80.52% 

is 79.61 percent. and for the combination of the feature map and the learning vector 
quantizer is 80.52 percent. which represents an improvement of 0.91 percent over the 
feature map on its own. For a frame of reference. we recall that the performance of the 
optimum Bayes classifier for this experiment is 81.51 percent. 

9.9 HIERARCHICAL VECTOR QUANTIZATION 

In discussing property 1 of the self-organizing feature map in Section 9.6, we pointed 
out that it is closely related to the generalized Lloyd algorithm for vector quantization. 
Vector quantization is a form of lossy data compression. lossy in the sense that some 
information contained in the input data is lost as a result of the compression. Data 
compression is rooted in a branch of Shannon's information theory known as rate dis
tortion theory (Cover and Thomas. 1991 ) .  For the purpose of our present discussion 
dealing with hierarchical vector quantization. it is appropriate to begin by stating the 
following fundamental result of rate distortion theory (Gray. 1984): 

Better data compression performance can always be achieved by coding vectors instead of 
scalars, even if the source of data is memoryless (e.g., it provides a sequence of indepen
dent random variables), or if the data compression system has memory (i.e., the action of 
an encoder depends on past encoder inputs or outputs). 

This fundamental result underlies the extensive research effort that has been devoted 
to vector quantization (Gersho and Gray. 1 992). 

However, conventional vector quantization algorithms require a prohibitive 
amount of computation, which has hindered their practical use. The most time consum
ing part of vector quantization is the encoding operation. For encoding, the input vec
tor must be compared with each code vector in the code book in order to determine 
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which particular code yields the minimum distortion. For a code book containing N 
code vectors, for example, the time taken for encoding is on the order of N, which can 
therefore be large for large N. In Luttrell (1989a), a multistage hierarchical vector quan
tizer is described that trades off accuracy for speed of encoding. This scheme is not sim
ply the standard tree search of a code book; it is genuinely new. The multistage 
hierarchical vector quantizer attempts to factorize the overall vector quantization into 
a number of suboperations, each of which requires very little computation. Desirably, 
the factorization is reduced to a single table look-up per suboperation. By clever use of 
the SOM algorithm to train each stage of the quantizer, the loss in accuracy can be 
small (as low as a fraction of a decibel), while the gain in speed of computation is large. 

Consider two vector quantizers VQI and VQ" with VQl feeding its output into 
VQ,. The output from VQ, is the final encoded version of the original input signal 
applied to VQl. In performing its quantization, it is inevitable for VQ, to discard some 
information. As far as VQI is concerned, the sole effect of VQ, is therefore to distort 
the information output by VQl. It thus appears that the appropriate training method 
for VQI is the SOM algorithm, which accounts for the signal distortion induced by VQ, 
(Luttrell, 1989a). In order to use the generalized Lloyd algorithm to train VQ, we need 
only assume that the output ofVQ, is not corrupted before we do the reconstruction. 
Then we do not need to introduce any noise model (at the output ofVQ,) with its asso
ciated finite width neighborhood function. 

We can generalize this heuristic argument to a multistage vector quantizer. Each 
stage must be designed to account for the distortion induced by all subsequent stages, and 
model it as noise. To do so, the SOM algorithm is used to train all the stages of the quan
tizer, except for the last stage for which the generalized Lloyd algorithm is adequate. 

Hierarchical vector quantization is a special case of multistage vector quantiza
tion (Luttrell, 1989a). As an illustration, consider the quantization of 4 X 1 input vector 

In Fig. 9.15a we show a single-stage vector quantizer for x. Alternatively, we may use a 
two-stage hierarchical vector quantizer as depicted in Fig. 9.15b. The significant differ
ence between these two schemes is that the input dimension of the quantizer in Fig. 9.15a 
is four, whereas for the quantizer in Fig. 9.15b it is two. Accordingly, the quantizer of 
Fig. 9.15b requires a look-up table of smaller size, and is therefore simpler to implement 
than that of Fig. 9.15a. This is the advantage of a hierarchical quantizer over a conven
tional quantizer. 

Luttrell (1989a) has demonstrated the performance of a multistage hierarchical 
vector quantizer applied to various stochastic time series, with little loss in encoding 
accuracy. In Fig. 9.16 we have reproduced Luttrell's results for the case of a correlated 
Gaussian noise process generated using a first-order autoregressive (AR) model: 

x(n + 1)  � px(n) + v(n) (9.32) 

where p is the AR coefficient and the v(n) are independent and identically distributed 
(iid) Gaussian random variables of zero mean and unit variance. Hence we may show 
that x(n) is characterized as follows: 

E[x(n)] � 0 (9.33) 
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FIGURE 9.15 (a) Single-stage 
vector quantizer with four
dimensional input. (b) Two
stage hierarchical vector 
quantizer using two-input 
vector quantizers. (From S.P. 
Luttrell. 1989a, British Crown 
copyright.) 
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FIGURE 9.16 Two-stage encoding/decoding results for correlated Gaussian noise input. 
Correlation coefficient p � 0.85. (From S.P.Luttrell, 1989a, British Crown copyright.) 
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1 
E[x2(nl] = --

1 - p2 
E[x(n + l)x(n)] 

= p 
E[x2(n)] 

(9.34) 

(9.35) 

Thus p may also be viewed as the correlation coefficient of the time series {x(n»). To ini
tiate the generation of the time series according to Eq. (9.32). a Gaussian random vari
able of zero mean and variance 1/(1 - p2) was used for x(O), and the value p = 0.85 was 
used for the correlation coefficient. 

For the vector quantization a hierarchical encoder with a four-dimensional input 
space, like the binary tree of Fig. 9.15b, was used. For the AR time series {x(n»), transla
tional symmetry implies that only two distinct look-up tables are needed. The size of 
each table depends exponentially on the number of input bits, and linearly on the num
ber of output bits. During training, a large number of bits is needed to represent num
bers for a correct computation of the updates described in Eq. (9.24); so the look-up 
tables are not used during training. Once training is complete, however, the number of 
bits may be reduced to their normal level, and the table entries filled in as required. 
For the encoder shown in Fig. 9.15b, the input samples were approximated by using 
four bits per sample. For all stages of the encoder, N ( = 17) code vectors were used, so 
the number of output bits from each lookup table was approximately four, too. Thus 
the address space size of both the first stage and second stage look -up tables is 256 
(= 2 4+4), which means that the overall memory requirements for representing the 
tables are modest. 

Figure 9.16 shows the encoding-decoding results obtained with x(n) as the input. 
The lower half of Fig. 9.16a shows the code vectors for each of the two stages as a curve 
embedded in a two-dimensional input space; the upper half of Fig. 9.16a presents esti
mates of the corresponding co-occurrence matrices using 16 X 16 bins. Figure 9.16b 
presents, as fragments of the time series, the following: 

• The code vector computed by the first encoder stage 
• The reconstruction vector computed by the second stage that minimizes the 

mean-squares distortion, while keeping all other variables fixed 

Figure 9.16c presents 512 samples of both the original time series (top curve) and its 
reconstruction (bottom curve) from the output of the last encoder stage; the horizontal 
scale in Fig. 9.16c is half that in Fig. 9.16b. Finally, Fig. 9.16d presents a co-occurrence 
matrix created from a pair of samples: an original time series sample and its corre
sponding reconstruction. The width of the band in Fig. 9.16d indicates the extent of the 
distortion produced by the hierarchical vector quantization. 

Examining the waveforms in Fig. 9.16c, we see that the reconstruction is a good 
representation of the original time series, except for some positive and negative peaks 
that were clipped. According to Luttrell (1989a), the normalized mean-squared distor
tion was computed as 0.15, which is almost as good (0.05 dB loss) as the 8.8 dB 
obtained with a single-stage four-sample block encoder using one bit per sample 
(Jayant and Noll, 1984). 
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9.10 CONTEXTUAL MAPS 

There are two fundamentally different ways of visualizing a self-organizing feature 
map. In one method of visualization the feature map is viewed as an elastic net with the 
synaptic weight vectors treated as pointers for the respective neurons, which are 
directed into the input space. This method of visualization is particularly useful for dis
playing the topological ordering property of the SOM algorithm, as illustrated by the 
results of computer simulation experiments presented in Section 9.6. 

In the second method of visualization, class labels are assigned to neurons in a two
dimensional lattice (representing the output layer of the network), depending on how 
each test pattern (not seen before) excites a particular neuron in the self-organized net
work. As a result of this second stage of stimulation, the neurons in the two-dimensional 
lattice are partitioned into a number of coherent regions, coherent in the sense that 
each grouping of neurons represents a distinct set of contiguous symbols or labels 
(Ritter and Kohonen, 1989). This assumes that the right conditions have been followed 
for the development of a well-ordered feature map in the first place. 

Consider, for example, the set of data given in Table 9.3, which pertains to a num
ber of different animals. Each column of the table is a schematic description of an ani
mal, based on the presence (� 1 )  or absence (�  0) of some of the 13 different attributes 
given on the left. Some attributes such as "feathers" and "two legs" are correlated, 
while many of the other attributes are uncorrelated. For each animal given at the top 
of the table we have an attribute code x" made up of 13 elements. The animal is itself 
specified by a symbol code x" the composition of which must not convey any informa
tion or known similarities between the animals. For the example at hand, Xs consists of 
a column vector whose kth element, representing animal k � 1 , 2, . . .  , 16, is given a fixed 
value of a; the remaining elements are all set equal to zero. The parameter a deter-

TABLE 9.3 Animal Names and Their Attributes 

" " -'" " " � -" 00 � � � � 00 � > � u 0 � "5b � OJ) � " � .0 � 0 " � 0 � � &: 0 ;e Oil 0 0 " 0 Animal A � A 0 0 � o;l A u � ;J � N U { small 1 1 I 1 1 1 a a a a 1 0 0 0 0 0 
is medium 0 0 0 0 0 0 1 1 1 I a 0 0 0 0 0 

big 0 0 0 0 0 0 a 0 0 0 0 1 1 1 1 

2 legs 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 
4 legs 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 

has hair 0 0 0 0 a 0 0 1 1 1 1 1 I 1 1 
hooves 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 
mane 0 0 0 0 0 0 0 0 0 1 a 0 1 1 1 0 

feathers I 1 1 1 1 1 0 0 0 0 0 0 0 0 0 

( hunt 0 0 0 0 1 I I 1 0 1 1 1 1 a 0 0 
likes run 0 0 0 0 0 0 0 a I 1 0 1 1 1 1 0 

to fly 1 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 
swim 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 
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mines the relative influence of the symbol code compared to the attribute code. To 
make sure that the attribute code is the dominant one, a is chosen equal to 0.2. The 
input vector x for each animal is a vector of 29 elements, representing a concatenation 
of the attribute code x, and the symbol code x" as shown by 

Finally, each data vector is normalized to unit length. The patterns of the data set thus 
generated are presented to a two-dimensional lattice of 10 X 10 neurons, and the synap
tic weights of the neurons are adjusted in accordance with the SOM algorithm summa
rized in Section 9.4. The training is continued for 2000 iterations, whereafter the feature 
map should have reached a steady state. Next, a test pattern defined by x = [x" O] T con
taining the symbol code of only one of the animals, is presented to the self-organized 
network and the neuron with the strongest response is identified. This is repeated for all 
16 animals. 

Proceeding in the manner just described, we obtain the map shown in Fig. 9.17, 
where the labeled neurons represent those with the strongest responses to their respec
tive test patterns; the dots represent neurons with weaker responses. 

Figure 9.18 shows the result of "simulated electrode penetration mapping" for 
the same self-organized network. This time, however, each neuron in the network has 
been marked by the particular animal for which it produces the best response. Figure 9.18 
clearly shows that the feature map has essentially captured the "family relationships" 
among the 16 different animals. There are three distinct clusters, one representing 
"birds," a second representing "peaceful specie�" and the third representing animals 
that are "hunters." 

A feature map of the type illustrated in Fig. 9.18 is referred to as a contextual map 
or semantic map (Ritter and Kohonen, 1989; Kohonen, 1997a). Such a map resembles 
cortical maps (i.e., the computational maps formed in the cerebral cortex) that are 
discussed briefly in Section 9.2. Contextual maps, resulting from the use of the SOM 
algorithm, find applications in such diverse fields as unsupervised categorization of 
phonemic classes from text, remote sensing (Kohonen, 1997a), and data exploration or 
data mining (Kohonen, 1997b). 

dog fox cat eagle 

owl 

tiger 

wolf hawk 

lion 

dove 

horse hen 

cow goose 

zebra duck 

FIGURE 9.17 Feature map containing labeled neurons with 
strongest responses to their respective inputs. 
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dog dog fox fox fox cat cat cat eagle eagle 

dog dog fox fox fox cat cat cat eagle eagle 

wolf wolf wolf fox cat tiger tiger tiger owl owl 

wolf wolf lion lion lion tiger tiger tiger hawk hawk 

wolf wolf lion lion lion tiger tiger tiger hawk hawk 

wolf wolf lion lion lion owl dove hawk dove dove 

horse horse lion lion lion dove hen hen dove dove 

horse horse zebra cow cow cow hen hen dove dove 

zebra zebra zebra cow cow cow hen hen duck goose 

zebra zebra zebra cow cow cow duck duck duck goose 

FIGURE 9.18 Semantic map obtained through the use of 
simulated electrode penetration mapping. The map is divided into 
three regions representing: birds, peaceful species, and hunters. 

SUMMARY AND DISCUSSION 

The self-organizing map due to Kohonen (1982) is an ingenious neural network built 
around a one- or two-dimensional lattice of neurons for capturing the important fea
tures contained in an input (data) space of interest. In so doing, it provides a structural 
representation of the input data by the neurons' weight vectors as prototypes. The 
SOM algorithm is neurobiologically inspired, incorporating all the mechanisms that 
are basic to self-organization: competition, cooperation, and self-amplification that are 
discussed in Chapter 8. It may therefore serve as a generic though degenerate model 
for describing the emergence of collective ordering phenomena in complex systems 
after starting from total disorder. 

The self-organizing map may also be viewed as a vector quantizer, thereby pro
viding a principled approach for deriving the update rule used to adjust the weight vec
tors (Luttrell, 1989b). This latter approach clearly emphasizes the role of the 
neighborhood function as a probability density function. 

It should, however, be emphasized that this latter approach, based on the use of 
average distribution Dj in Eq. (9.19) as the cost function to be minimized, can be justi
fied only when the feature map is already well ordered. In Erwin et al. (1992b), it is 
shown that the learning dynamics of a self-organizing map during the ordering phase 
of the adaptive process (i.e., during the topological ordering of a feature map that is 
initially highly disordered) cannot be described by a stochastic gradient descent on a 
single cost function. But in the case of a one-dimensional lattice, it may be described 
using a set of cost functions, one for each neuron in the network, which are indepen
dently minimized following a stochastic gradient descent. 

What is astonishing about Kohonen's SOM algorithm is that it is so simple to 
implement, yet mathematically so difficult to analyze its properties in a general setting. 
Some fairly powerful methods have been used to analyze it by several investigators, 
but they have only produced results of limited applicability. In Cottrell et al. (1997), a 
survey of results on theoretical aspects of the SOM algorithm is given. In particular, a 
recent result due to Forte and Pages (1995, 1997) is highlighted, and states that in the 
case of a one-dimensional lattice we have a rigorous proof of the "almost sure" conver
gence of the SOM algorithm to a unique state after completion of the self-organization 
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phase. This important result has been shown to bold for a general class of neighbor
hood functions. However, the same cannot be said in a multidimensional setting. 

One final point of enquiry is in order. With the self-organizing feature map 
being inspired by ideas derived from cortical maps in the brain, it seems natural to 
enquire whether such a model could actually explain the formation of cortical maps. 
Erwin et al. (1995) have performed such an investigation. They have shown that the 
self-organizing feature map is able to explain the formation of computational maps in 
the primary visual cortex of the macaque monkey. The input space used in this study 
has five dimensions: two dimensions for representing the position of a receptive field 
in retinotopic space, and the remaining three dimensions for representing orientation 
preference, orientation selectivity, and ocular dominance. The cortical surface is 
divided into small patches that are considered as computational units (i.e., artificial 
neurons) of a two-dimensional square lattice. Under certain assumptions, it is shown 
that Hebbian learning leads to spatial patterns of orientation and ocular dominance 
that are remarkably similar to those found in the macaque monkey. 

NOTES AND REFERENCES 

1. The two feature-mapping models of Fig. 9.1 were inspired by the pioneering self-organizing 
studies of von def Malsburg (1973), who noted that a model of the visual cortex could not 
be entirely genetically predetermined; rather, a self-organizing process involving synaptic 
learning may be responsible for the local ordering of feature-sensitive cortical cells. 
However, global topographic ordering was not achieved in von der Malsburg's model 
because the model used a fixed (small) neighborhood. The computer simulation by von der 
Malsburg was perhaps the first to demonstrate self-organization. 

2. Amari (1980) relaxes this restriction on the synaptic weights of the postsynaptic neurons 
somewhat. The mathematical analysis presented by Amari elucidates the dynamical sta
bility of a cortical map formed by self-organization. 

3. Neurobiological feasibility of the self-organizing map (SOM) is discussed in Kohonen 
(1993, 1997a). 

4. The competitive learning rule described in Eq. (9.3) was first introduced into the neural 
network literature in Grossberg (1969b). 

5. In the original form of the SOM algorithm derived by Kohonen (1982), the topological 
neighborhood is assumed to have a constant amplitude. Let dj,i denote the lateral distance 
between winning neuron i and excited neuron j inside the neighborhood function. The 
topological neighborhood for the case of a one-dimensional lattice is thus defined by {1 ,  

hj, i  = 0, 
-K � dj.i � K  

otherwise (1) 

where 2K is the overall size of the one-dimensional neighborhood of excited neurons. 
Contrary to neurobiological considerations, the implication of the model described in 
Eq. ( 1 )  is that all the neurons located inside the topological neighborhood fire at the 
same rate, and the interaction among those neurons is independent of their lateral dis
tance from the winning neuron i. 

6. In Erwin et a1. (1992b), it is shown that metastable states, representing topological 
defects in the configuration of a feature map, arise when the SOM algorithm uses a 
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neighborhood function that is not convex. A Gaussian function is convex, whereas a 
rectangular function is not. A broad, convex neighborhood function such as a broad 
Gaussian, leads to relatively shorter topological ordering times than a nonconvex one 
(e.g., rectangular) due to the absence of metastable states. 

7. In the communications and information theory literature, an early method known as the 
Lloyd algorithm was proposed for scalar quantization. The algorithm was first described 
by Lloyd in an unpublished 1957 report at Bell Laboratories (Lloyd, 1957), then much 
later appeared in published form (Lloyd, 1982), The Lloyd algorithm is also sometimes 
referred to as the "Max quantizer," The generalized Lloyd algorithm (GLA) for vector 
quantization is a direct generalization of Lloyd's original algorithm. The generalized 
Lloyd algorithm is sometimes referred to as the k-means algorithm after McQueen (1967) 
who used it as a tool for statistical clustering. It is also sometimes referred to in data com
pression literature as the LBG algorithm after Linde et al. (1980). For a historical account 
of the Lloyd algorithm and generalized Lloyd algorithm, see Gersho and Gray (1992), 

8. In Kohonen (1993), experimental results are presented showing that the batch version of 
the SOM algorithm is faster than its on-line version. However, the adaptive capability of 
the SOM algorithm is lost in using the batch version. 

9. The topological property of a self-organizing map may be assessed quantitavely in differ
ent ways. One such quantitative measure,called the topographiC product, is described in 
Bauer and Pawelzik (1992), which may be used to compare the faithful behavior of dif
ferent feature maps pertaining to different dimensionalities. However, the measure is 
quantitative only when the dimension of the lattice matches that of the input space. 

10_ The inability of the SOM algorithm to provide a faithful representation of the distribu
tion that underlies the input data has prompted modifications to the algorithm and the 
development of new self-organizing algorithms that are faithful to the input. 

Tho types of modifications to the SOM algorithm have been reported in the literature: 
(i) Modification to the competitive process. In DeSieno (1988), a form of memory is used 

to track the cumulative activities of individual neurons in the lattice. Specifically, a 
"conscience" mechanism is added to bias the competitive learning process of the 
SOM algorithm. This is done in such a way that each neuron, regardless of its loca
tion in the lattice, has the chance to win competition with a probability close to the 
ideal of 1/1, where I is the total number of neurons. A description of the SOM algo
rithm with conscience is presented in Problem 9.8. 

(ii) Modification to the adaptive process. In this second approach, the update rule for 
adjusting the weight vector of each neuron under the neighborhood function is 
modified to control the magnification properties of the feature map. In Bauer et a1. 
(1996), it is shown that through the addition of an adjustable step-size parameter to 
the update rule, it is possible for the feature map to provide a faithful representation 
of the input distribution. Lin et at (1997) follow a similar path by introducing two 
modifications to the SOM algorithm: 
• The update rule is modified to extract direct dependence on the input vector x 

and weight vector Wj of neuron j in question. 
• The Voronoi partition is replaced with an equivariant partition designed specially 

for separable input distributions. 
This second modification enables the SOM algorithm to perform blind source sepa
ration. (Blind source separation is briefly discussed in Chapter 1, and is discussed in 
greater detail in Chapter 10.) 

The modifications mentioned build on the standard SOM algorithm in one form or 
another, In Linsker (1989b), a completely different approach is taken. Specifically, a 
global learning rule for topographic map formation is derived by maximizing the mutual 
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information between the output signal and the signal part of the input corrupted by addi
tive noise. (The notion of mutual information, rooted in Shannon's information theory, is 
discussed in Chapter 10.) Linsker's model yields a distribution of neurons that matches 
the input distribution exactly. The use of an information-theoretic approach to topographic 
map formation in a self-organized manner is also pursued in Van Hulle (1996, 1997). 

11. The relationship between the SOM algorithm and principal curves is discussed in Ritter 
et al. (1992) and Cherkassky and Mulier (1995). The algorithm for finding a principal 
curve consists of two steps (Hastie and Stuetzl, 1989): 
1. Projection. For each data point, find its nearest projection or closest point on the curve. 
2. Conditional exceptation. Apply scatter plot smoothing to the projected values along 

the length of the curve. The recommended procedure is to start the smoothing with a 
large span and then decrease it gradually. 

These two steps are similar to the vector quantization and neighborhood annealing per� 
formed in the SOM algorithm. 

12. The idea of learning vector quantization was originated by Kohonen in 1986; three ver� 
sions of this algorithm are described in Kohonen (1990b; 1997a). The version of the algo� 
rithm discussed in Section 9.7 is the first version of learning vector quantization, referred 
to as LVQl by Kohonen. 

PROBLEMS 

The learning vector quantization algorithm is a stochastic approximation algo� 
rithm. Baras and LaVigna (1990) discuss the convergence properties of the algorithm 
using the ordinary differential equation (ODE) approach that is described in Chapter 8. 

SOM algorithm 
9.1 The function g(y) denotes a nonlinear function of the response Yj' which is used in the 

SOM algorithm as described in Eq. (9.9). Discuss the implication of what could happen if 
the constant term in the Taylor series of g(y) is nonzero. 

9.2 Assume that 'iT(v) is a smooth function of the noise v in the model of Fig. 9.6. Using a 
Taylor expansion of the distortion measure of Eq. (9.19), determine the curvature term 
that arises from the noise model 1T(V). 

9.3 It is sometimes said that the SOM algorithm preserves the topological relationships that 
exist in the input space. Strictly speaking, this property can be guaranteed only for an 
input space of equal or lower dimensionality than that of the neural lattice. Discuss the 
validity of this statement. 

9.4 It is said that the SOM algorithm based on competitive learning lacks any tolerance 
against hardware failure, yet the algorithm is error tolerant in that a small perturbation 
applied to the input vector causes the output to jump from the winning neuron to a 
neighboring one. Discuss the implications of these two statements. 

9.5 Consider the batch version of the SOM algorithm obtained by expressing Eq. (9.23) in its 
discrete form, as shown by 

j � 1. 2, . . . .  1 

Show that this version of the SOM algorithm can be expressed in a form similar to the 
Nadaraya-Watson regression estimator (Cherkassky and Mulier, 1995); this estimator is 
discussed in Chapter 5. 
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Learning vector quantization 
9.6 In this problem we consider the optimized form of the learning vector quantization algo� 

rithm of Section 9.7 (Kohonen, 1997a). We wish to arrange for the effects of the correc
tions to the Voronoi vectors, made at different times, to have equal influence when 
referring to the end of the learning period. 
(a) First, show that Eqs. (9.30) and (9.31 ) may be integrated into a single equation, as 

follows: 

where 

s � { +  1 
" - 1  

if the classification is correct 
if the classification is wrong 

(b) Hence, show that the optimization criterion described at the beginning of the prob
lem is satisfied if 

which yields the optimized value of the learning constant an as 

9.7 The update rules for both the maximum eigenfiltcr discussed in Chapter 8 and the self
organizing map employ modifications of Hebb's postulate of learning. Compare these 
two modifications, highlighting the differences and similarities between them. 

9.8 The conscience algorithm is a modification of the SOM algorithm, which forces the den
sity matching to be exact (DeSieno, 1988). In the conscience algorithm, summarized in 
Table P9.8, each neuron keeps track of how many times it has won the competition (i.e., 
how many times its synaptic weight vector has been the neuron closest to the input vec
tor in Euclidean distance). The notion used here is that if a neuron wins too often, it 
"feels guilty" and therefore pulls itself out of the competition. 

To investigate the improvement produced in density matching by the use of the con
science algorithm, consider a one-dimensional lattice (i.e., linear array) made up of 20 
neurons, which is trained with the linear input density plotted in Fig. P9.8. 
(a) Using computer simulations, compare the density matching produced by the con

science algorithm with that produced by the SOM algorithm. For the SOM algorithm 
use 11 = 0.05 and for the conscience algorithm use B = 0.0001, C = 1.0,and 11 = 0.05. 

(b) As frames of reference for this comparison, include the "exact" match to the input 
density. 

Discuss the results of your computer simulations. 
Computer experiments 

9.9 In this experiment we use computer simulations to investigate the SOM algorithm 
applied to a one-dimensional lattice with a two-dimensional input. The lattice consists of 
65 neurons. The inputs consist of random points uniformly distributed inside the triangu
lar area shown in Fig. P9.9. Compute the map produced by the SOM algorithm after 0, 
20, 100, 1000, 10,000, and 25,000 iterations. 

9.10 Consider a two-dimensional lattice of neurons trained with a three-dimensional input 
distribution. The lattice consists of 10 x 10 neurons. 
(a) The input is uniformly distributed in a thin volume defined by 

1(0 < Xl < I). (0 < X2 < 1 ), (0 < X3 < 0.2)) 
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Use the SOM algorithm to compute a two-dimensional projection of the input space 
after 50, 1000, and 10,000 iterations of the algorithm. 

(b) Repeat your computations for the case when the input is uniformly distributed 
inside a wider parallelpiped volume defined by 

{CO < Xl < 1), (0 < X2 < 1), (0 < X3 < OA)} 

TABLE P9.8 Summary of the Conscience Algorithm 

1. Find the synaptic weight vector Wi closest to the input vector x: 

Ilx - wil l � minllx - w;iL j � 1, 2, " "  N J 

2. Keep a running total of the fraction of time, Pj' that neuron j wins the competition: 

pt" = ptd +B(Yj - Pjld) 

where 0 < B � 1 and 
if neuron j is the winning neuron 
otherwise 

The Pi are initialized to zero at the beginning of the algorithm. 
3. Find the new winning neuron using the conscience mechanism 

Ilx - will � minCllx - Wjll - bj) 
J 

where bj is a bias term introduced to mOdify the competition; it is defined by 

bj � c(� - Pi) 
where C is a bias factor and N is the total number of neurons in the network. 

4. Update the synaptic weight vector of the winning neuron: 

where 1") is the usual learning-rate parameter used in the SOM algorithm. 

2.0 

0.0 
-1.0 

FIGURE P9.S 

1.0 
---L--------�--------�-- X l o 

FIGURE P9.9 
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(c) Repeat your computations one more time for the case when the input is uniformly 
distributed inside a cube defined by 

{CO < XI < 1), (0 < X, < 1), (0 < X3 < l)} 

Discuss the implications of the results of your computer simulations. 
9.11 A problem that occasionally arises in the application of the SOM algorithm is the failure 

of topological ordering by creating a "folded" map. This problem arises when the neigh
borhood size is permitted to decay too rapidly. The creation of a folded map may be 
viewed as some form of a "local minimum" of the topological ordering process. 

To investigate this phenomenon, consider a two-dimensional lattice of 10 X 20 neu
rons trained on a two-dimensional input unifonnly distributed inside the square 
{( -1 < XI < + 1), (- 1 < X2 < + l)}. Compute the map produced by the SOM algo
rithm, permitting the neighborhood function around the winning neuron to decay much 
faster than that normally used. You may have to repeat the experiment several times in 
order to see a failure of the ordering process. 

9.12 The topological ordering property of the SOM algorithm may be used to form an 
abstract two-dimensional representation of a high-dimensional input space. To investi
gate this form of a representation, consider a two-dimensional lattice consisting of 
10 X 10 neurons that is trained with an input consisting of four Gaussian clouds, '£1' Cf62, 
Cf53, and '£4' in an eight-dimensional input space. All the clouds have unit variance but dif
ferent centers. The centers are located at the points (0, 0, 0, . . .  , 0), (4, 0,0, . . .  , 0), 
(4, 4, 0, . . .  , 0) ,  and (0,4,0, . . .  , 0) .  Compute the map produced by the SOM algorithm, 
with each neuron in the map being labeled with the particular class most represented by 
the input points around it. 

9.13 Table P9.13 presents a summary of the renormalized SOM algorithm; a brief description 
of the algorithm is given in Section 9.3. Compare the conventional and renormalized 
SOM algorithms, keeping in mind the following two issues: 
1. The coding complexity involved in algorithmic implementation. 
2. The computer time taken to do the training. 
Illustrate the comparison between these two algorithms using data drawn from a uniform 
distribution inside a square and the following two network configurations: 
(a) One-dimensional lattice of 257 neurons. 
(b) One-dimensional lattice of 2049 neurons. 
In both cases, start with an initial number of code vectors equal to two. 

9.14 Consider the signal-space diagram shown in Fig. P9.14 corresponding to M-ary pulse
amplitUde modulation (PAM) with M = 8. The signal points correspond to Gray-encoded 
data blocks. Each signal point is represented by a rectangular pulse signal with appropri
ate amplitude scaling: 

7 5 3 1 p(t) � + - + - + - + - - 2' - 2' - 2' - 2' o :s;; t :S;; T 

where T is the signaling intervaL At the receiver input, white Gaussian noise of zero 
mean is added to the transmitted signal with varying signal-to-noise ratio (SNR). The 
SNR is defined as the ratio of the "average" transmitted signal power to the average 
noise power. 
(a) Using a random binary sequence as the transmitter input, generate data representing 

the received signal for SNR = 10, 20, and 30 dB. 
(b) For each of these SNRs, set up a self-organizing feature map. For typical values you 

may use: 
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• Input vector made up of eight elements obtained by sampling the received signal 
at a rate equal to eight times the signaling rate (Le., 8 samples per signaling inter
val). Do not assume knowledge of timing information . 

• One-dimensional lattice of 64 neurons (i.e., eight times the size of the input vector). 
(c) Display the feature maps for each of the three SNRs, and thereby demonstrate the 

topological ordering property of the SOM algorithm. 

TABLE P9.13 Summary of Renormalized Training Algorithm (One-Dimensional 
Version) 

1. Initialization. Set the number of code vectors to be some small number (e,g., use two for 
simplicity or some other value more representative of the problem at hand). Initialize 
their positions to be those of a corresponding number of training vectors chosen 
randomly from the training set. 

2. Selection of an input vector. Choose an input vector randomly from the training set. 
3. Encoding of the input vector. Determine the "winning" code vector (i.e., the synaptic 

weight vector of the winning neuron). To do this, use either the "nearest neighbor" or 
the "minimum distortion" encoding prescription as required. 

4. Updating of the code book. Do the usual "winner and its topological neighbors" update. 
You may find it sufficient to keep the learning-rate parameter 11 fixed (0.125, say) and to 
update the winning neuron using 'TI, and its nearest neighbors using 'TI/2, for example. 

5. Splitting of the code book.' Continue with the code book update (step 4), each time using a 
new input vector chosen randomly from the training set, until the number of code book 
updates is about 10--30 times the number of code vectors. When this number is reached, 
the code book has probably settled down, and it is time to split the code book. You may 
do so by taking the Peano string of code vectors that you have and interpolate their 
positions to generate a finer grained approximation to the Peano string; you may simply 
put an extra code vector halfway between each two existing code vectors. 

6. Completion of training. The code book update and the code book splitting are continued 
until the total number of code vectors has reached some predetermined value (e.g., 100), 
at which time the training is all over. 

"The splitting of the code book approximately doubles the number of code vectors after each epoch, so it does not 
take too many epochs to get to any prescribed number of code vectors. 

Code 000 001 01 1 01 0 1 10 1 1 1  101 1 00 

Pulse 7 5 3 I +" +' +2 +� amplitUde 
" " " " 2 2 2 
• • • • • • • • 

Midpoint 
FIGURE P9.14 
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Models 

10.1 INTRODUCTION 

484 

In a classic paper published in 1948. Claude Shannon laid down the foundations of 
information theory. Shannon's original work on information theory, I and its refine
ment by other researchers, was in direct response to the need for electrical engineers to 
design communication systems that are both efficient and reliable. In spite of its practi
cal origins, information theory as we know it today is a deep mathematical theory con
cerned with the very essence of the communication process. The theory provides a 
framework for the study of fundamental issues such as the efficiency of information 
representation and the limitations involved in the reliable transmission of information 
over a communication channel. Moreover, the theory encompasses a multitude of 
powerful theorems for computing ideal bounds on the optimum representation and 
transmission of information-bearing signals. These bounds are important because they 
provide benchmarks for the improved design of information processing systems. 

The main purpose of this chapter is to discuss information-theoretic models that 
lead to self-organization in a principled manner. In this context, a model that deserves 
special mention is the maximum mutual information principle 2 due to Linsker ( 1988). 
This principle states that the synaptic connections of a multilayered neural network 
develop in such a way as to maximize the amount of information that is preserved when 
signals are transformed at each processing stage of the network, subject to certain con
straints. The idea that information theory may offer an explanation for perceptual pro
cessing is not new.3 For instance, we may mention an early paper by Attneave (1954), in 
which the following information-theoretic function is proposed for the perceptual system: 

A major function of the perceptual machinery is to strip away some of the redundancy of 
stimulation, to describe or encode information in a form more economical than that in 
which it impinges on the receptors. 

The main idea behind Attneave's paper is the recognition that encoding of data from a 
scene for the purpose of redundancy reduction is related to the identification of spe-
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cific features in the scene. This important insight is related to a view of the brain 
described in Craik (1943). where a model of the external world is constructed so as to 
incorporate the regularities and constraints of the world. 

Organization of the Chapter 

The main body of the chapter is organized in two parts. The first part. consisting of 
Sections 10.2 through 10.5, provides a review of the fundamentals of information the
ory. In Section 10.2 we discuss the concept of entropy as a quantitative measure of 
information, which leads naturally to the maximum entropy principle discussed in 
Section 10.3. Next, in Section lOA we discuss the concept of mutual information and its 
properties, followed by a discussion of the Kullback-Leibler divergence in Section 10.5. 

The second part of the chapter, consisting of Sections 10.6 through 10.14, deals 
with information-theoretic models for self-organizing systems. Section 10.6 high
lights mutual information as an objective function to be optimized. The principle of 
maximum mutual information is discussed in Section 10.7, which is followed by a dis
cussion of the relationship between this principle and that of redundancy reduction 
in Section 10.8. Sections 10.9 and 10.10 deal with two variants of the principle of 
maximum mutual information that are suitable for different applications in image 
processing. Sections 10.11 to 10.14 present three different methods for solving the 
blind source separation problem. 

The chapter concludes with some final remarks in Section 10.15. 

10.2 ENTROPY 

Following the terminology commonly used in probability theory, we use an uppercase 
letter to denote a random variable, and the corresponding lowercase letter to denote 
the value of the random variable. 

Consider then a random variable X, each realization (presentation) of which may 
be regarded as a message. Strictly speaking, if the random variable X is continuous in 
its amplitude range, then it carries an infinite amount of information. However, on 
physical and biological grounds we recognize that it is meaningless to think in terms of 
amplitude measurements with infinite precision, which suggests that the value of X 
may be uniformly quantized into a finite number of discrete levels. Accordingly, we 
may view X as a discrete random variable, modeled as follows: 

X = (x, l k  = 0, :+: 1, . . . .  :+: Kl (10.1 ) 

where x, is a discrete number and (2K + 1 )  is the total number of discrete levels. The 
separation ox between the discrete levels is assumed to be small enough for the model 
of Eq. (10.1) to provide an adequate representation for the variable of interest. We 
may, of course, pass to the continuum limit by letting ox approach zero and K approach 
infinity, in which case we have a continuous random variable and (as we will see later 
in the section) sums become integrals. 

To co�he model. let the event X = x, occur with probability 

p, = P(X = x,) (10.2) 
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with the requirement that 
K 

and L Pk = 1 (10.3) 
k=-K 

Suppose that the event X = xk occurs with probability Pk = 1. which therefore 
requires that Pi = 0 for all i '" k. In such a situation there is no "surprise" and therefore 
no "information" conveyed by the occurrence of the event X = xk, since we know what 
the message must be. If, on the other hand, the various discrete levels were to occur 
with different probabilities and, in particular, the probability Pk is low, then there is 
more "surprise" and therefore "information" when X takes the value xk rather than 
another value Xi with higher probability Pi' i '" k. Thus the words "uncertainty," "sur
prise," and "information" are all related. Before the occurrence of the event X = xk' 
there is an amount of uncertainty. When the event X = xk occurs, there is an amount of 
surprise. After the occurrence of the event X = xk• there is an increase in the amount 
of information. These three amounts are obviously the same. Moreover, the amount of 
information is related to the inverse of the probability of occurrence. 

We define the amount of information gained after observing the event X = Xk 
with probability Pk as the logarithmic function 

l(xk) = log (;J = - logpk (10.4) 

where the base of the logarithm is arbitrary. When the natural logarithm is used the 
units for information are nats, and when the base 2 logarithm is used the units are bits. 
In any case, the definition of information given in Eq. (10.4) exhibits the following 
properties: 

2. 

3. 

l(x.) = 0 (10.5) 
Obviously, if we are absolutely certain of the outcome of an event, there is no 
information gained by its occurrence. 

(10.6) 
That is, the occurrence of an event X = xk either provides some or no informa
tion, but it never results in a loss of information. 

l(x.) > l(x,) for Pk < Pi (10.7) 
That is, the less probable an event is, the more information we gain through its 
occurrence. 

The amount of information l(xk) is a discrete random variable with probability Pk' 
The mean value of l(xk) over the complete range of 2K + 1 discrete values is given by 

H(X) = E[l(xk)] 
K 

= L PkI(xk) k=-K 
K 

- L Pk logpk 
k=-K 

(10.8) 
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The quantity H(X) is called the entropy of a random variable X permitted to take a 
finite set of discrete values; it is so called in recognition of the analogy between the def
inition given in Eq. (10.8) and that of entropy in statistical thermodynamics. 4 The 
entropy H(X) is a measure of the average amount of information conveyed per mes
sage. Note, however, that the X in H(X) is not an argument of a function but rather a 
label for a random variable. Note also that in the definition of Eq. (10.8) we take 0 log 0 
to be O. 

The entropy H(X) is bounded as follows: 

o ,;; H(X) ,;; log (2K + 1) (10.9) 

where (2K + 1) is the total number of discrete levels. Furthermore, we may make the 
following statements: 

1. H(X) = 0 if and only if the probability p, = 1 for some k, and the remaining 
probabilities in the set are all zero; this lower bound on entropy corresponds to 
no uncertainty. 

2, H(X) = log2(2K + 1), if and only if Pk = 1/(2K + 1) for all k (i.e., all the dis
crete levels are equiprobable); this upper bound on entropy corresponds to max
imum uncertainty. 

The proof of property 2 follows from the following lemma (Gray, 1990): 

Given any two probability distributions {p,} and {q.) for a discrete random variable X, then 

� Pklog(P') '" 0 
k qk 

which is satisfied with equality if and only if q, = Pk for all k. 

(10.10) 

The quantity used in this lemma is of such fundamental importance that we 
pause to recast it in a form suitable for use in the study of stochastic systems. Let Px(x) 
and qx(x) denote the probabilities that random variable X is in state x under two dif
ferent operating conditions. The relative entropy or Kullback-Leibler divergence (dis
tance) between the two probability mass functions Px(x) and qx(x) is defined by 
(Kullback, 1968; Gray, 1990; Cover and Thomas, 1991) 

"" (px(x)) Dpllq = £oJ px(x) log �) xE:f qX\x 
(10.11) 

where the sum is over all possible states of the system (Le., the alphabet 21: of the dis
crete random variable X). The probability mass function qx(x) plays the role of a refer
ence measure. 

Differential Entropy of Continuous Random Variables 

The discussion of information-theoretic concepts has thus far involved ensembles of 
random variables that are discrete in their amplitude values. We now extend some of 
these concepts to continuous random variables. 
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Consider a continuous random variable X with the probability density function 
fx(x). By analogy with the entropy of a discrete random variable, we introduce the fol
lowing definition: 

heX) = -fJx(x) log fx(X) dx 
(10.12) 

= -E[ logfAx)] 
We refer to heX) as the differential entropy of X to distinguish it from the ordinary or 
absolute entropy. We do so in recognition of the fact that although heX) is a useful 
mathematical quantity to know, it is not in any sense a measure of the randomness of X. 

We justify the use of Eq. (10.12) as follows. We begin by viewing the continuous 
random variable X as the limiting form of a discrete random variable that assumes the 
value x, = k ox, where k = 0, :':1,  :':2, . . .  , and ox approaches zero. By definition, the 
continuous random variable X assumes a value in the interval [x" x, + ox] with proba
bility fx(x,) ox. Hence, permitting ox to approach zero, the ordinary entropy of the con
tinuous random variable X may be written in the limit as 

oc 

H(X) = - lim � fAx,) ox log (fx(x,) ox) 
OX---->O k=-co 

= - lim [ i fx(x,)( logfx(x,» ox + logox i fx(x,) ox ] OX---->O k=-oo k= -·00 

= - f" fx(x) 10gfAx) dx - lim log ox f" fx(x) dx 
_. b� _oo 

= heX) - lim logox 
QX---->O 

(1O.l3) 

where in the last line we have made use of Eq. (1O.l2) and the fact that the total area 
under the curve of the probability density function fAx ) is unity. In the limit as ox 
approaches zero, -log ox approaches infinity. This means that the entropy of a continu
ous random variable is infinitely large. Intuitively, we would expect this to be true 
because a continuous random variable may assume a value anywhere in the open 
interval (- 00, 00) and the uncertainty associated with the variable is on the order of 
infinity. We avoid the problem associated with the term log ox by adopting heX) as a 
differential entropy, with the term -log ox serving as a reference. Moreover, since the 
information processed by a stochastic system as an entity of interest is actually the dif
ference between two entropy terms that have a common reference, the information 
will be the same as the difference between the corresponding differential entropy 
terms. We are therefore perfectly justified in using the term heX), defined in Eq. (lO.13), 
as the differential entropy of the continuous random variable X. 

When we have a continuous random vector X consisting of n random variables 
Xl' X" . . .  , Xn, we define the differential entropy of X as the n-fold integral 

heX) = - fJx(x) log fx(x) dx 
(10.14) 

= - E[ logfx(x)] 
where fx(x) is the joint probability density function of X. 
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Example 1 0.1  U niform Distribution 

Consider a random variable X uniformly distributed inside the interval [0, 1]. as shown by {I for O S X :5 1  fx(x) = 0 otherwise 

By applying Eq. (10.12), we find that the differential entropy of X is 

heX) = - f. 1 . log ld.x 

= -[ l . O dX 

= 0 
The entropy of X is therefore zero. 

Properties of Differential Entropy 

• 

From the definition of differential entropy heX) given in Eq. (10.12), we readily see 
that translation does not change its value; that is, 

heX + c) = heX) (10.15) 

where c is constant. 
Another useful property of heX) is described by 

h(aX) = heX) + log l a l  (10.16) 

where a is a scaling factor. To prove this property, we first recognize that since the area 
under the curve of a probability density function is unity, then 

Next, using the formula of Eq. (10.12), we may write 

heY) = -E[logfy(y)] 

= -E[IOg ( I� l fy(�)) ] 
= -E[IOgfym 1 + log l a l  

By  putting Y = aX in this relation we obtain 

h(aX) = -fJx(X)IOgfx(X)dx + log l a l  

from which Eq. (10.16) follows immediately. 

(10.17) 
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Equation (10.16) applies to a scalar random variable. It may be generalized to the 
case of a random vector X premuItiplied by matrix A as follows: 

h(AX) = heX) + 10g l det(A) I (10.18) 

where det(A) is the determinant of matrix A. 

10.3 MAXIMUM ENTROPY PRINCIPLE 

Suppose that we are given a stochastic system with a set of known states but unknown 
probabilities, and that somehow we learn some constraints on the probability distribu
tion of the states. The constraints can be certain ensemble average values or bounds on 
these values. The problem is to choose a probability model that is optimum in some 
sense, given this prior knowledge about the model. We usually find that there is an infinite 
number of possible models that satisfy the constraints. Which model should we choose? 

The answer to this fundamental question lies in the maximum entropy (Max Ent) 
principles due to Jaynes (1957). The Max Ent principle may be stated as follows 
(Jaynes. 1957, 1982): 

When an inference is made on the basis of incomplete information, it should he drawn 
from the probability distribution that maximizes the entropy, subject to constraints on the 
distribution. 

In effect, the notion of entropy defines a kind of measure on the space of probability 
distributions, such that those distributions of high entropy are favored over others. 

From this statement, it is apparent that the Max Ent problem is a constrained 
optimization problem. To illustrate the procedure for solving such a problem, consider 
the maximization of the differential entropy 

heX) = - fJx(x) logfx(x)dx 

over all probability density functions fx(x) of a random variable X, subject to the fol
lowing constraints: 

1, fAx) 2: 0, with equality outside the support of x. 

2. r fxCx)dx = 1 . 

3. fJAX)g,(X)dX = Ci, for i = 1 , 2  . . . . , m  

where g'(x) is some function of x. Constraints 1 and 2 simply describe two fundamental 
properties of a probability density function. Constraint 3 defines the moments of X 
depending on how the function g,(x) is formulated. In effecl, constraint 3 sums up the 
prior knowledge available about the random variable X. To solve this constrained opti
mization problem, we use the method of Lagrange multipliers' by first formulating the 
objective function 
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J(f) = roo [ -f x(x) logfx(x) + AOfx(x) + � A,g,(x )fx(x) JdX (10.19) 

where 11.0, AI' . . .  , Am are the Lagrange multipliers. Differentiating the integrand with 
respect to fx(x) and then setting the result equal to zero, we get 

m 
-1 - logfx(x) + AD + 2: A,g,(x) = 0 

i;l 
Solving this equation for the unknownfx(x), we get 

fx(x) = exp (-1 + AD + � A,g,(X)) (10.20) 

The Lagrange multipliers in Eq. (10.20) are chosen in accordance with constraints 2 
and 3. Equation (10.20) defines the maximum entropy distribution for this problem. 

Example 1 0.2 One-dimensional Gaussian Distribution 

Suppose the prior knowledge available to us is made up of the mean I.L and variance <:? of a ran
dom variable X. By definition, we have 

I:oo (x - I'-)'f"'(x)dx = a' = constant 

Comparing this equation with constraint 3, we readily see that 

gl(X) = (x - Il)' 

Hence, the use of Eq. (10.20) yields 

fx(x) = exp [-1 + AD + A)(x - 1'-)'] 
Note that A) has to be negative if the integrals offx(x) and (x - a)2 fx(x) with respect to x are to 
converge. Substituting this equation in equality constraints 2 and 3, and then solving for Ao and 
Al, we get 

and 
AD = 1 - log (21Ta') 

1 
:\1 = -2cr2 

The desired form for fx(x) is therefore described by 
1 ( X  - 1'-)') 

fx(x) = V21i a exp 2a' (10.21) 

which is recognized as the probability density of a Gaussian random variable X of mean I.L and 
van"ance (f2. The maximum value of the differential entropy of such a random variable is given by 

1 
h(X) = 2: [1 + log(21Ta')] (10.22) 
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We may summarize the results of this example as follows: 
1. For a given variance (f2, the Gaussian random variable has the largest differential entropy 

attainable by any random variable. That is, if X is a Gaussian random variable and Y is any 
other random variable with the same mean and variance, then for all Y 

h(X) 20 h(Y) 

with the equality holding only if X and Y are the same. 
2. The entropy of a Gaussian random variable X is uniquely determined by the variance of X 

(i.e., it is independent of the mean of X). 
• 

Example 1 0.3 Multidi mensional Gaussian Distribution 

In this second example, we want to build on the results of Example 10.2 to evaluate the differen
tial entropy of a multidimensional Gaussian distribution. Since the entropy of a Gaussian ran
dom variable X is independent of the mean of X, we may justifiably simplify the discussion in 
this example by considering an m-dimensional vector X of zero mean. Let the second-order sta
tistics of X be described by the covariance matrix ! defined as the expectation of the outer prod
uct of X with itself. The joint probability density function of the random vector X is given by 
(Wilh 1962) 

1 ( 1 T _ I  ) fx(x) 
� (2"IT)m/2(det(I»1/2 exp -2 x I x (10.23) 

where det(I) is the detenninant of I. Equation (10.14) defines the differential entropy of X. 
Therefore, substituting Eq. (10.23) in (10.14), we obtain the result 

I 
h(X) = 2 [m + mlog(2"IT) + 10gldet(I)11 (10.24) 

which includes Eq. (10.22) as a special case. In light of the Max Ent principle, we may thus state 
that for a given covariance matrix !, the multivariate Gaussian distribution of Eg. (10.23) has 
the largest differential entropy attainable by any random vector of zero mean, and that maxi
mum differential entropy is defined by Eq. (10.24). 

• 

10.4 MUTUAL INFORMATION 
In the design of a self-organizing system, the primary objective is to develop an algo
rithm that is able to learn an input-output relationship of interest on the basis of input 
patterns alone. In this context, the notion of mutual information is of profound impor
tance because of some highly desirable properties. To set the stage for the discussion, 
consider a stochastic system with input X and output Y. Both X and Y are permitted to 
take discrete values only, denoted by x and y, respectively. The entropy H(X) is a mea
sure of the prior uncertainty about X. How can we measure the uncertainty about X 
after observing Y? In order to answer this question, we define the conditional entropy 
of X given Y as follows (Gray, 1990; Cover and Thomas, 1991): 

H(xIY) = H(x. Y) - H(Y) (10.25) 
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with the property that 

0 ,,"  H(XIY) "" H(X) (10.26) 

The conditional entropy H(XIY) represents the amount of uncertainty remammg 
about the system input X after the system output Y has been observed. The other quan
tity H(X, Y)  in Eq. (10.25) is the joint entropy of X and Y, which is defined by 

H(X, Y) = - L L p(x, y) logp(x, y) 
xEOC yEW 

where pix, y) is the joint probability mass function of discrete random variables X and 
Y, and 2e and 0!J are their respective alphabets. 

Since the entropy H(X) represents our uncertainty about the system input before 
observing the system output, and the conditional entropy H(XIY)  represents our 
uncertainty about the system input after observing the system output, the difference 
H(X) - H(XIY) must represent our uncertainty about the system input that is 
resolved by observing the system output. This quantity is called the mutual information 
between the random variables X and Y. Denoting it by leX; Y), we may thus write' 

leX; Y) = H(X) - H(XIY) 

= L L P(X, Y) IOg ( p(x,y) ) xEa yE� p(x) pry) 

Entropy is a special case of mutual information, since we have 

H(X) = leX; X) 

(10.27) 

The mutual information leX; Y) between two discrete random variables X and Y 
has the following properties (Cover and Thomas, 1991; Gray 1990). 

1. The mutual information between X and Y is symmetric; that is, 
ley; X)  = leX; Y) 

where the mutual information J(Y; X) is a measure of the uncertainty about the sys
tem output Y that is resolved by observing the system input X, and the mutual infor
mation I(X; Y) is a measure of the uncertainty about the system input that is resolved 
by observing the system output. 

2. The mutual information between X and Y is always nonnegative; that is, 
I(X; Y) '" 0 

In effect, this property states that we cannot lose information, on the average, by 
observing the system output Y. Moreover, the mutual information is zero if and only 
if the input and output of the system are statistically independent. 

3. The mutual information between X and Y may be expressed in terms a/the entropy o/Y as 

I(X; Y) = H(Y) - H(YIX) ( 10.28) 
where f/(Y IX) is a conditional entropy. The right-hand side of Eq. (10.28) is 
the ensemble average of the information conveyed by the system output Y, minus the 
ensemble average of the information conveyed by Y given what we already know 
the system input X. This latter quantity, H(Y IX), conveys information about the pro
cessing noise, rather than about the system input X. 
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H(X, y) 

FIGURE 10,1 I l lustration of the relations among the 
mutual information I(X; Y) and the entropies H(X) and 
H(Y), 

Figure 10.1 provides a visual interpretation of Eqs. (10.27) and (10.28). The 
entropy of the system input X is represented by the circle on the left. The entropy of 
the system output Y is represented by the circle on the right. The mutual information 
between X and Y is represented by the overlap between these two circles. 

Mutual Information for Continuous Random Variables 

Consider next a pair of continuous random variables X and Y. By analogy with 
Eq. (10.27), we define the mutual information between the random variables X and Yas 

f� f" (fx(x 1y») leX; Y) = _" _/x,y(x, y) log fAx) dx dy (10.29) 

where fx y(x, y) is the joint probability density function of X and Y, and fx(xi y) is the 
conditio;'al probability density function of X, given Y = y. Note that 

fx,y(x, y) = fx(x ly) fy(y) 
and so we may also write 

leX; Y) = [ [fx'y (X' Y) IOg (£(�tJ�») dx dy 
Also, by analogy with our previous discussion for discrete random variables, the 

mutual information leX; Y) between the continuous random variables X and Yhas the 
following properties; 

leX; Y) = heX) - h(XIY) 

= heY) - h(Ylx) 

= heX) + heY) - heX, Y) 
(10.30) 
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/( Y; X) = /(X: Y) 

/(X; Y) ;" 0 
(10.31) 
(10.32) 

The parameter h(X) is the differential entropy of X; likewise for h(Y). The parameter 
h(XIY) is the conditional differential entropy of X given Y; it is defined by the double 
integral 

h(XIY) = -f" fJx.y(X, y) logfX(X ly) dx dy (10.33) 

The parameter h(YIX) is the conditional differential entropy of Y given X. It is 
defined in a manner similar to h(XIY). The parameter h(X, Y) is the joint differential 
entropy of X and Y. 

Note that Eq. (10.32) is satisfied with the equality sign only when the random 
variables X and Y are statistically independent. When this condition is satisfied, the 
joint probability density function of X and Y can be factored as 

fx.Y(x, y) = fx(x)fy(y) (10.34) 
where fx(x) and fy(y) are the marginal probability density functions of X and Y, 
respectively. Equivalently, we may write 

fx(xly) = fx(x) 
which states that knowledge of the outcome of Y can in no way affect the distribution 
of X. Applying this condition to Eq. (10.29) reduces the mutual information /(X; Y) 
between X and Y to zero. 

The definition of mutual information J(X; Y) given in Eq. (10.29) applies to 
scalar random variables X and Y. This definition may be readily extended to random 
vectors X and Y, and we may thus write /(X; Y). Specifically, we define /(X; Y) as the 
multifold integral: 

fOO foo (
fx(x 1 y»

) J(X; Y) = 
-00 -

00 fx.y(x, y)log fx(x) dx dy (10.35) 

The mutual information J(X; Y) has properties that parallel those given in Eqs. (10.30) 
to (10.32) for scalar random variables. 

10.5 KULLBACK-LEIBLER DIVERGENCE 

In Eq. (10.11) we define the Kullback-Leibler divergence for discrete random vari
ables. This definition may be extended to the general case of continuous random vec
tors. Let fx(x) and gx(x) denote two different probability density functions of an 
m-by-1 random vector X. In light of Eq. (10.11), we may then define the 
Kullback-Leibler divergence betweenfx(x) and gx(x) as follows (Kullback, 1968; Shore 
and Johnson, 1980): 

(10.36) 
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The Kullback-Leibler divergence has some unique properties: 

1. It always has a positive value or is zero. For the special case when fx(x) = gx(x), 
we have a perfect match between the two distributions, and DIII, is exactly zero. 

2. It is invariant with respect to the following changes in the components of the vec
tor x: 
• Permutation of the order in which the components are arranged. 
• Amplitude scaling. 
• Monotonic nonlinear transformation. 

The mutual information leX; Y) between a pair of vectors X and Y has an inter
esting interpretation in terms of the Kullback-Leibler divergence. First. we note that 

fx y(x, y) = fy(y l x)fx(x) 

Hence, we may rewrite Eq. (10.35) in the equivalent form 

l(X; Y) = Joo Joo !x,y(X, Y) IOg (fx.y(X' Y» ) dX dY 
-00 -

00 !x(x)fy(Y) 

(10.37) 

Comparing this formula with that of Eq. (10.36), we immediately deduce the following 
result: 

leX; Y) = DrdlM, (10.38) 

In words, the mutual information leX; Y) between X and Y is equal to the Kullback
Leibler divergence between the joint probability density function !x.y(x, y) and the 
product of the probability density functions fx(x) and fy(y). 

A special case of this latter result is the Kullback-Leibler divergence between 
the probability density function fx(x) of an m-by-1 random vector X and the product 
of its m marginal probability density functions. Let !x(x,) denote the ith marginal prob
ability density function of element X" which is defin�d by 

lx/x,) = rJx(X)dX(i), i = 1 , 2, . . . , m  (10.39) 

where xli) is the (m - 1 )-by-l vector left after removing the ith element from vector x. 
The Kullback-Leibler divergence between fx(x) and the factorial distribution 
II, lx.(x,) is given by 

Joo ( fx(x) ) DI,lll, = fx(x) log m _ 
dx 

-oc II fx,(x,) 
i=l 

which may also be written in the expanded form 

DMJ, = J�fx(X) IOgfx(X)dX - � rJx(x)lodx'(x,)dX 

(10.40) 

(10.41) 

The flTSt integral on the right-hand side of Eq. (10.41) is, by definition, equal to -heX), 
where heX) is the differential entropy of X. To deal with the second term we first note that 
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Hence we may write 

( 10.42) 

where the inner integral on the right-hand side is with respect to the (m - 1)-by-1 vec
tor x(;J and the outer integral is with respect to the scalar x,. But from Eq. (10.39) we see 
t)1at the inner integral is in fact equal to the marginal probability density function 
lx/x,), Accordingly. we may rewrite Eq. (10.42) in the equivalent form 

rJx(X)logix,(X') dX = roo ix,(x,) logfx,(x,)dx, 
(10.43) 

= -hex,), i = 1, 2, . . .  , m  

where 17 (X,) is the ith marginal entropy (i.e., the differential entropy based on the mar
ginal probability density function lx, (x,)). Finally, using Eq. (10.43) in (10.41) and not
ing that the first integral in Eq. (10.41) is equal to -heX), we may simplify the 
Kullback-Leibler divergence of Eq. (10.41) to 

m 
DM1, = -heX) + 2: heX,) (10.44) 

i=1 
This formula will be of particular use in our study of the blind source separation prob
lem later in the chapter. 

Pythagorean Decomposition 

Next we consider the Kullback-Leibler divergence between the probability density 
functions Ix(x) and lu(x). The m-by-l random vector U consists of independent vari
ables, as shown by 

m 
fu(x) = II lv(x,) 

i= l 

and the m-by-l random vector X is defined in terms of U by 

X = AU 

where A is a nondiagonal matrix. Let ix,(x,) denote the marginal probability density 
function of each X, that is derived from Ix(x). Then the Kullback-Leibler divergence 
between/x(x) and/u(x) admits the following Pythagorean decomposition: 

(10.45) 

We refer to this classic relation as a Pythagorean decomposition because it has an 
information-geometric interpretation (Amari, 1985). A proof of the decomposition is 
given in note 8. 
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10,6 MUTUAL INFORMATION AS AN OBJECTIVE FUNCTION 
TO BE OPTIMIZED 

Now that we have developed an adequate understanding of Shannon's information 
theory. we are ready to discuss its role in the study of self-organizing systems. 

To proceed with the discussion. consider a neural system with multiple inputs and 
outputs. The primary objective here is for the system to be self-organizing. designed for 
a specific task (e.g .• modeling, extraction of statistically salient features, or signal sepa
ration). This requirement can be satisfied by choosing the mutual information between 
certain variables of the system as the objective function to be optimized. This particular 
choice is justified by the following considerations: 

• The mutual information has some unique properties as discussed in Section lOA. 
• It can be determined without the need for a teacher so the provision for self

organization is naturally met. 

The problem thus becomes one of adjusting the free parameters (i.e .• synaptic weights) 
of the system so as to optimize the mutual information. 

Depending on the application of interest. we may identify four different scenar
ios as illustrated in Fig. 10.2, which can arise in practice. These scenarios are described 
as follows: 

• In scenario 1 depicted in Fig. lO.2a. the input vector X is composed of the elements 
Xl. X" . . . .  Xm. and the output vector Y is composed of the elements Yj• Y, • . . . . Yl' 
The requirement is to maximize the information conveyed to the system output Y 
about the system input X. 

Maximize information k conveyed to Y about X � 
{ �� Neural �: } Y, } Minimize 

Y2 statistical 
dependence 
between the 

Input Output X . model y Jrm Ye 
(a) 

r Xa2 0------.- Y" l X" 
Maximize Xom Neural information conveyed { X" model to Yb about Y" 

Xb2 and vice versa 
Xb Yb � 

Xbm 
(b) 

Xm ��,-___ �-u Ym Y', 
(d) 

X"' X"' YO l 
Minimize Xl1m Neural infonnation conveyed 

Xb, model to Yb about Ya 
X" and vice versa 

Yb..--! 
Xbm 0-------

(c) 
FIGURE 10.2 Four basic scenarios that lend themselves to the application of Infomax and its 
three variants. 
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• In scenario 2 depicted in Fig. 10.2b, a pair of input vectors X, and Xb is derived 
from adjacent but nonoverlapping regions of an image. The inputs X, and Xb pro
duce scalar outputs Y, and Vb' respectively. The requirement is to maximize the 
information conveyed to Y, about Yb and vice versa. 

• In scenario 3 depicted in Fig. 10.2c, the input vectors X, and Xb are derived from 
a corresponding pair of regions belonging to two separate images. The outputs 
produced by these two input vectors are denoted by Y, and Vb' respectively. The 
objective is to minimize the information conveyed to Y, about Vb' 

• In scenario 4 depicted in Fig. lO.2d, the input vector X and output vector Y are 
defined in a manner similar to those in Fi� 10.2a but with equal dimensionality 
(i.e., 1 =  m). The objective here is for the statistical dependence between the com
ponents of the output vector Y to be minimized. 

In all of these situations, mutual information plays a central role. However, the way in 
which it is formulated depends on the particular situation being considered. In the rest 
of the chapter, the issues involved in these scenarios and their practical implications 
are discussed in the same order just presented. 

10.7 MAXIMUM MUTUAL INFORMATION PRINCIPLE 

The idea of designing a neural processor to maximize the mutual information I(Y; X) 
is appealing as the basis for statistical signal processing. This method of optimization is 
embodied in the maximum mutual information (Infomax) principle due to Linsker 
(1987, 1988a, 1989a), which may be stated formally as follows: 

The transformation of a random vector X observed in the input layer of a neural system to 
a random vector Y produced in the output layer of the system should be so chosen that 
the activities of the neurons in the output layer jointly maximize information about the 
activities in the input layer. The objective function to be maximized is the mutual informa
tion I(Y: X) between the vectors X and Y. 

The Infomax principle provides a mathematical framework for self-organization of the 
signal transmission system described in Fig. 10.2a that is independent of the rule used 
for its implementation. Also, this principle may be viewed as the neural network coun
terpart of the concept of channel capacity, which defines the Shannon limit on the rate 
of information transmission through a communication channel. 

In the sequel, we illustrate application of the Infomax principle with two exam
ples involving a single noisy neuron. In one example the noise appears at the output, 
and in the other example it appears at the input. 

Example 1 0.4 A Single Neuron Corrupted by Processing Noise 

Consider the simple case of a linear neuron that receives its inputs from a set of m source nodes. 
Let the output of this neuron in the presence of processing noise be expressed as 

(10.46) 
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XI 

Wm 

FIGURE 10.3 Signal-flow 
graph of a noisy neuron. xm N 

where Wi is the ith synaptic weight and N is the processing noise, as modeled in Fig. 10.3. It is 
assumed that: 

• The output Y of the neuron is a Gaussian random variable with variance (T� •• 

• The processing noise N is also a Gaussian random variable with zero mean and variance (T�. 
• The processing noise is uncorrelated with any of the input components. That is, 

E[l'\X,J � 0 for all i 

The Gaussianity of the output Y can be satisfied in one of two ways. The inputs Xl, X2' " " Xm are 
all Gaussian-distributed. Then with the additive noise N assumed to be Gaussian too, the 
Gaussianity of Y is assured by virtue of the fact that it is the weighted sum of a number of 
Gaussian-distributed random variables. Alternatively, the inputs Xl' Xl' . . .  , Xm are identically 
and independently distributed, in which case the distribution of their weighted sum approaches 
a Gaussian distribution for large m by the central limit theorem. 

To proceed with the analysis, we first note from the second line of Eq. (10.30) that the 
mutual information /(Y; X) between the output Y of the neuron and the input vector X is 

I(Y; X) � h(Y) - h(YIX) (10.47) 

In view of Eq. (10.46), we note that the probability density function of Y, given the input vector 
X, is the same as the probability density function of a constant plus a Gaussian-distributed ran
dom variable. Accordingly, the conditional entropy h(YIX) is the "information" that the output 
neuron conveys about the processing noise N rather than about the signal vector X. v,;'e may thus set 

h(YIX) � h(N) 
and therefore rewrite Eq. (10.47) simply as 

I(Y; X)  � h(Y) - h(N) ( 10.48) 
By  applying Eq. ( 10.22) for the differential entropy of a Gaussian random variable to the prob
lem at hand, we obtain 

h(Y) � � [1 + log(21T1'-�)J (10.49) 

and 

h(N) � � [I + log(21T1'-�)J (10.50) 
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After simplification. the use of Eqs. (10.49) and (10.50) in (10.48) yields 

where crt depends on (T�. 

1 (<12 ) J(Y; X) � -log -f 2 <1N 
(10.51) 

The ratio (J"�/cr� may be viewed as a signal-lo-noise ratio. Imposing the constraint that the 
noise variance cr� is fixed, we see from Eq. (10.51) that the mutual information I(Y; X) is maxi
mized by maximizing the variance crt of the neuron output Y. We may therefore state that under 
certain conditions, maximizing the output variance of a neuron maximizes the mutual informa
tion between the output signal of that neuron and its inputs (Linsker, 1988a). 

• 

Example 1 0.5 A Single Neuron Corrupted by Additive Input Noise 

Suppose that the noise corrupting the behavior of a linear neuron originates at the input ends of 
the synapses as shown in the model of Fig. lOA. According to this second noise model, we have 

m 

Y � � W,(Xi + Ni) (10.52) 
i"'l 

where each noise Ni is assumed to be an independent Gaussian random variable with zero mean 
and variance <1�. We may rewrite Eq. (10.52) in a form similar to that of Eq. (10.46), as shown by 

Y � (� WiXi) + N '  

where N' is a composite noise component, defined by 
m 

N' � � wiNi 
i=1 

The noise N' has a Gaussian distribution with zero mean and a variance equal to the sum of the 
variances of its independent noise components; that is, 

X2 o------<;>� 

m 

a�' = � w; a� i=1 

��----o y 

FIGURE 10.4 Another noise 
model. 
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As before, we assume that the output Y of the neuron has a Gaussian distribution with vari
ance <J�. The mutual information I(Y; X )  between Y andX is still given by Eq. (10.47). This time, 
however, the conditional entropy h(YIX) is defined by 

h(Y IX)  � heN') 

1 � :1 (1 + hoM 

� ![ l + 21T!T� i: wi] 
2 i= 1 

(10.53) 

Thus, using Egs. (10.49) and (10.53) in (10.47), and then simplifying terms, we get (Linsker, 1988a) 

1 ( !T� ) 
I(Y; X) � -

2 
log 2 ",m 2 

UN �i=l Wi 
(10.54) 

Under the constraint that the noise variance a� is maintained constant, the mutual information 
I(Y; X) is now maximized by maximizing the ratio a�/�;: 1 WT, where (J'� is a function of Wi" 

• 

What can we deduce from Examples 10,4 and 10.5? First, we see from the material 
presented in these two examples that the result of applying the Infomax principle is 
problem-dependent. The equivalence between maximizing the mutual information 
ley; X) and output variance that applies to the model of Fig. 10.3, for a prescribed 
noise variance <T�, does not carry over to the model of Fig. 10.4. It is only when we 
impose the constraint L; wi � 1 on the model of Fig. 10.4 that both models behave in a 
similar manner. 

In general, the determination of the mutual information I(Y; X) between input 
vector X and output vector Y is a difficult task. In Examples 10.4 and 10.5, we made 
the analysis mathematically tractable by assuming that the noise distributions in a sys
tem with one or more sources of noise are multivariate Gaussian. This assumption 
needs to be justified. 

In adopting a Gaussian noise model, we are in essence invoking a "surrogate" 
mutual information computed on the premise that the output vector Y of a neuron has 
a multivariate Gaussian distribution with the same mean vector and covariance matrix 
as the actual distribution. In Linsker (1993), the Kullback-Leibler divergence is used 
to provide a principled justification for the use of such surrogate mutual information, 
under the condition that the network has stored information about the mean vector 
and covariance matrix of the output vector Y, but not about higher-order statistics. 

Finally, the analysis presented in both Examples 10.4 and 10.5 was carried out in 
the context of a single neuron. This was done purposely with a specific point in mind: 
For the Infomax principle to be mathematically tractable, the optimization should be 
performed at the local neuronal level. Such optimization is consistent with the essence 
of self-organization. 

Example 1 0.6 

In  Examples lOA and 10.5 we considered noisy neurons. In this example we consider a noiseless 
network that transforms a random vector X of arbitrary distribution to a new random vector Y 
of different distribution. Recognizing that leX: Y) � I(Y; X) and extending Eg. (10.28) to the 
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situation described here, we may express the mutual information between the input vector X 
and output vector Y as follows: 

I(Y; X) � H(Y) - H(Y!X) 
where H(Y) is the entropy of Y and HIY!X) is the conditional entropy of Y given X. With the 
mapping from X to Y assumed to be noiseless, the conditional entropy H(YIX) attains its lowest 
possible value: it diverges to -00 . This result is due to the differential nature of the entropy of a 
continuous random variable that was discussed in Section 10.2. However, this difficulty is of no 
consequence when we consider the gradient of the mutual information I(Y; X) with respect to a 
weight matrix W that parameterizes the mapping network. Specifically, we may write: 

aI(Y; X) � aH(Y) 
aw aw (10.55) 

because the conditional entropy H(Y!X) is independent of W. Equation (10.55) shows that for a 
noiseless mapping network, maximizing the entropy of the network output Y is equivalent to 
maximizing the mutual information between Y and the network input X, with both maximiza� 
tions being performed with respect to the weight matrix W of the mapping network (Bell and 
Sejnowski. 1995). 

10.8 INFOMAX AND REDUNDANCY REDUCTION 

• 

In Shannon's framework of information theory. order and structure represent redun· 
dancy, which diminishes uncertainty that is resolved by the receipt of information. The 
more order and structure we have in the underlying process. the less information we 
receive by observing that process. Consider for example. the highly structured and 
redundant sequence of examples aaaaaa. On receiving the first example a. we can 
immediately say that the remaining five examples are all the same. The information 
conveyed by such a sequence of examples is limited to that contained in a single exam
ple. In other words, the more redundant a sequence of examples is, the less information 
content is received from the environment. 

From the definition of mutual information I(Y; X). we know it is a measure of the 
uncertainty about the output Y of a system that is resolved by observing the system 
input X. The Infomax principle operates by maximizing the mutual information I(Y; X). 
as a result of which we are more certain about the system output Y by observing the 
system input X. In light of the previously mentioned relationship between information 
and redundancy, we may therefore say that the Infomax principle leads to a reduction in 
redundancy in the output Y compared to that in the input X. 

The presence of noise is a factor that prompts the use of redundancy and the 
related method of diversity (Linsker, 1988a). When the additive noise in the input sig
nal is high. we may use redundancy to combat the degrading effects of noise. In such an 
environment more of the (correlated) components of the input signal are combined by 
the processor to provide an accurate representation of the input. Also when the output 
noise (i.e .• processor noise) is high, more of the output components are directed by the 
processor to provide redundant information. The number of independent properties 
observed at the output of the processor is thereby reduced, but the representation 
accuracy of each property is increased. We may thus state that a high level of noise 
favors redundancy of representation. When. however, the noise level is low. diversity of 
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representation is favored over redundancy. By diversity we mean two or more outputs 
with different properties being produced by the processor. Problem 10.6 discusses the 
redundancy/diversity tradeoff from the perspective of Infomax. It is noteworthy that 
the redundancy/diversity tradeoff is somewhat analogous (though different from ) the 
bias/variance tradeoff discussed in Chapter 2. 

Modeling of a Perceptual System 

Since the early days of information theory, it has been suggested that the redundancy 
of sensory messages (stimuli) is important for understanding perception (Attneave, 
1954; Barlow, 1959). Indeed, the redundancy of sensory messages provides the knowl
edge that enables the brain to build up its "cognitive maps" or "working models" of the 
environment around it (Barlow, 1989). Regularities in the sensory messages must 
somehow be recoded by the brain for it to know what usually happens. However, 
redundancy reduction is the more specific form of Barlow's hypothesis. This hypothesis 
says that the purpose of early processing is to transform the highly redundant sensory 
input into a more efficient factorial code. In other words, the neuronal outputs become 
statistically independent when conditioned on the input. 

Inspired by Barlow's hypothesis, Atick and Redlich ( 1990) postulated the princi
ple of minimum redundancy as the basis for an information-theoretic model of the per
ceptual system shown in Fig. 10.5. The model consists of three components: input 
channel, recoding system, and output channel. The output of the input channel is 
described by 

x � S + N, 

where S is an ideal signal received by the input channel and N I is assumed to be the 
source of all noise in the input. The signal X is subsequently transformed (recoded) by 
a linear matrix operator A. It is then transmitted through the optic nerve, or output 
channel, producing the output Y,as shown by 

Y � AX + N2 

where N2 denotes the postencoding intrinsic noise. In the approach taken by Atick and 
Redlich, it is observed that light signals arriving at the retina contain useful sensory 
information in a highly redundant form. Moreover, i t  is hypothesized that the purpose 
of retinal signal processing is to reduce or eliminate the redundant bits of data due to 

FIGURE 10.5 Model of a 
perceptual system. The signal 
vector s and noise vectors 111 and 
V2 are values of the random 
vectors 5, N1, and N2, respectively. 
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both correlations and noise, before sending the signal along the optic nerve. To quan
tify this notion, a redundancy measure is defined by 

(10.56) 

where I(Y; S) is the mutual information between Y and S, and C(Y) is the channel 
capacity of the optic nerve (output channel). Equation (10.56) is justified on the 
grounds that the information the brain is interested in is the ideal signal S, while the 
physical channel through which this information must pass is in reality the optic nerve. 
lt is assumed that there is no dimensionality reduction in the input-output mapping 
performed by the perceptual system, which means that C(Y) > I(Y; S). The require
ment is to find an input-output mapping (i.e., matrix A) that minimizes the redun
dancy measure R, subject to the constraint of no information loss, as shown by 

I(Y; X) = leX; X) - • 

where . is some small positive parameter. The channel capacity C(Y) is defined as the 
maximum rate of information flow possible through the optic nerve, ranging over all 
probability distributions of inputs applied to it, and keeping the average input power 
fixed. 

When the signal vector S and the output vector Y have the same dimensionality 
and there is noise in the system, the principle of minimum redundancy and the 
Infomax principle are mathematically equivalent, proVided that a similar constraint is 
imposed on the computational capability of the output neurons in both cases. To be 
specific, suppose that the channel capacity is measured in terms of the dynamic range 
of the output of each neuron in the model of Fig. 10.5. Then, according to the principle 
of minimum redundancy, the quantity to be minimized is 

1 _ I(Y; S) 
C(Y) 

for a given permissible information loss, and therefore for a given I(Y; S). Thus the 
quantity to be minimized is essentially 

Fj(Y; S) = C(Y) - AI(Y; S) (10.57) 

On the other hand, according to the Infomax principle the quantity to be maximized in 
the model of Fig. 10.5 is 

F2(Y; S) = I(Y; S) + l\C(Y) (10.58) 

Although the functions Fj (Y; S) and F,(Y; S) are different, their optimizations yield 
identical results: They are both formulations of the method of Lagrange multipliers, 
with the roles of I(Y; S) and C(Y) being simply interchanged. 

The important point to note from this discussion is that despite the difference in 
formulations, these two information-theoretic principles lead to similar result& In sum
mary, maximization of the mutual information between the output and input of a 
neural system does indeed lead to redundancy reduction 9 
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10_9 SPATIALLY COHERENT FEATURES 

The Infomax principle_ as postulated in Section 10.6, applies to a situation where the 
mutual information I(Y; X) between the output vector Y of a neural system and the 
input vector X is the objective function to be maximized, as illustrated in Fig. 1O.2a. 
With appropriate changes in terminology, we may extend this principle to deal with the 
unsupervised processing of the image of a natural scene (Becker and Hinton, 1992). 
An unprocessed pixel of such an image contains a wealth of information about the 
scene of interest, albeit in complex form. In particular, the intensity of each pixel is 
affected by such intrinsic parameters as depth, reflectance, and surface orientation, as 
well as background noise and illumination. The goal is to design a self-organizing sys
tem that is capable of learning to encode this complex information in a simpler form. 
To be more specific, the objective is to extract higher-order features that exhibit simple 
coherence across space in such a way that the representation of information in one spa
tially localized region of the image makes it easy to produce the representation of 
information in neighboring regions; a region refers to a collection of pixels in the 
image. The situation described herein pertains to the scenario illustrated in Fig. IO.2b. 

We may thus formulate the first variant of the Infomax principlelO as follows 
(Becker, 1996; Becker and Hinton, 1992): 

The transformation of a pair of vectors Xa and Xb (representing adjacent, nonoverlapping 
regions of an image by a neural system) should be so chosen that the scalar output Ya of 
the system due to the input Xa maximizes information about the second scalar output Yb 
due to Xbo The objective function to be maximized is the mutual information [(Va; Vb) 
between the outputs Ya and Yb-

We refer to this principle as a variant of the Infomax principle in the sense that it is not 
equivalent to Infomax or derived from it, but certainly functions in a similar spirit. 

To be specific, consider Fig. 10.6 that shows two neural networks (modules) a and 
b receiving inputs X, and Xb from adjacent, nonoverlapping regions of an image. The 
scalars Y, and Yb denote the outputs of these two modules due to the respective input 
vectors X, and Xb• Let S denote a signal component common to both Y, and Yb, which 
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FIGURE 10.6 Processing of two neighboring regions of an image 
in accordance with the first variant of Infomax. 
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is representative of the spatial coherence across the two pertinent regions of the origi
nal image. We may express Y, and Yb as noisy versions of the common signal S, as 
shown by 

(10.59) 

and 

(10.60) 

The N, and Nb are additive noise components, assumed to be statistically independent, 
zero-mean Gaussian-distributed random variables. The signal component S is also 
assumed to be Gaussian with a distribution of its own. According to Eqs. (10.59) and 
(10.60), the two modules a and b in Fig. 10.6 make consistent assumptions about each 
other. 

Using the last line of Eq. (10.30), the mutual information between Y, and Yb is 
defined by 

(10.61) 

According to the formula of Eq. (10.22) for the differential entropy of a Gaussian ran
dom variable, the differential entropy h(Y,) of Y, is given by 

(10.62) 

where 0"; is the variance of Y,. Similarly, the differential entropy of Yb is given by 

(10.63) 

where O"i is the variance of Yb' As for the joint differential entropy h(Y" Yb)' we use 
the formula of Eq. (10.24) to write 

The 2-by-2 matrix I is the covariance matrix of Y, and Yb; it is defined by 

where Pab is the correlation coefficient of Ya and Yb; that is, 

Hence the determinant of I is 

det(I) � O";O"i (l - P;b) 

and so we may rewrite Eq. (10.64) as 

1 2 2 2 h(Y" Yb) � 1 + log (21T) + 2: 10g[O", O"b(1 - P'b)] 

(10.64) 

(10.65) 

(10.66) 

(10.67) 

(10.68) 
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By substituting Eqs. ( 10.62), (10.63), and (10.68) in (10.61), and then simplifying terms, 
we get 

(10.69) 

From Eq. (10.69) we immediately deduce that maximizing the mutual information 
I(Ya: Yb) is equivalent to maximizing the correlation coefficient Pub' which is intuitively 
satisfying. Note that, by definition, iPabi :s 1 .  

Maximizing the mutual information I(Ya: Yb) may be viewed as the nonlinear 
generalization of canonical correlation in statistics (Becker and Hinton, 1992). Given 
two input vectors (stimuli) Xa and Xb (not necessarily of the same dimensionality), and 
two corresponding weight vectors, wa and wb• the objective of canonical correlation 
analysis is to find linear combinations Ya = w�Xa and Yb = WfXb that have maxi
mum correlation between them (Anderson, 1984). Maximizing I(Ya: Yb) is a nonlinear 
generalization of canonical correlation by virtue of the nonlinearity built into the 
design of the neural modules in Fig. 10.6. 

In Becker and Hinton (1992), it is demonstrated that by maximizing the mutual 
information I(Ya: Yb) it is possible to extract stereo disparity (depth) from random dot 
stereograms. This is a difficult feature extraction problem that could not be solved by a 
one-layer or linear neural network. 

10.10 SPATIAllY INCOHERENT FEATURES 

The unsupervised processing of an image considered in the previous section deals with 
the extraction of spatially coherent features from an image. We now consider the oppo
site of the situation described therein. To be specific, consider Fig. 1O.2c, where the 
objective is to enhance the spatial differences between a pair of corresponding regions 
derived from two separate images. Whereas the mutual information between the out
puts of the modules is maximized in Fig. lO.2b, we do the exact opposite in Fig. 10.2c. 

We may thus state the second variant of the Infomax principle as follows 
(Ukrainec and Haykin, 1992, 1996): 

The transformation of a pair of input vectors, Xa and Xb, representing data derived from 
corresponding regions in a pair of separate images, by a neural system should be so chosen 
that the scalar output Ya of the system due to the input Xa minimizes information about 
the second scalar output Yb due to Xb. The objective function to be minimized is the 
mutual information I(Y,,; Vb) between the outputs l'" and Yb-

Here again we refer to this principle as a variant of the Infomax principle in that it is 
not equivalent to Infomax or derived from it, but certainly functions in the spirit ofit.l I 

The second variant of the Infomax principle finds application in radar polarime
try, for example, where a surveillance radar system produces a pair (or more) of images 
of an environment of interest by transmitting on one polarization and receiving the 
backscatter from the environment on the same or different polarization. The polariza
tion can be vertical or horizontal. For example, we may have a pair of radar images, one 
image representing like polarization (horizontal-horizontal, say), and the other image 
representing cross-polarization (horizontal on transmit and vertical on receive). Such 
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an application is described in Ukrainec and Haykin (1992. 1 996). which pertains to the 
enhancement of a polarization target in a dual-polarized radar system. The sample 
radar scene used in the study is described as follows. An incoherent radar transmits in a 
horizontally polarized fashion. and receives radar returns on both horizontal and verti
cal polarization channel& The target of interest is a cooperative, polarization-twisting 
reflector designed to rotate the incident polarization through 90 degrees. In the normal 
operation of a radar system, the detection of such a target is made difficult by imper
fections in the system as well as reflections from unwanted polarimetric targets on the 
ground (i.e . •  radar clutter). We perceive that a nonlinear mapping is needed to account 
for the non-Gaussian distribution common to radar returns. The target enhancement 
problem is cast as a variational problem involving the minimization of a quadratic cost 
functional with constraints. The net result is a processed cross-polarized image that 
exhibits a significant improvement in target visibility. far more pronounced than that 
attainable through the use of a linear technique such as principal components analysis. 
The model used by Ukrainec and Haykin assumes Gaussian statistics for the trans
formed data, since a model-free estimate of the probability density function is a com
putationally challenging task. The mutual information between two Gaussian variables 
Y, and Yb is defined by Eq. (10.61). To learn the synaptic weights of the two modules, a 
variational approach is taken. The requirement is to suppress the radar clutter that is 
common to the horizontally polarized and vertically polarized radar images. To satisfy 
this requirement, the mutual information leY,; Yb) is minimized, subject to a constraint 
imposed on the synaptic weights as shown by 

P = (tr[WTWJ - 1)2 (10.70) 

where W is the overall weight matrix of the network, and tr[ · J  is the trace of the 
enclosed matrix. A stationary point is reached when we have 

(10.71) 

where A is the Lagrange multiplier. A quasi-Newton optimization routine was used to 
find the minimum; quasi-Newton's methods are discussed in Chapter 4. 

Figure 10.7 shows the architecture of the neural network used in Ukrainec and 
Haykin (1992, 1996). A Gaussian radial-basis function (RBF) network was chosen for 
each of the two modules because it has the advantage of providing a set of fixed basis
functions (i.e., a nonadaptive hidden layer). The input data are expanded onto the 
basis functions and then combined using layers of linear weights; the dashed lines 
shown in Fig. 10.7 represent the cross-coupling connections between the two modules. 
The centers of the Gaussian functions were chosen at evenly spaced intervals to cover 
the entire input domain, and their widths were chosen using a heuristic. Figure 10.8a 
shows the raw horizontally polarized and vertically polarized (both on receive) radar 
images of a parklike setting on the shore of Lake Ontario. The range coordinate is 
along the horizontal axis of each image, increasing from left to right; the azimuth coor
dinate is along the vertical axis, increasing down the image. Figure 1O.8b shows the 
combined image obtained by minimizing the mutual information between the horizon
tally and vertically polarized radar images, as just described. The bright spot clearly 
visible in this image corresponds to the radar return from a cooperative, polarization
twisting reflector placed along the lake shore. The clutter-suppression performance of 
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FIGURE 10.7 Block diagram of a neural processor, the goal of 
which is to suppress background clutter using a pair of polar
imetric, noncoherent radar inputs; clutter suppression is attained 
by minimizing the mutual information between the outputs of 
the two modules. 

the information-theoretic model described here exceeds that of commonly used pro
jections using principal components analysis (Ukrainec and Haykin, 1992, 1996).12 

1 0. 1 1  INDEPENDENT COMPONENTS ANALYSIS 

We now tum our attention to the last scenario described in Fig. 10.2d. To add more 
specificity to the signal processing problem stated therein, consider the block diagram 
in Fig. 10.9. The operation starts with a random source vector Urn) defined by 

U = [U" U" . . .  , Urn]' 

where the m components are supplied by a set of independent sOurces. Temporal 
sequences are considered here; henceforth the argument n denotes discrete time. The 
vector U is applied to a linear system whose input-output characterization is defined 
by a nonsingular m-by-m matrix A, called the mixing matrix. The result is an m-by-1 
observation vector X(n) related to Urn) as follows (see Fig. lD.lDa) 

X = AU (10.72) 
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Reflector 

FIGURE 10.8a Raw 8-scan 
radar images (azimuth 
plotted versus range) for 
horizontal-horizontal (top) 
and horizontal-vertical 
(bottom) polarizations. 

x � [Xlo X, • . . .  , xmF 
The source vector U and the mixing matrix A are both unknown: The only thing avail
able to us is the observation vector X. Given X, the problem is to find a demixing 
matrix W such that the original source vector U can be recovered from the output vec
tor Y defined by (see Fig. IO.IOb) 

Y � WX (10.73) 

where 
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FIGURE 10.8b Composite 
image computed by 
minimizing the mutual 
information between the 
two polarized radar images 
of Fig. 10.8a. 

FIGURE 10.9 Block diagram 
of processor for the blind 
source separation problem. 
The vectors u, X, and y are 
values of the respective 
random vectors U, X, and Y. 
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FIGURE 10.10 Detailed description of (a) mixing matrix and (b) demixing matrix. 

It is ordinarily assumed that the source signals VI' U2, • • •  , Urn are zero-mean signals, 
which in turn means that the observables Xl ' Xl> . . .  , Xm arc also zero-mean signals. The 
same is true for the demixer outputs Y[, Yz' . . .  , y/w 

We may thus state the blind SOllrce separation problem as follows: 
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Given N independent realizations of the observation vector X, find an estimate of the 
inverse of the mixing matrix A. 

Source separation exploits primarily spatial diversity in that the different sensors pro
viding realizations of the vector X carry different mixtures of the sources. Spectral 
diversity, if it exists, can also be exploited, but the fundamental approach to source sep
aration is essentially spatial: looking for structure across the sensors, not across time 
(Cardoso, 1998a). 

The solution to the blind source separation problem is feasible, except for an arbi
trary scaling of each signal component and permutation of indices. In other words, it is 
possible to find a demixing matrix W whose individual rows are a rescaling and permu
tation of those of the mixing matrix A. That is, the solution may be expressed in the form 

y = WX = WAU ...., DPU 

where D is a nonsingular diagonal matrix and P is a permutation matrix. 
The problem described herein is commonly referred to as the blind (signal) 

source separation problem, \3 where the term "blind" is used to signify the fact that the 
only information used to recover the original signal sources is contained in a realiza
tion of the observation vector X, denoted by x. The underlying principle involved in its 
solution is called independent components analysis (ICA) (Coman, 1994), which may 
be viewed as an extension of principal components analysis (PCA). Whereas PCA can 
only impose independence up to the second order while constraining the direction vec
tors to be orthogonal, ICA imposes statistical independence on the individual compo
nents of the output vector Y and has no orthogonality constraint. Note also that in 
practice, an algorithmic implementation of independent components analysis can only 
go for "as statistically independent as possible." 

The need for blind source separation arises in many diverse applications that 
include the following: 

• Speech separation. In this application, the vector x consists of several speech sig
nals that have been linearly mixed together, and the requirement is to separate 
them (Bell and Sejnowski, 1995). A difficult form of this situation, for example, 
arises in a teleconferencing environment. 

• Array antenna processing. In this second application, the vector x represents the 
output of a radar array antenna produced by several incident narrowband signals 
originating from sources of unknown directions (Cardoso and Souloumia, 1993; 
Swindlehurst et aI., 1997). Here again the requirement is to separate the source 
signals. (By a narrowband signal we mean a band-pass signal whose bandwidth is 
smalI compared to the carrier frequency.) 

• Multisensor biomedical records. In this third application, the vector x consists of 
recordings made by a multitude of sensors used to monitor biological signals 
of interest. For example, the requirement may be that of separating the heartbeat 
of a fetus from that of the mother (Cardoso, 1 998b). 

• Financial market data analysis. In this application the vector x consists of a set of 
different stock market data and the requirement is to extract the underlying set 
of dominant independent components (Back and Weigend, 1998). 
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In these applications, the blind source separation problem may be compounded by the 
possible presence of unknown propagation delays_ extensive filtering imposed on the 
sources by their environments, and unavoidable contamination of the observation vector x 
by noise_ These impairments mean that (unfortunately) the idealized form of instanta
neous mixing of signals described in Eq. (10.72) is very rarely encountered in real-world 
situations. In what follows, however, we will ignore these impairments in order to 
develop insight into the fundamental aspects of the blind source separation problem. 

Criterion for 5tatistical lndependence 

With statistical independence as the property desired from the components of the out
put vector Y for blind source separation, what practical measure can we use for it? 
One obvious possibility is to choose the mutual information I(Y,; YJ) between the ran
dom variables Y, and Yj constituting any two components of the output vector Y. 
When. in the ideal case, I(Y,; Yj) is zero, the components Y, and Yj are statistically inde
pendent. This would therefore suggest minimizing the mutual information between 
every pair of the random variables constituting the output vector Y. This objective is 
equivalent to minimizing the Kullback-Leibler divergence between the following two 
distributions: (1) the probability density function fy(y, W) parameterized by W, and 
(2) the corresponding factorial distribution defined by 

m 

ly(y, W) � Illy (y;. W) (10.74) 
i=l 

where fy,(Y" W) is the marginal probability density function of Y,. In effect, 
Eq. (10.74) may be viewed as a constraint imposed on the learning algorithm, forcing it to 
contrast fy(y, W) against the factorial distribution h(y, W) . We may thus state the third 
variant to the Infomax principle for independent components analysis as (Coman, 1994): 

Given an m-by-l vector X representing a linear combination of m independent source sig
nals, the transformation of the observation vector X by a neural system into a new vector 
Y should be carried out in such a way that the Kullback-Leibler divergence between the 
pararnete�zed probability denoting function jy(Y, W) and the corresponding factorial dis
tribution fy(y, W) is minimized with respect to the unknown parameter matrix W. 

The Kullback-Leibler divergence for the problem described herein is considered 
in Section 10.5. The formula we are seeking is given in Eq. (10.44). Adapting that for
mula to our present situation, we may express the Kullback-Leibler divergence 
between the probability density functions fy(y, W) and ly(y, W) as follows: 

Dflll(W) � -h(Y) + i h(YJ (10.75) 
1=1 

where h(Y) is the entropy of random vector Y at the output of the demixer and h (Y,) 
is the marginal entropy of the ith element of Y. The Kullback-Leibler divergence Drill 
is the objective (contrast) function that we focus on henceforth for solving the blind 
source separation problem. 

Determination of the Differential Entropy hey) 
The output vector Y is related to the input vector X by Eq. (10.73), where W is the 
demixing matrix. In light of Eq. (10.18) we may express the differential entropy of Y as: 



Section 1 0.1 1 Independent Components Analysis 515 

h(Y) = h(WX) 

= h(X) + 10g l det(W)1 

where det(W) is the determinant of W. 

Determination of the Marginal Entropy h (Y,) 

(10.76) 

To determine the Kullback-Leibler divergence Dill!. we also need to know the mar
ginal entropy Ii (Y,J. To determine h(Y,) we require knowledge of the marginal distrib
ution of Y" which in turn requires integrating out the effects of all the components of 
the random vector Y except for the ith component. For a vector Y of high dimensional
ity it is usually more difficult to calculate h (Y,) than h(Y). We may overcome this diffi
culty by deriving an approximate formula for h (Y,) in terms of the higher-order 
moments of the random variable Y,. This is accomplished by properly truncating one 
of two expansions: 

• Edgeworth series (Comon, 1991) 
• Gram-Charlier series (Amari et aI., 1996) 

In this chapter we follow the latter approach. An exposition of the Gram-Charlier 
series is presented in note 14. A brief description of the Edgeworth series is also pre
sented in that note. 

To be specific, the Gram-Charlier expansion of the parameterized marginal 
probability density function ly,(y" W) is described by 

ly'(y" W) = u(y,)[ 1 + � Ck Hk(y;) ] (10.77) 

where the various terms are defined as follows: 

1. The multiplying factor u(y,) is the probability density function of a normalized 
Gaussian random variable with zero mean and unit variance; that is, 

u(y,) = � e-Y;/' 

2. The Hk(y,) are Hermite polynomials. 
3. The coefficients of the expansion, {ck : k = 3, 4, . . .  ,J, are defined in terms of the 

cumulants of the random variable Y,. 

The natural order of the terms in Eq. (10.77) is not the best for the 
Gram-Charlier series. Rather, the terms listed here in the parentheses should be 
grouped together (Helstrom, 1968): 

k = (0), (3), (4, 6), (5, 7, 9), ' "  
For the blind-source separation problem, the approximation of the marginal probabil
ity density function lY.(Yi) by truncating the Gram-Charlier series at k = (4, 6) is con
sidered to be adequate. We may thus write 

- ( K 3 K', (K 6 + 10K',) ) 
iY,(y,) = u(y,) 1 + -j! H3(y,) + d; H,(y,) + '. 6! '. H6(y,) (10.78) 
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where Ki,k is the kth order cumulant of V;. Let m;.k denote the kth-order moment of Y; 
defined by 

(10.79) 

where X; is the ith element of observation vector X and W;k is the ik-th element of 
weight matrix W. Earlier we justified the zero-mean assumption of Y; for all i. 
Accordingly, we have ,,; � m;.2 (i.e., the variance and the mean-square value are 
equal) and so relate the cumulants of Y; to its moments as follows: 

Kj,3 = mi,3 

KiA = mi,4 - 3m�2 
Ki.6 = mi,6 - 1 0m1.3 - 15mi.2mi,4 + 30m�2 

The algorithm of fy,(yJ , using the approximation of Eg, (10.78), is given by 

(10.80) 

(10.81) 

(10.82) 

( K K' (K + 10K' ) ) logfy.(y;) = 10ga(yJ + log 1 + ;;3 H3(y;) + d;2 H4(Y;) + ,,6 6! .
,
3 H6(yJ 

To proceed further. we use the expansion of a logarithm: 

l log ( l  + y) = Y - -
2 

where all the terms of order three and higher are ignored. 

(10.83) 

(10.84) 

From our previous discussion we recall that the formula for the marginal entropy 
of Y; is (see Eg. (10,43)) 

h(YJ � -fJY,(YJ log!y'(y;)dy;, i = 1, 2, . . .  , m  

where m is the number of sources. By making use of the approximations described in 
Egs. (10.78), (10.83) and (10.84), and invoking certain integrals that involve the nor
malized Gaussian density a(yJ and various Hermite polynomials Hk(yJ we obtain 
the following approximate formula for the marginal entropy (Madhuaranth and 
Haykin, 1998): 1 ' 2  10 2 )2 h-(y.) I (2 ) 

K;,3 K;,4 (K;.6 + KU = - og 1re - - - - -' 2  12 48 1 440 

(K;,6 + lOK�3)3 

432 

(10.85) 
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By substituting Eqs. (10.76) and (10.85) in (10.75), we get the Kullback-Leibler 
divergence for the problem at hand: 

m 
DtI11(W) = -heX) - 10gl det(W) + zlog (21Te) 

KT,3 (Ki,6 + lOK1,3) 
24 

KT,4(Ki.h + lO KT,3) 
24 

KiA (Ki.6 + lOKi3)' _ K14 _ (Ki.6 + lOKi3)3) 
64 16 432 

where the cumulants are all functions of the weight matrix W. 

Activation Function 

(10.86) 

To evaluate the Kullback-Leibler divergence described in Eq. (10.86), we need an 
adaptive procedure for the computation of the higher-order cumulants for the obser
vation vector x. The question is: How do we proceed with this computation, bearing in 
mind the way in which the approximate formula of Eq. (10.86) is derived? Recall that 
the derivation is based on the Gram-Charlier expansion, assuming that the random 
variable Yi has zero mean and unit variance. We previously justified the zero-mean 
assumption on the grounds that, to begin with, the source signals typically have zero 
mean. As for the unit-variance assumption, we may deal with it by taking one of two 
approaches: 

1. Constrained approach. In this approach, the unit-variance assumption is 
imposed on the computation of the higher-order cumulants Ki.3' KiA' and Ki.6 for all i 
(Amari et aI., 1996). Unfortunately, there is no guarantee that the variance of Yi, 
namely ai, remains constant, let alone equal to 1, during the computation. From the 
defining equations (10.81) and (10.82), we note that both Ki 4 and Ki 6 depend on 
a} = mi,2' The result of assuming a? = 1 is that the estimates derived for �i.4 and Ki,6 are 
highly biased and therefore erroneous relative to the estimate of Ki.3' 

2. Unconstrained approach. In this alternative approach, the variance a} is 
treated as an unknown time-varying parameter, which is how it actually is in practice 
(Madhuranath and Haykin, 1998). The effect of deviation in the value of ai from 1 is 
viewed as a scaling variation in the value of random variable Yi• Most importantly, the 
estimates derived for Ki 4 and Ki 6 account for the variation of af with time. A proper 
relationship between th� estimaies of all three higher-order cumulants in Eq. ( 10.86) is 
thereby maintained. 

An experimental study of blind source separation reported in Madhuranath and 
Haykin (1998) shows that the unconstrained approach yields a superior performance 
compared to the constrained approach. In what follows, we follow the unconstrained 
approach. 
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To develop a learning algorithm for computing W, we need to differentiate 
Eq, (10,86) with respect to W and thereby formulate an activation function for the 
algorithm. 

Let Aik denote the ik-th cofactor of matrix W. Using Laplace's expansion of 
det(W) by the ith row, we may then write (Wylie and Barrett, 1982) 

m 
det(W) = 2: WikAiko k=l 

i = 1, 2, . . .  , m  (10.87) 

where Wik is the ik-th element of matrix W. Hence, differentiating the logarithm of 
det(W) with respect to W jk, we get 

a 1 a 
- 10g(det(W)) = ( )  - det(W) 
(JWik det W (JWik 

Aik 
det(W) 

= (W-T),. 

(10.88) 

where W-T is the inverse of the transposed matrix WT The partial derivatives of the 
other terms (that depend on W) in Eq. (10.86) with respect to Wik are (see Eqs. (10.80) 
through (10.82)) 

aK 3 -'. = 3 E[y2X.l (JWik I k 

a 2 _ 5 

aWik (K,,6 + lOKi.3) - 6 E[YiXkl - 30 mi.4 E[YiXkl 

- 60m",E[YIXkl + 180 m(2 E[YiX.] 
In deriving an adaptive algorithm the usual approach is to replace expectations with 
their instantaneous values. Hence, by doing this replacement in these three equations, 
we get the following approximate results: 

a 2 5 -- (Ki6 + lOK,3) = 96y, Xk (JWik ' " 

(10.89) 

(10.90) 

(10.91) 

Substituting Eqs. ( 10.88) through (10.91) in the expression for the derivative of 
Eq. (10.86) with respect to Wik yields 

a 
- Dtllj (W) = -(W-T)'k + 'P(Y,)Xk (10.92) (JWik 



Section 10. 1 1  Independent Components Analysis 519 

10 

8 

6 

4 

2 

i 0 

-2 

-4 

-6 

-8 

-10 
-1 -0.8 -0.6 -0.4 -0.2 o 0.2 0.4 0.6 

y 

FIGURE 10.1 1 Activation function ",(y) of Eq. (10.93). 

0.8 1 

where <p(y,) is the nonmonotonic activation function of the learning algorithm, defined 
by (Madhuranath and Haykin, 1998) 

m(y .) = ! y5 + � y7 + 
15 

y. + � yll _ 112 
y13 + 128y15 _ 512 

y17 (10 93) T I 2 ' 3 1 2 1 1S ' 3 ' 1 3 " 

Figure 10.11 plots the activation function <p(y,) versus y, for -1 < y, < 1 .  This 
covers the range of values of the demixer output y, to which the operation of the learn
ing algorithm is ordinarily confined. It is noteworthy that the slope of the activation 
function is positive in the interval (-0.734, 0.734); this is a requirement for stability of 
the algorithm as discussed later in the section. 

Learning Algorithm for ICA 

The objective of the learning algorithm is to minimize the Kullback-Leibler diver
gence between the probability density function of Y and the factorial distribution of Y, 
for i = 1 ,2, . . .  , m. This minimization may be implemented using the method of gradient 
descent whereby the adjustment applied to weight W'k is defined by 

a 
I!.W'k = -'I] -- Drill dWik 

= '1]( (W-1)ik - <P(y,)Xk) 
where 'I] is a learning-rate parameter. 

(10.94) 

Extending the formula of Eq. (10.94) to the entire weight matrix W of the de
mixer, we may express the adjustment I!.W applied to W as follows: 

I!. W = 'I](W-T - cp(y)xT) (10.95) 
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where xT is the transpose of the m-by-I observation vector x, and 

<pry) = [<p(Yl > <p(y,) , . . . , <P(YmW 
The formula for � W given in Eq. (10.95) can be rewritten by noting that 

yl" = XTWT 
and thereby reformulating it in the equivalent form 

t.W = 11[1 - <p(Y)XTWT]W-T 
= 11[1 - <p(y)yT]W -1" 

(10.96) 

(10.97) 

where I is the identity matrix. The update rule for adapting the demixing matrix takes 
the form 

Wen + I) = Wen) + l1(n)[1 - <p(y(n» yT(n)]W-T(n) (10.98) 

where the parameters are all shown in their time varying forms. 

Equivariant Property 

The purpose of a blind source separation algorithm is to update the demixing matrix 
Wen) such that the output vector 

yen) = W(n)x(n) = W(n)�u(n) 
is as close as possible to the original source vector urn) in some statistical sense. To be 
more specific, consider a global system characterized by a matrix C(n) that is obtained 
by multiplying the mixing matrix � and demixing matrix Wen) as shown by 

C(n) = W(n)� 
Ideally, this global system would satisfy two conditions: 

(10.99) 

1_ The algorithm responsible for adjusting C(n) converges to an optimum value 
equal to the permutation matrix. 

2. The algorithm is itself described by 

C(n + I) = C(n) + l1(n)G(C(n)u(n» C(n) (10.100) 

where G(C(n)u(n)) is a vector-valued function of C(n)u(n). The performance of 
the algorithm is completely characterized by the system matrix C(n) and not by 
the individual values of the mixing matrix � and demixing matrix W(n). Such an 
adaptive system is said to be equivariant (Cardoso and Laheld, 1996). 

The adaptive algorithm of Eq. (10.98) is certainly capable of approximately satis
fying the first condition. However, as it stands, it cannot satisfy the second condition. 
To appreciate this point, we may rewrite Eq. (10.98) in the equivalent form 

C(n + 1)  = C(n) + l1(n)G(C(n)u(n))W-T(n)� (10.101) 

where 

G(C(n)u(n» = I - <p(C(n)u(n))(C(n)u(n))1" (10.102) 

The algorithm of Eq. (10.98) falls short of the equivariant condition described in 
Eq. (10.100) in that the vector-valued function G(C(n)u(n)) is postmultiplied by 
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W-T(n)A which. in general, is different from C(n). We may rectify this situation by 
interposing the matrix product WT(n)W(n) between them. The term WTW, being 
made up of the product of matrix W and its transpose, is always positive definite. 
This is the reason why mUltiplication by WTW does not change the sign of the min
ima of the learning algorithm. 

The important question is: What is the implication of this modification that is 
made in order to achieve the equivariant condition? The answer lies in how the gradi
ent descent in parameter space is formulated. Ideally, we should use the natural gradient!5 
of the objective function DfII'(W), defined in terms of the usual gradient V Drill as: 

V*Drlll(W) � (VDr lll (W))WTW (10.103) 

The usual gradient matrix VDfIIl is itself defined by Eq. (10.92). In an implicit sense, 
the gradient VDfII1(W) is the optimum direction for descent only when the parameter 
space 'IV � (W} is Euclidean with an orthonormal coordinate system. In a typical situa
tion involving neural networks, however, the parameter space 'IV has a coordinate sys
tem that is nonorthonormal. The natural gradient V'Drlll (W) will provide the steepest 
descent in this laller situation, hence the preference for using it instead of the usual 
gradient in formulating the stochastic algorithm for blind source separation. For the 
natural gradient space to be definable, two conditions must be satisfied: 

1. The parameter space 'IV is Riemannian. 16 The Riemannian structure is a differen
tiable manifold with a positive definite metric W. 

2. The matrix W is nonsingular (i.e., invertible). 

Both of these conditions are satisfied for the problem at hand. 
By modifying the algorithm of Eq. (10.98) in this manner we may write 

Wen + 1 )  � Wen) + 'l(n)[I - <p(y(n))yT] (W(n)WT(n))W-T(n) 

� Wen) + 'l(n)[I - <p(y(n))yT(n)]W(n) 
(10.104) 

which leads to blind source separation with the equivariance property. Figure 10.12 
shows a signal-flow graph representation of Eq. (10.104). 

For the adaptive algorithm described in Eq. (10.104) to produce a correct solu
tion to the blind source separation problem described in Fig. 10.9, the following two 
requirements must be satisfied for all components of the output vector Y: 

• The Gram-Charlier expansion used to compute the nonlinearity 'P( . ) includes a 
sufficient number of terms to produce a good approximation to the marginal 
entropy heY,); for example, this requirement is satisfied by the activation func
tion of Eq. (10.93). 

• The learning rate 'l is small enough for the estimates of the cumulants of Yi to be 
reliable. 

Stability Considerations 

A discussion of the blind source separation problem is incomplete without considera
tion of the stability of the adaptive learning algorithm described in Eq. (10.104). In 
Amari et al. (1997), a general stability analysis of this algorithm is presented for an 
arbitrary activation function 'P( . ). The analysis is performed in the sense of asymptotic 
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FIGURE 10.12 Signal-flow graph of the blind source separation learning algorithm 
described in Eq. (10.104). 

convergence of the algorithm to the desired equilibrium point where a successful sepa
ration of sources is guaranteed. 

Equation (10.104) is a discrete-time description of the blind source separation 
algorithm based on the natural gradient. For the purpose of stability analysis, the algo
rithm is reformulated in continuous time as follows: 

Wet) � 'Y](t)[I - <p(y(t»yT(t)]W(t) (10.105) 

where t denotes continuous time, and Wet) � aW(t)/ at. The learning-rate parameter 
'Y](t) is positive for all time t. Let 

ui � E [yi] 

ki � E[ "'P(Y,) ] nYi 
(10.106) 

(10.107) 
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(10.108) 

Then, according to Amari et al. (1997), the separating solution is a stable equilibrium 
point of the adaptive algorithm of Eq. (10.104) for an arbitrary activation function <p(' ) 
if and only if the following conditions are satisfied 

q, + 1 > 0 

k, > 0 

(10.109) 

(10.110) 

"t"fk,kj > 1 (10.111) 

for all (i, j)  with i * j. Equations (10.109) to (10.111)  are the necessary and sufficient 
conditions for stability of the adaptive algorithm of Eq. (10.104). 

Convergence Considerations 

Given that we have satisfied the stability requirements of Eqs. (10.109) through 
(10.111), what can we say about the convergence behavior of the learning algorithm of 
Eq. (10.104) based on the activation function of Eq. (10.93)? In light of an experimen
tal study reported in Madhuranath and Haykin (1998), roughly speaking, we may say 
that there are two phases to the convergence process: 

• In phase I, the variance "t(n) of random variable Y, at the demixer output goes 
through a period of adjustment, whereafter it reaches a fairly stable value. During 
this phase, the cumulants Ki 3' Ki 4' and Ki 6 remain essentially unchanged . 

• In phase II, the cumulants �'.3' <., and 'K, •• go through a period of adjustments of 
their own, whereafter they attain fairly stable values. At that point, we may say 
that the algorithm has converged. 

It thus appears that an evaluation of the variance and higher-order cumulants of the 
demixer outputs (Le., separated source signals) provides the basis of a sensible proce
dure for studying the convergence behavior of the learning algorithm of Eq, (10,104). 
It is also of interest to note that it is only during phase II that the algorithm is conform
ing to the Gram-Charlier expansion. 

10.12 COMPUTER EXPERIMENT 

Consider the system described in Fig. 10.9 involving the following three independent 
sources: 

u, (n) = 0.1 sin (400n) cos (30n) 
u,(n) = 0.01 sgn( sin (500n + 9 cos (40n))) 
u3(n) = noise uniformly distributed in the range [-1, 1] 

The mixing matrix A is [ 0.56 0.79 
A = -0,75 0.65 

0,17 0.32 

-0.37 ] 
0,86 

-0,48 
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FIGURE 10.13 Waveforms on left-hand side: original source signals. Waveforms 
on right-hand side: separated source signals. 

The waveforms of the source signals are displayed in the left-hand side of Fig. 10.13. 
For the demixing, we used the batch version of the update rule described in 

Eq. (10.104); see Problem 10.14. Batch processing was chosen for the primary reason of 
improved convergence. The algorithm was implemented using the following conditions: 

• Initialization. To initialize the algorithm, the weights in the demixing matrix W 
were picked from a random number generator with a uniform distribution inside 
the range [0.0, 0.05]. 

• Learning rate. The learning-rate parameter was fixed at 11 = O.l. 
• Signal duration. The time series produced at the mixer output had a sampling 

period of 1O-4s and contained N � 65,000 samples. 

The right-hand side of Fig. 10.13 displays the waveforms of the signals pro
duced at the output of the de mixer in Fig. 1 0.9 after 300 iterations. Except for reseal
ing and permutation of the unknown source outputs, there are no discernible 
differences between the two sets of waveforms shown in the left-hand and right
hand sides of Fig. 10.13. For the results presented here, the actual weight matrix used 
for initialization of the algorithm was [0.0109 

W(O) � 0.0024 
0.0339 

0.0340 
0.0467 
0.0192 

0.0260

J 0.0415 
0.0017 
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The algorithm converged to the final weight matrix [ 0.2222 
W = -10.1932 

4.1191 

0.0294 
-9.8141 
-1.7879 

The corresponding value of the matrix product WA is [-0.0032 -0.0041 
WA = -0.0010 - 17.5441 

2.5636 0.0515 

-0.6213] 
-9.7259 
-6.3765 

0.2413] 
-0.0002 
-0.0009 

Rearranging terms in this matrix product so that the output signals appear in the same 
order as the original source signals. we may write [ 2.5636 0.0515 

WA = -0.0010 -17.5441 
-0.0032 -0.0041 

-0.0009] 
-0.0002 

0.2413 

The first. second. and third rows of the matrix product correspond to the amplitude
modulated signal, clipped frequency-modulated signal, and noise, respectively. The 
diagonal elements of WA define the factors by which the output waveforms on 
the right-hand side of Fig. 10.13 have been scaled with respect to the original source 
waveforms on the left-hand side of the figure. 

For a quantitative evaluation of the demixer's performance, we may use a global 
rejection index defined by (Amari et aI., 1996) 

� = f (f Ipi} 1 - 1) + f (f IPij l - 1) i=1 )'= 1  m:x IPikl j=l i=1 mfx Ipkil 
where P = {Pij} = WA. The performance index � is a measure of the diagonality of 
matrix P. If the matrix P is perfectly diagonal, � = O. For a matrix P whose elements 
are not concentrated on the principal diagonal, the performance index !J will be high. 

For the waveforms displayed in Fig. 1O.13, !J = 0.0606. 

10.13 MAXIMUM LIKELIHOOD ESTIMATION 

The method of independent components analysis (i.e., the third variant of the Infomax 
principle) described in the previous section is just one of many methods that have been 
proposed in the literature for blind source separation. In an information-theoretic con
text, however, there are only two other methods for performing the task of source sep
aration in an unsupervised manner: maximum likelihood and maximum entropy. In 
this section we discuss maximum likelihood. 

Maximum likelihood is a well-established procedure for statistical estimation with 
some nice properties; see note 5 of Chapter 7. In this procedure we first formulate a log
likelihood function and then optimize it with respect to the parameter vector of the 
probabilistic model under consideration. From the discussion presented in Chapter 7, 
we recall that the likelihood function is the probability density function of a data set in a 



526 (hapter 1 0  Information-Theoretic Models 

given model, but viewed as a function of the unknown parameters of the model. 
Referring to Fig. 10.9, let fu( ' )  denote the probability density function of the random 
source vector U. Then the probability density function of the observation vector 
X � AU at the output of the mixer is defined by (Papoulis, 1984) 

fx(x, A) � I det(A) I -I fu (A -IX) (10.112) 

where det(A) is the determinant of mixing matrix A. Let ZJ � (xd�� 1 denote a set of N 
independent realizations of the random vector X. We may then write 

N 
fx(ZJ, A) � TIfx(x" A) (10.113) 

k=i 
We find it more convenient to work with the normalized (divided by the sample size N) 
version of the log-likelihood function, as shown by 

l i N 
IV 10gfx(ZJ, A) � IV � logfx(x" A) 

1 N 
� IV � logfu(A-1x,) - log I det(A) I 

Let Y � A -1 X be a realization of the random vector Y at the demixer output, and thus 
write 

l i N 
- 10gfx(V', A) � - 2: 10gfu(Y,) - log I det(A) I N N '�1 

(10.114) 

Let A -I � W and letfv(Y, W) denote the probability density function of Y parameter
ized by W. Then recognizing that the summation in Eq. (10.114) is the sample average 
of 10gfu( Yk)' we find from the law of large numbers that, with probability 1, as the 
sample size N approaches infinity: 

1 N 
L(W) � lim - 2: 10gfu(Yk) + 10g l det(W) I N---'1"" N k=i 

� E[logfu(Y,)] + log I det(W) I 

� fJv(Y, W)logfu(y)dy + log I det(W) I 

(10.115) 

where the expectation in the second line is with respect to Y.The quantity L(W) is the 
desired log-likelihood function. By writing ( fu(Y) ) fu(y) � 

fv(Y, W) fv(y, W) 

we may express L(W) in the equivalent form 

L(W) � fJv(Y, W)log (f��:Y�
»
)dY + [fv(Y, W)logfv(y, W)dy + log ldet(W) I 

� -Dt.llr" - heY, W) + log I det(W) I (10.116) 
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where heY, W) is the differential entropy of random vector Y parameterized by W, 
and DMfu is the Kullback-Leibler divergence between Iy(y, W) and lu(Y). Using 
Eq. (10.76) in (10.116), we may simplify the expression for the log-likelihood func
tion L(W) as follows (Cardoso, 1998a): 

L(W) = -Df, llfc - heX) (10. 1 17) 

where heX) is the differential entropy of the random vector X at the demixer input. 
The only quantity in Eq. (10.117) that depends on the weight vector W of the demixer 
is the Kullback-Leibler divergence Dt.llfc '  We therefore conclude from Eq. (10.117) 
that maximizing the log-likelihood function L(W) is equivalent to minimizing the 
Kullback-Leibler divergence D t.IIk' that is, matching the probability distribution of the 
demixer output Y to that of the original source vector U, which is intuitively satisfying. 

Relationship between Maximum Likelihood and Independent 
Components Analysis 

Applying the Pythagorean decomposition described in Eq. (10.45) to the problem at 
hand, we may express the Kullback-Leibler divergence Dt, lltu for maximum likelihood 
as follows: 

(10.118) 

The first Kullback-Leibler divergence DMh on the right-hand side of Eq. (10.118) is a 
measure of structural mismatch that characterizes the method of independent compo
nents analysis. The second Kullback-Leibler divergence Dl,lltu is a measure of marginal 
mismatch between the marginal distribution of the demixer output Y and the distribu
tion of the original source vector U. We may thus express the "global" distribution 
matching criterion for maximum likelihood as follows (Amari, 1997; Cardoso, 1998a): ( Total ) = (structural) + (Marginal) 

mISmatch mismatch mismatch (10.119) 

"Structural mismatch" refers to the structure of a distribution pertaining to a set of 
independent variables, whereas "marginal mismatch" refers to the mismatch between 
the individual marginal distributions. 

Under the ideal condition W = A -\ (i.e., perfect blind source separation), both 
the structural mismatch and marginal mismatch vanish. At that point, maximum likeli
hood and independent components analysis yield exactly the same solntion. The ideal
ized relationship between maximum likelihood and independent components analysis 
is depicted in Fig. 10.14 (Cardoso, 1996; Amari, 1997). In this figure, g is the set of all 
probability density functions Iy(y) of the random vector Y at the demixer output; :P is 
the set of all independent probability distributions, that is, those of the product form. 
Both g and :P are of infinite dimension. The set SJ = {fy(y, W) 1 is the finite set of proba
bility distributions measured at the demixer output. The set '2lJ is m'-dimensional, where 
m is the dimension of Y, and the weight matrix W is a coordinate system in it. From 
Fig. 10.14 we clearly see that both Dt.lll, and Dl,lltu are minimized at W = A-I It is 
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'fn = {fy(y; W») 

w 

Demixer output 
distribution 
fy(y, W) 

-.J J\- . _ . _ - - . _ _ _ 

hey, W) 
Marginal 

1 . tion 
of demixer 
output 

I • 

fu(Y): True source 
distribution 

':1': The whole set of 
probability distrubutions 
fy(y) 

.1': All the independent 
distributions 

FIGURE 10.14 I l lustration of the relationship between maximum likelihood and inde
pendent components analysis for blind source separation. Maximum l ikelihood minimizes 
Dfyll fl! whereas independent components analysis minimizes Dfyll (y' 

interesting to prove that the sets '!iJ and ji are indeed orthogonal at their intersection 
point defined by the true probability density functionfu(Y), 

A blind source separation algorithm based on maximum likelihood must include 
a provision for estimating the underlying source distributions when they are unknown, 
which is typically the case. The parameters for this estimation can be adapted just as we 
adapt the demixing weight matrix W. In other words. we should perform a joint estima
tion of the mixing matrix and (some characteristics) of the source distributions 
(Cardoso, 1997, 1998a); an elegant and well developed approach for this joint estima
tion is presented in Pham et al. (1992, 1997). 
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10.14 MAXIMUM ENTROPY METHOD 

The maximum entropy method for blind source separation is due to Bell and 
Sejnowski (1995). Figure 10.15 shows the block diagram of the system based on this 
method. As before, the demixer operates on the observation vector X to produce an 
output Y = WX that is an estimate of the original source vector U. The vector Y is 
transformed into a vector Z by passing it through a component-wise nonlinearity 
denoted by G(· ), which is monotonic and invertible. Thus, unlike Y, the vector Z is 
assured of a bounded differential entropy h(Z) for an arbitrarily large demixer. For a 
prescribed nonlinearity G(·) ,  the maximum entropy method produces an estimate of 
the original source vector U by maximizing the entropy h(Z) with respect to W. In 
light of Eq. (10.55) derived in Example 10.6, we see that the maximum entropy 
method is closely related to the Infomax principleP 

The nonlinearity G is a diagonal map described by 

We may thus write 

[Yl ] [ gl(Yl) ] [ Zl] 
G :  Y2 --> g2(:2) = Z2 

. . . . . . 

Ym gm(Ym) Zm 

Z = G(Y) 
= G(WAU) 

(10.120) 

(10.121 ) 

Since the nonlinearity G(') is invertible, we may express the original source vector U 
in terms of the demixer output vector Z as 

U = A -IW-1G-1(Z) 
= W(Z) 

where G-1 is the inverse nonlinearity: r ]  g�l(Zl) [ l 
G

' :: � ,;' " ,

) 
� :: 1 

g;"'(Zm) 
r - - - - - - - - - - - - - - - ,  
I 
I 

I 
I U � Mixer: I ' , Demixer: y " Nonlinearity u: , , 

.. A v W ". GO I 
I 

- - - - - - - - - - - - - - - �  
Unknown environment 

z . "-. 
v 

FIGURE 10.15 Block diagram of the maximum entropy method for 
blind source separation. The vectors u, X, y and z are values of the 
random vectors U, X. Y and Z. respectively. 

(10.122) 

(10.123) 
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The probability density function of the output vector Z is defined in terms of that of 
the source vector U by (Papoulis, 1984) 

fz(z) = 
fu(u) I I det(J(u)) I .�"'(Z) 

(10.124) 

where det(J(u» is the determinant of the Jacobian matrix J(u). The ij-th element of 
this latter matrix is defined by 

I. = aZi 'J a Uj (10.125) 

Hence the entropy of the random vector Z at the output of the nonlinearity G is 

h(Z) = -E[ logfz(z)] 

- E[ IOg ( fu(u) ) ]  - - I det(J(u)) I .�",(.) 

= -Dlull ld"]1 evaluated at u = W(z) 

(10.126) 

We thus see that maximizing the entropy h(Z) is equivalent to mmlmlzmg the 
Kullback-Leibler divergence between fu(u) and a probability density function of U 
defined by Idet (I(u)) l .  

Suppose now the random variable Zi (i.e., the ith element of Z) is uniformly dis
tributed inside the interval [0, 1] for all i. According to Example 10.1, the entropy h(Z) 
is then equal to zero. Correspondingly, we find from Eq. (10.126) that 

fuCu) = I detCJ(u)) I 

Under the ideal condition W = A-I, this relationship reduces to 

aZi I lului) = -aYi z,=g(u,.) 
for all i 

(10.127) 

(10.128) 

Conversely, we can say that if Eq. (10.128) is satisfied, then maximizing h(Z) yields 
W = A-I and blind source separation is thereby achieved. 

We may now summarize the results obtained on the maximum entropy method 
for blind source separation as follows (Bell and Sejnowski, 1995): 

Let the nonlinearity at the demixer output in Fig. 10.15 be defined in terms of the original 
source distribution as 

Z; = g;(y;) 
(10.129) 

for i = 1 , 2, . . .  , m  

Maximizing the entropy of the random vector Z at the output of the nonlinearity G is then 
equivalent to W = A -1, which yields perfect blind source separation. 
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The maximum entropy and maximum likelihood methods for blind source sepa
ration are indeed equivalent under the condition that the random variable Z; is uni
formly distributed inside the interval [0, 1] for all i (Cardoso, 1997). To prove this 
relationship we first use the chain rule of calculus to rewrite Eq. (10.125) in the equiva
lent form 

m aZi = L -Wikakj k= l dYi 
The Jacobian matrix J may therefore be expressed as 

J = DWA 

where D is the diagonal matrix 

Hence, 

I det(J) I = Idet(WA) I IT az; i=1 iJYi 

(10.130) 

(10.131) 

An estimate of the probability density function fu(u) parameterized by the weight 
matrix W and the nonlinearity G, in light of Eq. (10.131), may be written formally as 
(Roth and Baram, 1996) 

fu(uIW, G) = I det(WA) I IT ag;(y;) 1=1 0Yi (10.132) 

We thus see that under this condition, maximizing the log-likelihood function 
logfu(u I W, G) is equivalent to maximizing the entropy h(Z) for blind source separa
tion. That is, the methods of maximum entropy and maximum likelihood are equivalent. 

Learning Algorithm for Blind Source Separation 

Referring to the second line of Eq. (10.126), we note that since the source distribution 
is typically fixed, maximizing the entropy h(z) requires maximizing the expectation of 
the denominator term log I det(J(u» I with respect to the weight matrix W. With an 
adaptive algorithm for doing this computation as our goal, we may thus consider the 
instantaneous Objective function 

<t> = log I det(J) I 

Substituting Eq. (10.131) into (10.133) yields 

<t> = log I det(A) I + log I det(W) I + i log (az;) i=1 iJYi 

(10.133) 

(10.134) 
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Hence, differentiating tt> with respect to the weight matrix W of the demixcr we get 
(see Problem 10, 1 6) att> W- T � a I (az,) 

- = + L" - og -
oW ' � l  oW oy, 

(10.135) 

To proceed further with this formula we need to specify the nonlinearity fed by 
the demixer output A simple form of nonlinearity that may be used here is the logistic 
function 

z, = g(yJ 

i = 1 , 2, . . .  , m  
(10.136) 

l + e '.' 
Figure 10.16 presents plots of this nonlinearity and its inverse. This figure shows that 
the logistic function satisfies the basic requirements of monotonicity and invertibility 
for blind source separation. Substituting Eq. (10.136) into ( 10.135) yields 

0.8 
"" 

� 0.6 

" 0.4 ..; 

0.2 

0 

- 1 0  -8 - 6 

5 

;; 0 

ott> = W r + (1 - 2z)xT 
iiW 

-4 -2 0 2 

y, 

Ca) 

4 6 8 10 

_5 L-_�_� __ �_-L_� __ �_� __ L-_-L_� 
o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

(b) 

FIGURE 10.16 (a) Logistic function: z, = g(y) = 1 . (b) Inverse of logistic 
1 1 + e Y, function: Yi = g- (z;>, 
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where x is the received signal vector. z is the nonlinear transformed output vector of 
the demixer, and 1 is a corresponding vector of ones. 

The objective of the learning algorithm is to maximize the entropy h(Z). 
Accordingly, invoking the method of steepest ascent, the change applied to the weight 
matrix W is (Bell and Sejnowski, 1995) 

0<1> t.W � '1] 

oW 
� 'I] (W-T + (1 - 2Z)XT) 

(10.137) 

where 'I] is the learning-rate parameter. As with the independent components analysis 
we may eliminate the need for inverting the transposed weight matrix WT by using the 
natural gradient, which is equivalent to mUltiplying Eq. (10.137) by the matrix product 
WTW. This optimal rescaling yields the desired formula for weight change as 

t.W � 'I](W-T + (1 - 2Z)XT)WTW 

� '1](1 + (1 - 2z)(Wx)')W (10.138) 
� '1](1 + (1 - 2z)y')W 

where the vector y is the demixer output. The learning algorithm for computing the 
weight matrix W is therefore 

W(n + 1) � W(n) + '1](1 + (1 - 2z(n))yT(n))W(n) (10.139) 
The algorithm is initiated with W(O) selected from a uniformly distributed set of small 
numbers. 

Theoretical considerations and experimental investigations have shown that the 
learning algorithm of Eq. (10.139) is limited to separating sources with super-Gaussian 
distributions (Bell and Sejnowski, 1995); for the definition of super-Gaussian distribu
tions, see note 18. This limitation is a direct consequence of using the logistic function 
for the nonlinearity at the back end of the system in Fig. 10.15. In particular, the logistic 
function imposes prior knowledge, namely a super-Gaussian shape, on the source dis
tribution. There is nothing in the maximum entropy method, however, that restricts its 
use to the logistic function any more than the maximum likelihood method is 
restricted to some fixed prior. The application of the maximum entropy method may 
be broadened to a wider spectrum of source distributions by modifying the learning 
algorithm of Eq. (10.138) so as to provide for joint estimation of the underlying source 
distribution and the mixing matrix. This requirement is of a similar nature to that dis
cussed for maximum likelihood in the previous section. 

10.15  SUMMARY AND DISCUSSION 

In this chapter we establish mutual information, rooted in Shannon's information the
ory, as a basic statistical tool for self-organization. The mutual information between an 
input process and an output process has some unique properties that suggest its adop
tion as the objective function to be optimized for self-organized learning. Indeed, some 
important principles for self organization have emerged from the discussion presented 
in this chapter: 
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• Maximum mutual information (Infomax) principle (Linsker, 1988). This princi
ple, in its basic form, is well suited for the development of self-organized models 
and feature maps. 

• The first variant of Infomax, due to Becker and Hinton (1992), is well suited for 
image processing where the objective is the discovery of properties of a noisy 
sensory input exhibiting coherence across both space and time. 

• Thc second variant of Infomax, due to Ukrainec and Haykin (1992), finds appli
cations in dual image processing where the objective is to maximize the spatial 
differentiation between the corresponding regions of two separate images 
(views) of an environment of interest. 

• The third variant of Infomax for independent components analysis is due to 
Comon (1994), although its roots go back to Barlow's hypothesis (Barlow, 1985, 
1989). Nevertheless, in Comon (1994) a rigorous formulation of independent 
components analysis was presented for the first time. 

• Maximum entropy method due to Bell and Sejnowski (1995), which is also 
related to the Infomax principle. Maximum entropy is equivalent to maximum 
likelihood (Cardoso, 1997). 

Independent components analysis and the maximum entropy method provide two 
alternative methods for blind source separation, with each one of them offering attributes 
of its own. A blind source separation algorithm based on the maximum entropy method 
is simple to implement, whereas a corresponding algorithm based on independent com
ponents analysis is more elaborate in derivation but may have broader applicability. 

A neurobiological motivation that is often cited for blind source separation is the 
cocktail party phenomenon. This phenomenon refers to the remarkable human ability 
to selectively tune to and follow an auditory input of interest in a noisy environment. 
As explained in Chapter 2, the underlying neurobiological model involved in the solu
tion to this very difficult signal processing problem is much more complicated than 
what is entailed in the idealized model described in Fig. 10.9. The neurobiological 
model involves both temporal and spatial forms of processing, which are needed in 
order to cope with unknown delays, reverberation, and noise. Now that we have a rea
sonably firm understanding of the basic issues involved in the neural solution to the 
standard blind source separation problem, it is perhaps time that we move on and 
tackle real-life problems on a scale comparable to the cocktail party phenomenon. 

Another open research area worthy of detailed attention is that of blind denln
vo/ulian. Deconvolution is a signal processing operation that ideally unravels the 
effects of convolution performed by a linear time-invariant system operating on the 
input signal. More specifically, in ordinary deconvolution the output signal and the sys
tem are both known and the requirement is to reconstruct what the input signal must 
have been. In blind deconvolution, or in more precise terms, unsupervised deconvolu
tion, only the output signal is known and there may also be information on the source 
statistics; the requirement is to find the input signal, the system, or both. Clearly, blind 
deconvolution is a more difficult signal processing task than ordinary deconvolution. 
Although blind deconvolution has indeed received a great deal of attention in the lit
erature (Haykin, 1994a), our understanding of an information-theoretic approach to 
blind deconvolution that parallels the blind source separation problem is at an early 
stage of development (Douglas and Haykin, 1997). Moreover, a cost effective solution 
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to the blind equalization of a hostile channel such as the mobile communications chan
nel is just as challenging in its own right as the cocktail party problem. 

In summary, blind adaptation, be it in the context of source separation or decon
volution, has a long way to go before it can reach a mature state of development com
parable to that of supervised learning. 

NOTES AND REFERENCES 

1. For detailed treatment of infonnation theory, see the book by Cover and Thomas (1991); 
see also Gray (1990). For a collection of papers on the development of information the
ory (including the 1948 classic paper by Shannon), see Slepian (1973). Shannon's paper is 
also reproduced, with minor revisions, in the books by Shannon and Weaver (1949) and 
Sloane and Wyner (1993). 

For a brief review of the important principles of information theory with neural 
processing in mind, see Atick ( 1992). For a treatment of information theory from a biol
ogy perspective, see Yockey (1992). 

2. Linsker's maximum mutual information principle for self-organization is not to be con
fused with the information-content preservation rule for decision making, a rule of 
thumb that is briefly discussed in Chapter 7. 

3. For a review of the literature on the relation between information theory and perception, 
see Linsker (1990c) and Atick (1992). 

4. The term "entropy," in an information-theoretic context, derives its name from analogy 
with entropy in thermodynamics; the latter quantity is defined by (see Chapter 1 1 )  

H = -kB � Po logPa 

where kB is Boltzmann's constant, and Pet is the probability that the system is in state a. 
Except for the factor kB, the formula for entropy H in thermodynamics has exactly the 
same mathematical form as the definition of entropy given in Eq. (10.8). 

5. In Shore and Johnson (1980), it is proved that the maximum entropy principle is correct 
in the following sense: 

Given prior knowledge in the form of constraints, there is only one distribution 
satisfying these constraints that can be chosen by a procedure that satisfies the 
"consistency axioms;" this unique distribution is defined by maximizing entropy. 

The consistency axioms are fourfold: 
I. Uniqueness: The result should be unique. 

II. Invariance:The choice of coordinates should not affect the result. 
III. System independence: It should not matter whether independent information about 

independent systems is accounted for separately in terms of different densities or 
together in terms of a joint density. 

IV. Subset independence: It should not matter whether an independent subset of sys
tem states is treated in terms of a separate conditional density or in terms of the full 
system density. 

In Shore and Johnson (1980), it is shown that the relative entropy or the Kullback-Leibler 
divergence also satisfies the consistency axioms. 

6. For a discussion of the method of Lagrange multipliers, see the book by Dorny (1975). 
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7. The tenn leX; Y) was originally referred to as the rate of information transmission by 
Shannon (1948). Today, however, this term is commonly referred to as the mutual infor
mation between the random variables X and Y. 

8. To prove the decomposition ofEq. (10.45), we may proceed as follows. By definition we have 

f" (fx(x» ) DAllfc � -x fx(x) log fu(x) 
dx 

� foo fx(X) log (&(X) , �x
«
X
»
)dX 

-x fx(x) }U X 

� fX fx(x) log (&(X» )dX + f" fx(X) IOg (�X«X»)dX 
-00 fx(x) _oc JU X 

foo ( 1x(xJ) � DMf, + Jx(x) log fu(x) 
dx 

From the definitions of 1x(x) and fu(o), we see that 

o (fx(X» )  _ (fi1X.<Xi») I g fu(x) -
log m 

II fU/Xi) i=l 

� i log (lX,(Xi») i�1 fu,(x,) 
Let B denote the integral in the last line of Eq. (1). We may then write 

B � [fx(X) IOg (;:i:DdX 

foo (il 1x,(Xi») 
� fx(x) log i:i dx 

-x 
IIfu(xi) i=l 

� i f" (log(lx.<x,») Joo fx(X)dX(i))dXi i�1 - 00  fU/Xi) -oo 

� foo (lx(x)) 
� 

� tS1 - 00 l
og flJ'(xi) fX,(x,)dxi 

(1 ) 

(2) 

where, in the last line, we have made use of the defining equation (10.39). The integral in 
Eq. (2) is the Kullback-Leibler divergence D1x,llfu f�r i = 1 , 2, . . .  , m. To put the expression 
for B in its final form, we note that the area under !x,(Xj)is unity, and therefore write 

B � i foo il1x(Xj)(IOg (!x'<X;») dXi)dX(,j , - I  -" F I  fu,(x,) 

f
" (IT 1 x (Xtl) 

� 1 x(X) log i:� dx 
_oc 

IIfu(x,) i=1 
(3) 
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where in the first line we have used the definition dx = dxidx(i) as described in Section 10.5. 
Thus, substituting Eq. (3) in (1), we obtain the desired decomposition: 

9. Nadal and Parga (1994, 1997) also discuss the relationship between Infomax and redun
dancy reduction, reaching a similar conclusion that maximization of the mutual informa
tion between the input vector and output vector of a neural system leads to data 
reduction. Haft and van Hemmen (1998) discuss the implementation of Infomax filters 
for the retina. It is shown that redundancy is essential to the attainment of noise robust
ness of an internal representation of the environment as it is produced by a sensory sys
tem such as the retina. 

10. Becker and Hinton (1992) use the acronym �ax to refer to the first variant of the 
Infomax principle. 

11. In Uttley (1970) a negative information pathway is considered by optimizing the negative 
of the mutual information between the signals at the input and the output of the path
way. It is shown that such a system adapts to become a discriminator of the more fre
quent pattern occurring in the set of input signals during adaptation. The model is called 
"informon," which is loosely related to the second variant of the Infomax principle. 

12. The system described in Ukrainec and Haykin (1996) includes a postdetection processor 
that uses a priori information about the reflector location along the water-land boundary 
of the waterway. A fuzzy processor combines primary detection performance with the 
output from a vision-based edge detector to effectively remove false alarms, thereby 
reSUlting in a further improvement in system performance. 

13. Blind source-separation may be traced back to the seminal paper by Herault, Jutten, and 
Ans (1985). For a historical account of the blind source separation problem, see Nadal 
and Parga (1997); this paper also emphasizes the neurobiological aspects of the problem. 
For an insightful overview of blind source separation, with emphasis on the underlying 
signal processing principles, see Cardoso ( 1998a). 

14. Approximation of Probability Density Function 
(a) Gram-Charlier Expansion 
Let 'fly{ w) denote the characteristic function of a random variable Y having the probabil
ity density functionfy(y). By definition we have 

'l'y(oo) � fJy(y)eiWYdY (1) 

where j = v=I and w is real. In words, the characteristic function 'fly(w) is the Fourier 
transform of the probability density functionfy(y), except for a sign change in the expo
nent. In general, the characteristic function "Py( w) is a complex number whose real and 
imaginary parts are finite for all w. If the kth moment of the random variable Y exists, 
then 'Py( w) can be expanded in a power series in a neighborhood of w = 0 as follows: " Uoo)k 'l'y(oo) � 1 + � --,;;,-mk 
where mk is the kth order moment of the random variable Y; it is defined by 

mk � E[yk) 

� f" yk fy(y)dy 

(2) 

(3) 
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Equation (2) is derived simply by substituting the expansion of the exponential function 
dwy in Eq. (1), interchanging the order of summation and integration, and then invoking 
the definition of Eq. (3). If the characteristic function <py(w) can be expanded as in Eq. (2), 
then we may also expand the logarithm of <pAw) as follows (Wilks, 1962): 

" " 
log<py(w) � � -'i (jw)' 

n=i n. 
(4) 

where Kn is called the nth order cumulant or semi-invariant of the random variable Y. 
Equation (4) is derived by expanding the logarithm of 'Py(w) in a Taylor series in jw 
about w = O. 

To simplify matters, henceforth we make two assumptions: 
1. The random variable Y has zero mean, that is, j.l = O. 

2. The variance of Y is normalized to unity, that is, a2 = 1. 
Correspondingly, we have K1 = 0, K2 = 1, and the expansion in Eq. (4) becomes 

Now, let 

log<py(w) � � (jw)' + � �; (jw)" 

r(w) � i "" (jw)" 
n=3 n! 

We may then rewrite Eq, (5) as 

1 
log<py(w) � :2 (jW)2 + r(w) 

(5) 

That is, the characteristic function 'Py( w) may be expressed as the product of two expo
nential terms: 

<py(w) � exp ( _ �2) . exp(r(w») 

By using the power series expansion for the exponential term exp(r( w» , we have 

exp(r(w)) � 1 + ± rl(w) 

1=1 l! 

(6) 

(7) 

By substituting Eq. (7) in (6) and collecting terms with like powers of (jw) in the result
ing double summation, we get new coefficients of the expansion of 'Py( w) such as those 
shown here: 

Cl = 0 

Cz = 0 

", 
c, � 

120 

_ 1 2 C6 -
720 

(K6 + 10 K3) 
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1 C8 � 40320 (K8 + 56KsK3 + 35 Kl) 

and so on. We are now in a position to take the inverse Fourier transform of c.py(w) to 
obtain an expansion for the probability density function fy(y). In particular, we may 
write 

(8) 

where (l(Y) is the probability density function of a normalized Gaussian random variable 
of zero mean and unit variance: 

a(y) � _1_ e-y'/2 
V21T (9) 

The expansion of Eq. (8) is known as the Gram-Charlier series of a probability density 
function in terms of the Gaussian function and its derivatives (Stuart and Ord, 1994). An 
expansion of this type has intuitive appeal. In particular, if the random variable Y 
consists of the sum of a number of independently and identically distributed random 
variables, then as the number of those variables increases, the central limit theorem 
tells us that the random variable Y is asymptotically Gaussian. The first term of the 
Gram-Charlier series is indeed Gaussian, which means that for such a sum the remain
der of the series approaches zero as the number of variables in the sum increases. 

The Hermite polynomial Hk(y) appearing in Eq. (8) is defined in terms of the kth 
derivative of a(y) by 

a(k)(y) � (-l)ka(y)H,(y) 

Some typical Hermite polynomials are 

Ho(Y) � 1 
H,(y) � y 

H2(y) � y' - 1 

H3(Y) � y' - 3y 

H4(Y) � / - 6y' + 3 
Hs(Y) � yS - lOy' + 15y 
Hb) � y' - 15/ + 45y2 - 15 

A recursive relation for these polynomials is 

(10) 

(11) 

A particularly useful property of the Hermite polynomials is that Hk(y) and the mth 
derivative of the Gaussian function a(y) are biorthogonal, as shown by 

(k, m) � 0, 1, . . .  (12) 
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The 3km is the Kronecker delta, which is equal to unity if k = m and zero otherwise. 
It is important to note that the natural order of the terms is not the best for the 

Gram-Charlier series. Rather, the terms listed here in parentheses should be grouped 
together (Helstrom, 1968) 

k � (0), (3), (4, 6), (5, 7, 9) (13) 

The elements of these groups are usually of the same order of magnitude. If we retain 
terms through k = 4, for example, we should also include the term k = 6. 
(b) Edgeworth ExpansIOn 
As before, let a(y) denote the probability density function of a random variable normal
ized to zero mean and unit variance. The Edgeworth expansion of the probability density 
function of a random variable Y about the Gaussian approximate a(y) is given by 
(Comon, 1994; Stuart and Ord, 1994) 

A(y) K) K, lOKi K5 
(t(y) 

� 1 + 3i H3(Y) + 4! H,(y) + Ii! Hh) + 51 H,(y) 

+ 35K3K4 H ( ) + 280K; 
H ( ) + K6 H ( ) + 56K3K, H ( ) 

7! 7 Y 9! 9 Y 6! 6 Y 8! 8 Y (14) 

35Kl 
( )  

2100KjK, ( )  
15400K� 

H ( ) + 8!' H8 y + 1O! HlO y + � 12 Y + , . , 

where Kj denotes the cumulant of order i of the standardized scalar random variable Y, and 
Hi denotes the Hermite polynomial of order i. Equation (14) is called the Edgeworth series. 

The key feature of the Edgeworth expansion is that its coefficients decrease uni
fcnnly. On the other hand, the terms in the Gram-Charlier expansion of Eq. (8) do not 
tend unifonnly to zero from the viewpoint of numerical errors; that is, in general, no term 
is negligible compared to a preceding term. It is for this reason that the recommended 
procedure for truncating the Gram-Charlier expansion is to follow the grouping of terms 
described in Eq, (13), 

15. The idea of using V*D = (VD)WTW instead of the usual gradient VD for solving the 
source separation problem is described in Cardoso and Laheld (1996). Therein,V*D is 
referred to as the relative gradient. This gradient is exactly the same as the natural gradi
ent, the definition of which follows from an information-geometric perspective (Amari, 
1 998; Amari et a1. 1996). A similar algorithm was described earlier in Cichocki and 
Moszczyriski (1992) and Cichocki (et aI" 1994). 

16. In the Riemannian space of dimension n, for example, the squared norm of a vector a is 
defined by 

" 

1 1.112 � � 
;=1 

" .L g;jQiaj 
j=l 

where the gij are functions of the coordinates XI' x2, . . .  , xn of the Riemannian space, 
gij = gji' and the right-hand side of this expression is always positive. This expression is a 
generalization of the Euclidean formula for a squared norm: 

" 

1 1. 1 12 � � aJ 
;=1 

For a discussion of the Riemannian structure, see Amari (1987), and Murray and Rice (1993). 
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17. Ben and Sejnowski (1995) refer to their method of blind source separation as Infomax 
in light of Eq. (10.55) defining the relationship between the entropy H(Y) and mutual 
information I(Y; X). However, the preferred terminology is "maximum entropy 
method" as it involves maximization of the entropy h(Z), where Z = G(Y). A note of 
caution: The maximum entropy method for blind source separation due to Bell and 
Sejnowski is not to be confused with the maximum entropy method (MEM) due to 
Burg (1975) for spectrum analysis. 

18. A random variable Xis said to be sub�Gaussian (Benveniste et aI., 1987) if: 

PROBLEMS 

• it is uniformly distributed, or 
• its probability density functionfx(x) is expressible in the form exp( -g(x)) where g(x) 

is an even function that is differentiable, except possibly at the origin and g(x) and 
g'(x)/x are strictly increasing for 0 < x < 00, 

For example, we may have g(x) � I x I� with i3 > 2. 
If, however, g' (x)/ x is strictly decreasing for 0 < x < 00, and the remaining proper

ties mentioned hold, the random variable X is said to be super-Gaussian (Benveniste 
et aI., 1987). For example, we may have g(x) � I x I� with i3 < 2. 

Sometimes (perhaps in an abusive way) the sign of the kurtosis of a random vari
able is used as an indicator of its sub-Gaussianity or super-Gaussianity. The kurtosis of 
random variable X is defined by 

E[X'j K,(x) � (E[X2])2 - 3 

On this basis, the random variable X is said to be sub-Gaussian or super-Gaussian if the 
kurtosis Kix) is negative or positive, respectively. 

MaxEnt Principle 
10.1 The support of a random variable X (i.e., the range of values for which it is nonzero) is 

defined by [a, b]; there is no other constraint imposed on this random variable. What is 
the maximum entropy distribution for this random variable? Justify your answer. 

Mutual Information 
10.2 Derive the properties of the mutual information J(X; Y) between two continuous-valued 

random values X and Y as described in Section lOA. 
10.3 Consider a random input vector X made up of a primary component Xl and a contextual 

component Xl. Define 

Y; = aTXl 

Zi = b[ X2 

How is the mutual information between Xl and � related to the mutual information 
between Yi and Zi? Assume that the probability model of X is defined by the multivari
ate Gaussian distribution 

where fJ. is the mean vector of X and l: is its covariance matrix. 
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10.4 In this problem we explore the use of relative entropy or the Kullback-Leibler diver
gence to derive a supervised learning algorithm for multilayer perceptrons (Hopfield, 
1987b; B aum and Wilczek, 1988). To be specific, consider a multilayer perceptron consist
ing of an input layer, a hidden layer, and an output layer. Given a case or example IX pre
sented to the input, the output of neuron k in the output layer is assigned a probabilistic 
interpretation: 

Correspondingly, let qklo. denote the actual (true) value of the conditional probability 
that the proposition k is true, given the input case 0'. The relative entropy for the multi
layer perceptron is defined by 

where prJ. is the a priori probability of occurrence of case a. 
Using D p II q as the cost function to be optimized, derive a learning rule for training 

the multilayer perceptron. 

Infomax Principle 
10.5 Consider two channels whose outputs are represented by the random variables X and Y. 

The requirement is to maximize the mutual information between X and Y. Show that this 
requirement is achieved by satisfying two conditions: 
(0) The probability of occurrence of X or that of Y is 0.5. 
(b) The joint probability distribution of X and Y is concentrated in a small region of the 

probability space. 
10.6 Consider the noise model of Fig. PIO.6, which shows m source nodes in the input layer of 

a two-neuron network. Both neurons are linear. The inputs are denoted by Xj,X2, . . .  ,Xm, 
and the resulting outputs are denoted by Yt and Y2' You may make the following 
assumptions: 
• The additive noise components Nt and N2 at the outputs of the network are Gaussian 

distributed, with zero mean and common variance uR·. They are also uncorrelated with 
each other. 

• Each noise source is uncorrelated with the input signals. 
• The output signals Yj and Y2 are both Gaussian random variables with zero mean. 

Xl Nl 
Wll 

W2l 
X2 

W12 
Yl 

W" 

W13 2 XJ W23 Y2 
wlm 

w2m 

Xm 
N2 

FIGURE Pl0.6 
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(a) Determine the mutual information I(Y: X) between the output vector Y � [Y" 

Y2]' and the input vector X � [Xl' X2, . • . •  XmV. 
(b) Using the result derived in part (a), investigate the redundancy/diversity tradeoff 

under the following conditions (Linsker. 1 988a): 
(i) Large noise variance, represented by O'� being large compared to the vari

ances of YI and Y2' 
(ii) Low noise variance, represented by O'� being small compared to the vari-

ances of YI and Y2' 

In the variant of the Infomax principle described in Section 10.9, due to Becker and 
Hinton (1992), the objective is to maximize the mutual information I(Ya; Vb) between 
the outputs Ya and Yo of a noisy neural system due to the input vectors Xa and Xbo In 
another approach discussed in Becker and Hinton ( 1992), a different objective is set: 
maximize the mutual information I (�; '1::1,; S) between the average of the outputs Ya 
and Yb and the underlying signal component S common to these two outputs. 

Using the noisy model described in Eqs. (10.59) and ( 10.60), do the following: 
(a) Show that I( Y, + Yh• s) � -,"va:::' r,"[�Y,,-, _+--'cY�hl 

2 '  var[N, + Nb] 

where Na and Nb are the noise components in Ya and Yb, respectively. 
(b) Demonstrate the interpretation of this mutual information as a signal-plus-noise to 

noise ratio. 

Independent Components Analysis 
10.8 Make a detailed comparison between principal components analysis (discussed in 

Chapter 8) and independent components analysis (discussed in this chapter). 
10.9 Independent components analysis may be used as a preprocessing step for approximate 

data analysis before detection and classification (Comon, 1994). Discuss the property of 
independent components analysis that can be exploited for this application. 

10.10 Darmois' theorem states that the sum of independent variables can be Gaussian distrib
uted only if these variables are themselves Gaussian distributed (Darmois, 953). Use 
independent components analysis to prove this theorem. 

10.11 In practice, an algorithmic implementation of independent components analysis can only 
go for "as statistically independent as possible." Contrast the solution to the blind source 
separation problem using such an algorithm to the solution obtained using a decorrela
tion method. Assume that the covariance matrix of the observation vector is nonsingular. 

10.12 Referring to the scheme described in Fig. 10.9, show that minimizing the mutual informa
tion between any two components of the demixer output Y is equivalent to minimizing 
the Kullback-Leibler divergence between the paramaterized probability density func
tion fy(y, W) and the corresponding factorial distribution ly(y, W). 

10.13 The adaptive algorithm for blind source separation described in Eq. (10.104) has two 
important properties: ( 1 )  the equivariant property, and (2) the property that the weight 
matrix W is maintained nonsingular. Property (1) is discussed in some detail in the latter 
part of Section 10.11. In this problem we consider the second property. 

Provided that the initial value W(O) used in starting the algorithm of Eq. (10.104) 
satisfies the condition I det(W(O)) I "  0, show that 

I det(W(n» I " 0 for all n 

This is the necessary and sufficient condition for ensuring that W(n) is nonsingular for all n. 
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10.14 In this problem we formulate the batch version of the blind source-separation algorithm 
dcscribed in Eq. (10.104). Specifically we write 

where 

and 

llW � '1(1 - � <I>(y)yT)W 

YI(2) 

y,(2) 

Ym(2) 

<p(YI(2» 

'P(y,(2» 

YI(N) ] 
y,(N) 

Ym(N) 

'P(YI(N» ] 
'P(y,(N» 

'P(Ym(N» 

where N is the number of available data points. Justify the formulation of the adjustment 
� W applied to the weight matrix W as described. 

Maximum Eutropy Method 
10.15 Consider Fig. 10.15 in which we have 

where 

y � [Yjo Y, • . . . • Ym1' 

X � [Xl o X,. . . . •  Xm1' 

and W is an m-by-m weight matrix. Let 

Z � [ZI, Z" . . .  , Zm1' 

where 

k � 1 , 2, . . .  , m  
(a) Show that the joint entropy of Z is related to the Kullback-Leibler divergence Drill 

as follows: 

h(Z) � -Dfli f + Drll q 
where D/I'Iq is the Kullback-Leiblcr divergence between (a) the probability density 
function of the statistically independent (i.e., factorized) version of the output vector 
Y and (b) a "probability density function" defined by n;: 1 q(y;). 

(b) How is the formula for h(Z) modified for the case when q(Y,) is equal to the proba
bility density function of the original source output Vi for all i? 

10,16 (a) Starting with Eq. (10.134), derive the result given in Eq. (10.135). 
(b) For the logistic function described in Eq. (10.136), show that the use ofEq. ( 10.135) 

yields the formula given in Eq. (10.137). 
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cific features in the scene. This important insight is related to a view of the brain 
described in Craik (1943). where a model of the external world is constructed so as to 
incorporate the regularities and constraints of the world. 

Organization of the Chapter 

The main body of the chapter is organized in two parts. The first part. consisting of 
Sections 10.2 through 10.5, provides a review of the fundamentals of information the
ory. In Section 10.2 we discuss the concept of entropy as a quantitative measure of 
information, which leads naturally to the maximum entropy principle discussed in 
Section 10.3. Next, in Section lOA we discuss the concept of mutual information and its 
properties, followed by a discussion of the Kullback-Leibler divergence in Section 10.5. 

The second part of the chapter, consisting of Sections 10.6 through 10.14, deals 
with information-theoretic models for self-organizing systems. Section 10.6 high
lights mutual information as an objective function to be optimized. The principle of 
maximum mutual information is discussed in Section 10.7, which is followed by a dis
cussion of the relationship between this principle and that of redundancy reduction 
in Section 10.8. Sections 10.9 and 10.10 deal with two variants of the principle of 
maximum mutual information that are suitable for different applications in image 
processing. Sections 10.1 1  to 10.14 present three different methods for solving the 
blind source separation problem. 

The chapter concludes with some final remarks in Section 10.15. 

10.2 ENTROPY 

Following the terminology commonly used in probability theory, we use an uppercase 
letter to denote a random variable, and the corresponding lowercase letter to denote 
the value of the random variable. 

Consider then a random variable X, each realization (presentation) of which may 
be regarded as a message. Strictly speaking, if the random variable X is continuous in 
its amplitude range, then it carries an infinite amount of information. However, on 
physical and biological grounds we recognize that it is meaningless to think in terms of 
amplitude measurements with infinite precision, which suggests that the value of X 
may be uniformly quantized into a finite number of discrete levels. Accordingly, we 
may view X as a discrete random variable, modeled as follows: 

X = (x, l k  = 0, :+: 1, . . . .  :+: Kl (10.1 ) 
where x, is a discrete number and (2K + 1 )  is the total number of discrete levels. The 
separation ox between the discrete levels is assumed to be small enough for the model 
of Eq. (10.1) to provide an adequate representation for the variable of interest. We 
may, of course, pass to the continuum limit by letting ox approach zero and K approach 
infinity, in which case we have a continuous random variable and (as we will see later 
in the section) sums become integrals. 

To co�he model. let the event X = x, occur with probability 
p, = P(X = x,) (10.2) 
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with the requirement that 
K 

and L Pk = 1 (10.3) 
k=-K 

Suppose that the event X = xk occurs with probability Pk = 1. which therefore 
requires that Pi = 0 for all i '" k. In such a situation there is no "surprise" and therefore 
no "information" conveyed by the occurrence of the event X = xk, since we know what 
the message must be. If, on the other hand, the various discrete levels were to occur 
with different probabilities and, in particular, the probability Pk is low, then there is 
more "surprise" and therefore "information" when X takes the value xk rather than 
another value Xi with higher probability Pi' i '" k. Thus the words "uncertainty," "sur
prise," and "information" are all related. Before the occurrence of the event X = xk' 
there is an amount of uncertainty. When the event X = xk occurs, there is an amount of 
surprise. After the occurrence of the event X = xk• there is an increase in the amount 
of information. These three amounts are obviously the same. Moreover, the amount of 
information is related to the inverse of the probability of occurrence. 

We define the amount of information gained after observing the event X = Xk 
with probability Pk as the logarithmic function 

l(xk) = log (;J = - logpk (10.4) 

where the base of the logarithm is arbitrary. When the natural logarithm is used the 
units for information are nats, and when the base 2 logarithm is used the units are bits. 
In any case, the definition of information given in Eq. (10.4) exhibits the following 
properties: 

2. 

3. 

l(x.) = 0 (10.5) 

Obviously, if we are absolutely certain of the outcome of an event, there is no 
information gained by its occurrence. 

(10.6) 

That is, the occurrence of an event X = xk either provides some or no informa
tion, but it never results in a loss of information. 

l(x.) > l(x,) for Pk < Pi (10.7) 

That is, the less probable an event is, the more information we gain through its 
occurrence. 
The amount of information l(xk) is a discrete random variable with probability Pk' 

The mean value of l(xk) over the complete range of 2K + 1 discrete values is given by 

H(X) = E[l(xk)] 
K 

= L PkI(xk) k=-K 
K 

- L Pk logpk 
k=-K 

(10.8) 
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The quantity H(X) is called the entropy of a random variable X permitted to take a 
finite set of discrete values; it is so called in recognition of the analogy between the def
inition given in Eq. (10.8) and that of entropy in statistical thermodynamics. 4 The 
entropy H(X) is a measure of the average amount of information conveyed per mes
sage. Note, however, that the X in H(X) is not an argument of a function but rather a 
label for a random variable. Note also that in the definition of Eq. (10.8) we take 0 log 0 
to be O. 

The entropy H(X) is bounded as follows: 

o ,;; H(X) ,;; log (2K + 1) (10.9) 

where (2K + 1) is the total number of discrete levels. Furthermore, we may make the 
following statements: 

1. H(X) = 0 if and only if the probability p, = 1 for some k, and the remaining 
probabilities in the set are all zero; this lower bound on entropy corresponds to 
no uncertainty. 

2, H(X) = log2(2K + 1), if and only if Pk = 1/(2K + 1) for all k (i.e., all the dis
crete levels are equiprobable); this upper bound on entropy corresponds to max
imum uncertainty. 

The proof of property 2 follows from the following lemma (Gray, 1990): 

Given any two probability distributions {p,} and {q.) for a discrete random variable X, then 

� Pklog(P') '" 0 
k qk 

which is satisfied with equality if and only if q, = Pk for all k. 

(10.10) 

The quantity used in this lemma is of such fundamental importance that we 
pause to recast it in a form suitable for use in the study of stochastic systems. Let Px(x) 
and qx(x) denote the probabilities that random variable X is in state x under two dif
ferent operating conditions. The relative entropy or Kullback-Leibler divergence (dis
tance) between the two probability mass functions Px(x) and qx(x) is defined by 
(Kullback, 1968; Gray, 1990; Cover and Thomas, 1991) 

"" (px(x)) Dpllq = £oJ px(x) log �) xE:f qX\x 
(10.11) 

where the sum is over all possible states of the system (Le., the alphabet 21: of the dis
crete random variable X). The probability mass function qx(x) plays the role of a refer
ence measure. 

Differential Entropy of Continuous Random Variables 

The discussion of information-theoretic concepts has thus far involved ensembles of 
random variables that are discrete in their amplitude values. We now extend some of 
these concepts to continuous random variables. 
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Consider a continuous random variable X with the probability density function 
fx(x). By analogy with the entropy of a discrete random variable, we introduce the fol
lowing definition: 

heX) = -fJx(x) log fx(X) dx (10.12) 
= -E[ logfAx)] 

We refer to heX) as the differential entropy of X to distinguish it from the ordinary or 
absolute entropy. We do so in recognition of the fact that although heX) is a useful 
mathematical quantity to know, it is not in any sense a measure of the randomness of X. 

We justify the use of Eq. (10.12) as follows. We begin by viewing the continuous 
random variable X as the limiting form of a discrete random variable that assumes the 
value x, = kox, where k = 0, :':1,  :':2, . . .  , and ox approaches zero. By definition, the 
continuous random variable X assumes a value in the interval [x" x, + ox] with proba
bility fx(x,) ox. Hence, permitting ox to approach zero, the ordinary entropy of the con
tinuous random variable X may be written in the limit as 

oc 

H(X) = - lim � fAx,) ox log (fx(x,) ox) 
OX---->O k=-co 

= - lim [ i fx(x,)( logfx(x,» ox + logox i fx(x,) ox ] OX---->O k=-oo k= -·00 

= - f" fx(x) 10gfAx) dx - lim logox f" fx(x) dx 
_. b� _oo = heX) - lim logox 

QX---->O 

(1O.l3) 

where in the last line we have made use of Eq. (1O.l2) and the fact that the total area 
under the curve of the probability density function fAx ) is unity. In the limit as ox 
approaches zero, -log ox approaches infinity. This means that the entropy of a continu
ous random variable is infinitely large. Intuitively, we would expect this to be true 
because a continuous random variable may assume a value anywhere in the open 
interval (- 00, 00) and the uncertainty associated with the variable is on the order of 
infinity. We avoid the problem associated with the term log ox by adopting heX) as a 
differential entropy, with the term -log ox serving as a reference. Moreover, since the 
information processed by a stochastic system as an entity of interest is actually the dif
ference between two entropy terms that have a common reference, the information 
will be the same as the difference between the corresponding differential entropy 
terms. We are therefore perfectly justified in using the term heX), defined in Eq. (lO.13), 
as the differential entropy of the continuous random variable X. 

When we have a continuous random vector X consisting of n random variables 
Xl' X" . . .  , Xn, we define the differential entropy of X as the n-fold integral 

heX) = - fJx(x) log fx(x) dx (10.14) = - E[ logfx(x)] 
where fx(x) is the joint probability density function of X.  
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Example 1 0.1  U niform Distribution 

Consider a random variable X uniformly distributed inside the interval [0, 1]. as shown by {I for O S X :5 1  fx(x) = 0 otherwise 

By applying Eq. (10.12), we find that the differential entropy of X is 

heX) = - f. 1 . log ld.x 

= -[ l . O dX 

= 0  

The entropy of X is therefore zero. 

Properties of Differential Entropy 

• 

From the definition of differential entropy heX) given in Eq. (10.12), we readily see 
that translation does not change its value; that is, 

heX + c) = heX) (10.15) 
where c is constant. 

Another useful property of heX) is described by 

h(aX) = heX) + log l a l  (10.16) 
where a is a scaling factor. To prove this property, we first recognize that since the area 
under the curve of a probability density function is unity, then 

Next, using the formula of Eq. (10.12), we may write 

heY) = -E[logfy(y)] 

= -E[IOg ( I� l fy(�)) ] 
= -E[IOgfym 1 + log l a l  

B y  putting Y = aX in this relation we obtain 

h(aX) = -fJx(X)IOgfx(X)dx + log l a l  

from which Eq. (10.16) follows immediately. 

(10.17) 
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Equation (10.16) applies to a scalar random variable. It may be generalized to the 
case of a random vector X premuItiplied by matrix A as follows: 

h(AX) = heX) + 10g l det(A) I (10.18) 
where det(A) is the determinant of matrix A. 

10.3 MAXIMUM ENTROPY PRINCIPLE 

Suppose that we are given a stochastic system with a set of known states but unknown 
probabilities, and that somehow we learn some constraints on the probability distribu
tion of the states. The constraints can be certain ensemble average values or bounds on 
these values. The problem is to choose a probability model that is optimum in some 
sense, given this prior knowledge about the model. We usually find that there is an infinite 
number of possible models that satisfy the constraints. Which model should we choose? 

The answer to this fundamental question lies in the maximum entropy (Max Ent) 
principles due to Jaynes (1957). The Max Ent principle may be stated as follows 
(Jaynes. 1957, 1982): 

When an inference is made on the basis of incomplete information, it should he drawn 
from the probability distribution that maximizes the entropy, subject to constraints on the 
distribution. 

In effect, the notion of entropy defines a kind of measure on the space of probability 
distributions, such that those distributions of high entropy are favored over others. 

From this statement, it is apparent that the Max Ent problem is a constrained 
optimization problem. To illustrate the procedure for solving such a problem, consider 
the maximization of the differential entropy 

heX) = - fJx(x) logfx(x)dx 

over all probability density functions fx(x) of a random variable X, subject to the fol
lowing constraints: 

1, fAx) 2: 0, with equality outside the support of x. 

2. r fxCx)dx = 1 . 

3. fJAX)g,(X)dX = Ci, for i = 1 , 2  . . . . , m  

where g'(x) is some function of x. Constraints 1 and 2 simply describe two fundamental 
properties of a probability density function. Constraint 3 defines the moments of X 
depending on how the function g,(x) is formulated. In effecl, constraint 3 sums up the 
prior knowledge available about the random variable X. To solve this constrained opti
mization problem, we use the method of Lagrange multipliers' by first formulating the 
objective function 
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J(f) = roo [ -f x(x) logfx(x) + AOfx(x) + � A,g,(x )fx(x) JdX (10.19) 

where 11.0, AI' . . .  , Am are the Lagrange multipliers. Differentiating the integrand with 
respect to fx(x) and then setting the result equal to zero, we get 

m 
- 1 - logfx(x) + AD + 2: A,g,(x) = 0 

i;l 
Solving this equation for the unknown fx(x), we get 

fx(x) = exp (-1 + AD + � A,g,(X)) (10.20) 

The Lagrange multipliers in Eq. (10.20) are chosen in accordance with constraints 2 
and 3. Equation (10.20) defines the maximum entropy distribution for this problem. 

Example 1 0.2 One-dimensional Gaussian Distribution 

Suppose the prior knowledge available to us is made up of the mean I.L and variance <:? of a ran
dom variable X. By definition, we have 

I:oo (x - I'-)'f"'(x)dx = a' = constant 

Comparing this equation with constraint 3, we readily see that 

gl(X) = (x - Il)' 

Hence, the use of Eq. (10.20) yields 

fx(x) = exp [-1 + AD + A)(x - 1'-)'] 

Note that A) has to be negative if the integrals offx(x) and (x - a)2 fx(x) with respect to x are to 
converge. Substituting this equation in equality constraints 2 and 3, and then solving for Ao and 
Al, we get 

and 

AD = 1 - log (21Ta') 

1 
:\1 = -2cr2 

The desired form for fx(x) is therefore described by 

1 ( X  - 1'-)') 
fx(x) = V21i a exp 

2a' (10.21) 

which is recognized as the probability density of a Gaussian random variable X of mean I.L and 
van"ance (f2. The maximum value of the differential entropy of such a random variable is given by 

1 h(X) = 2: [1 + log(21Ta')] (10.22) 



492 Chapter 1 0  Information-Theoretic Models 

We may summarize the results of this example as follows: 

1. For a given variance (f2, the Gaussian random variable has the largest differential entropy 
attainable by any random variable. That is, if X is a Gaussian random variable and Y is any 
other random variable with the same mean and variance, then for all Y 

h(X) 20 h(Y) 

with the equality holding only if X and Y are the same. 
2. The entropy of a Gaussian random variable X is uniquely determined by the variance of X 

(i.e., it is independent of the mean of X). 

• 

Example 1 0.3 Multidi mensional Gaussian Distribution 

In this second example, we want to build on the results of Example 10.2 to evaluate the differen
tial entropy of a multidimensional Gaussian distribution. Since the entropy of a Gaussian ran
dom variable X is independent of the mean of X, we may justifiably simplify the discussion in 
this example by considering an m-dimensional vector X of zero mean. Let the second-order sta
tistics of X be described by the covariance matrix ! defined as the expectation of the outer prod
uct of X with itself. The joint probability density function of the random vector X is given by 
(Wilh 1962) 

1 ( 1 T _ I  ) fx(x) 
� (2"IT)m/2(det(I»1/2 exp -2 x I x (10.23) 

where det(I) is the detenninant of I. Equation (10.14) defines the differential entropy of X. 
Therefore, substituting Eq. (10.23) in (10.14), we obtain the result 

I 
h(X) = 2 [m + mlog(2"IT) + 10gldet(I)11 (10.24) 

which includes Eq. (10.22) as a special case. In light of the Max Ent principle, we may thus state 
that for a given covariance matrix !, the multivariate Gaussian distribution of Eg. (10.23) has 
the largest differential entropy attainable by any random vector of zero mean, and that maxi
mum differential entropy is defined by Eq. (10.24). 

• 

10.4 MUTUAL INFORMATION 
In the design of a self-organizing system, the primary objective is to develop an algo
rithm that is able to learn an input-output relationship of interest on the basis of input 
patterns alone. In this context, the notion of mutual information is of profound impor
tance because of some highly desirable properties. To set the stage for the discussion, 
consider a stochastic system with input X and output Y. Both X and Yare permitted to 
take discrete values only, denoted by x and y, respectively. The entropy H(X) is a mea
sure of the prior uncertainty about X. How can we measure the uncertainty about X 
after observing Y? In order to answer this question, we define the conditional entropy 
of X given Y as follows (Gray, 1990; Cover and Thomas, 1991): 

H(xIY) = H(x. Y) - H(Y) (10.25) 
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with the property that 
0 ,,"  H(XIY) "" H(X) (10.26) 

The conditional entropy H(XIY) represents the amount of uncertainty remammg 
about the system input X after the system output Y has been observed. The other quan
tity H(X, Y)  in Eq. (10.25) is the joint entropy of X and Y, which is defined by 

H(X, Y) = - L L p(x, y) logp(x, y) 
xEOC yEW 

where pix, y) is the joint probability mass function of discrete random variables X and 
Y, and 2e and 0!J are their respective alphabets. 

Since the entropy H(X) represents our uncertainty about the system input before 
observing the system output, and the conditional entropy H(XIY) represents our 
uncertainty about the system input after observing the system output, the difference 
H(X) - H(XIY) must represent our uncertainty about the system input that is 
resolved by observing the system output. This quantity is called the mutual information 
between the random variables X and Y. Denoting it by leX; Y), we may thus write' 

leX; Y) = H(X) - H(XIY) 

= L L P(X, Y) IOg ( p(x,y) ) xEa yE� p(x) pry) 
Entropy is a special case of mutual information, since we have 

H(X) = leX; X) 

(10.27) 

The mutual information leX; Y) between two discrete random variables X and Y 
has the following properties (Cover and Thomas, 1991; Gray 1990). 

1. The mutual information between X and Y is symmetric; that is, 

ley; X) = leX; Y) 
where the mutual information J(Y; X) is a measure of the uncertainty about the sys
tem output Y that is resolved by observing the system input X, and the mutual infor
mation I(X; Y) is a measure of the uncertainty about the system input that is resolved 
by observing the system output. 

2. The mutual information between X and Y is always nonnegative; that is, 

I(X; Y) '" 0 

In effect, this property states that we cannot lose information, on the average, by 
observing the system output Y. Moreover, the mutual information is zero if and only 
if the input and output of the system are statistically independent. 

3. The mutual information between X and Y may be expressed in terms a/the entropy o/Y as 
I(X; Y) = H(Y) - H(YIX) (10.28) 

where f/(Y IX) is a conditional entropy. The right-hand side of Eq. (10.28) is 
the ensemble average of the information conveyed by the system output Y, minus the 
ensemble average of the information conveyed by Y given what we already know 
the system input X. This latter quantity, H(Y IX), conveys information about the pro
cessing noise, rather than about the system input X. 
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H(X, y) 

FIGURE 10,1 Il lustration of the relations among the 
mutual information I(X; Y) and the entropies H(X) and 
H(Y), 

Figure 10.1 provides a visual interpretation of Eqs. (10.27) and (10.28). The 
entropy of the system input X is represented by the circle on the left. The entropy of 
the system output Y is represented by the circle on the right. The mutual information 
between X and Y is represented by the overlap between these two circles. 

Mutual Information for Continuous Random Variables 

Consider next a pair of continuous random variables X and Y. By analogy with 
Eq. (10.27), we define the mutual information between the random variables X and Yas 

f� f" (fx(x 1y») leX; Y) = _" _/x,y(x, y) log fAx) dx dy (10.29) 

where fx y(x, y) is the joint probability density function of X and Y, and fx(xi y) is the 
conditio;'al probability density function of X, given Y = y. Note that 

fx,y(x, y) = fx(x ly) fy(y) 
and so we may also write 

leX; Y) = [ [fx'y (X' Y) IOg (£(�tJ�») dx dy 
Also, by analogy with our previous discussion for discrete random variables, the 

mutual information leX; Y) between the continuous random variables X and Yhas the 
following properties; 

leX; Y) = heX) - h(XIY) 

= heY) - h(Ylx) 

= heX) + heY) - heX, Y) 
(10.30) 



Stochastic Machines and 

Their Approximates Rooted 

in Statistical Mechanics 

1 1 .1 INTRODUCTION 

For our last class of unsupervised (self-organized) learning systems, we turn to statisti
cal mechanics as the source of ideas. The subject of statistical mechanics encompasses 
the formal study of macroscopic equilibrium properties of large systems of elements 
that are subject to the microscopic laws of mechanics. The main aim of statistical 
mechanics is to derive the thermodynamic properties of macroscopic bodies starting 
from the motion of microscopic elements such as atoms and electrons (Landau and 
Lifshitz, 1980; Parisi, 1988). The number of degrees of freedom encountered here is 
enormous, making the use of probabilistic methods mandatory. As with Shannon's 
information theory, the concept of entropy plays a vital role in the study of statistical 
mechanics: The more ordered the system, or the more concentrated the underlying 
probability distribution, the smaller the entropy. By the same token, we can say that 
the more disordered the system, or the more uniform the underlying probability distri
bution, the larger the entropy. In 1 957, Jaynes showed that entropy can be used not 
only as the starting point of formulating statistical inference as described in the previ
ous chapter, but also for generating the Gibbs distribution that is basic to the study of 
statistical mechanics. 

Interest in the use of statistical mechanics as a basis for the study of neural net
works goes back to the early works of Cragg and Temperley (1954) and Cowan (\968). 
The Boltzmann machine (Hinton and Sejnowski, 1983, 1986; Ackley et aI., 1985) is per
haps the first multilayer learning machine inspired by statistical mechanics. The 
machine is named in recognition of the formal equivalence between Boltzmann's orig
inal work on statistical thermodynamics and the network's own dynamic behavior. 
Basically, the Boltzmann machine is a device for modeling the underlying probability 
distribution of a given data set, from which conditional distributions for use in tasks 
such as pattern completion and pattern classification can be derived. Unfortunately, 

545 
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the learning process in the Boltzmann machine is painfully slow. This shortcoming has 
motivated modifications to the Boltzmann machine and inspired the formulation of 
new stochastic machines. These issues constitute the bulk of the material presented in 
this chapter. 

Organization of the Chapter 

The chapter is organized in three parts. The first part consists of Sections 1 1 .2 to 1 1 .6. 
Section 11 .2 presents a brief review of statistical mechanics. This is followed by Section 
11.3, a brief review of a special kind of stochastic process known as the Markov chain 
that is commonly encountered in the study of statistical mechanics. Sections 11 .4, 11.5, 
and 11 .6 describe three stochastic simulation techniques: the Metropolis algorithm, 
simulated annealing, and Gibbs sampling. 

The second part of the chapter, made up of Sections 11.7 to 11.9, discusses three 
types of stochastic machines. Section 11.7 describes the Boltzmann machine. Section 11.8 
describes sigmoid belief networks. Section 11 .9 describes another novel stochastic 
machine known as the Helmholtz machine. 

The last part of the chapter, made up of Sections 11.10 to 11 .13, discusses approx
imations to stochastic machines. The approximations are based on the idea of mean
field theory in statistical mechanics. Section 11 .10 discusses mean-field theory in 
general terms. Section 11 .11 discusses a naive mean-field theory of the Boltzmann 
machine, followed by a more principled approach to the mean-field theory of sigmoid 
belief networks in Section 1 1.12. Section 11.13 describes deterministic annealing, 
which is an approximation to simulated annealing. 

The chapter concludes with some final remarks in Section 11.14. 

1 1 .2 STATISTICAL MECHANICS 

Consider a physical system with many degrees of freedom, that can reside in any one 
of a large number of possible states. Let Pi denote the probability of occurrence of state 
i, for example, with the following properties: 

Pi 2- 0 for all i (11 .1) 
and 

(11 .2) 

Let Ei denote the energy of the system when it is in state i. A fundamental result from 
statistical mechanics tells us that when the system is in thermal equilibrium with its 
surrounding environment, state i occurs with a probability defined by 

1 ( E ' 
Pi = :z exp -kB�) (11.3) 

where T is the absolute temperature in kelvins, kB is Boltzmann s constant, and Z is a 
constant that is independent of all states. One degree kelvin corresponds to -273 0 on 
the Celsius scale, and kB = 1.38 X 10-23 joules/kelvin. 
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Equation (11.2) defines the condition for the normalization of probabilities. 
Imposing this condition on Eq. (11.3), we get 

Z = � exp
(
-�) i kBT (11.4) 

The normalizing quantity Z is called the sum over states or the partition function. (The 
symbol Z is commonly used because the German name for this term is Zustadsumme.) 
The probability distribution of Eq. (11.3) is called the canonical distribution or Gibbs 
distribution;! the exponential factor exp( -Ei / kBy) is called the Boltzmann factor. 

The following two points are noteworthy from the Gibbs distribution: 

1, States of low energy have a higher probability of occurrence than states of high 
energy. 

2. As the temperature T is reduced, the probability is concentrated on a smaller 
subset of low-energy states. 

In the context of neural networks, which is our primary concern, the parameter T 
may be viewed as a pseudotemperature that controls thermal fluctuations representing 
the effect of "synaptic noise" in a neuron. Its precise scale is therefore irrelevant. 
Accordingly, we may choose to measure it by setting the constant kB equal to unity, and 
thereby redefine the probability Pi and partition function Z as follows, respectively: 

1 ( E) Pi = Zexp - ; (1 1 .5) 

and 

(11.6) 

Henceforth our treatment of statistical mechanics is based on these two definitions, 
where T is referred to simply as the temperature of the system. From Eq. (11.5) we note 
that -logpi may be viewed as a form of "energy" measured at unit temperature. 

Free Energy and Entropy 

The Helmholtz free energy of a physical system, denoted by F, is defined in terms of the 
partition function Z as follows: 

F = - T logZ 

The average energy of the system is defined by 

(11.7) 

(11.8) 

where <.> denotes the ensemble averaging operation. Thus, using Eqs. (11.5) to 
( 11.8), we see that the difference between the average energy and free energy is 
given by 

<E> - F = -T�Pi logpi (11.9) 
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The quantity on the right-hand side of Eq. (11 .9), except for the temperature T, is rec
ognized as the entropy of the system, as shown by 

H = - 2;P,lOgPi 

We may therefore rewrite Eq. ( 1 1 .9) in the form 
<E> - F =  TH 

or, equivalently, 

F = <E> - TH 

( 1 1 .10) 

( 1 1. 1 1 )  

Consider two systems, A and A', placed in thermal contact with each other. 
Suppose that system A is small compared to system A' ,  so that A '  acts as a heat reser
voir at some constant tcmperature, T. The total entropy of the two systems tends to 
increase in accordance with the relation (Reif, 1967) 

tJ.H + tJ.H' 2- 0 

where tJ.H and tJ.H' denote the entropy changes of systems A and A',  respectively. The 
implication of this relation, in light of Eq. (11 .11), is that the free energy of the system, 
F, tends to decrease and become a minimum in equilibrium situation. From statistical 
mechanics we find that the resulting probability distribution is defined by the Gibbs 
distribution. We thus have an important principle called the principle of minimal free 
energy, which may be stated as follows (Landau and Lifshitz, 1980; Parisi, 1988): 

The minimum of the free energy of a stochastic system with respect to variables of the sys
tem is achieved at thermal equilibrium . at which point the system is gO\ierned by the 
Gibbs distribution. 

Nature likes to find a physical system with minimum free energy. 

1 1 .3 MARKOV CHAINS 

Consider a system whose evolution is described by a stochastic process {X", n = 1 ,2, . . .  }, 
consisting of a family of random variables. The value Xn assumed by the random vari
able Xn at discrete time n is called the state of the system at that time instant. The space 
of all possible values that the random variables can assume is called the state space of 
the system. If the structure of the stochastic process {X"' n = 1 , 2, . . .  ,j is such that the 
conditional probability distribution of X,,+ l depends only on the value of X" and is 
independent of all previous values, we say that the process is a Markov chain (Feller, 
1950; Ash, 1965). More precisely, we have 

(11 .12) 

which is called the Markov property. In words, a sequence of random variables Xl' X2 • . . .  , 
Xn' Xn+1  forms a Markov chain if the probability that the system is in state Xn+ 1 at time 
n + 1 depends exclusively on the probability that the system is in state Xn at time n. 

We may therefore think of the Markov chain as a generative model, consisting 
of a number of states linked together (on a pair-wise basis) by possible transitions. 
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Each time a particular state is visited, the model outputs the symbol associated with 
that state, 

Transition Probabilities 

In a Markov chain, the transition from one state to another is probabilistic, but the pro
duction of an output symbol is deterministic. Let 

Pij = P(Xn+l = jlXn = i) (11.13) 

denote the transition probability from state i at time n to state j at time n + 1. Since the 
Pij are conditional probabilities, all transition probabilities must satisfy two conditions: 

Pil ;" 0 for all (i, j) 

2.Pij = 1 for all i 

(1 1 .14) 

(11.15) 

We will assume that the transition probabilities are fixed and do not change with time; 
that is, Eq. (11.13) is satisfied for all time n. In such a case the Markov chain is said to 
be homogeneous in time. 

In the case of a system with a finite number of possible states K, for example, the 
transition probabilities constitute a K-by-K matrix: [ PH 

P = P�l 
PKI 

P12 
P22 

PK2 

P1K 1 
P2K 

PKK 

(11 .16) 

whose individual elements satisfy the conditions described in Eqs. (11.14) and (11.15); 
the latter condition says that each row of P must add to one. A matrix of this type is 
called a stochastic matrix. Any stochastic matrix can serve as a matrix of transition 
probabilities. 

The definition of one-step transition probability given in Eq. (11.13) may be gen
eralized to cases where the transition from one state to another takes place in some 
fixed number of steps. Let p(m) denote the m-step transition probability from state i to 

'I 
state j: 

(11.17) 

We may view p(m) as the sum over all intermediate states k through which the system 
passes in its trarisition from state i to state j. Specifically, p)j+l) is related to pI}) by 
the recursive relation: 

P��+t) 'I 

with 

P(l) = p ik ik 

(11.18) 
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Equation (11 .18) may be generalized as follows: 

P(m+n) = "' p(m) pen) ( ) � 1 2 I) L.J Ik kj , m, n - , , . . . 
k 

which is a special case of the Chapman-Kolmogorov identity (Feller, 1950), 

(1 1 . 1 9) 

When a state of the chain can only reoccur at time intervals that are multiples of 
d, where d is the largest such integer, we say that the state has period d. A Markov 
chain is called aperiodic if all of its states have period 1 .  

Recurrent Properties 

Suppose a Markov chain starts in state i. The state i is said to be a recurrent state if the 
Markov chain returns to state i with probability 1 ;  that is, 

f, � P (ever returning to state i) � 1 

If the probability f, is less than 1, state i is said to be a transient state (Leon-Garcia, 1994). 
If the Markov chain starts in a recurrent state, that state reoccurs an infinite num

ber of times. If it starts in a transient state, that state reoccurs only a finite number of 
times, which may be explained as follows. We may view the reoccurrence of state i as a 
Bernoulli trial with a probability of success equal to f,. The number of returns is thus a 
geometric random variable with a mean of ( 1  - k l). Iff, < I, it follows that the num
ber of an infinite number of successes is zero. Therefore, a transient state does not 
reoccur after some finite number of returns (Leon-Garcia, 1994). 

If a Markov chain has some transient states and some recurrent states, then the 
process will eventually move only among the recurrent states. 

Irreducible Markov Chains 

The state j of a Markov chain is said to be accessible from state i if there is a finite 
sequence of transitions from i to j with positive probability. If the states i and j are 
accessible to each other, the states i and j of the Markov chain are said to communi
cate with each other. This communication is described by writing i H j. Clearly, if 
state i communicates with state j and state j communicates with state k, that is, i H j 
and j H k, then state i communicates with state k, that is, i H k. 

If two states of a Markov chain communicate with each other, they are said to 
belong to the same class. In general, the states of a Markov chain consist of one or 
more disjoint classes. If, however, all the states consist of a single cIass, the Markov 
chain is said to be indecomposible or irreducible. In other words, by starting at any 
state of an irreducible Markov chain we can reach any other state with positive proba
bility. Reducible chains are of little practical interest in most areas of application. 
Accordingly, we restrict our attention to irreducible chains. 

Consider an irreducible Markov chain that starts in a recurrent state i at time 
n � O. Let T,(k) denote the time that elapses between the (k� 1)th and kth returns to 
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state i. The mean recurrence time of state i is defined as the expectation of Tlk) over 
the returns k. The steady·state probability of state i, denoted by "IT" is equal to the recip
rocal of the mean recurrence time E[Tlk)], as shown by 

1 
"IT, � E[T,(k)] 

If E[Tlk)] < 00, that is, "IT, > 0, the state i is said to be a positive recurrent (persis
tent) state. If E[Tlk)] = 00, that is, "IT, = 0, the state i is said to be a null recurrent (persis
tent) state. The implication of "IT, = 0 is that the Markov chain will eventually reach a 
point where a return to state i is impossible. Positive recurrence and null recurrence 
are different class properties, which means that a Markov chain with positive recurrent 
and null recurrent states is reducible. 

Ergodic Markov Chains 

In principle, ergodicity means that we may substitute time averages for ensemble aver
ages. In the context of a Markov chain, ergodicity means that the long-term proportion 
of time spent by the chain in state i corresponds to the steady-state probability "IT" 
which may be justified as follows. The proportion of time spent in state i after k returns, 
denoted by v,(k), is defined by 

k v, (k) � �k...c.:....-
� T,(l) 
[=1 

The return times T,(l ) form a sequence of independently and identically distributed 
random variables since, by definition, each return time is statistically independent of 
all previous return times. Moreover, in the case of a recurrent state i the chain returns 
to state i an infinite number of times. Hence, as the number of returns k approaches 
infinity, the law of large numbers states that the proportion of time spent in state i 
approaches the steady-state probability, as shown by 

lim v,(k) � "IT, for i = 1 , 2, . . .  , K k-·,. (11.20) 

A sufficient, but not necessary condition, for a Markov chain to be ergodic is for 
it to be both irreducible and aperiodic. 

Convergence to Stationary Distributions 

Consider an ergodic Markov chain characterized by a stochastic matrix P. Let the row 
vector ",(n-l) denote the state distribution vector of the chain at time n - 1; the jth ele
ment of ",(n

-

l
) is the probability that the chain is in state Xj at time n - 1. The state dis

tribution vector at time n is defined by 
1T(n) = 1T(n

-
l)p (11 .21) 
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By iteration of Eq. (11.21). we obtain 

and finally we may write 

(11.22) 

where 'IT(O) is the initial value of the state distribution vector. In words. the state distrib
ution vector of the Markov chain at time n is the product of the initial state distribution 
vector 'IT(O) and the nth power of the stochastic matrix P. 

Let pi:) denote the ij-th element of pn. Suppose that as time n approaches infin
ity. pi)n) tends to "') independent of i, where "'j is the steady-state probability of state j. 
Correspondingly, for large n, the matrix pn approaches the limiting form of a square 
matrix with identical rows as shown by 

[" lim pn = �1 
1/--7"" • 

"'1 

{] 
"'2 ,,] "'2 "'K 

"" "'K 
(11.23) 

where 'IT is a row vector consisting of "'1 ' "'2' . . . , "'K' We then find from Eq. (11 .22) that 
(after rearranging terms) 

S· b d f' . . ",K (II) mce, y e lllitlon �j= l Trj = 
dent of the initial distribution. 

1, this condition is satisfied by the vector 'IT indepen-

We may now state the ergodicity theorem for Markov chains as follows (Feller, 
1950;Ash, 1965): 

Let an ergodic Markov chain with states XI,Xl> . ' " '  xKand stochastic matrix P={Pij) be irre
ducible. The chain then has a unique stationary distribution to which it converges from 
any initial state; that is, there is a unique set of numbers (7l'Jf=1 sllch that 

1 .  

2. 

3. 

4. 

limp(n) = 'IT 
n--7OC If J for all i 

1Tj > 0 for allj 
K 

:L OTj � 1 
;= 1  

K 'ITj = L7riPij forj � 1, 2, . . . , K  
; = 1  

(11 .24) 

(1 1.25) 

(11 .26) 

(11.27) 



Section 1 1 .3 Markov Chains 553 

Conversely, suppose that the Markov chain is irreducible and aperiodic, and that 
there exist numbers hTH�1 satisfying Eqs. (11.25) through (11.27). Then the chain is 
ergodic, the 'Tfj are given by Eq. (11.24), and the mean recurrence time of state j is 1 /7rj" 
The probability distribution (1Tilf�1 is called an invariant or stationary distribu-

tion. It is so called because it persists forever once it is established. In light of the 
ergodicity theorem, we may thus say the following: 

• Starting from an arbitrary initial distribution, the transition probabilities of a 
Markov chain will converge to a stationary distribution provided that such a dis
tribution exists. 

• The stationary distribution of the Markov chain is completely independent of the 
initial distribution if the chain is ergodic. 

Example 1 1 . 1  

Consider a Markov chain whose state-transition diagram is depicted in Fig. 11.1. The chain has 
two states Xl and x2" The stochastic matrix of the chain is 

which satisfies the conditions of Eqs. (11.14) and (11.15). 
Suppose the initial condition is 

From Eq. (11.21) we find that the state distribution vector at time n = 1 is 

1f(l) = 1l'(O)p 

1 
4 

3 
4 

1 
2 

13 ] 24 

1 
2 

FIGURE 11 .1 State-transition 
diagram of Markov chain for 
Example 1 1 . 1 .  
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Raising the stochastic matrix P to power n = 2, 3,4, we have 

2 _ [ 0.4375 P 
- 0.3750 

0.5625 ] 
0.6250 

p3 � [0.4001 
0.3999 

0.5999] 
0.6001 

p4 
� 
[0.4000 
0.4000 

0.6000] 
0.6000 

Thus, TIl = 0.4000 and 'TI'2 = 0.6000. In this example, convergence to the stationary distribution is 
accomplished essentially in n = 4 iterations. With both 'IT\ and 'TT2 being greater than zero, both 
states are positive recurrent, and the chain is therefore irreducible. Note also that the chain is 
aperiodic since the greatest common divisor of all integers n 2': I, such that (Pll)jj > 0, is equal to 1 .  
We therefore conclude that the Markov chain of Fig. 11.1 i s  ergodic. 

Example 1 1 .2 

Consider a Markov chain with a stochastic matrix some of whose elements are zero: 

0 0 1  

3 
3 
4 

1 
6 
1 
4 

1 
2 

o 

The state transition diagram ofthe chain is depicted in Fig. 11.2. 
Ey applying Eq. (11 .27) we obtain the following set of simultaneous equations: 

FIGURE 1 1 .2 State
transition diagram of Markov 
chain for Example 1 1 .2. 

1 7T3 = 7T} + 27Tz 

3 
4 

I 
3 

1 
4 

I 
6 

• 



Section 1 1 .3 Markov Chains 555 

By solving these equations for 'iTt, '7T2, and 'lT3 we get 

"1 � 0.3953 

"2 � 0.1395 

"3 � 0.4652 

The given Markov chain is ergodic with its stationary distribution defined by 'iT1, TIz and 'lT3" 
• 

Classification of States 

On the basis of the material presented here. we may develop a summary of the classes 
to which a state can belong as shown in Fig. 11.3 (Feller, 1950; Leon-Garcia. 1994). This 
figure also includes the associated long-term behavior of the state. 

Principle of Detailed Balance 

Equations (11.25) and (11 .26) merely emphasize the fact that the numbers 'ITj are prob
abilities. Equation (11.27) is the critical one because it also has to be satisfied for the 
Markov chain to be irreducible and therefore. for a stationary distribution to exist. This 
latter equation is a restatement of the principle of detailed balance that arises in first
order reaction kinetics. The principle of detailed balance states that at thermal equilib
rium, the rate of occurrence of any transition equals the corresponding rate of 
occurrence of the inverse transition, as shown by (Rei� 1965): 

FIGURE 1 1 .3 Classification of 
the states of a Markov chain 
and their associated long
term behavior. 

(11 .28) 

State 

/j� 
Transient 

lrj = a 
Recurrent 

/ �  
Positive recurrent /rrj>� Null recurrent 'TT'j= O 

Aperiodic 
lim Pit) = 7Tj 
as n�oo 

Periodic 
limp/n) = d1T

) 
as n�oo 

where d is an integer 
greater than 1 
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To derive the relation of Eq. ( 1 1.27), we may manipulate the summation on the right
hand side of this equation as follows: 

K 
2: TIiPij = 
i= 1 

K 
L (pJ}rrj i= 1 

= 7i'J 
In the second line of this expression we made use of the principle of detailed balance, 
and in the last line we made use of the fact that the transition probabilities of a Markov 
chain satisfy the condition (see Eq. (11.15) with the roles aU and j interchanged): 

K 
LPii � 1 for all j 
ioo I 

Note that the principle of detailed balance implies that the distribution {or) is a station
ary distribution. 

1 1 .4 METROPOLIS ALGORITHM 

Now that we understand the composition of a Markov chain, we will use it to formulate 
a stochastic algorithm for simulating the evolution of a physical system to thermal equi
librium. The algorithm is called the Metropolis algorithm (Metropolis et aI., 1953). It is a 
modified Monte Carlo method, introduced in the early days of scientific computation for 
the stochastic simulation of a collection of atoms in equilibrium at a given temperature. 

Suppose that the random variable X" representing an arbitrary Markov chain is 
in state Xj at time n. We randomly generate a new state xi' representing a realization of 
another random variable Y". It is assumed that the generation of this new state satisfies 
the symmetry condition: 

P(Y" � xj lX" � x,) � P(Y" � xi lX" � xJ) 
Let t.E denote the energy difference resulting from the transition of the system from 
state Xn = Xi to state Yn = xj" If the energy difference tiE is negative, the transition leads 
to a state with lower energy and the transition is accepted. The new state is then 
accepted as the starting point for the next step of the algorithm, that is, we put X,,+ 1 � Yw 
If, on the other hand, the energy difference t.E is positive, the algorithm proceeds in a 
probabilistic manner at that point. First, we selec! a random number { uniformly distrib
uted in the range [0, 1]. If { < exp( -t.E/T), where T is the operating temperature, the 
transition is accepted and we put Xn-f 1 = Yn. Otherwise, the transition is rejected and we 
put X" 1 1  � X,,: that is, the old configuration is reused for the next step of the algorithm. 

Choice of Transition Probabilities 

Let the arbitrary Markov chain have a priori transition probabilities denoted by 'Tij• 
which satisfy three conditions: 



1. Nonnegativity: 

2. Normalization: 

3. Symmetry: 

Section 1 1 .4 

T'i 2: 0 for all (i, j) 

2; T,) = 1 for all i 

Tif = T), for all (i, j) 
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Let 'IT, denote the steady state probability that the Markov chain is in state x" i = 1 ,2, . . .  , 
K. We may then use the symmetric Til and the probability distribution ratio 'IT/'IT" to 
be defined, to formulate the desired set of transition probabilities as (Beckerman, 
1997): 

" �  ( �":�) for 'IT) < 1 'IT, 
(11.29) 

for 
'IT} ? 1 

'I 'IT, 
To ensure that the transition probabilities are normalized to unity, we introduce this 
additional definition for the probability of no transition: 

Pii = Tii + 2; T,)(l-:1) j'1 i I 

where uii is the moving probability defined by 

a . .  = min(l 'ITI) IJ ' 'ITi 

(11.30) 

(11.31) 

The only outstanding requirement is how to choose the ratio 'IT/'IT,. To cater to 
this requirement, we choose the probability distribution that we want the Markov 
chain to converge to be a Gibbs distribution, as shown by 

'IT) = �exp( -i) 
in which case the probability distribution ratio 'IT/'IT, takes the simple form 

where 

'ITI = exp(-!1E) 'IT, T (11 .32) 

(11.33) 
By using the ratio of probability distributions we have eliminated dependence on the 
partition function Z. 
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By construction, the transition probabilities are all nonnegative and normalized 
to unity, as required by Eqs. (11 . 14) and (11 . 15). Moreover, they satisfy the principle of 
detailed balance defined by Eq. (11.28). This principle is a sufficient condition for ther
mal equilibrium. To demonstrate that the principle of detailed balance is satisfied, we 
offer the following considerations: 

Case 1: !!.E < O. Suppose that in going from state Xi to state Xj' the energy change !!.E 
is negative. From Eq. (11 .32) we find that (7r/7ri) > 1 ,  so the use of Eq. (11.29) yields 

and 

Hence, the principle of detailed balance is satisfied for !!.E < O. 

Case 2: !!.E > O. Suppose next that the energy change !!.E in going from state Xi to 
state XI is positive. In this case we find that (7r/7r,) < 1 ,  and the use of Eq. ( 11 .29) yields 

and 

'ITjPji = 'ITj'Tji 
Here again we see that the principle of detailed balance is satisfied. 

To complete the picture, we need to clarify the use of the a priori transition prob
abilities denoted by Tij' These transition probabilities are in fact the probabilistic model 
of the random step in the Metropolis algorithm. From the description of the algorithm 
presented earlier, we recall that the random step is followed by a random decision. We 
may therefore conclude that the transition probabilities Pij defined in Eqs. (11 .29) and 
(11.30) in terms of the a priori transition probabilities, Til' and the steady state probabil
ities, 'ITI' are indeed the correct choice for the Metropolis algorithm. 

It is noteworthy that the stationary distribution generated by the Metropolis 
algorithm does not uniquely determine the Markov chain. The Gibbs distribution at 
equilibrium may be generated by using an update rule other than the Monte Carlo rule 
applied in the Metropolis algorithm. For example, it may be generated using the 
Boltzmann learning rule due to Ackley et a1. ( 1986); this latter rule is discussed in 
Section 1 1.7. 

1 1 .5 SIMULATED ANNEAlING 

Consider the problem of finding a low energy system whose states are ordered in a 
Markov chain. From Eq. (11 .11) we observe that as the temperature T approaches zero, 
the free energy F of the system approaches the average energy <E>. With F --> <E>, 
we next observe from the principle of minimal free energy that the Gibbs distribution, 
which is the stationary distribution of the Markov chain, collapses on the global minima 
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of the average energy <E> as T � O. In other words, low energy ordered states are 
strongly favored at low temperatures. These observations prompt us to raise the ques
tion: Why not simply apply the Metropolis algorithm for generating a population of 
configurations representative of the stochastic system at very low temperatures? We do 
not advocate the use of such a strategy because the rate of convergence of the Markov 
chain to thermal equilibrium is extremely slow at very low temperatures. Rather, the 
preferred method for improved computational efficiency is to operate the stochastic 
system at a high temperature where convergence to equilibrium is fast, and then main
tain the system at equilibrium as the temperature is carefully lowered. That is, we use a 
combination of two related ingredients: 

• A schedule that determines the rate at which the temperature is lowered. 
• An algorithm----exemplified by the Metropolis algorithm-that iteratively finds 

the equilibrium distribution at each new temperature in the schedule by using the 
final state of the system at the previous temperature as the starting point for the 
new temperature. 

The twofold scheme that we have just described is the essence of a widely used sto
chastic relaxation technique known as simulated annealing2 (Kirkpatrick et aI., 1 983). 
The technique derives its name from analogy with an annealing process in 
physics/chemistry where we start the process at high temperature and then lower the 
temperature slowly while maintaining thermal equilibrium. 

The primary objective of simulated annealing is to find the global minimum of a 
cost function that characterizes large and complex systems.3 As such, it provides a pow
erful tool for solving nonconvex optimization problems, motivated by the following 
simple idea: 

When optimizing a very large and complex system (i.e., a system with many degrees affree
dom), instead of always going downhill, try to go downhill most of the time. 

Simulated annealing differs from conventional iterative optimization algorithms in 
two important respects: 

• The algorithm need not get stuck, since transition out of a local minimum is 
always possible when the system operates at a nonzero temperature. 

• Simulated annealing is adaptive in that gross features of the final state of the sys
tem are seen at higher temperatures, while fine details of the state appear at 
lower temperatures. 

Annealing Schedule 

As already mentioned, the Metropolis algorithm is the basis for the simulated anneal
ing process, in the course of which the temperature T is decreased slowly. That is, the 
temperature T plays the role of a control parameter. The simulated annealing process 
will converge to a configuration of minimal energy provided that the temperature is 
decreased no faster than logarithmically. Unfortunately, such an annealing schedule is 
extremely slow-too slow to be of practical use. In practice, we must resort to a finite
time approximation of the asymptotic convergence of the algorithm. The price paid for 
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the approximation is that the algorithm is no longer guaranteed to find a global mini
mum with probability 1. Nevertheless, the resulting approximate form of the algorithm 
is capable of producing near optimum solutions for many practical applications. 

To implement a finite-time approximation of the simulated annealing algorithm, 
we must specify a set of parameters governing the convergence of the algorithm. 
These parameters are combined in a so-called annealing schedule or cooling schedule. 
The annealing schedule specifies a finite sequence of values of the temperature and a 
finite number of transitions attempted at each value of the temperature. The anneal
ing schedule due to Kirkpatrick et a1. (1983) specifies the parameters of interest as 
follows" 

• Initial Value of the Temperature. The initial value To of the temperature is chosen 
high enough to ensure that virtually all proposed transitions are accepted by the 
simulated annealing algorithm 

• Decrement of the Temperature. Ordinarily, the cooling is performed exponen
tially, and the changes made in the value of the temperature are small. In particu
lar, the decrement function is defined by 

(11 .34) 
where a is a constant smaller than, but close to, unity. Typical values of a lie 
between 0.8 and 0.99. At each temperature, enough transitions are attempted so 
that there are 10 accepted transitions per experiment on the average. 

• Final Value of the Temperature. The system is frozen and annealing stops if the 
desired number of acceptances is not achieved at three successive temperatures. 

The latter criterion may be refined by requiring that the acceptance ratio, defined as 
the number of accepted transitions divided by the number of proposed transitions, is 
smaller than a prescribed value (Johnson et aI., 1989). 

Simulated Annealing for Combinatorial Optimization 

Simulated annealing is particularly well suited for solving combinatorial optimization 
problems. The objective of combinatorial optimization is to minimize the cost function 
of a finite, discrete system characterized by a large number of possible solutions. 
Essentially, simulated annealing uses the Metropolis algorithm to generate a sequence 
of solutions by invoking an analogy between a physical many-particle system and a 
combinatorial optimization problem. 

In simulated annealing, we interpret the energy E, in the Gibbs distribution of 
Eq. (11 .5) as a numerical cost and the temperature T as a control parameter. The 
numerical cost assigns to each configuration in the combinatorial optimization prob
lem a scalar value that describes how desirable that particular configuration is to the 
solution. The next issue in the simulated annealing procedure to be considered is how 
to identify configurations and generate new configurations from previous ones in a 
local manner. This is where the Metropolis algorithm performs its role. We may thus 
summarize the correspondence between the terminology of statistical physics and that 
of combinatorial optimization as shown in Table 11.1 (Beckerman, 1997). 
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11 .6 GIBBS SAMPLING 

Like the Metropolis algorithm, the Gibbs samplers generates a Markov chain with the 
Gibbs distribution as the equilibrium distribution. However, the transition probabili
ties associated with the Gibbs sampler are nonstationary (Geman and Geman, 1984). 
In the final analysis, the choice between the Gibbs sampler and the Metropolis algo
rithm is based on technical details of the problem at hand. 

To proceed with a description of this sampling scheme, consider a K-dimensional 
random vector X made up of the components Xl' Xz, . . .  , X K' Suppose that we have 
knowledge of the conditional distribution of Xk, given values of all the other compo
nents of X for k = 1, 2, . . .  , K. The problem we wish to address is how to obtain a 
numerical estimate of the marginal density of the random variable Xk for each k. The 
Gibbs sampler proceeds by generating a value for the conditional distribution for each 
component of the random vector X, given the values of all other components of X. 
Specifically, starting from an arbitrary configuration (XI(O), X2(O), . . .  , xK (O)}, we make 
the following drawings on the first iteration of Gibbs sampling: 

x,(l) is drawn from the distribution of Xl' given xz(O), X3(O), . . .  ,xK(O). 

xz(l )  is drawn from the distribution of X2, given xl(1),X3(O), . . .  ,xK(O). 

Xk(l) is drawn from the distribution of Xk, given x, (1), . .  " XH (1), xk+ ,(0), . . .  , XK(O). 

xK(1) is drawn from the distribution of XK, given xl(l),  x2(1) ,  . . .  ,xK_, (1). 
We proceed in this same manner on the second iteration and every other iteration of 
the sampling scheme. The following two points should be carefully noted: 

1. Each component of the random vector X is "visited" in the natural order, with 
the result that a total of K new variates are generated on each iteration. 

2, The new value of component Xk_,  is used immediately when a new value of Xk is 
drawn for k = 2, 3, . . . , K. 

From this discussion we see that the Gibbs sampler is an iterative adaptive 
scheme. After n iterations of its use, we arrive at the K variates: X, (n),X,(n) , . . .  , XK(n) . 

TABLE 1 1 . 1  Correspondence between Statistical Physics and 
Combinatorial Optimization 

Statistical physics 

Sample 
State (configuration) 
Energy 
Temperature 
Ground·state energy 
Ground-state configuration 

Combinatorial optimization 

Problem instance 
Configuration 
Cost function 
Control parameter 
Minimum cost 
Optimal configuration 
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Under mild conditions, the following three theorems hold for Gibbs sampling (Geman 
and Geman, 1 984; Gelfand and Smith, 1990): 

1. Convergence theorem. The random variable Xk(n) converges in distribution to the 
true probability distributions of Xk for k = 1 ,2 . . . .  , K as n approaches infinity; that is, 

lim P(Xrl :5 XiXk(O» = Fx (x) for k = 1 , 2, . . .  , K  (11 .35) 
n � oo  * 

where F x, (x) is the marginal probability distribution function of Xk . 
In fact, a stronger result is proven in Geman and Geman (1984). Specifically, rather 
than requiring that each component of the random vector X be visited in repetitions of 
the natural order, convergence of Gibbs sampling still holds under an arbitrary visiting 
scheme provided that this scheme does not depend on the values of the variables and 
that each component of X is visited on an "infinitely often" basis. 

2. Rate of convergence theorem. The joint probability distribution of the random 
variables X[(n), X2(n) . . . .  , XAn) converges to the true joint probability distribu
tion of Xl' Xz, . . .  , X K at a geometric rate in n. 

This theorem assumes that the components of X are visited in the natural order. When, 
however, an arbitrary but infinitely often visiting approach is used, then a minor 
adjustment to the rate of convergence is required. 

3. Ergodic theorem. For any measurable function g, for example, of the random vari
ables Xl' Xz, . .  ,' XK whose expectation exists, we have 

1 n 
lim - Lg(X[(i), X,(i), . . .  , XK(i» ---> E[g(X" X" . . .  , XK)] n ---><x n i = l  

with probability 1 (i.e., almost surely). 

(11 .36) 

The ergodic theorem tells us how to use the output of the Gibbs sampler to obtain 
numerical estimations of the desired marginal densities. 

Gibbs sampling is used in the Boltzmann machine to sample from distributions 
over hidden neurons; this stochastic machine is discussed in the next section. In the 
context of a stochastic machine using binary units (e.g., Boltzmann machine), it is note
worthy that the Gibbs sampler is exactly the same as a variant of the Metropolis algo
rithm. In the standard form of the Metropolis algorithm, we go downhill with 
probability 1. In contrast, in the alternative form of the Metropolis algorithm, we go 
downhill with a probability equal to 1 minus the exponential of the energy gap (i.e., the 
complement of the uphill rule). In other words, if a change lowers the energy E or 
leaves it unchanged, that change is accepted; if the change increases the energy, it is 
accepted with probability exp( -!l.E) and is rejected otherwise, with the old state then 
being repeated (Neal, 1993). 

1 1 .7 BOLTZMANN MACHINE 

The Boltzmann machine is a stochastic machine whose composition consists of sto
chastic neurons. A stochastic neuron resides in one of two possible states in a proba
bilistic manner, as discussed in Chapter 1. These two states may be designated as + 1 
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for the "on·· state and -1 for the "off" state. or 1 and 0, respectively. We will adopt the 
former designation. Another distinguishing feature of the Boltzmann machine is the 
use of symmetric synaptic connections between its neurons. The use of this form of 
synaptic connections is also motivated by statistical physics considerations. 

The stochastic neurons of the Boltzmann machine partition into two functional 
groups: visible and hidden, as depicted in Fig. 11.4. The visible neurons6 provide an 
interface between the network and the environment in which it operates. During the 
training phase of the network, the visible neurons are all clamped onto specific states 
determined by the environment. The hidden neurons, on the other hand, always oper
ate freely; they are used to explain underlying constraints contained in the environ
mental input vectors. The hidden neurons accomplish this task by capturing 
higher-order statistical correlations in the clamping vectors. The network described 
here represents a special case of the Boltzmann machine. It may be viewed as an unsu
pervised learning procedure for modeling a probability distribution that is specified by 
clamping patterns onto the visible neurons with appropriate probabilities. By so doing, 
the network can perform pattern completion. Specifically, when a partial information
bearing vector is clamped onto a subset of the visible neurons, the network performs 
completion on the remaining visible neurons, provided that it has learned the training 
distribution properly (Hinton, 1989). 

The primary goal of Boltzmann learning is to produce a neural network that cor
rectly models input patterns according to a Boltzmann distribution. In applying this 
form of learning, two assumptions are made: 

• Each environmental input vector (pattern) persists long enough to permit the 
network to reach thermal equilibrium. 

• There is no structure in the sequential order in which the environmental vectors 
are clamped onto the visible units of the network. 

A particular set of synaptic weights is said to constitute a perfect model of the environ
mental structure if it leads to exactly the same probability distribution of the states of 

Hidden neurons 

Visible neurons 

FIGURE 1 1 .4 Architectural 
graph of Botzmann machine; 
K is the number of visible 
neurons and L is the number 
of hidden neurons. 
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the visible units (when the network is running freely) as when these units are clamped 
by the environmental input vectors. In general. unless the number of hidden units is 
exponentially large compared to the number of visible units. it is impossible to achieve 
such a perfect model. If, however, the environment has a regular structure, and the net· 
work uses its hidden units to capture these regularities, it may achieve a good match to 
the environment with a manageable number of hidden units. 

Gibbs Sampling and Simulated Annealing for the Boltzmann 
Machine 

Let x denote the state vector of the Boltzmann machine, with its component Xi denot
ing the state of neuron i. The state x represents a realization of the random vector X. 
The synaptic connection from neuron i to neuron j is denoted by wji' with 

and 

Wji � Wi] for all (i, j) 

Wii = 0 for all i 

( 1 1 .37) 

( 1 1 .38) 

Equation (1 1 .37) describes symmetry and Eq. (1 1 .38) emphasizes the absence of self· 
feedback. The use of a bias is permitted by using the weight w]o from a fictitious node 
maintained at + 1 and by connecting it to neuron j for all j. 

From an analogy with thermodynamics, the energy of the Boltzmann machine is 
defined by7 

1 E(x) � --2: 2: WjiXiX] ( 1 1 .39) 
2 i j 

i- =I=  j 
Invoking the Gibbs distribution of Eq. (1 1 .5). we may define the probability that the 
network (assumed to be in equilibrium at temperature 7) is in state x as follows: 

( 1 1.40) 

where Z is the partition function. 
To simplify the presentation. define the single event A and joint events B and C 

as follows: 

A :X] � Xj 
B: {Xi = xJf=U=I=j 
c: IXi � xilF� I 

In effect. the joint event B excludes A, and the joint event C includes both A and B. 
The probability of B is the marginal probability of C with respect to A. Hence, using 
Eqs. ( 1 1 .39) and ( 11 .40), we may write 

P(C) � (A, B) 

� �exp(21
T:t 1= WjiXiX]) ( 1 1.41) 

i-=!=j 
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and 

P(B) � � P(A. B) 
A (11.42) 

The exponent in Eqs. (11.41) and (11 .42) may be expressed as the snm of two compo
nents. one involving Xj and the other being independent of x)' The component involving 
Xj is given by 

x-
2�� WjiXj , i"oFj 

Accordingly, by setting Xj � x � :t 1, we may express the conditional probability of A, 
given B, as follows: 

That is, we may write 

P(AIB) � P(A, B) P(B) 
1 

1 + exp( -�:t WjiX,) 
i 1= j 

P(Xj � xl{X, � x,l!Su*J) � 'P(�:tWjiX') iof-j 
where 'P(') is a sigmoid function of its argument, as shown by 

1 'P( v) - ----,---,-1 + exp( -v) 

(11.43) 

(11.44) 
Note that although x varies between -1 and +1, the whole argument v � �'2:,*j wjix, 
for large N may vary between -00 and +00, as depicted in Fig. 11.5. Note also, in deriving 

1.0 /----===�--

PIc) 

__ ====--__ ..1-_______ r 
o 

FIGURE 11 .5  Sigmoid-shaped 
function ",(v). 
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Eq. (11 .43), the need for the partition function Z has been eliminated. This is highly 
desirable since a direct computation of Z is infeasible for a network of large complexity. 

The use of Gibbs sampling exhibits the joint distribution PtA, B). Basically, as 
explained in Section 11 .6, this stochastic simulation starts with the network assigned an 
arbitrary state. and the neurons are all repeatedly visited in their natural order. On 
each visit, a new value for the state of each neuron is chosen in accordance with the 
probability distribution for that neuron, conditional on the values for the states of all 
other neurons in the network. Provided that the stochastic simulation is performed 
long enough, the network will reach thermal eq uilibrium at temperature T. 

Unfortunately, the time taken to reach thermal equilibrium can be much too long. 
To overcome this difficulty, simulated annealing for a finite sequence of temperatures To, 
T1, . . . , Trim' is used, as explained in Section 11.5. Specirically, the temperature is initially 
set to the high value To, thereby permitting thermal equilibrium to be reached fast. 
Thereafter, the temperature T is gradually reduced to the final value Tfi"" at which point 
the neuronal states will have (hopefully) reached their desired marginal distributions. 

Boltzmann Learning Rule 

Because the Boltzmann machine is a stochastic machine, it is natural to look to proba
bility theory for an appropriate index of performance. One such criterion is the likeli
hood function. K On this basis, the goal of Boltzmann learning is to maximize the 
likelihood function or, equivalently, the log-likelihood function, in accordance with the 
maximum-likelihood principle. 

Let 2J denote the set of training examples drawn from the probability distribu
tion of interest. It is assumed that the examples are all two-valued. Repetition of train
ing examples 1S permitted in proportion to how common certain cases are known to 
occur. Let a subset of the state vector x, say x(�, denote the state of the visible neurons. 
The remaining part of the state vcctor x, say x�, represents the state of the hidden neu
rons. The state vectors x, Xc< and xj3 are realizations of the random vectors X, Xc<, and X�, 
respectively. There are two phases to the operation of the Boltzmann machine: 

• Positive phase. In this phase the network operates in its clamped condition (i.e., 
under the direct intluence of the training set 2J) . 

• Negative phase. In this second phase, the network is allowed to run freely, and 
therefore with no environmental input. 

Given the synaptic weight vector w for the whole network, the probability that 
the visible neurons are in state Xu is P(Xu = xJ . With the many possible values of xa 
contained in the training set '3, assumed to be statistically independent, the overall 
probability distribution is the factorial distribution IT, E J P(X" � xu), To formulate 
the log-likelihood function L(w), take the logarithm of 'this factorial distribution and 
treat w as the unknown parameter vector. We may thus write 

L(w) � log IT P(X" � x") 
x"E:'i (11 .45) 

� � 10gP(X" � xJ 
X " E :Y 
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To formulate the expression for the marginal probability P(Xu = xu) in terms of the 
energy function E(x), we use the following: 

1 
• The probability P(X = x) is equal to Z exp( -E(x)/T) from Eq. (11 .40) . 
• By definition, the state vector x is the joint combination of Xu pertaining to the 

visible neurons and x� pertaining to the hidden neurons. Hence, the probability 
of finding the visible neurons in state Xu with any x� is given by 

(11 .46) 

where the random vector X. is a subset of X. The partition function Z is itself 
defined by (see Eq. (11.6» : ( E(X») 

Z =  � exP - T (11 .47) 

Thus, substituting Eqs. (11.46) and (11 .47) in (11.45), we obtain the desired 
expression for the log-likelihood function: 

(11.48) 

The dependence on w is contained in the energy function E(x), as shown in 
Eq. (11 .39). 

Differentiating L(w) with respect to WI' in light of Eq. (11.39), we obtain the fol
lowing result after some manipulation of terms (see Problem 11.8): 

To simplify matters, we introduce two definitions: 

and 

= L L P(X� = x�IXu = xu)XjX, 
x�E'!J x� 

L L P(X = x)XjX, 
x., E '!J  x 

(11 .49) 

(11 .50) 

(11 .51) 

In a loose sense, we may view the first average, Pj"j , as the mean firing rate or correla
tion between the states of neurons i and j with the network operating in its clamped or 
positive phase, and similarly view the second average, pi" as the correlation between 
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the states of neurons i and j with the network operating in its free-running or negative 
phase. With these definitions we may simplify Eq. (1 1 .49) to 

d��:) = �(pt - Pi; ) (11 .52) 

The goal of Boltzmann learning is to maximize the log-likelihood function L(w). 
We may use gradient ascent to achieve that goal by writing 

�UJ .. = E dqW) 
Jl aWji ( 1 1 .53) 

where "Il is a learning-rate parameter; it is defined in terms of E and the operating tem
perature T as: 

E T] = -T 
(11.54) 

The gradient ascent rule of Eq. (11.53) is called the Boltzmann learning rule. The learn
ing described here is performed in batch; that is. changes to the synaptic weights are 
made on the presentation of the entire set of training examples. 

According to this learning rule, the synaptic weights of a Boltzmann machine are 
adjusted by using only locally available observations under two different conditions: 
( 1 )  clamped, and (2) free running. This important feature of Boltzmann learning 
greatly simplifies the network architecture, particularly when dealing with large net
works. Another useful feature of Boltzmann learning, which may come as a surprise, is 
that the rule for adjusting the synaptic weight from neuron i to neuronj is independent 
of whether these two neurons are both visible, both hidden, or one of each. All of these 
nice features of Boltzmann learning result from a key insight by Hinton and Sejnowski 
( 1983, 1986), which ties the abstract mathematical model of the Boltzmann machine to 
neural networks by using a combination of two things: 

• The Gibbs distribution for describing the stochasticity of a neuron . 
• The statistical physics-based energy function of Eg. ( 1 1 .39) for defining the 

Gibbs distribution. 

From a learning point of view, the two terms that constitute the Boltzmann learn
ing rule of Eg. (1 1 .53) have opposite meaning. We may view the first term, correspond
ing to the clamped condition of the network, as essentially a Hebbian learning rule; 
and view the second term, corresponding to the free-running condition of the network, 
as an unlearning or forgetting term. Indeed, the Boltzmann learning rule represents a 
generalization of the repeated forgetting and relearning rule described by Poppel and 
Krey (1987) for the case of symmetric networks with no hidden neurons. 

It is also of interest that since the Boltzmann machine learning algorithm 
requires that hidden neurons know the difference between stimulated and free-running 
activities, and given that there is a (hidden) external network that signals to hidden 
neurons that the machine is being stimulated, we have a primitive form of an attention 
mechanism (Cowan and Sharp, 1988). 
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Need for the Negative Phase and its Implications 

The combined use of a positive and a negative phase stabilizes the distribution of 
synaptic weights in the Boltzmann machine. This need may be justified in another way. 
Intuitively. we may say that the need for a negative as well as a positive phase in 
Boltzmann learning arises due to the presence of the partition function. Z. in the 
expression for the probability of a neuron's state vector. The implication of this state
ment is that the direction of steepest descent in energy space is not the same as the 
direction of steepest ascent in probability space. In effect, the negative phase in the 
learning procedure is needed to account for this discrepancy (Neal, 1992). 

The use of a negative phase in Boltzmann learning has two major disadvantages: 

1. Increased computation time. In the positive phase some of the neurons are 
clamped to the external environment, whereas in the negative phase all the neu
rons are free running. Accordingly, the time taken for stochastic simulation of a 
Boltzmann machine is increased. 

2. Sensitivity to statistical errors. The Boltzmann learning rule involves the differ
ence between two average correlations, one computed for the positive phase and 
the other computed for the negative phase. When these two correlations are sim
ilar, the presence of sampling noise makes the difference between them even 
more nOisy. 

We may eliminate these shortcomings of the Boltzmann machine by using a sig
moid belief network. In this new class of stochastic machines, control over the learning 
procedure is exercised by means other than a negative phase. 

1 1 .8 SIGMOID BELIEF NETWORKS 

Sigmoid belief networks or logistic belief nets were developed by Neal in 1992 in an 
effort to find a stochastic machine that would share with the Boltzmann machine the 
capacity to learn arbitrary probability distributions over binary vectors, but would not 
need the negative phase of the Boltzmann machine learning procedure. This objective 
was achieved by replacing the symmetric connections of the Boltzmann machine with 
directed connections that form an acyclic graph. Specifically, a sigmoid belief network 
consists of a multilayer architecture with binary stochastic neurons, as illustrated in 
Fig. 11.6. The acyclic nature of the machine makes it easy to perform probabilistic cal
culations. In particular, the network uses the sigmoid function of Eq. (11.43), in anal
ogy with the Boltzmann machine, to calculate the conditional probability of a neuron 
being activated in response to its own induced local field. 

Fundamental Properties of Sigmoid Belief Networks 

Let the vector X, consisting of the two-valued random variables Xl ' X2, • . .  , X N' define a 
sigmoid belief network composed of N stochastic neurons. The parents of element �. in 
X are denoted by 

( 1 1 .55) 
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In words, pa(X) is the smallest subset of random vector X for which we have 

P(J0 = xjlx, = x" . . . , Xj _ ,  = xj_ ,) = P(Xj = xJlpa(X) (11.56) 

An important virtue of sigmoid belief networks is their ability to clearly exhibit 
the conditional dependencies of the underlying probabilistic model of the input data. 
In particular, the probability that the ith neuron is activated is defined by the sigmoid 
function (see Eq. (1 1.43)) 

(11 .57) 

where wji is the synaptic weight from neuron i to neuron j, as shown in Fig. 11.6. That is, 
the conditional probability P(Xj = xJlpa(Xj)) depends on pa(X) solely through a sum 
of weighted inputs. Thus, Eq. ( 1 1 .57) provides the basis for the propagation of beliefs 
through the network. 

In performing probability calculations on sigmoid belief networks, the following 
two points are noteworthy: 

1. wp = 0 for all Xi not belonging to pa(X) 
2. wp = o for all i ::=o j  

The first point follows from the definition of parents. The second point follows from 
the fact that a sigmoid belief network is a directed acyclic graph. 

As the name implies, sigmoid belief networks belong to the general class of belief 
networks' studied extensively in the literature (Pearl, 1988). The stochastic operation 
of sigmoid belief networks is somewhat more complex than the Boltzmann machine. 
Nevertheless, they do lend themselves to the use of gradient· ascent learning in proba
bility space, based on locally available information. 
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Learning in Sigmoid Belief Networks 

Let '3 denote a set of training examples drawn from the probability distribution of 
interest. It is assumed that each example is two-valued, representing certain attributes. 
Repetition of training examples is permitted, in proportion to how commonly a partic
ular combination of attributes is known to occur. To model the distribution from which 
'3 is drawn, we proceed as follows: 

L Some size for a state vector, x, is decided for the network. 
2. A subset of the state vector, say xa, is selected to represent the attributes in the 

training cases; that is, xa represents the state vector of the visible neurons (i.e., 
evidence nodes). 

3. The remaining part of the state vector x, denoted by x�, defines the state vector of 
the hidden neurons (i.e., those computational nodes for which we do not have 
instantiated values). 

The design of a sigmoid belief network is highly dependent on the way in which, for a 
given state vector x, the visible and hidden units are arranged. Therefore, different 
arrangements of visible and hidden neurons may result in different configurations. 

As with the Boltzmann machine, we derive the desired learning rule for a sig
moid belief network by maximizing the log-likelihood function, computed from the 
training set '3. The log-likelihood function, L(w), is defined by Eq. ( 11.45), reproduced 
here for convenience of presentation: 

L(w) = L 10gP(Xu = xu) 
)j:� E 'ZJ 

where w is the synaptic weight vector of the network, treated as unknown. The state 
vector xu' pertaining to the visible neurons, is a realization of the random vector Xa' 
Let wj' denote the ji-th element of w (i.e., synaptic weight from neuron i to neuron j). 
Differentiating L(w) with respect to Wj" we obtain 

aL(w) 
= L 

1
_ 

ap(Xu = xu) 
iJwl, ', E y P(Xa - x,,) aw" 

Next we note the following two probabilistic relations: 

P(Xu = xu) = L P(X = (Xa, x�)) 
" 

= L P(X = x) 
" 

(1 1.58) 

where the random vector X pertains to the whole network and the state vector x = (xu, 
x�) is a realization of it, and 

P(X = x) = P(X = xlXa = Xa)P(Xa = Xa) (11 .59) 

which defines the probability of the joint event X = x = (xu, x�). 
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In light of these two relations, we may redefine the partial derivative aL(w)/ aWji 
in the equivalent form: 

aL(w) � 2: 2: P(X � xl�u = xu) ap(X = x) 
aWji x" E :?J  x� P(X - x) aWji (11 .60) 

In light of Eq. (J 1 .43), we may write 

P(X = x) = Ih(::1 2:WjiXi) 
] T I <J 

(11.61) 

where '1'(.) is a sigmoid function. We may therefore write 

1 ap(X = x) a 
=:-----,. -'----'_--'2 � - logP(X � x) P(X � x) aWji aWji 

where '1" ( .) is the first derivative of the sigmoid function '1'(.) with respect to its argu
ment. But, from the definition of '1'(-) given in Eg. (11 .44) we readily find that 

'I" (v) � 'I'(v)'I'( -v) (11.62) 
where '1'( -v) is obtained from '1'( v) by replacing v with -v. Hence, we may write 

Accordingly, substituting Eq. (11 .63) in (11 .60), we obtain 

To simplify malters, we define the ensemble average 

Pji = <'1'(-Xj 2: WjiXi)XjXi > 
«} 

(1 1 .63) 

(11 .64) 

(11 .65) 

which represents an average correlation between the states of neurons i andj, weighted 
by the factor '1'( -� L.i<jWjiXi)' This average is taken over all possible values of Xu 
(drawn from the training set 5") as well as all possible values of x�, with Xu referring to 
the visible neurons and x� referring to the hidden neurons. 
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Gradient ascent in probability space is accomplished by defining the incremental 
change in synaptic weight wi' as 

(11.66) 
= 1)Pji 

where 'T] = .IT is a learning-rate parameter and Pi' is itself defined by Eq. (11.65). 
Equation (11.66) is the learning rule for a sigmoid belief network. 

A summary of the sigmoid belief network learning procedure is presented in 
Table 11 .2, where learning is performed in the batch mode; that is, the changes to the 
synaptic weights of the network are made on the basis of the entire set of training 
cases. The summary presented in Table 1 1.2 does not include the use of simulated 
annealing, which is why we have set the temperature T to 1 therein. However, as with 
the Boltzmann machine, simulated annealing can be incorporated into the sigmoid 
belief network learning procedure to reach thermal equilibrium faster, if so desired. 

TABLE 11 .2 Summary ofthe Sigmoid Belief Network Learning Procedure 

Initialization. Initialize the network by setting the weights wjl of the network to random values 
uniformly distributed in the range [-a, a]; a typical value for a is 0.5. 

1. Given a set of training cases '3, clamp the visible neurons of the network to xu' where XC( E ?J. 

2. For each xa' perform a separate Gibbs sampling simulation of the network at some operating 
temperature T, and observe the resulting state vector x of the whole network. Provided that 
the simulation is performed long enough, the values of x for the different cases contained in 
the training set 2T should come from the conditional distribution of the corresponding ran
dom vector X, given that particular training set. 

3. Compute the ensemble average 

Pj; = L L P(X � xiX. = Xa)XjX;'P(-XiL WPX;) 
x.,e:1 x� I<} 

where the random vector Xa is a subset of X, and x = (x"" x(3) with XCI referring to the visible 
neurons and xJ3 referring to the hidden neurons; Xi is the jth element of state vector x (i.e., 
state of neuronj), and wi! is the synaptic weight from neuron i to neuronj. The sigmoid func
tion 'P(-) is defined by 

1 
'P (v) � -----'---,-----,-

1 + exp( -v) 
4. Increment each synaptic weight Wji of the network by the amount 

6.wj! = 11 Pji 
where 11 is the learning-rate parameter. This adjustment should move the synaptic weights of 
the network along the gradient toward a local maximum of the log-likelihood function L(w) 
in accordance with the maximum likelihood principle. 
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Unlike the Boltzmann machine, only a single phase is needed for learning in a 
sigmoid belief network. The reason for this simplification is that normalization of the 
probability distribution over state vectors is accomplished at the local level of each 
neuron via the sigmoid function '1'(.), rather than globally via the difficult to compute 
partition function Z that involves all possible configurations of states. Once the condi
tional distribution of the random vector X, given the values of Xu drawn from the train
ing set ?J, has been correctly modeled via Gibbs sampling, the role of the negative 
phase in the Boltzmann machine learning procedure is taken over by the weighting 
factor <p( - ¥ '2:.'<jW"x,) involved in computing the ensemble-averaged correlation Pj' 
between the states of neurons i and j. When the local minimum of the log-likelihood 
function L( w) is reached, this weighting factor becomes zero when the network learns 
a deterministic mapping; otherwise, its average effect comes out to zero. 

In Neal (1992), experimental results are presented that show (1) sigmoid belief 
networks are capable of learning to model nontrivial distributions, (2) these networks 
can learn at a faster rate than the Boltzmann machine, and (3) this advantage of a sig
moid belief network over the Boltzmann machine is due to the elimination of the neg
ative phase from the learning procedure. 

1 1 .9 HELMHOLTZ MACHINE 

Sigmoid belief networks provide a powerful multilayer framework for representing 
and learning higher-order statistical relationships among sensory inputs of interest in 
an unsupervised manner. The Helmholtz machine, iO first described in Dayan et al. 
(1995) and Hinton et al. (1995), provides another ingenious multilayer framework for 
achieving a similar objective without the use of Gibbs sampling. 

The Helmholtz machine uses two entirely different sets of synaptic connections, 
as illustrated in Fig. 1 1.7 for the case of a network with two layers of two-valued, sto
chastic neurons. The forward connections, shown as solid lines in Fig. 11.7, constitute 

FIGURE 11 .7 Architectural 
graph of Helmholtz machine 
consisting of interconnected 
neurons with recognition 
(solid l ines) and generative 
(dashed l ines) connections. 
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the recognition model. The purpose of this model is to infer a probability distribution 
over the underlying causes of the input vector. The backward connections, shown as 
dashed lines in Fig. 11.7, constitute the generative model. The purpose of this second 
model is to reconstruct an approximation to the original input vector from the underly
ing representations captured by the hidden layers of the network, thereby enabling it 
to operate in a self-supervised manner. Both the recognition and generative models 
operate in a strictly feedforward fashion, with no feedback; they interact with each 
other only via the learning procedure. 

Hinton et al. (1 995) describe a stochastic algorithm, called the wake-sleep algo
rithm, for calculating the recognition and generative weights of the Helmholtz 
machine. As the name implies, there are two phases to the algorithm: a "wake" phase 
and a "sleep" phase. In the "wake" phase, the network is driven in the forward direc
tion by the recognition weights. A representation of the input vector is thereby pro
duced in the first hidden layer. This is, in turn, followed by a second representation of 
that first representation, which is produced in the second hidden layer, and so on for 
the other hidden layers of the network. The set of representations so produced in the 
different hidden layers of the network provides a total representation of the input vec
tor by the network. Although the neurons are driven by the recognition weights, it is 
only the generative weights that are actually learned during the "wake" phase using 
locally available information. In effect, this phase of the learning process makes each 
layer of the total representation better at reconstructing the activities formed in the 
preceding layer. 

In the "sleep" phase of the algorithm, the recognition weights are turned off. The 
network is driven in the backward direction by the generative weights, starting at the 
outermost hidden layer and working backwards, layer by layer, all the way to the input 
layer. Because of the fact that the neurons are stochastic, repeating this process would 
typically give rise to many different "fantasy" vectors on the input layer. These fan
tasies supply an unbiased sample of the network's generative model of the world. 
Having produced a fantasy, the simple delta rule (described in Chapter 3) is used to 
adjust the recognition weights so as to maximize the logarithm of the probability of 
recovering the hidden activities that actually caused the fantasy. Like the "wake" 
phase, the "sleep" phase only uses locally available information. 

The learning rule for the generative weights (i.e., backward connections) also uses 
the simple delta rule. However, instead of following the gradient of the log-likelihood 
function, this rule follows the gradient of a penalized log-likelihood function. The 
penalty term is the Kullback-Leibler divergence between the true a posteriori distribu
tion and the actual distribution produced by the recognition model (Hinton et aI., 1995); 
the Kullback-Leibler divergence or relative entropy is discussed in the preceding chap
teL In effect, the penalized log-likelihood function acts as a lower bound on the log-like
lihood function of the input data, with the lower bound being improved through the 
learning process. In particular, the learning process tries to adjust the generative weights 
to bring the true a posteriori distribution as close as possible to the distribution actually 
computed by the recognition model. Unfortunately, learning the recognition model's 
weights does not precisely correspond to the penalized likelihood function. The wake
sleep learning procedure is not guaranteed to work in all practical situations; it does fail 
sometimes. 
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1 1 .10 MEAN-FIELD THEORY 

The learning machines considered in the preceding three sections share a common fea
ture: they all use stochastic neurons and may therefore suffer from a slow learning 
process. In the third and final part of the chapter we study the use of mean-field theory as 
the mathematical basis for deriving deterministic approximations to these stochastic 
machines to speed up learning. Because the stochastic machines considered herein have 
different architectures, the theory is applied in correspondingly different ways. In partic
ular, we may identify two specific approaches that have been pursued in literature: 

1. Correlations are replaced by their mean-field approximations. 
2. An intractable model is replaced by a tractable model via a variational principle. 

Approach 2 is highly principled and therefore very appealing. It lends itself for applica
tion to the sigmoid belief network (Saul et aI., 1996) and the Helmholtz machine 
(Dayan et aI., 1995). However, in the case of the Boltzmann machine, the application of 
approach 2 is complicated by the need for an upper bound on the partition function Z. 
For this reason, in Peterson and Anderson (1987) , the first approach is used to acceIer
ate the Boltzmann learning rule. In this section we provide a rationale for the first 
approach. The second approach is considered later in the chapter. 

The idea of mean-field approximation is well known in statistical physics 
(Glauber, 1963). While it cannot be denied that in the context of stochastic machines it 
is desirable to know the states of all the neurons in the network at all times, we must 
nevertheless recognize that, in the case of a network with a large number of neurons, 
the neural states contain vastly more information than we usually require in practice. 
In fact, to answer the most familiar physical questions about the stochastic behavior of 
the network, we need only know the average values of neural states or the average 
products of pairs of neural states. 

In a stochastic neuron, the firing mechanism is described by a probabilistic rule. In 
such a situation, it is rational for us to enquire about the average of the statexj of neuron 
j. To be precise, we should speak of the average as a "thermal" average, since the synaptic 
noise is usually modeled in terms of thermal fluctuations. In any event, let <xi> denote 
the average (mean) of xi' The state of neuronj is described by the probabilistic rule: 

where 

x. � [+ 1 
I - 1  

with probability P(vl) 
with probability 1 - P( VI) 

1 
P(V) � 1 + exp( -v/D 

(11.67) 

(11.68) 

where T is the operating temperature. Hence we may express the average <xj> for 
some specified value of induced local field Vj as follows: 

< XI >  � ( + I )P(vl) + (-1)[1 - P(v)J 

� 2P(v) - 1 

� tanh(v/2T) 

(11.69) 
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FIGURE 11 .8 Graph ofthe 
thermal average <Xj> versus 
the induced local field Vj; 
heavy solid curve corresponds 
to normal operation ofthe 
McCul loch-Pitts neuron. 

where tanh(v/2T) is the hyperbolic tangent of v/2T. Figure 1 1 .8 shows two plots 
of the average <Xj> versus the induced local field vi" The continuous curve is for 
some temperature T greater than zero, and the plot shown in heavy solid lines is 
for the limiting case of T = O. In the latter case, Eq. (11 .69) takes the limiting 
form 

(11 .70) 

which corresponds to the activation function of the McCulloch-Pitts neuron. 
The discussion so far has focused on the simple case of a single stochastic neuron. 

In the more general case of a stochastic machine composed of a large assembly of neu
rons, we have a much more difficult task on our hands. The difficulty arises because of 
the combination of two factors: 

• The probability P( v) that neuron j is on is a nonlinear function of the induced 
local field vi" 

• The induced local field Vj is a random variable, being influenced by the stochastic 
action of other neurons connected to the inputs of neuronj. 

It is generally safe to say that there is no mathematical method that we can use to 
evaluate the behavior of a stochastic machine in exact terms. But there is an approxi
mation known as the mean-field approximation that we can use, which often yields 
good results. The basic idea of mean-field approximation is to replace the actual fluc
tuating induced local field Vj for each neuron j in the network by its average <vj>, as 
shown by 

(11.71) 
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Accordingly, we may compute the average state <XI> for neuron j embedded in a sto
chastic machine made up of a total of N neurons, just as we did in Eq. (11.69) for a sin
gle stochastic neuron, by writing 

<XI > � tanh( 
2
�VJ) 'P":,°'

tanhLI
T < Vj >  ) � tanh( 

2
1
T
�Wji <xi > ) (1 1 .72) 

In light of Eq. (11.72), we may formally state the mean-field approximation as: 

The average of some function of a random variable is approximated as the function of the 
average of that random variable. 

For j � 1 , 2, . . .  , N, Eq. (11 .72) represents a set of nonlinear equations with N unknowns 
<Xj>' The solution of this set of nonlinear equations is now a manageable proposition 
because the unknowns are all deterministic rather than stochastic variables, which they 
are in the original network. 

1 1 . 1 1  DETERMINISTIC BOLTZMANN MACHINE 

Learning in the Boltzmann machine is exponential in the number of neurons because 
the Boltzmann learning rule requires the computation of correlations between every 
pair of neurons in the network. Boltzmann learning therefore requires exponential 
time. Peterson and Anderson (1987) proposed a method for accelerating the 
Boltzmann learning process. The method involves replacing the correlations in the 
Boltzmann learning rule of Eq. (11.53) by a mean-field approximation as shown here: 

(i,j) � 1, 2, . . .  , K (11.73) 

where the mean quantity <XI> is itself computed using the mean-field equation (11.72). 
The form of Boltzmann learning in which the computation of the correlations is 

approximated in the manner just described is called the deterministic Boltzmann 
learning rule. Specifically, the standard Boltzmann learning rule of Eq. ( 1 1.53) is 
approximated as: 

(11.74) 

where U/ and UTare the average outputs of visible neuron j (on a single pattern) in 
the clamped and free-running conditions, respectively, and 'l') is the learning-rate para
meter. Whereas the Boltzmann machine uses binary stochastic neurons, its determinis
tic counterpart uses analog deterministic neurons. 

The deterministic Boltzmann machine provides a substantial increase in speed 
over the standard Boltzmann machine by one or two orders of magnitude (Peterson 
and Anderson, 1987). However, there are some cautionary notes on its practical use: 

1. The deterministic Boltzmann learning rule only works in the supervised case, 
that is, when some of the visible neurons are assigned the role of output neurons. 
Unsupervised learning does not work at all in the mean-field regime because the 
mean state is a very impoverished representation of the free-running probability 
distribution. 
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2. In supervised learning, the use of deterministic Boltzmann learning is restricted 
to neural networks with a single hidden layer (Galland, 1993). In theory, there is 
no reason not to load multiple hidden layers. In practice, however, the use of 
more than one hidden layer results in the same problem as for the unsupervised 
case mentioned under point 1 .  

The deterministic Boltzmann learning rule in Eq. (11.74) has a simple and local form, 
which makes it a good candidate for implementation in very large scale integration 
(VLSI) hardware (Alspector et aI., 1991; Schneider and Card, 1993). However, in 
Schneider and Card (1998) it is reported that in the case of continuous learning of 
capacitive weights, the deterministic Boltzmann machine cannot tolerate weight stor
age capacitor change decay and offsets in the learning circuitry. The reason is that 
these internal problems cause the synaptic weight values to drift, resulting in oscilla
tion, which is clearly unacceptable. 

1 1 .12 DETERMINISTIC SIGMOID BELIEF NETWORKS 

The essence of mean-field approximation described in Section 11.10 is that the average 
of some function of a random variable can be approximated by the function of the 
average of that random variable. This viewpoint of mean-field theory works in a lim
ited fashion for the approximation of the Boltzmann machine as discussed in the previ
ous section. In this section we describe another viewpoint of mean-field theory that is 
well suited to the approximation of a sigmoid belief network. Basically, here we find 
that an intractable model is approximated by a tractable one via a variational principle 
(Saul et aI., 1996; Jordan et aI., 1998). Generally speaking, the tractable model is char
acterized by a decoupling of the degrees of freedom that make the original model 
intractable. The decoupling is accomplished by expanding the intractable model to 
include additional parameters known as variational parameters that are designed to fit 
the problem at hand. The terminology comes from the use of techniques rooted in the 
calculus of variations (Parisi, 1988). 

Lower Bound on the Log-Likelihood Function 

The starting point of our discussion is the probabilistic relation of Eq. (11.58), repro
duced here in the logarithmic form 

10gP(Xa = xa) = log 2: P(X = x) (11.75) 
" 

As in Section 11 .8, we partition the random vector X into Xa and X�, with Xa pertain
ing to the visible neurons and X� pertaining to the hidden neurons. Realizations of the 
random vectors X, Xa, and X� are denoted by the state vectors x, xa' and x�, respec
tively. Now, the logarithm of a sum of probabilities required in Eq. (11 .75) is difficult to 
handle. We overcome this difficulty by noting that for any conditional distribution 
Q(X� = x�IXo = xo)' we may rewrite Eq. (11.75) in a different but equivalent form: [ P(X = x) ] 10gP(Xo = xo) = log � Q(X� = x�lxo = xu) Q(X� = x�IXo = xo) 

(11 .76) 
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This equation is formulated in a way to prepare it for the application of Jensen's 
inequality, which is discussed in the previous chapter. On this application we obtain the 
lower bound: 

[ P(X = x) ] 10gP(Xu = xu) ;,: � Q(X� = x�lx" = xu)log 
Q(X� = x�lxu = xu) 

(11 .77) 

With mean-field theory in mind, henceforth we will refer to the approximation distrib
ution Q(X� = x�IXu = xu) as the mean-field distribution. 

What we are interested in is a formula for the log-likelihood function. In the case 
of a sigmoid belief network, the log-likelihood function L(w) is defined where the 
summation is over all Xu (determined by the training set :1), hence the use of a batch 
algorithm for the network. We are going to follow a different strategy for the mean
field approximation to the sigmoid belief network. Specifically, we will adopt a sequen
tial mode of operation, where thc log-likelihood function is computcd on an 
example-by-example basis, as shown by 

.:E(w) = logP(Xu = xul ( 1 1 .78) 
where w is the weight vector of the network. In the case of identically and indepen
dently distributed (iid) data. the actual log-likelihood function :£(w) is the sum of 
:£(w) terms. one for each data point. In such a situation, the definitions of L(w) and 
:£(w) are basically equivalent. In general. the use of :£(w) provides an approximation 
to L(w). 

The sequential or on-line approach to learning has become the standard 
approach in the design of neural networks. largely because of its simplicity in imple
mentation. Thus, in light of Eq. ( 11 .78), we may write [ P(X = x) ] 

:£(w) ;,: � Q(X� = x�IXu = xu)log 
Q(X� = x�IXu = xu) 

or equivalently, 

:£(w) ;,: - � Q(X� = x�lxu = xu)logQ(X� = x�lx" = xu) 
'0 (11 .79) 

+ � Q(X� = x�lxu = xu)logP(X = x) 
" 

The first term on the right-hand side of Eq. ( 11 .79) is the entropy of the mean-field dis
tribution Q(X� = x� IXu = x.); this is not to be confused with a condition entropy. The 
second term is the average of logP(X = x) over all possible states of the hidden neu
rons. At unit temperature, we note from the discussion on the Gibbs distribution pre
sented in Section 1 1.2 that the energy of a sigmoid belief network is -logP(X = x). 
Since from Eq. (11.61) we have (for T = 1 )  
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it follows that 

E = - 10gP(X = x) 

- � 10g<P(Xj � Wj,X,) 
J I<J 

Using the definition of the sigmoid function 

1 
<p( v) - ---=----,-

1 + exp( -v) 

exp(v) 
1 + exp(v) 

(11 .80) 

we may thus formally express the energy function of a sigmoid belief network as: 

E = -� � Wj,X,Xj + � log (1 + Xl � Wj,X,) 
I J J 1<) i<j 

(11 .81) 

Except for a multiplying factor of 1/2. the first term on the right-hand side of Eq. (11.8 1 )  
i s  recognized as the energy function of a Markovian system (e.g . •  Boltzmann machine). 
However, the second term is unique to sigmoid belief networks. 

The lower bound of Eq. (11.79) is valid for any mean-field distribution 
Q(X� = x�IXu = xu), To put it to good use, however, we must choose a distribution that 
enables us to evaluate this bound. We may do so by choosing the factorial distribution 
(Saul et aI., 1996) 

Q(X� = x�lx" = xu) = ITfLi'(l - fLl)I -', 
jE Jt 

(11 .82) 

where 'iIC denotes the set of all hidden neurons, and the states of the hidden neurons 
appear as independent Bernoulli variables with adjustable means fLj" (A Bernoulli (e) 
is defined as a binary random variable that takes the value 1 with probability e.) Thus, 
substituting Eq. (11 .82) in (11 .79), we obtain (after simplifications) 

.:E(w) 2: - � [fLjlogfLj + (1 - fLj)log(1 - fLj)] 
JEW 

( 1 1 .83) 

i<j 
where the use of <. > signifies an ensemble average over the mean-field distribution 
and j E 'iIC signifies that j refers to a hidden neuron. The first term on the right-hand 
side of Eq. (11 .83) is the mean-field entropy, and the second term is the mean-field 
energy. Both of these terms pertain to the factorial distribution of Eq. (11 .82). 

Unfortunately, we still have an intractable problem: It is not possible to compute 
an average of the form < 10g[1 + exp(Zj)]> exactly. This term arises in Eq. (11.83) with 

Zj = 2:. WjiXj 
i<j 

(11 .84) 
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To overcome this difficulty, we again resort to the use of Jensen's inequality for a 
bound, First, for any variable Zj and any real number �i' we express < 10g[l+exp(ZJ)]> 
in a different but equivalent form as follows: 

< log(1 + e"» = <Iog[e(" 'e-(" {I + c" )] > 

= �j <Zj> + <Iog[e -"Z, + e(1 "Ie,]> 
(11.85) 

where <Zj> is the ensemble average of zj' Next, we apply Jensen's inequality in the 
opposite direction to what we did before, so as to upper bound the average on the 
right-hand side of Eq, (11.85), thereby obtaining 

I <log(J + e" » <; �j <Zj > + log <c (,z, + e(1-(,),,> 

Putting �J = 0 in Eq, (11 .86), we obtain the standard bound: 

<log(1 + c" » <; log < 1 + e',> 

(11 .86) 

By permitting the use of nonzero values of �j in Eq, (11.86), we get a tighter bound on 
the average <log(1 + c'i» than would be possible with the standard bound (Seung, 
1995), as illustrated in the following example, 

Example 1 1 .3 Gaussian-Distributed Variable 

To illustrate the utility of the bound described in Eq. (1 1.86). consider a Gaussian-distributed 
variable with zero mean and unit variance. For this special case, the exact value of 
<Iog(l + e'» is 0,806, The bound described in Eq, ( 1 1 .86) yields [eO'" + e°5(H)'], which 

attains its minimum value of 0.818 at s = 0.5. This bound is a great deal closer to the actual result 
than the value of 0.974 obtained from the standard bound at � = ° (Saul et aL, 1990), 

• 

Returning to the issue at hand, substituting Eqs, (11 ,85) and ( 1 1 ,86) in ( 1 1 ,83) 
yields the lower bound on the instantaneous log-likelihood of the evidence Xa = Xu as: 

.'f(w) 2' - L [fJ)ogf1j + (I - f1)log(1 - f1)] 
JEW' 

+ L L WFf1;(f1j - �j) - L log<exp(-�)Zj) + exp« 1 - �)z» jE� i<j jE:J1: 

(11 .87) 

where z; is itself defined by Eq, (11 .84), This is the desired bound on the log-likelihood 
function :£(w) computed on an examplc-by-example basis, 

Learning Procedure for the Mean-Field Approximate 
to a Sigmoid Belief Network 

In deriving the bound of Eq, (11.87), we introduccd two sets of variational parameters: 
f1} for i E ':Ie and �J for allj, without actually specifying them, These are adjustable para
meters, Since the objective is to maximize the log-likelihood function :£(w), it is nat
ural for us to seek those values of �j and �; that maximize the expression on the 
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right-hand side of Eq. (11 .87). To achieve this objective, we use a two-step iterative 
procedure as described in Saul et al. (1996). 

Consider first the situation where the mean values fLJ are fixed and the require
ment is to find the parameters �J that yield the tightest bound on the log-likelihood func
tion :£(w). Here we note that the expression on the right-hand side of Eq. (11.87) does 
not couple those terms with �j that belong to different neurons in the network. Hence, 
minimization of this expression with respect to the �j reduces to N independent mini
mizations over the interval [0, 1], where N is the total number of neurons in the network. 

Consider next the situation where the values of �j are fixed and the requirement 
is to find the mean values fLj that yield the tightest bound on the log-likelihood func
tion :£(w). For this purpose we introduce the following definitions: 

a 
Kji � - �log <exp( -�jZj) + exp«1 - �j)Zj

» 

afLi 
(11.88) 

where the random variable Zj is itself defined by Eq. (11 .84). The partial derivative KJi 
provides a measure of the parental influence of the state Xi of neuron i on the state Xj of 
neuron j, given the evidence (example) x. EO ?J. As with the synaptic weight of a sig
moid belief network, Kji is nonzero only when the state Xi is a parent to state xi" Using 
the factorial distribution of Eq. (11.82), we may evaluate the ensemble averages of 
exp( -�jz) and exp«l - �)z) and then evaluate the partial derivative Kji, where the 
formula for computing Kji is given in Table 11.3. With the value of Kji at hand, we may 
now resume the task of finding the value of parameter fLj that maximizes the log-likeli
hood function £(w) for a fixed �J' In particular, differentiating Eq. (11.87) with respect 
to fLJ' setting the result equal to zero, and rearranging terms, we obtain 

lOge �j fL) � 
Equivalently, we may write 

� [WjifLi + Wi/fLi - �,) + Kij] 
i<j 

fLj � <P(� [WjifLi + Wi/fLi - �i) + Kij]) for j EO 'iiC 
'<J 

(11.89) 

where <p(.) is the sigmoid function. Equation (11 .89) is called the mean-field equation 
for a sigmoid belief network. The argument of the sigmoid function in this equation 
constitutes the so-called Markov blanket of neuronj, which is made up as follows: 

• The parents and children of neuron j, represented by the terms WjjJ.Li and WijfJ.ij' 
respectively . 

• Other parents of the children of neuron j. inherited through the partial deriva-
tive Kij> 

The Markov blanket of neuron j is illustrated in Fig. 11.9. The notion of a "Markov 
blanket" was originated by Pearl (1988); it states that the effective input to neuron j, 
for example, is composed of terms due to its parents, children and their parents. 

While it is granted that the choice of the factorial distribution described in 
Eq. (11 .82) as an approximation to the true a posteriori distribution P(� � x�1 X. � x.) 
is not exact, the mean-field equations (11 .89) set the parameters {fLjtE" to optimum 
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TABLE 1 1 .3 Learning Procedure for the Mean-Field Approximate to a Sigmoid Belief 
Network 

Initialization. Initialize the network by setting the weights �'i of the network to random values 
uniformly distributed in the range [-a, a]; a typical value for a is 0.5. 
Computation. For example Xu drawn from the training set 2J, perform the following computations: 
I. Updating of{£j} for fixed IfLJ 

Fix the mean values {1-L)jE'K pertaining to the factorial approximation to the a posteriori distri
bution P(X[3 = xl3 l Xu = x(\'), and minimize the following bound on the log-likelihood func
tion: 

where 

B(w) � -� [fLjlogfLj + (1 - fLj)log(1 - fLj)] + � � WjifLifLj JEX I JEX i<j 
-� � WjifLi£i - � log < exp( -£izi) + exp((1 - �j)z) > i jE'Jf jE',}t' i</ 

The minimization of B(w) reduces to N independent minimizations over the interval [0, 1 J .  
2. Updating of{fL) for fixed I�J 

For fixed values of the parameters I�j}, iterate the mean-field equations: 

where 

fLj � '1'( � [WjifLi + wi!"i - �;) + KiJ) 
a 

Kji � --Iog < exp(-�jz) + exp((1 - �)Zi) > 
ofL, 

� (1 - e)(1 - exp( -�IWj;) + el( 1  - exp((1 - �)Wji» 
1 - fLi + fLiexP( -�jWii) I - fLi + fLiexp((1 - �i)Wii) 

e � 
< exp( (1 - �i)zJl > 

J < exp( -�iZi) + exp((1 - �)Zi) > 

I<-J 
The function 'P(') is the sigmoid function: 

1 
'1'( v) � .,-----;---; 1 + exp( -v) 
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TABLE 11 .3 (continued) 

3. Correction to synaptic weights. 
For the updated values of parameters {�j} and fl. ... ) , compute the correction .:1Wjj to synaptic 
weight wi 

where 11 is the learning�rate parameter and 
aB(w) = _(� _ ILllL + (1 - ej)�jlL,eXP(-�IWj;) 
aWji l '  I 1 - lLi + IJ-iexp( -�jWji) 

where 8j is already defined. Update the synaptic weights: 
wji +- Wji + tJ.Wji 

4. Cycling through the training set f!f. 

e/1 - �i)IL,exp( (1 - �;)Wj;) 
1 - IL, + lL,exp«l - �j)Wj') 

Cycle through all the training examples contained in the training set ?J, thereby maximizing 
their likelihood for a fixed number of iterations, Of until the onset of overfiUing is detected 
through the use of cross-validation, for example. 

Parents of 
neuronj 

Parents { 
of 

neuron 
e 

Children of 
neuronj 

FIGURE 1 1 .9 Illustrating a Markov blanket. 
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values that make the approximation as accurate as possible. This in turn translates into 
the tightest mean-field bound on the log-likelihood function .'f(w) computed on an 
example-by-example basis (Saul et aI., 1996). 

After computing the updated values of parameters (�J and If!), we go on to com
pute the correction to synaptic weight lDji using the formula: 

(11 .90) 

where '1 is the learning-rate parameter, and B(w) is the lower bound on the log-likelihood 
function .'f(w); that is, B(w) is the expression on the right-hand side of Eq. (1 1.83). 
Using this expression, it is a straightforward matter to evaluate the partial derivative 
aB(W)/aWji' 

A summary of the learning procedure for the mean-field approximate to a sig
moid belief network is presented in Table 11.3. This table includes the formulas for 
evaluating the partial derivatives Kit and aB(w)/ awi" 

1 1 .13 DETERMINISTIC ANNEALING 

We now come to the final topic of the chapter, deterministic annealing. In Section 11.5 
we discuss simulated annealing, a stochastic relaxation technique that provides a pow
erful method for solving nonconvex optimization problems. However, care must be 
exercised in choosing the annealing schedule. In particular, a global minimum is 
achieved only if the temperature is decreased at a rate no faster than logarithmically. 
This requirement makes the use of simulated annealing impractical in many applica
tions. Simulated annealing operates by making random moves on the energy surface 
(landscape). By contrast, in deterministic annealing some form of randomness is incor
porated into the energy or cost function itself, which is then deterministically opti
mized at a sequence of decreasing temperatures (Rose et aI., 1990; Rose, 1998); 
deterministic annealing is not to be confused with mean-field annealing (a term that is 
somethimes used to refer to the deterministic Boltzmann machine). 

In what follows we describe the idea of deterministic annealing in the context of 
an unsupervised learning task: clustering.1 1  

Clustering via Deterministic Annealing 

Clustering is defined as the partitioning of a given set of data points into subgroups, 
each of which should be as homogeneous as possible. Clustering is typically a noncon
vex optimization problem since virtually all distortion functions used in clustering are 
nonconvex functions of the input data. Moreover, a plot of the distortion function ver
sus the input is riddled with local minima, making the task of finding the global mini
mum even more difficult. 

In Rose (199 1 , 1998), a probabilistic framework is described for clustering by ran
domization of the partition, or equivalently, randomization of the encoding rule. The 
main principle used here is that each data point is associated in probability with a par
ticular cluster (subgroup). To be specific, let the random vector X denote a source 



Section 1 1 . 13  Deterministic Annealing 587 

(input) vector. and let the random vector Y denote the best reconstruction (output) vec
tor from a codebook of interest. Individual realizations of these two vectors are 
denoted by vectors x and y. respectively. 

For clustering we need a distortion measure. which is denoted by d(x. y). It is 
assumed that d(x, y) satisfies two desirable properties: (1) it is a convex function of y 
for all x, and (2) it is finite whenever its arguments are finite. These mild assumptions 
are satisfied, for example, by the Euclidean distortion measure 

d(x, y) � Ilx - yll 

The expected distortion for the randomized pattern is defined by 

D � � � P(X � x, Y � y)d(x, y) 
x y 

� � P(X � x) � pry � ylX � x)d(x, y) 
y 

(11 .91) 

(11 .92) 

where P(X � x, Y � y) is the probability of the joint event X � x and Y � y. In the 
second line of Eq. (11.92) we have used the formula for the probability of a jOint event: 

P(X � x, Y � y) � pry � ylX � x)P(X � x) ( 11.93) 
The conditional probability pry � yl X � x) is referred to as the association probabil
ity, that is, the probability of associating the code vector y with the source vector x. 

The expected distortion D is traditionally minimized with respect to the free 
parameters of the clustering model: the reconstruction vector y and the association 
probability pry � ylX � x). This form of minimization produces a "hard" clustering 
solution, hard in the sense that a source vector x is assigned to the nearest code vector 
y. In deterministic annealing, on the other hand, the optimization problem is reformu
lated as that of seeking the probability distribution that minimizes the expected distor
tion subject to a specified level of randomness. For a principled measure of the level of 
randomness, we use the Shannon entropy defined by (see Section 10.4) 

H(X, Y) � � � P(X � x, Y � y)logP(X � x, Y � y) 
x y 

(11.94) 

The constrained optimization of the expected distortion is then expressed as the mini
mization of the Lagrangian: 

F �  D - TH (11.95) 
where T is the Lagrange multiplier. From Eq. (11.95) we observe the following: 

o For large values of T the entropy H is maximized. 
o For small values of T the expected distortion D is minimized, resulting in a hard 

(nonrandom) clustering solution. 
o For intermediate values of T the minimization of F provides a tradeoff between 

an increase in the entropy H and a reduction in the expected distortion D. 

Most importantly, comparing Eq. (11 .95) with (11.11), we may identify the corre
spondence between the constrained clustering optimization problem and statistical 
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TABLE 1 1 .4 Correspondence between 
Constrained Clustering and 
Statistical Physics 

Constrained clustering 
optimization 

Lagrangian, F 
Expected distortion, D 
Shannon entropy, H 
Lagrange multipl ier, T 

Statistical physics 

Free energy, F 
Average energy, <E> 
Entropy. H 
Temperature, T 

mechanics listed in Table 11.4. In light of this analogy, henceforth we refer to T as the 
temperature. 

To develop further insight into the Lagrangian F, we note that the joint entropy 
H(X, Y) may be decomposed into two terms as follows (see Eq. (10.25)): 

H(X, Y) = H(X) + H(YIX) 

where H(X) is the source entropy and H(YIX) is the conditional entropy of the recon
struction vector Y given the source vector X. The source entropy H(X) is independent 
of clustering. Accordingly, we may drop the source entropy H(X) from the definition 
of the Lagrangian F, and thereby focus on the conditional entropy 

H(YIX) = - L P(X = x) L pry = ylx = x)logP(Y = ylX = x) (11.96) 
x , 

which highlights the role of the association probability pry = ylX = x). Hence, keep
ing in mind the correspondence between the constrained clustering optimization prob
lem and statistical physics, and invoking the principle of minimal free energy described 
in Section 1 1 .2, we find that minimizing the Lagrangian F with respect to the associa
tion probabilities results in the Gibbs distribution 

pry = ylx = x) = ..!:..exp( _ d(x, y)) 
Zx \ T 

where Zx is the partition function for the problem at hand. It is defined by 

(11.97) 

(11 .98) 

As the temperature T approaches infinity, we find from Eq. (1 1 .97) that the association 
probability approaches a uniform distribution. The implication of this statement is that 
at very high temperatures, each input vector is equally associated with all clusters. Such 
associations may be viewed as "extremely fuzzy." At the other extreme, as the temper
ature T approaches zero, the association probability approaches a delta function. 
Accordingly, at very low temperatures the classification is hard, with each input sample 
being assigned to the nearest code vector with probability 1 .  

To find the minimum value of the Lagrangian F, we substitute the Gibbs distribu
tion of Eq. (11.97) in ( 1 1 .92) and ( 1 1.96) and then use the resulting expressions in the 
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formula for the Lagrangian F in Eg. (11.95). The result obtained by so doing is (see 
Problem 11.22): 

F* = min F 
p(Y=Ylx=x) 

= -T2, P(X = x)logZ, 
, 

(11.99) 

To minimize the Lagrangian with respect to the remaining free parameters, namely the 
code vectors y, we set the gradients of F* with respect to y to zero. Hence, we obtain 
the condition 

a 2, P(X = x, Y = y)-d(x, y) = 0 for all y E ay , ay (11.100) 

where ay is the set of all code vectors. Using the formula of Eg. (11.93) and normalizing 
with respect to P(X = x), we may redefine this minimizing condition as 

1 a -2, pry = ylX = x)-d(x, y) = 0 for all y E ay 
N , ay (11.101) 

where the association probability pry = yl X = x) is itself defined by the Gibbs distri
bution of Eg. (11.97). In Eg. (11 .101) we have included the scaling factor liN merely 
for completeness, where N is the number of available examples. 

We may now describe the deterministic annealing algorithm for clustering (Rose, 
1998). Basically, the algorithm consists of minimizing the Lagrangian F* with respect to 
the code vectors at a high value of temperature T, and then tracking the minimum 
while the temperature T is lowered. In other words, deterministic annealing operates 
with a specific annealing schedule where the temperature is lowered in an orderly 
fashion. At each value of the temperature T, a two-step iteration central to the algo
rithm is performed, as described here: 

1. The code vectors are fixed, and the Gibbs distribution of Eg. (11.97) for a specific 
distortion measure d(x,y) is used to calculate the association probabilities. 

2. The associations are fixed, and Eg. (11.101) is used to optimize the distortion 
measure d(x, y) with respect to the code vectors y. 

This two-step iterative procedure is monotonically nonincreasing in F*, and is there
fore assured of converging to a minimum. At high values of temperature T, the 
Lagrangian F* is fairly smooth, and is a convex function of y under the mild assump
tions previously made on the distortion measure d(x, y). A global minimum of F* can 
be found at high temperatures. As the temperature T is lowered, the association proba
bilities become hard, resulting in a hard clustering solution. 

As the temperature T is lowered in the course of going through the annealing 
schedule, the system undergoes a seguence of phase transitions, which consists of nat
ural cluster splits where the clustering model grows in size (i.e., number of clusters) 
(Rose et aI., 1990; Rose, 1991). This phenomenon is significant for the following reasons: 

• It provides a useful tool for controlling the size of the clustering model. 
• As in ordinary physical annealing, the phase transitions are the critical points of the 

deterministic annealing process where care has to be exercised with the annealing. 
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• The critical points are computable, thereby providing information that can be 
used to accelerate the algorithm in between phase transitions. 

• An optimum model size may be identified by coupling a validation procedure 
with the sequence of solutions produced at various phases, which represent solu
tions of increasing model size. 

Example 1 1 .4 

Figures 11.10 and 11.11 illustrate the evolution of the clustering solution via deterministic anneal
ing at various phases as the temperature T is decreased or the reciprocal of temperature, 
B = liT, is increased (Rose 1991). The data set used to generate these figures is a mixture of six 
Gaussian distributions whose centers are marked with X. The centers of the computed clusters 
are marked with o. Since the clustering solutions at non-zero temperatures are not hard, this ran
dom partition is depicted by contours of equal probability-for example, probability 1/3 of 
belonging to a particular cluster. This process starts with one natural cluster containing the train
ing set (Fig. 11.1 Oa). At the first phase transition, it splits into two clusters (Fig. 11 .10b), and then 
passes through a sequence of phase transitions until it reaches the "natural" set of six clusters. 
The next phase transition results in an "explosion" when all clusters split. Figure 11 .11  shows the 
phase diagram, displaying the behavior of the average distortion throughout the annealing 
process and the number of natural clusters at each phase. In this figure the average distortion 
(normalized with respect to its minimum value) is plotted versus the reciprocal of temperature, 
namely B (normalized with respect to its minimum value). Both axes are labeled in their relative 
logarithmic forms. 

FIGURE 1 1 .10  Clustering at 
various phases. The lines are 
equiprobability contours, 
p � 1 /2 in (b), and p � 1 /3 
elsewhere: 
(a) 1 cluster (8 � 0), 
(b) 2 clusters (8 � 0.0049), 
(c) 3 clusters (8 � 0.0056), 
(d) 4 clusters (8 � 0.01 00), 
(e) 5 clusters (8 � 0.01 56), 
(f) 6 clusters (8 � 0.0347), and 
(g) 19 clusters (8 � 0.0605). 
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FIGURE 1 1 .10 (continued) 

FIGURE 1 1 . 1 1  Phase diagram 
for the mixture of Gaussian 
example. The number of 
effective clusters is shown for 
each phase. 



592 Chapter 1 1  Stochastic Machines and Their Approximates 

Analogy with the EM Algorithm 

For another important aspect of the deterministic annealing algorithm, suppose we 
view the association probability P(Y � Y Ix � x) as the expected value of a random 
binary variable V" defined as: 

V" = g if the source vector x is assigned to code vector y 
otherwise 

(11 .102) 

Then from such a perspective we recognize the two-step iteration of the deterministic 
annealing algorithm to be a form of the Expectation-Maximization (EM) algorithm 
described in Chapter 7 for maximum likelihood estimation. In particular, in step 1 that 
computes the association probabilities, we have the equivalent of the expectation step. In 
step 2 that minimizes the Lagrangian F*, we have the equivalent of the maximization step. 

In making this analogy, however, note that deterministic annealing is more gen
eral than maximum likelihood estimation. We say so because, unlike maximum likeli
hood estimation, deterministic annealing does not make any assumption on the 
underlying probability distribution of the data. The association probabilities are, in 
fact, derived from the Lagrangian F* to be minimized. 

1 1 .14 SUMMARY AND DISCUSSION 

In this chapter we discuss the use of ideas rooted in statistical mechanics as the mathe
matical basis for the formulation of optimization techniques and learning machines. 
The learning machines considered here may be categorized as follows: 

• Stochastic machines, exemplified by the Boltzmann machine, sigmoid belief net
works. and the Helmholtz machine. 

• Deterministic machines, derived from the Boltzmann machine and sigmoid belief 
networks by invoking mean-field approximations. 

The Boltzmann machine uses hidden and visible neurons that are in the form of 
stochastic, binary-state units. It cleverly exploits the beautiful properties of the Gibbs 
distribution, thereby offering some appealing features: 

• Through training, the probability distribution exhibited by the neurons is 
matched to that of the environment. 

• The network offers a generalized approach that is applicable to the basic issues 
of search, representation, and learning (Hinton, 1989). 

• The network is guaranteed to find the global minimum of the energy surface with 
respect to the states, provided that the annealing schedule in the learning process 
is performed slowly enough (Geman and Geman. 1984). 

Unfortunately, the annealing schedule is much too slow to be of practical value. 
However, the learning process can be accelerated for specific classes of Boltzmann 
machines, for which we do not have to run a sampling algorithm or apply a mean-field 
approximation. In particular, in Boltzmann machines in which the hidden neurons are 
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in the form of a chain, a tree, or a coupled pair of chains or trees, learning can be per
formed exactly in polynomial time. This is achieved by using an algorithm from statisti
cal mechanics known as "decimation," which is a simple and elegant procedure that 
recursively removes links and nodes from the graph, much like solving a resistance 
inductance capacitance (RLC) circuit (Saul and Jordan, 1995, 1996). 

Sigmoid belief networks offer a significant improvement over the Boltzmann 
machine by eliminating the need for the negative (free-running) phase. They do so by 
replacing the symmetric connections of the Boltzmann machine with directed acyclic 
connections. That is, whereas the Boltzmann machine is a recurrent network with an 
abundance of feedback, sigmoid belief networks have a multilayer architecture with 
no feedback. As the name implies, sigmoid belief networks are closely related to clas
sical belief networks pioneered by Pearl ( 1988), thereby linking the subject of neural 
networks with that of probabilistic reasoning and graphical models (Jordan, 1998; 
Jordan et aI., 1998). 

The Helmholtz machine is different again. Its development is motivated by the 
idea that vision is inverse graphics (Horn, 1977; Hinton and Ghahramani, 1997). In par
ticular it uses a stochastic, generative model, operating in the backward direction, to 
convert an abstract representation of a scene into an intensity image. The abstract rep
resentation of the scene (i.e., the network's own visual knowledge of the WOrld) is itself 
learned by a stochastic, recognition model, operating in the forward direction. Through 
a clever integration of the recognition and generative models (i.e., forward/backward 
projections), the Helmholtz machine assumes the role of a self-supervising machine, 
thereby eliminating the need for a teacher. 

Turning next to the class of deterministic machines, the deterministic Boltzmann 
machine is derived from the Boltzmann machine by applying a naive form of mean
field approximation, where the correlation between two random variables is replaced 
by the product of their mean values. The net result is that the deterministic Boltzmann 
machine can be considerably faster than the standard stochastic Boltzmann machine. 
Unfortunately, in practice its use is restricted to a single layer of hidden neurons. In 
Kappen and Rodriguez (1998), it is argued that, in the correct treatment of mean-field 
theory for the Boltzmann machine, the correlations need to be computed using the lin
ear response theorem. The essence of this theorem is to replace the clamped and free
running correlations in the Boltzmann learning rule of Eq. (11 .53) by their linear 
response approximations. According to Kappen and Rodriguez, the new learning pro
cedure is applicable to networks with or without hidden neurons. 

The deterministic form of sigmoid belief networks is derived by applying another 
form of mean-field theory, where a rigorous lower bound on the log-likelihood func
tion is derived through the use of Jensen's inequality. Moreover, the theory exploits the 
virtues of a tractable substructure in a principled manner, making this class of neural 
networks into an important addition to belief networks. 

In this chapter we also discuss two optimization techniques: simulated annealing 
and deterministic annealing. Simulated annealing distinguishes itself by performing ran
dom moves on the energy surface, which can make the annealing schedule very slow, 
with the result that its use is unrealistic for many applications. By contrast, deterministic 
annealing incorporates randomness into the cost function, which is then deterministi
cally optimized at each temperature sequentially, starting at a high temperature and then 
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going down. However, note that simulated annealing is guaranteed to reach a global 
minimum, whereas no such guarantee has yet been found for deterministic annealing. 

Although, in this chapter, we emphasize the use of optimization techniques and 
stochastic machines for solving unsupervised learning tasks, they can all also be used 
for supervised learning tasks if so desired. 

NOTES AND REFERENCES 

1. The term "canonical distribution" as a description of Eq. (11.3) was coined by 1. Willard 
Gibbs (1902). On page 33 of Part One (Elementary Principles in Statistical Mechanics) 
of his collected works, he wrote 

"The distribution represented by . . .  

(.v - EO ) P � exp � 

where H and tV are constants, and H positive, seems to represent the most simple 
case conceivable, since it has the property that when the system consists of parts 
with separate energies, the laws of the distribution in phase of the separate parts 
are of the same naturc-a property which enormously simplifies the discussion, 
and is the foundation of extremely important relations to thermodynamics . . . . .  

When an ensemble of systems is distributed in  phase in the manner 
described, i.e., when the index of probability (P) is a linear function of the energy 
(E), we shall say that the ensemble is canonically distributed, and shall call the divi
sor of the energy (H) the modulus of distribution." 
I n  the physics literature. Eq. (11.3) is commonly referred to as the canonical distri

bution (Reif, 1965) or Gibbs distribution (Landau and Lifschitz, J980). ln the neural net
work literature it has been referred to as the Gibbs distribution, Boltzmann distribution, 
and Boltzmann-Gibbs distribution. 

2. The idea of introducing temperature and simulating annealing into combinatorial opti
mization problems is due to Kirkpatrick, Gelatt, and Vacchi (1983) and independently to 

Cerny (1985). 
In a physical context, annealing is a delicate process by nature. In their 1983 paper, 

Kirkpatrick et al. discuss the notion of "melting" a solid, which involves raising the tem
perature to a maximum value at which all particles of the solid arrange themselves "ran
domly" in the liquid phase. Then the temperature is lowered, permitting all particles to 
arrange themselves in the low-energy ground state of a corresponding lattice. If the cool
ing is too rapid-that is, the solid is not allowed enough time to reach thermal equilib
rium at each temperature value-the resulting crystal will have many defects, or the 
substance may form a glass with no crystalline order and only metastable locally optimal 
structures. 

The notion of "melting" may be the right way of thinking about glasses, and perhaps 
combinatorial optimization problems in a corresponding computational context. However, 
it is misleading when discussing many other application domains (Beckerman, 1997). For 
example, in image processing, if we raise the "temperature" so that all particles arrange 
themselves randomly we have lost the image-it becomes unifonnly gray. In a correspond
ing metallurgical sense, when we anneal either iron or copper we must keep the annealing 
temperature below the melting point; otherwise we ruin the sample. 
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There are several important parameters that govern metallurgical annealing: 
• Annealing temperature, which specifies the temperature to which the metal or alloy is 

heated. 
• Annealing time, which specifies the duration of time for which the elevated tempera-

ture is maintained. 
• Cooling schedule, which specifies the rate at which the temperature is lowered. 

These parameters have their counterparts in simulated annealing as described in the sub
section on annealing schedule. 

3. The Langevin equation (with time-dependent temperature) provides the basis for 
another global optimization algorithm that was proposed by Grenander (1983), and sub
sequently analyzed by Gidas (1985). The Langevin equation is a stochastic differential 
equation described as (Reif, 1965): 

dv(t) 
dl 

where v (t) is the velocity of a particle of mass m immersed in a viscous fluid, 'Y is a con
stant equal to the ratio of the coefficient of friction to the mass m, and r(t) is a fluctuating 
force per unit mass. The Langevin equation was the first mathematical equation to 
describe non equilibrium thermodynamics. 

4. For more elaborate and theoretically oriented annealing schedules, see the books by 
Aarts and Karst (1989, pp, 60-75) and by van Laarhoven and Aarts (1988, pp, 62-71). 

5. Gibbs sampling is referred to in statistical physics as a "heat bath" version of the 
Metropolis algorithm. It is widely used in image processing, neural networks, and statis
tics, following its formal exposition in the literature by Geman and Geman (1984) and 
Gelfand and Smith (1990), The latter paper also discusses other approaches to sampling 
(or Monte Carlo) based approaches to the numerical calculation of estimates of marginal 
probability distributions. Hastings (1970) presented a generalization of the Metropolis 
algorithm, of which Gibbs sampling is a special case; its potential for solving numerical 
problems in statistics was mentioned. 

6. The visible neurons of a Boltzmann machine may also be subdivided into input and out
put neurons. In this second configuration, the Boltzmann machine performs association 
under the supervision of a teacher. The input neurons receive information from the envi
ronment and the output neurons report the outcome of the computation to an end user. 

7. The formula of Eq. (11.39) applies to a Boltzmann machine whose "on" and "off" states 
are denoted by + 1 and -1 ,  respectively. In the case of a machine using 1 and 0 to denote 
its "on" and "off" states, respectively, we have 

E(x) � - L L Wj,X,Xj 
, J 

;oFI 
8. Traditionally, the relative entropy or Kullback-Leibler distance has been used as the 

index of performance for the Boltzmann machine (Ackley et aI., 1985; Hinton and 
Sejnowski, 1986). This criterion provides a measure of the discrepancy between the envi
ronment and the network's internal model. It is defined by 

DAp- � LP� IOg(P:) " P 
where p; is the probability that the visible neurons are in state ex when the network is in 
its clamped condition, and p-;' is the probability that the same neurons are in state ex when 
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the network is in its frce-running condition. The synaptic weights of the network are 
adjusted to minimize DI1,',llp,,; see Problem 1 1 .10. 

The principles of minimum Kullback-Leihler divergence and maximum likelihood 
are basically equivalent when applied to a training set. To see the equivalence, we note 
that the Kullback-Lcibler divergence between two distributions/and g is given by 

If the distribution f is specified by a training set, and a model for g is given for optimiza
tion, the first term is constant, and the second term is the negative of log-likelihood. 
Hence, minimum Kullback-Lciblcr divergence is equivalent to maximum likelihood. 

9. Belief networks were originally introduced for the purpose of representing probabilistic 
knowledge in expert systems (Pearl, 1988). They are also referred to in the literature as 
Bayesian networks or Bayesian nels. 

10. The Helmholtz machine belongs to a class of neural networks characterized by forward
backward projections. The idea of forward-backward projections was originated by 
Grossberg (1980) in his studies of adaptive resonance theory; see also Carpenter and 
Grossberg (1987). In this model, forward adaptive filtering is combined with backward 
template matching so that adaptive resonance (i.e., amplification and prolongation of 
neural activity) takes place. In contrast to Grossberg's adaptive resonance theory, the 
Helmholtz machine uses a statistical approach to treat self-supervised learning as one of 
ascertaining a generative model that tries to accurately capture, the underlying structure 
of the input data. 

Another closely related work is that of Luttrell (1994, 1997). In Luttrell (1994). the 
idea of a folded Markov chain (FMC) is developed. Specifically, the forward transitions 
through a Markov chain are followed by inverse transitions (using Bayes' theorem) in a 
backward direction through a copy of the same chain.ln Luttrell (1997), the relationship 
between the FMC and Helmholtz machine is discussed. 

Other related works include those of Kawato ct al., (1993) where forward (recog
nition) and backward (generative) models are considered in a similar manner to the 
Helmholtz machine but without a probabilistic perspective, and the proposals by 
Mumford (1994) for mapping Grenander's generative model onto the brain. 

In Dayan and Hinton (1996), a number of different varieties of Helmholtz 
machine, including a supervised scheme, are suggested. 

11. Deterministic annealing has been successfully applied to many learning tasks: 
• Vector quantization (Rose et al., 1 992; Miller and Rose, 1994) 
• Statistical classifier design (Miller et aI., 1996) 
• Nonlinear regression using mixture of experts (Rao et al., 1997a) 
• Hidden Markov models for speech recognition (Rao, et aI., 1997b) 

A hidden Markov model is similar to a Markov chain because in both cases the 
transition from one state to another is probabilistic. However, they differ from each 
other in one fundamental respect. In a Markov chain, the production of an output symbol 
is deterministic. In a hidden Markov model, on the other hand, the output symbols are 
probabilistic as well, with the result that all symbols arc possible at each state. Thus, with 
each state of a hidden Markov model, we have a probability distribution of all the output 
symbols. Hidden Markov models are discussed in Rabiner ( 1989), Rabiner and luang 
(1986), and Jelinek ( 1997). 
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PROBLEMS 

Markov Chains 
11.1 The n-step transition probability from state i to state j is denoted by p)p). Using the 

method of induction, show that 

11.2 Figure P ll.2 shows the state transition diagram for the random walk process, where the 
transition probability p is greater than zero. Is the infinitely long Markov chain depicted 
here irreducible? Justify your answer. 

11.3 Consider the Markov chain depicted in Fig. P1t.3, which is reducible. Identify the classes 
of states contained in this state transition diagram. 

11.4 Calculate the steady·state probabilities of the Markov chain shown in Fig. Pll.4. 
Simulation techniques 

11.5 The Metropolis algorithm and the Gibbs sampler represent two alternative techniques 
for simulating a large-scale problem of interest. Discuss the basic similarities and differ
ences between them. 

11.6 In this problem we consider the use of simulated annealing for solving the traveling sales
man problem (TSP). You are given the following: 
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• N cities 

3 
4 

1 
4 

3 
4 

FIGURE Pl l .4 

• The distance between each pair of cities, d 

1 
3 

2 
3 

• A tour represented by a closed path visiting each city once and only once. 
The objective is to find a tour (i.e., permutation of the order in which the cities are vis
ited) that is of minimal total length L. In this problem the different possible tours are the 
configurations, and the total length of a tour is the cost function to be minimized. 
(a) Devise an iterative method of generating valid configurations. 
(b) The total length of a tour is defined by 

N Lp = 2:dp(i)I'(i+ J ) i=1  
where P denotes a permutation with peN + 1 )  = pel ) .  Correspondingly, the partition 
function is 

where Tis a control parameter. Set up a simulated annealing algorithm for the TSP. 
Boltzmann machine 

11.7 Consider a stochastic, two-state neuron j operating at temperature T. This neuron flips 
from state Xj to state -Xj with probability 

1 P(xj --7 -x) � -:---.;:-c-:::-c:� 1 + exp( - tJ.EjTJ 
where !J.Ej is the energy change resulting from such a flip. The total energy of the 
Boltzmann machine is defined by 
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where wji is the synaptic weight from neuron i to neuronj, with wji = wij and wij = O. 
(a) Show that 

dE, = -2xjvj 

where Vj is the induced local field of neuronj. 
(b) Hence, show that for an initial state Xj = -1, the probability that neuron j is flipped 

into state +1  is 1/(1 + exp(-2v/T» . 
(c) Show that the same formula in part (b) holds for neuronj flipping into state - 1  when 

it is initially in state + 1. 
11.8 Derive the formula given in Eq. (11.49) that defines the derivative of the log-likelihood 

function L(w) with respect to the synaptic weight wji for the Boltzmann machine. 
11.9 The Gibbs distribution may be derived using a self-contained mathematical approach that 

does not rely on concepts from statistical physics. In particular, a two-step Markov chain 
model of a stochastic machine may be used to formalize the assumptions that yield the 
unique properties of the Boltzmann machine (Mazaika, 1987). This should not come as a 
surprise since the simulated annealing. basic to the operation of the Boltzmann machine, 
is known to have a Markov property of its own (van Laarhoven and Aarts., 1988). 

Consider then a transition model between states of a neuron in a stochastic machine 
that is composed of two random processes: 
• The first process decides which state transition should be attempted . 
• The second process decides if the transition succeeds. 

(a) Expressing the transition probability Pji as the product of two factors, that is, 

show that 

Pji = Tjiqji for j *- i 

(b) Assume that the attempt rate matrix is symmetric: 

Also assume that the probability of a successful attempt satisfies the property of 
complementary conditional transition probability: 

qji = 1 - qij 

By invoking these two assumptions, show that 

:L Tji(qji'ITj + qi/rrj - 'IT) = 0 j 
(c) Given that Tji *" 0, use the result of a part (a) of the problem to show that 

1 
qji 

� 1 + ("/"j) 

(d) Finally, make a change of variables: 

E, � - Tlog", + T* 
where T and 1'* are arbitrary constants. Hence, derive the following results: 

1 ( E ) (i) 'IT; = zexp
\
- ; 
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(ii) z � � exp( -%1) 
1 

(iii) qji � 1 + cxp(-ilE/T} 
where ll.E = E, - Ei. 

(e) What conclusions can you draw from these results? 
11.10 In Section 11.7 we lise maximum likelihood as the criterion for deriving the Boltzmann 

learning rule, described in Eq. (11.53). In this problem we revisit this learning rule using 
another criterion. From the discussion presented in Chapter 10, the Kullback-Leibler diver
gence between two probability distributions p; and p;:' is defined by 

DIP lip � �P: IOg�f) 

where the summation is  over all possible states a .  The probability p;' denotes the proba
bility that the visible neurons arc in state a when the network is in its clamped (positive) 
condition, and the probability p;;; denotes the probability that the same neurons are in a 
state a when the network is in its free-running (negative) condition. Using Dp liP ' red
erive the Boltzmann learning rule. 

11.11 Consider a Boltzmann machine whose visible neurons are divided into input neurons 
and output neurons. The states of these neurons are denoted by a and 'Y, respectively. The 
state of the hidden neurons is rlenoted by �. The Kullhack-Leibler divergence for this 
machine is defined by 

Dp ' llp � �>; �>�I" log(P�I
") 

'" 'I P'I I« 
where p;-' is the probability of state a over the input neurons; P; I" is the conditional prob
ability that the output neurons are clamped in state a given an input state a: and P�I" is 
the conditional probability that the output neurons are in thermal equilibrium in state 'Y 
given that only the input neurons are clamped in state <x. As before, the plus and minus 
superscripts denote the positive (clamped) and negative (free-running) conditions, respec
tively. 
(a) Derive the formula Dp ' llp for a Boltmann maehine that includes input, hidden, and 

output neurons. 
(b) Show that the Boltzmann learning rule for adjusting the synaptic weight wj; in this 

network configuration may still be expressed in the same form as that described in 
E4. (11.53), with new interpretations for the correlations p;i and pjf. 

Sigmoid Belief Networks 
11.12 Summarize the similarities and differences hetween the Boltzmann machine and a sig

moid belief network. 
11.13 In Problem 11.9 we demonstrated that the Boltzmann machine is described by a two-step 

Markov chain model. Docs a sigmoid belief network admit a Markov chain model? 
Justify your answer. 

11.14 Let wji denote the synaptic weight from neuron i to neuron j in a sigmoid belief network 
that uses + 1 for the on state of a neuron and - 1 for the off state. Let 'WJi denote the corre
sponding synaptic weight of a sigmoid belief network that uses 1 for the on state of a neu
ron and 0 for the off state. Show that 7L'ji can be converted to WJI by using the tranfonnation: 



w w �, = ----.J!. for 0 < i < I' i' 2 

The last line pertains to bias applied to neuron j. 
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11.15 In a sigmoid belief network we identify the probability P(X, � x,IXu � "") as a Gibbs 
distribution, and the probability P(Xu = xo) as the corresponding partition function. 
Justify the validity of this twofold identification. 

Helmholtz Machine 
11.16 The Helmholtz machine is free of feedback in both its recognition and generative mod

els. What would happen to the operation of this network if the use of feedback is permit
ted in either of these two models? 

Deterministic Boltzmann Machine 
11.17 The Boltzmann machine performs gradient descent (in weight space) on the probability 

space, as discussed in Problem 11 . 10. On what function does the deterministic Boltzmann 
machine perform its gradient descent? You may refer to Hinton (1989) for a discussion 
of this issue. 

11.18 Consider a recurrent network that is asymmetric in that wp '* wji• Show that the deter
ministic Boltzmann learning algorithm will automatically symmetrize the network pro
vided that, after each weight update, each weight is decayed toward zero by a small 
amount proportional to its magnitude (Hinton, 1989). 

Deterministic Sigmoid Belief Network 
11.19 Show that the difference between the expressions on the left- and right-hand sides of 

Eq. (11.77) is equal to the Kullback-Leibler divergence between the distributions 
Q(X, � x,IXu � "") and P(X, � x,IX. � x.). 

11.20 The argument of the sigmoid function in Eq. (11.89) defines the induced local field Vj of 
neuron j in the deterministic sigmoid belief network. In what ways does Vj differ from the 
corresponding induced local field of a neuron in a multilayer perceptron trained with the 
back-propagation algorithm? 

Deterministic Annealing 
11.21 In Section 1 1.13 we developed the idea of deterministic annealing using an information

theoretic approach. The idea of deterministic annealing may also be developed in a prin
cipled manner using the maximum entropy principle that is discussed in Chapter 10. 
Follow through the rationale of this second approach (Rose, 1998). 

11.22 (a) Using Eqs. (11.97) and (11.98), derive the result given in Eq. (11.99) that defines the 
Lagrangian F* that results from use of the Gibbs distribution for the association 
probability. 

(b) Using the result from part a of this problem, derive the condition given in Eq. (11.101) 
for the minimum of F* with respect to the code vectors y. 

(c) Apply the minimizing condition of Eq. (11 .101) to the squared distortion measure of Eq. 
(11.91) and comment on your result. 

11.23 Consider a data set that is a mixture of Gaussian distributions. In what way does the use 
of deterministic annealing offer an advantage over maximum likelihood estimation in 
such a situation? 
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11.24 In this problem we explore the use of deterministic annealing for pattern classification 
using a neural network (Miller et aI., 1996). The output of neuron j in the output layer is 
denoted by Fj(x) where x is the input vector. The classification decision is based on the 
maximum discriminant Fj(x). 
(a) For a probabilistic objective function, consider the following: 

1 F � - � � P(x E ?li)F/x) 
N(x,<(;'jE'!J j 

where 2J is a training set of labeled vectors with x denoting an input vector and ce its 
class label, and P(x E ffi) is the probability of association between input vector x 
and class region CJtt Using the maximum entropy principle that is discussed in 
Chapter 10, formulate the Gibbs distribution for P(x E '!Ii). 

(b) Let <Pe> denote the average misclassification cost. Formulate the Lagrangian for 
minimization of <Pe> subject to the constraint that the entropy corresponding to 
the association probabilities P(x E ffij) is equal to some constant value H. 



Neurodynamic Programming 

12.1 INTRODUCTION 

In Chapter 2 we identify two main paradigms of learning: learning with a teacher, and 
learning without a teacher. The paradigm of learning without a teacher is subdivided 
into self-organized (unsupervised) learning and reinforcement learning. Different 
forms of learning with a teacher or supervised learning are covered in Chapters 4 
through 7, and different forms of unsupervised learning are discussed in Chapters 8 
through 11 .  In this chapter we discuss reinforcement learning. 

Supervised learning is a "cognitive" learning problem performed under the tute
lage of a teacher: It relies on the availability of an adequate set of input-output exam
ples that are representative of the operating environment. In contrast, reinforcement 
learning is a "behavioral" learning problem: It is performed through interaction 
between the learning system and its environment, in which the system seeks to achieve 
a specific goal despite the presence of uncertainties (Barto et al., 1983; Sutton and 
Barto, 1998). The fact that this interaction is performed without a teacher makes rein
forcement learning particularly attractive for dynamic situations where it is costly or 
difficult (if not impossible) to gather a satisfactory set of input-output examples. 

There are two approaches to the study of reinforcement learning, 1 summarized 
as follows: 

1. Classical approach, in which learning takes place through a process of punish
ment and reward with the goal of achieving a highly skilled behavior. 

2. Modern approach, which builds on a mathematical technique known as dynamic 
programming to decide on a course of action by considering possible future 
stages without actually experiencing them; the emphasis here is on planning. 

OUI discussion focuses on modern reinforcement learning. 
Dynamic programming2 is a technique that deals with situations where decisions 

are made in stages, with the outcome of each decision being predictable to some extent 
before the next decision is made. A key aspect of such situations is that decisions can· 
not be made in isolation. Rather, the desire for a low cost at the present must be bal
anced against the undesirability of high costs in the future. This is a credit assignment 
problem because credit or blame must be assigned to each one of a set of interacting 

603 
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decisions. For optimal planning it is necessary to have an efficient tradeoff between 
immediate and future costs. Such a tradeoff is indeed captured by the formalism of 
dynamic programming. In particular, dynamic programming addresses the question: 
How can a system learn to improve long-term periormance when this may require sac
rificing short-term performance? 

Following Bertsekas and Tsitsiklis (1996), we refer to the modern approach to 
reinforcement learning as neurodynamic programming. We do so primarily for two 
reasons: 

• The theoretical foundation is provided by dynamic programming. 
• The learning capability is provided by neural networks. 

A succinct definition of neurodynamic programming is (Bertsekas and Tsitsiklis, 1996): 

Neurodynamic programming enables a system to learn how to make good decisions by 
observing its own behavior, and to improve its actions by using a built-in mechanism 
through reinforcement. 

The observation of behavior is attained through the use of Monte Carlo simulation in 
an off-line manner. The improvement of actions through reinforcement is attained 
through the use of an iterative optimization scheme. 

Organization of the Chapter 

Dynamic programming has two main features: an underlying discrete-time dynamic 
system, and a cost function that is additive over time. These two features are discussed 
in Section 12.2. This is followed by a formulation of Bellman's optimality equation in 
Section 12.3, which plays an important role in dynamic programming. In Sections 12.4 
and 12.5 we discuss two different methods for computing an optimal policy for 
dynamic programming, namely policy iteration and value iteration. 

In Section 12.6 we present an overview of the issues involved in neurodynamic 
programming. This overview leads to the discussion of approximate policy iteration 
and Q-Iearning, which lend themselves to the use of neural networks for function 
approximation. These two algorithms are discussed in Sections 12.7 and 12.8, respec
tively. Section 12.9 presents a computer experiment on the use of Q-Iearning. 

The chapter concludes with some final remarks in Section 12.10. 

12.2 MARKOVIAN DECISION PROCESS 

Consider a learning system or agent that interacts with its environment in the manner 
illustrated in Fig. 12.1. The system operates in accordance with a finite, discrete-time 
Markovian decision process that is characterized as follows: 

• The environment evolves probabilistically occupying a finite set of discrete 
states. Note, however, that the state does not contain past statistics, even though 
these statistics could be useful to the learning system. 

• For each environmental state there is a finite set of possible actions that may be 
taken by the learning system. 
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FIGURE 12.1 Block diagram 
of a learning system 
interacting with its 
environment. 

• Every time the learning system takes an action, a certain cost is incurred. 
• States are observed, actions are taken, and costs are incurred at discrete times. 

In the context of our present discussion. the state of the environment is defined as 
a summary of the entire past experience of the learning system gained from its interac
tion with the environment, such that the information necessary for the learning system to 
predict future behavior of the environment is contained in that summary. The random 
variable denoting the state at time step n is Xn• and the actual state at time step n is 
denoted by x(n). The finite set of states is denoted by :?r.A surprising aspect of dynamic 
programming is that its applicability depends very little on the nature of the state. We 
may therefore proceed without any assumption on the structure of the state space. 

For state i. for example. the available set of actions (i.e .• inputs applied to the 
environment by the learning system) is denoted by dii = {aik). where the second sub
script k in action aik taken by the learning system merely indicates the availability of 
more than one possible action when the environment is in state i. The transition of the 
environment from the state i to the new state j, for example, due to action aik is proba
bilistic in nature. Most importantly. however. the transition probability from state i to 
state j depends entirely on the current state i and the corresponding action aik. This is the 
Markov property. which is discussed in Chapter 11. This property is crucial because it 
means that the current state of the environment provides the necessary information 
for the learning system to decide what action to take. 

The random variable denoting the action taken by the learning system at time 
step n is denoted by An' Let Pij (a) denote the transition probability from state i to state j 
due to action taken at time step n. where An = a. By virtue of the Markov property we 
have 

piJ (a) = P(Xn+! = j I Xn = i, An = a) (12.1) 

The transition probability Pij (a) satisfies two conditions that are imposed on it by 
probability theory: 

for all i and j (12.2) 

for all i (12.3) 

For a given number of states and given transition probabilities the sequence of envi
ronmental states resulting from the actious taken by the learning system over time 
forms a Markov chain. Marlov chains are discussed in Chapter 1 1 .  

At each transition from one state to another, a cost is incurred by the learning 
system. Thus, at the nth transition from state i to state j under action aik, the learning 
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system incurs a cost denoted by 'Yng(i, aik, j), where g(., . , .) is a prescribed function, and 
"I is a scalar with 0 :5 "I < 1 called the discount factor. By adjusting "I we are able to 
control the extent to which the learning system is concerned with long-term versus 
short-term consequences of its own actions. In the limit, when "I � 0 the system is 
myopic in the sense that it is only concerned with immediate consequences of its 
actions. In  what follows, we will ignore this limiting value, that is, confine the discussion 
to 0 < "I < 1. As "I approaches 1, future costs become more important in determining 
optimal actions. 

Our interest is in the formulation of a policy, defined as a mapping of states into 
actions. In  other words, a policy is a rule used by the learning system to decide what to 
do, given knowledge of the current state of the environment. The policy is denoted by 

1T � (fLo, fLl , fL2, . . ) (12.4) 
where fLn is a function that maps the state Xn � i into an action An � a at time step 
n � 0, 1 , 2, . . . . This mapping is such that 

fLn(i) E Sli for all states i E ::e 

where Sli denotes the set of all possible actions taken by the learning system in state i. 
Such policies are said to be admissible. 

A policy can be nonstationary or stationary. A nonstationary policy is time vary
ing, as indicated in Eq. (12.4). When, however, the policy is independent of time, that is, 

1T � (fL, fL, fL, . . .  ) 
the policy is said to be stationary. In other words, a stationary policy specifies exactly 
the same action each time a particular state is visited. For a stationary policy, the 
underlying Markov chain may be stationary or nonstationary; it is possible to use a sta
tionary policy on a nonstationary Markov chain, but this is not a wise thing to do. If a 
stationary policy J.l is employed, then the sequence of states {Xn, n � 0, 1, 2, . . .  } forms a 
Markov chain with transition probabilities Pi/fL(i)) , where fL(i) signifies an action. It is 
for this reason that the process is referred to as a Markov decision process. 

Basic Problem 

A dynamic programming problem can be of a finite-horizon or infinite-horizon kind. 
In a finite-horizon problem the cost accumulates over a finite number of stages. In an 
infinite-horizon problem the cost accumulates over an infinite number of stages. 
Infinite-horizon problems provide a reasonable approximation to problems involving 
a finite but very large number of stages. They are also of particular interest because 
discounting ensures that the costs for all states are finite for any policy. 

The total expected cost in an infinite-horizon problem, starting from an initial 
state Xo � i and using a policy 1T � {fLn}, is defined by 

rei) � E [� 'Yng(Xm fLn(Xn), Xn+1)  I Xo � iJ (12.5) 
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where the expected value is taken with respect to the Markov chain {XI ' X2, ", } .  The 
function r(i) is called the cost-to-go function for policy 'IT starting from state i. Its opti
mal value, denoted by IO(i), is defined by 

I*(i) � min rei) 
• 

(12.6) 

When the policy 'IT is stationary, that is, 'IT � {IL, IL, , , . } ,  we use the notation I"(i) in place 
of rei), and say that IL is optimal if 

I"(i) � J*(i) for all initial states i (12.7) 

We may now sum up the basic problem in dynamic programming as follows: 

Given a stationary Markovian decision process describing the interaction between a learn
ing system and its environment, find a stationary policy 'IT = if.L, j.L, J-L . . •  } that minimizes the 
cost-ta-go function JIk(i) for all initial states i. 

Note that during learning the behavior of a learning system may change with time. 
However, the optimal policy that the learning system seeks will be stationary 
(Watkins, 1 989). 

12.3 BELLMAN'S OPTIMALITY CRITERION 

The dynamic programming technique rests on a very simple idea knov.n as the princi· 
pie of optimality due to Bellman (1957). Simply stated this principle says (Bellman and 
Dreyfus, 1962): 

An optimal policy has the property that whatever the initial state and initial decision are, 
the remaining decisions must constitute an optimal policy with regard to the state result
ing from the first decision. 

As used here, a "decision" is a choice of contro] at a particular time, and a "policy" is 
the entire control sequence or control function. 

To formulate the principle of optimality in mathematical terms, consider a finite
horizon problem for which the cost-to-go function is defined by 

Io(Xo) � E [gK(XK) + � gn(Xn, 1L,,(Xn), X,,+ l)] (12.8) 

where K is the horizon (i.e., number of stages) and gK(XK) is the terminal cost. Given 
Xo, the expectation in Eq. (12.8) is with respect to the remaining states XI'  . . .  , XK-1 • 
With this terminology we may now formally state the principle of optimality as 
(Bertsekas, 1995b): 

Let 1T* = {jJ.t, jJ.j, . . . , jJ.k-t} be an optimal pOlicy for the basic finite-horizon problem. 
Assume that when using the optimal policy 1T* a given state Xn occurs with positive proba
bility. Consider the subproblem where the environment is in state Xn at time n, and sup
pose we wish to minimize the corresponding cost-to-go function 

(12.9) 
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for n = 0, 1 ,  . . . , K -1. Then the truncated policy I/-L�, 1-L�+1 ' . .  " f.Lk-l } is optimal for the sub
problem. 

We may intuitively justify the principle of optimality by the following argument: 
If the truncated policy (��, 1-1�+ 1' . . .  , I-Lk- l }  was not optimal as stated, then once the 
state X" is reached at time n we could reduce the cost-to-go function ,,,(X,,) simply by 
switching to a policy that is optimal for the subproblem. 

The principle of optimality builds on the engineering notion of "divide and con
quer.·· Basically. an optimal policy for a complex multistage planning or control prob
lem can be constructed by proceeding as follows: 

• Construct an optimal policy for the "tail subproblem" involving only the last 
stage of the system. 

• Extend the optimal policy to the "tail subproblem" involving the last two stages 
of the system. 

• Continue the procedure in this fashion until the entire problem has been dealt with. 

Dynamic Programming Algorithm 

On the basis of the procedure just described. we may now formulate the dynamic pro
gramming algorithm, which proceeds backward in time from period N - 1 to period O. 
Let " � [fLo, fL" . . .  , fLK- , } denote an admissible policy. For each n � 0, 1 ,  . . .  , K - 1 ,  let 
,," � [fL", fLn+ I ' . . . , fLK-, } and let '�(X,,) be the optimal cost for the (K - n)-stage prob-
lem that starts at state X" and time n and ends at time K; that is, 

(12.10) 

which represents the optimal form of Eq. (12.9). Recognizing that ,," � (fL",,,
n
+ ') and 

partially expanding the summation on the right-hand side of Eq. (12.10), we may write 

'�(X,) � ("�l!1 ,) (x • •  ,. !)" ,) [g,,(Xno fL,,(X,,), X,,+ I ) 
+ gK(XK) + k�" gk(X" fL,(Xd. Xk+I)] 

� min E {g,,(X,,), fLn(X,,), Xn , I ) fi" X" ' I  

+ "!ip (x . .  e.x, . J  [gK (XK) + k�" g,(X" fLk(Xk), Xk+l)]} 

� min E [g,,(x", fL,,(X,,), X" " ) + '�+ I (Xn+I)] 11" x" " 

(12. 11)  

where in the last line we have made use of the defining equation (12.lO) with n + 1 
used in place of n. Now assume that for some n and all X,,+ I '  we have 

(12.12) 



Section 1 2.3 Bellman's Optimality Criterion 609 

Then we may rewrite Eq. (12.11) in the form 

I�(Xn) � min E [gn(X", fLn(Xn), Xn+tl + In+l (Xn+1)] fl." x". ]  

If Eq. (12.12) holds for allXn+1, then clearly the equation 

I�(Xn) � In(Xn) 
also holds for all Xn• Accordingly, we deduce from Eq. (12.13) that 

In(Xn) � min E [gn(X", fLn(Xn), Xn+1) + In+1(Xn+1)] fLo Xn > i  

(12.13) 

We may thus formally state the dynamic programming algorithm as follows 
(Bertsekas, 1995b): 

For every initial state Xu' the optimal cost J*(Xo) of the basic finite-horizon problem is equal 
to 'o(Xo), where the function 10 is obtained from the last step of the following algorithm: 

(12.14) 

which runs backward in time, with 

IK()(K) = gK()(K) 

Furthermore, if j.L� minimizes the right-hand side of Eq. (12.14) for each Xn and n, then the 
I· * - I * * * } . . 1 po ley 1T - J.l-O' 1-11 ' . . .  , J.i-K-l IS optima . 

Bellman's Optimality Equation 

In its basic form, the dynamic programming algorithm deals with a finite-horizon prob
lem. We are interested in extending the use of this algorithm to deal with the infinite
horizon discounted problem described by the cost-to-go function of Eq. (12.5) under a 
stationary policy 1T � IfL, fL, fL, . . .  }. With this objective in mind, we do two things: 

• Reverse the time index of the algorithm so that it corresponds to the discounted 
problem. 

• Define the cost gn(Xn, fL(Xn), Xn+ 1 ) as 

gn(Xm fL(Xn), Xn+ 1) � 'Yng(X", fL(Xn), Xn+1) (12.15) 

We may now reformulate the dynamic programming algorithm as follows (see 
Problem 12.4): 

(12.16) 

which starts from the initial conditions 

for all X 
The state Xo is the initial state, X, is the new state that results from the action of policy fL, 
and 'Y is the discount factor. 

Let I*(i) denote the optimal infinite-horizon cost for the initial state Xo � i. We 
may then view I*(i) as the limit of the corresponding K-stage optimal cost I K(i) as the 
horizon K approaches infinity; that is, 

I*(i) � lim h (i) K�oc for all i (12.17) 
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This relation is the connecting link between the finite-horizon and infinite-horizon 
discounted problems. Putting n + 1 = K and Xo = i in Eq. (12.16), and then applying 
Eq. (12.17), we obtain 

I*(i) = min E [g(i, f1(i), X1) + -y I*(X1)] (12.18) 
" x, 

To evaluate the optimal infinite-horizon cost I*(i), we proceed in two stages: 

1. We evaluate the expectation of the cost g(i, f1(i), Xl) with respect to Xl by writing 

N 
E[g(i), f1(i), Xd = L Pijg(i, f1(i),j) (12.19) 

)=1 
where N is the number of states of the environment, and Pij is the transition prob
ability from the initial state Xo = i to the new state Xl = j. The quantity defined in 
Eq. (12.19) is the immediate expected cost incurred at state i by following the 
action recommended by the policy f1. Denoting this cost by c(i, f1(i)), we may 
write 

N 
c(i, f1U)) = L Pi)g(i, f1(i), j) j= 1 

(12.20) 

2. We evaluate the expectation off*(XI) with respect to Xl' Here we note that if we 
know the cost I*(X1) for each state Xl of a finite-state system, we may readily 
determine the expectation of I*(XI) in terms of the transition probabilities of the 
underlying Markov chain by writing 

N 
E[I*(X1)] = L PiII'(j) 

)= 1  
(12.21) 

Thus, using Eqs. (12.19) to (12.21) in Eq. (12.16), we obtain the desired result 

I*(i) = mJn (cU. f1(i)) + -y � Pij(f1)J*(j)) for i = 1 , 2, . . . , N (12.22) 

Equation (12.22) is called Bellman's optimality equation. It should not be viewed as an 
algorithm. Rather, it represents a system of N equations with one equation per state. 
The solution of this system of equations defines the optimal cost-to-go functions for 
the N states of the environment. 

There are two basic methods for computing an optimal policy. They are called 
policy iteration and value iteration. These two methods are described in Sections 12.4 
and 12.5, respectively. 

12.4 POLlCY ITERATION 

To set the stage for a description of the policy iteration algorithm, we begin by intro
ducing a concept called the Q-factor due to Watkins (1989). Consider an existing policy f1 
for which the cost-to-go function I"(i) is known for all states i. The Q-factor for each 
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state i E 3f and action a E dli is defined as the immediate cost plus the sum of the dis
counted costs of all successor states following policy 11, as shown by 

, 
Q"(i, a) � c(i, a) + -y � Pij(a)J"(j) (12.23) j=l 

where the action a � l1(i). Note that the Q-factors Q"(i, a) contain more information 
than the cost-to-go function J"(i). For example, actions may be ranked on the basis of 
Q-factors alone, whereas ranking on the basis of cost-to-go function also requires 
knowledge of the state-transition probabilities and costs. 

We may develop insight into the meaning of the Q-factor by visualizing a new 
system whose states are made up of the original states 1, 2, . . .  , N and all the possible 
state-action pairs (i, a), as portrayed in Fig. 12.2. There are two distinct possibilities that 
can occur: 

• The system is in state (i, a), in which case no action is taken. Transition is made 
automatically to state j, say, with probability Pij (a); and a cost g(i, a,j ) is incurred. 

• The system is in state i, say, in which case action a E stli is taken. The next state is 
(i, a), deterministically. 

The policy 11 is said to be greedy with respect to the cost-to-go function i"(i) if, 
for all states, 11(i) is an action that satisfies the condition 

Q"(i, 11(i)) � min Q"(i, a) aEsii for all i (12.24) 

The following two observations on Eq. (12.24) are noteworthy: 

• It is possible for more than one action to minimize the set of Q-factors for some 
state, in which case there can be more than one greedy policy with respect to the 
pertinent cost-to-go function. 

• A policy can be greedy with respect to many different cost-to-go functions. 

Moreover, the following fact is basic to all dynamic programming methods: 

Q"'(i, 11*(i)) � min Q"'(i, a) aE.ci, (12.25) 

where 11* is an optimal policy and J* is the corresponding optimal cost-to-go function. 
With the notions of Q-factor and greedy policy at our disposal, we are ready to 

describe the policy iteration algorithm. Specifically, the algorithm operates by alternat
ing between two steps (Bertsekas, 1995b): 

" 

j 

j. b 

k 

FIGURE 12.2 I l lustration of 
two possible transitions: the 
transition from state (i, a) to 
state j is probabil istic, but the 
transition from state ito (i, a) 
is deterministic. 
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FIGURE 12.3 Block diagram 
for policy iteration algorithm. 

Cost-ta-go 
JM Policy 

update 

Policy 
evaluation Policy JL "---------' 

1. Policy evaluation step. in which the cost-to-go function for some current policy 
and the corresponding Q-factor are computed for all states and actions. 

2. Policy improvement step, in which the current policy is updated in order to be 
greedy with respect to the cost-to-go function computed in step 1 .  

These two steps are illustrated in  Fig. 1 2.3. To be specific. we start with some initial pol
icy fLo. and then generate a sequence of new policies fL l .  fL ,  . . . . .  Given the current policy 
fLn' we perform the policy evaluation step by computing the cost-to-go function J""(i) 
as the solution of the linear system of equations (see Eq. ( 12.22)) 

N 
J""(i) � c(i" fLn(i)) + 'Y 2: Pij (fLn(i)W"(i), 

j= i 
i = 1 , 2, . . . , N  ( 1 2.26) 

in the unknowns J""(l), J""(2), . . .  ,J""(N). Using these results, we then compute the 
Q-factor for state-action pair (i, a) (see Eg. ( 12.23» 

N 
Q"'{i, a) � c(i, a) + 'Y 2: PiJ (a) J""(i), 

j=l 
a E Yli and i � 1 , 2, . . .  , N (12.27) 

Next we perform the policy improvement step by computing a new policy fLn+ I defined 
by (see Eq. (12.24)) 

i = 1, 2, . . .  , N (12.28) 

The two-step process just described is repeated with policy fLnTl used in place of fLn' 
unless we have 

for all i 

in which case the algorithm is terminated with policy fLn, With J""-' oS J"- (see 
Problem 12.5) we may then say that the policy iteration algorithm will terminate after 
a finite number of iterations because the underlying Markovian decision process has a 
finite number of states. Table 12.1 presents a summary of the policy iteration algorithm 
based on Eqs. (12.26) to (12.28). 

12.5 VALUE ITERATION 

In the policy iteration algorithm, the cost-to-go function has to be recomputed entirely 
at each iteration of the algorithm, which is expensive. Even though the cost-to-go func
tion for the new policy may be similar to that for the old policy. unfortunately there is 
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TABLE 12.1 Summary ofthe Policy Iteration Algorithm 

1 .  Start with an arbitrary initial policy i-Lo. 
2. For n � 0. 1 .2  . . . .. compute J""(i) and Q"'(i. a) for all states i E X and actions a E :71;. 
3. For each state i, compute 

4. Repeat steps 2 and 3 until J.l.n+ 1 is not an improvement on J-I-n, at which point the 
algorithm terminates with I-Ln as the desired policy. 

no dramatic shortcut for this computation. There is. however. another method for find
ing the optimal policy that avoids the burdensome task of repeatedly computing the 
cost-to-go function. This alternative method. based on successive approximations. is 
known as the value iteration algorithm. 

The value iteration algorithm involves solving Bellman's optimality equation (12.22) 
for each of a sequence of finite-horizon problems. In the limit, the cost-to-go function 
of the finite-horizon problem converges uniformly over all states to the corresponding 
cost-to-go function of the infinite-horizon problem as the number of iterations of the 
algorithm approaches infinity (Ross, 1983; Bertsekas, 1995b). 

Let Jn(i) denote the cost-to-go function for state i at iteration n of the value itera
tion algorithm. The algorithm begins with an arbitrary guess 10(i) for i � 1 , 2, . . .  , N. The 
only restriction on 1,,(i) is that it should be bounded; this is automatically true for 
finite-state problems. If some estimate of the optimal cost-to-go function l*(i) is avail
able, it should be used as the initial value l"U). Once 1,,(i) has been chosen, we may 
compute the sequence of cost-to-go functions l1(i). J2(i) . . . .  , using the value iteration 
algorithm 

l,,+ l (i) = min {C(i, a) + 'Y f p;j (a)l,,(j)} , aEd, j= 1 i = 1 , 2, . . .  , N  (12.29) 

Application of the update to the cost-to-go function, described in Eq. (12.29) for 
state i, is referred to as backing up of i's cost. This backup is a direct implementation 
of Bellman's optimality equation (12.22). Note that the values of the cost-to-go func
tions in Eq. (12.29) for states i = 1, 2, . . . .  N are backed up simultaneously on each 
iteration of the algorithm. This method of implementation represents the traditional 
synchronous form of the value iteration algorithm 3 Thus, starting from arbitrary ini
tial values 1,,(1), 10(2), . . .  , Jo(N), the algorithm described by Eq. (12.29) converges to 
the corresponding optimal values 1*(1), 1*(2), . . .  , l*(N) as the number of iterations 
n approaches infinity (Ross. 1983; Bertsekas, 1995b). 

Unlike the policy iteration algorithm, an optimal policy is not computed directly 
in the value iteration algorithm. Rather. the optimal values 1*(1), 1*(2), . . . • l*(N) are 
first computed using Eq. (12.29). Then a greedy policy with respect to that optimal set 
is obtained as an optimal policy. That is, 

fL *(i) � arg min Q*(i, a), uEd, i = 1, 2, , . , ' N (12.30) 
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TABLE 12.2 Summary of the Value Iteration Algorithm 

1. Slart with arbitrary initial value loU) for state i = 1 ,2, . . " N. 
2. For n = 0, 1 , 2, . .  " compute 

1,,"1(i) = �i�, 
{C(i. a) + "Y  � p;] (a)l,,(j).}. 

Continue this computation until 

a E s'lj 
i = J , 2, . . . , N  

for each state i 
where E is a prescribed tolerance parameter. It is presumed that E is sufficiently small 
for lnU) to be close enough to the optimal cost-ta-go function J*(i). We may thus set 

1,,(i) = 1*(i) for all states i 
3. Compute the Q-factor 

where 

N 
Q*(i, a) = c(i, a) + "Y � pu(a)l*(J) 

j=l  

for a E :ill and 
i = 1 , 2, . . .  , N  

Hence, determine the optimal policy as a greedy policy for 1*(i): 
f1*(i) = argmin Q*(i, a) 

a E ,w, 

N 
Q*(i, a) = c(i, a) + "Y L p;j(a)J* (j), 

j= ! 
i = 1 , 2, . . . • N (12.31) 

A summary of the value iteration algorithm, based on Eqs. (12.29) to (12.31), is 
presented in Table 12.2. This summary includes a stopping criterion for Eq. (12.29). 

Example 12.1  Stagecoach Problem 

To illustrate the usefulness of the Q-factor in dynamic programming, we consider the stagecoach 
problem. A fortune seeker in Missouri decided to go west to join the gold rush in California in 
the mid-nineteenth century (Hiller and Lieherman, 1995). The journey required traveling by 
stagecoach through unsettled country, which posed a serious danger of attack by marauders 
along the way. The starting point of the journey (Missouri) and the destination (California) were 
fixed, but there was considerable choice as to which other eight states to travel through en route, 
as shown in Fig. 12.4. In this figure we have the following: 

• A total of 10 states, with each state represented by a letter. 
• The direction of travel is from left to right. 
• There are four stages (i.e., stagecoach runs) [rom the point of embarkation in state A 

(Missouri) to the destination in state 1 (California). 
• In moving from one state to the next, the action taken by the fortune seeker is to move up, 

straight, or down. 
• There are a total of 18 possible routes from state A to state 1. 
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2 

4 
A }------{ 

3 

FIGURE 12.4 Flow-graph for stagecoach problem. 

3 

J 

4 

Figure 12.4 also includes the cost of a life insurance policy for taking any stagecoach run based 
on a careful evaluation of the safety of that run. The problem is to find the route from state A to 
state J with the cheapest insurance policy. 

To find the optimum route, we consider a sequence of finite horizon problems, starting from 
the destination in state J and working backward. This is in accordance with Bellman's principle 
of optimality described in Section 12.3. 

Calculating the Q-factors for the last stage before the destination, we readily find in Fig. 12.5a 
that the terminal Q-values are as follows: 

Q(H, down) 
Q(I, up) 

3 
4 

These numbers are indicated on states H and 1, respectively, in Fig. 12.5a. 
Next, moving back by one more stage and using the Q-values in Fig. 12.5a, we have the fol

lowing Q values: 

Q(E, straight) 
Q(E, down) 
Q(F, up) 
Q(F, down) 
Q(G, up) 
Q(G, straight) 

1 + 3 = 4 
4 + 4 = 8  
6 + 3 = 9  
3 + 4 = 7 
3 + 3 = 6  
3 + 4 = 7  

Since the requirement is to find the route with the smallest insurance policy, the Q-values indi
cate that only the stage runs E � H, F � I, and G � H should be retained and the remaining 
ones pruned, as indicated in Fig. 12.5b. 

Moving back one further stage, repeating the calculations of the Q-factors for states B, C, 
and D in the manner described and retaining only those stage runs from the states B, C, and D 
that are covered by the lowest insurance costs, we obtain the picture depicted in Fig. 12.5c. 

Finally, moving back one last stage and proceeding in the same way as before, we obtain the 
picture depicted in Fig. 12.5d. From this figure we see that there are indeed three optimal routes, 
as described here: 
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FIGURE 12.5 Steps involved 'In calculating the Q-factors for the stagecoach 
problem. 
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A -> C -> E -> H -> J  

A -> D -> E --; H --; J  

A -> D --; F -> / --; J  

• 

12.6 NEURODYNAMIC PROGRAMMING 

The primary objective of dynamic programming is to find an optimal policy. that is, an 
optimal choice of the action that should be taken by the learning system for each possi
ble state of the environment. In this context there are two practical issues that must be 
remembered when conSidering use of the policy iteration or value iteration algorithm 
to solve a dynamic programming problem: 

• Curse of dimensionality. For many difficult real-world problems the numbers of 
possible states and admissible actions are so large that the computational 
requirements of dynamic programming are overwhelming. For a dynamic pro
gramming problem involving a total of N possible states and M admissible 
actions for each state, each iteration of the value iteration algorithm. for example, 
requires about N'M operations for a stationary policy. This frequently makes it 
impossible to complete even one iteration of the algorithm when N is very large. 
For example, backgammon has 10'0 states, which means that a single iteration of 
the algorithm would take more than 1000 years using a 1000 MIPS processor 
(Barto, et aI., 1995). 

• Incomplete information. The policy iteration or value iteration algorithm 
requires prior knowledge of the underlying Markov decision process. That is, for 
the computation of an optimal policy to be feasible we require that the state
transition probabilities Pij and the observed costs g(i, a,j) be known. Unfortunately, 
this prior knowledge is not always available. 

In light of one or the other or both of these difficulties, we often have to abandon the 
quest for an optimal policy and settle for a suboptimal policy. 

Our interest here is in suboptimal procedures that involve the use of neural 
networks andlor simulation for the purpose of approximating the optimal cost-to-go 
function l*(i) for all i E :X. Specifically, for a specified state i, l*(i) is replaced with a 
suitable approximation J(i, w), where w is a parameter vector. The function J( . ,  w) is 
called the scoring function or approximate cost-to-go function, and the value J(i, w) is 
called the score or approximate-to-go cost for state i. Thus, as illustrated in Fig. 12.6, the 
score J(i, w) is the output of the neural network in response to the state i as input. The 
property that is exploited here is that of universal approximation, which, as discussed 
in previous chapters, is an inherent characteristic of multilayer perceptIons and radial
basis function networks. 

Dynamic programming problems of particular interest are those with a large 
number of states, where the requirement is to find a scoring function J(., w) for which 
the parameter vector w has a small dimension. In this form of approximation, referred 
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FIGURE 12.6 Neural network 
for approximating an optimal 
cost-to-go function J*. 

State Neural 
i - network: 

w 
lO,w) 

f' 
+ 

Error signal 

to as a compact representation, only the parameter vector w and general structure of 
the scoring function j (. , w) are stored. The scores j (i, w) for all states i EO sr are gen
erated only when they are needed. The challenge is to find the parameter vector w 
algorithmically, such that for a given neural network structure (e.g., multilayer per
ceptron) , the score j (i. w) provides a satisfactory approximation to the optimal value 
l*(i) for all i EO sr. 

From the material presented in Chapters 4 through 7 on learning with a teacher, 
we know that a neural network. irrespective of its type, requires a set of labeled data 
that are representative of this task. However, in the context of dynamic programming 
problems, no such training data (i.e., input-output examples ( i. l*(i)))) are available 
to train the neural network in Fig. 12.6. so as to optimize its design in some statistical 
sense. The only possibility is to use Monte Carlo simulation, where a surrogate model is 
used for the actual system underlying the Markovian decision process. The result is a 
novel off-line dynamic programming mode of operation that offers the following 
potential benefits (Bertsekas and Tsitsiklis, 1996): 

1. The use of simulation to evaluate approximately the optimal cost-to-go function 
is the key idea that distinguishes the methodology of neurodynamic program
ming from traditional approximation methods in dynamic programming. 

2. Simulation permits the use of neurodynamic programming methods to design 
systems for which no explicit models are available. For such systems, the tradi
tional dynamic programming techniques are inapplicable. as it is cumbersome if 
not impossible to provide estimates of the state-transition probabilities. 

3. Through simulation. it is possible to implicitly identify the most important or 
most representative states of the system as those states that are most often vis
ited during the simulation. Consequently, the scoring function discovered by the 
neural network may provide a good approximation to the optimal cost-to-go 
function for those particular states. The end result may be a good suboptimal pol
icy for a difficult dynamic programming problem. 

However, it is important to recognize that once approximations are introduced, 
convergence of the scoring function j (- , w) to the optimal cost-to-go function 1*( · ) can
not be expected. That is for the simple reason that 1*( · ) may not be within the set of 
functions represented exactly by the chosen neural network structure. 

In the next two sections we discuss two approximate dynamic programming pro
cedures with cost-to-go function approximations. The first procedure, described in 
Section 12.7, deals with approximate policy iteration, assuming that a Markovian model 
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of the system is available. The second procedure. described in Section 12.8, deals with a 
procedure called Q-Iearning, which makes no such assumption. 

1 2.7 APPROXIMATE POLICY ITERATION 

Suppose we have a dynamic programming problem for which the numbers of possible 
states and admissible actions are too large, making the use of a traditional approach 
impractical. It is assumed that we do have a model of the system; that is, the transition 
probabilities Pi/a) and the observed costs g(i, a,j) are all known. To deal with this situ
ation, we propose to use an approximation to policy iteration, based on Monte Carlo 
simulation and the method of least-squares, as described next (Bertsekas and Tsitsiklis, 
1996). 

Figure 12.7 shows a simplified block diagram of the approximate policy iteration 
algorithm. It is similar to the block diagram of Fig. 12.3 for the traditional policy itera
tion algorithm, but with an important difference: The policy evaluation step in Fig. 12.3 
has been replaced with an approximate one. Thus, the approximate policy iteration 
algorithm proceeds by alternating between an approximate policy evaluatiou step and 
a policy improvement step as follows: 

1, Approximate policy evaluation step. Given the current policy fl, a cost-to-go func
tion J"(i, w) approximating the actual cost-to-go function J"(i) is computed for 
all states i. The vector w is the parameter vector of the neural network used to 
perform the approximation. 

2. Policy improvement step. Using the approximate cost-to-go function J"(i, w) 
an improved policy fl is generated. This new policy is designed to be greedy 
with respect to J"(i, w) for all i. 
For the approximate policy iteration algorithm to yield satisfactory results, it is 

important to carefully choose the policy used to initialize the algorithm. This could be 
done through the use of heuristics. Alternatively, we may start with some weight vector 
w, and use it to derive a greedy policy, which is in turn used as the initial policy. 

Suppose then, in addition to the known transition probabilities and observed 
costs, we have the following items: 

Approxim 
cOft-to-g 
JIL(i, w) 

ate 
0,.. 

� 

Policy 
update 

Neural network 
for approximate 

policy 
evaluation: 

w 

r-

I70li FIGURE 12.7 Simplified 
cy I' block diagram of the 

approximate policy iteration 
algorithm. 
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• A stationary policy IL as the initial policy 
• A set of states ir representative of the operating environment 
• A set of M(i) samples of the cost-to-go function I"(i) for each state i E ir; one 

such sample is denoted by k(i, m), where m = 1 , 2, . . .  , M(i) 

Let J"(i, w) denote an approximate representation of the cost-to-go function I"(i). The 
approximation is performed by a neural network (e.g., multilayer perceptron trained 
with the back-propagation algorithm). The parameter vector w of the neural network 
is determined by using the method of least -squares, that is, minimizing the cost func
tion: 

M(i) 

�(w) = 2: 2: (k(i, m) � hi, W))2 (12.32) 
iEiX mo;-l 

Having determined the optimum weight vector w and therefore the approximate cost
to-go function J"(i, w), we next determine the approximate Q-factors using the for
mula (see Eqs. (12.20) and (12.23)) 

Q(i, a, w) = 2: Pij (a)(g(i, a,j) + -y J"(j, w)) 
JEX 

(12.33) 

where the Pi/a) is the transition probability from state i to state j under action a 
(known), g(i, a,j) is the observed cost (also known), and -y is a prescribed discount fac
tor. The iteration is completed by using these approximate Q-factors to determine an 
improved policy based on the formula (see Eq. (12.28» 

1L(i) = arg min QU, a, w) 
aE ,'1l, 

(12.34) 

It is important to note that Eqs. (12.33) and (12.34) are only used by the simulator to 
generate actions at the states that are actually visited by the simulation, rather than 
for all states. As such, these two equations need not suffer from the curse of dimen
sionality. 

The block diagram of Fig. 12.8 presents a more detailed picture of the approxi
mate policy iteration algorithm. This diagram consists of four interconnected modules 
(Bertsekas and Tsitsiklis. 1996): 

FIGURE 12.8 Detailed layout 
of the approximate policy 
iteration algorithm. 

Actions 
Simulator 

cost -to-gO
_-"-__ -'--i 

JIL(j, w) I 

States 

Least-squares 
solver 
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1. Simulator, which uses the given state-transition probabilities and observed one
step costs to construct a surrogate model of the environment. The simulator gen
erates two things: (a) states in response to actions to mimic the environment, and 
(b) samples of the cost-to-go function for a given policy. 

2. Action generator, which generates an improved policy (i.e., sequence of actions) 
in accordance with Eq. (12.34). 

3. Cost-to-go approximator, which generates the approximate cost-to-go function 
j"(i, w) for state i and parameter vector w, for use in Eqs. (12.33) and (12.34). 

4. Least-squares solver, which takes samples of the cost-to-go function I"(i) sup
plied by the simulator for policy f" and state i, and computes the optimum para
meter vector w that minimizes the cost function of Eq. (12.32). The link from the 
least-squares solver to the cost-to-go approximator is switched on only after a 
policy has been fully evaluated and an optimal parameter vector w* has been 
determined. At that point, the cost-to-go approximation j"(i, w) is replaced by 
j"(i, w*) . 

Table 12.3 presents a summary of the approximate policy iteration algorithm. 
Naturally, the operation of this algorithm is subject to errors due to unavoidable 

imperfections in the design of the simulator and least-squares solver. The neural net
work used to perform the least-squares approximation of the desired cost-to-go func
tion may lack adequate computing power, hence the first source of error. Optimization 

TABLE 12.3 Summary of the Approximate Policy Iteration Algorithm 

Known parameters: transition probabilities Pi/a) and costs g(i,a,j). 

Computation: 
I .  Choose a stationary policy j..L as the initial policy. 
2. Using a set of samples {k(i, m»)��\ of the cost-to-go functionJ"(i) generated by 

the simulator, determine the parameter vector w of the neural network employed 
as the least-squares solver: 

w* � min \i5(w) 
w 

M(i) " � min L L (k(i, m) - J"(i, W))2 
W iE;f m= l  

3. For the parameter vector w determined in step 2, compute the approximate cast
to-go function jl'-(i, w) for the states visited. Determine the approximate Q-factors: 

Q(i, a, w) � L Pij (a)(g(i, a, j) + 1 l"U, w)) 
jEX 

4. Determine the improved policy 

�(i) � arg min Q(i, a, w) aEdl, 

5. Repeat steps 2 through 4. 
Note: Steps 3 and 4 apply only to actions at the states that are actually visited, rather than all 
states. 
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of the neural network approximator and therefore tuning of the parameter vector w is 
hased on a desired response provided by the simulator, hence the second source of 
error, Assuming that all policy evaluations and all policy improvements are performed 
within certain error tolerances of € and 3, respectively, it is shown in Bertsekas and 
Tsitsiklis (1996) that the approximate policy iteration algorithm will produce policies 
whose performances differ from the optimal policies by a factor that decreases to zero 
as E and 8 are reduced, In other words, the approximate policy iteration algorithm is 
sound with minimal performance guarantees, According to Bertsekas and Tsitsiklis 
(1 996), the approximate policy iteration algorithm tends to initially make rapid and 
fairly monotonic progress, but a sustained policy oscillation of a random nature may 
result as a limiting condition, This oscillatory behavior occurs after the approximating 
cost-to-go function j gets within a zone of 0(0 + 2'YE)/(1 - "1)2) of the optimal value 
1*, where "I is the discount parameter. Apparently there is a fundamental structure that 
is common to all variants of approximate policy iteration, which causes an oscillatory 
behavior. 

12.8 Q-LEARNlNG 

The behavioral task of the reinforcement learning system in Fig. 12,1 is how to find an 
optimal (i,e., minimal cost) policy after trying out various possible sequences of actions, 
and observing the costs incurred and the state transitions that occur. In this context we 
may raise the following question: Is there an on-line procedure for learning the optimal 
policy through experience gained solely on the basis of samples of the form 

(12.35) 

where n denotes discrete time, and each sample sn consists of a four-tuple, described 
by a trial action an on state in that results in a transition to state in = in+ 1 at a cost 
gil = g(ill' an' in)? The answer to this fundamental question is an emphatic yes, and it is 
to be found in a stochastic method called Q-learning4 due to Watkins (1989). Q-learning 
is an incremental dynamic programming procedure that determines the optimal 
policy in a step-by-step manner. It is highly suited for solving Markovian decision 
problems without explicit knowledge of the transition probabilities, However, suc
cessful use of Q-learning hinges on the assumption that the state of the environ
ment is fully observable, which in turn means that the environment is a fully 
observable Markov chain, 

We recall from Section 12.4 that the Q-factor Q(i, a) for state-action pair (i, a) is 
defined by Eq. (12.23), and Bellman's optimality equation is defined by Eq, ( 12.22), By 
combining these two equations and using the definition of the immediate expected 
cost cU, a) given in Eq, (12,20), we obtain 

Q*(i, a) = � Pi/ Cal (g(i, a, j) + 'Y �i� Q* (j, b») for all (i,a) (12,36) 

which can be viewed as a two-step version of Bellman's optimality equation. The solu
tions to the linear system of equations (12.36) define the optimal Q-factors Q*(i, a) 
uniquely for all state-action pairs (i, a). 
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We may use the value iteration algorithm formulated in terms of the Q-factors to 
solve this linear system of equations. Thus, for one iteration of the algorithm we have 

Q(i, a): � � Pij (a) (g(i, a,j) + 'Yrli�,Q(j, b») for all (i, a) 

The small step-size version of this iteration is described by 

Q(i, a): � (1 � Tj)Q(i, a) + Tj f Pi/ (a)(g(i, a,j) + 'Y min Q(j, b») 
J"'" 1 hEslJ for all (i, a) 

( 12.37) 

where Tj is a small learning-rate parameter that lies in the range 0 < Tj < 1 .  
As it stands, an iteration of the value iteration algorithm described in Eq. ( 12.37) 

requires knowledge of the transition probabilities. We may eliminate the need for this 
prior knowledge by formulating a stochastic version of Eq. ( 12.37). Specifically, the 
averaging performed in an iteration of Eq. (12.37) over all possible states is replaced 
by a single sample, thereby resulting in the following update for the Q-factor: 

Q"+I (i,a) � ( 1  � lln(i,a» Qn(i, a) + Tj"(i,a)[g(i,a, j) + 'Y J"(j)] for (i,a) � (ima,,) 
(12. 38) 

where 
(12.39) 

and j is the successor state, and Tj,,(i, a) is the learning-rate parameter at time step n for 
the state-action pair (i, a). The update equation (12.38) applies to the current state
action pair (in' a,,), for which j � i" in accordance with Eq. ( 12.35). For all other admissi
ble state-action pairs, the Q-factors remain unchanged as shown by 

Q"+I (i,a) � Qn(i,a) ( 12.40) 

Equations ( 12.38) to ( 12.40) constitute one iteration of the Q-Iearning algorithm. 

Convergence Theorem' 

Suppose that the learning-rate parameter 11,,(i, aJ satisfies the conditions 
00 00 

L 1111(i,a) = 00 and L 1l� (i.a) < 00 
n=O n=O 

for an (i.a) ( 12.41) 

Then, the sequence of Q-factors t Qn(i, a) J generated by the Q-Iearning algorithm converges 
with probability 1 to the optimal value Q*(i, a) for all state-action pairs (i,a) as the number of 
iterations n approaches infinity, provided that all state-action pairs are visited infinitely often. 

An example of a time-varying learning parameter that guarantees convergence of the 
algorithm is 

Ci 

Tjn � 
13 + n ' n = 1 , 2, . . .  ( 12.42) 

where ex and 0 are positive numbers. 
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To sum up, the Q-learning algorithm is a stochastic approximation form of the 
value iteration policy. It backs up the Q-factor for a single state-action pair at each iter
ation of the algorithm, namely the observed current state and the action actually exe
cuted. Most importantly, in the limit, the algorithm converges to the optimal Q-values 
without forming an explicit model of the underlying Markovian decision processes. 
Once the optimal Q-values are available, an optimal policy can be determined with rel
atively little computation using Eq. (12.30). 

The convergence of Q-learning to an optimal policy assumes the use of a look-up 
table representation for the Q-factors Q,(i, a). This method of representation is 
straightforward and computationally efficient. However, when the input space consist
iog of state-action pairs is large or the input variables are continuous, the use of a look
up table can be prohibitively expensive due to the requirement for a huge memory. In 
such a situation, we may resort to the use of a neural network for the purpose of func
tion approximation. 

Approximate Q-Learning 

Equations (12.38) and (12.39) define the update formulas for the Q-factor for the cur
rent state-action pair (i" an)' This pair of equations may be rewritten in the equivalent 
form 

Qn+1 (i" an) � Qn(ino an) 
+ '1]n(ino an)[g(ino an' jn) + -y min Qn(jm b) - Qn(i" an)] hEm,. 

(12.43) 

Treating the expression inside the square brackets on the right-hand side of Eq. ( 12.43) 
as the error signal involved in updating the current Q-factor Qn(ino an), we may identify 
the target (desired) Q-factor at time step n as: 

Q,,,g,, ( . ) ( "  " )  " Q ( '  b) n lm an = g In' am in + 'Y mIn n 1m bE:<l,,, (12.44) 

where in � in+ 1 is the successor state. Equation (12.44) shows that the successor state jn 
plays a critical role in determining the target Q-factor. Using this definition of the tar
get Q-factor, we may reformulate the Q-Iearning algorithm as: 

where the incremental change in the current Q-factor is defined by 

for (i, a) � (ino an) 
otherwise 

(12.45) 

(12.46) 

By definition, the "optimal" action an at the current state in is the particular 
action at that state for which the Q-factor at time step n is minimum. Hence, given the 
Q-factors Q.{in• a) for admissible actions a E :iii, at state in' the optimal action an for 
use in Eq. ( 12.44) is given by 

(12.47) 
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Qtargel(i, a, w) 

FIGURE 12.9 Neural network layout for approximating the 
target Q-factor Q"" " (i, a, w). 

Let (LU., an, w) denote the approximation to the Q-factor QnUn' an), computed 
by means of a neural network (e.g., multilayer perceptron trained with the back-prop
agation algorithm). The current state-action pair (in' an) is input to the neural network 
with parameter vector w, producing the output Qn(im am w), as illustrated in Fig. 12.9. 
At each iteration of the algorithm, the weight vector w of the neural network is 
changed slightly in a way that brings the output Qn(im am w) closer to the target 
value Q�arget (in. an). However, once the weight vector w is changed, the target value is 
itself implicitly affected by the change, assuming the modified value Q!"get (in' an> w). 
There is therefore no guarantee that the distance between these two Q-values is 
reduced on every iteration. This is also the reason why the approximate Q-learning 
algorithm has the potential of divergence. If the algorithm does not diverge, the 
weight vector w provides a means of storing the approximated Q-factor in the trained 
neural network, because it outputs Qn(i", an, w) in response to the input (in> an)' 

Table 12.4 presents a summary of the approximate Q-learning algorithm. 

Exploration 

In policy iteration, all potentially important parts of the state space should be 
explored. In Q-learning we have an additional requirement: all potentially profitable 
actions should be tried as well. In partiCUlar, all admissible state-action pairs should be 
explored often enough to satisfy the convergence theorem. For a greedy policy 
denoted by fL, only the state-action pairs (i, fL(i» are explored. Unfortunately, there is 
no guarantee that all profitable actions would be tried, even if the entire state-space is 
explored. 

What we need is a strategy that expands on Q-learning by providing a compro
mise between two conflicting objectives (Thrun, 1992): 

• Exploration, which ensures that all admissible state-action pairs are explored 
often enough to satisfy the Q-learning convergence theorem . 

• Exploitation, which seeks to minimize the cost-to-go function by following a 
greedy policy. 

One way to achieve this compromise is to follow a mixed nonstationary policy that 
switches between an auxiliary Markov process and the original Markov process con
trolled by a stationary greedy policy determined by Q-learning (Cybenko, 1995). The 
auxiliary process has the following interpretation: The transition probabilities between 
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TABLE 12.4 Summary of the Approximate Q-Learning Algorithm 

1. Start with an initial weight vector wo, resulting in the Q-factor QUo, ao• wo); the 
weight vector Wo refers to a neural network used to perfom the approximation. 

2. For iteration n = 1,2, . . " do the following: 
(a) For the setting w of the neural network, determine the optimal action 

(b) Determine the target Q-factor 
Q:arget (lIP a,l' w) = gUm am in) + 1 min QnCim b, w) bE.<4,,, 

(c) Update the Q-factor 
Q,,+l(im am w) = Qn(im am w) + A Q,lim am w) 

where 

(i, a) � (i,,, aJ 
otherwise 

(d) Apply (in. an) as input to the neural network producing the output Qn(im am w) 
as an approximation to the target Q-factor Q�arget (in. am w). Change the weight 
vector w slightly in a way that brings Q"(i,,, am w) closer to the target value 
Q�arget (ill' am w). 

(0) Go back to step (a) and repeat the computation. 

FIGURE 12.10 The time slots 
pertaining to the auxiliary and 
original control processes. 

Auxiliary Original 

c� 
possible states are determined by the transition probabilities of the original controlled 
process with the added ingredient that the corresponding actions are nniformly ran
domized. The mixture policy starts in any state of the auxiliary process and chooses 
actions by following it, then switches to the original controlled process, and it goes 
back and forth in the manner illustrated in Fig. 12.10. The time spent operating on the 
auxiliary process occupies a fixed number of steps L, say, defined as twice the longest 
expected time to visit all states of the auxiliary process. The time spent operating on 
the original controlled process increases progressively with every switch, Let nk denote 
the times at which we switch from the auxiliary process to the original controlled 
process, and mk denote the times at which we switch back to the auxiliary process, with 
nk and mk defined as follows, respectively: 

k = 1 , 2, . . .  , and mo = 1 
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and 

k = 1 . 2 • . . .  

The auxiliary process is constructed in such a way that as k � oc, there is an infinite 
number of visits to all states with probability 1 ,  thereby guaranteeing convergence to 
the optimal Q-factors. Moreover, as k --> 00 ,  the time spent by the mixed policy operat
ing in the auxiliary process becomes an asymptotically small fraction of the time spent 
operating in the original controlled process, which in tum means that the mixed policy 
asymptotically converges to a greedy policy. Hence, given the convergence of the 
Q-factors to their optimal values, the greedy policy must indeed be optimal provided 
that the policy becomes greedy slowly enough. 

12.9 COMPUTER EXPERIMENT 

In this computer experiment we revisit the stagecoach problem considered in Exam
pie 12.1. This time we use approximate Q-iearning to solve the problem. Two 
approaches were used to implement the algorithm: One approach used a table to rep
resent the Q-values, and the other approach used a neural network. 

Figure 12. 11  presents the learning histories for the following Q-factors: Q(A, up), 
Q( C, straight), Q(E, straight), and Q(I, up) using the table method. The dotted lines in 
Fig. 12. 1 1  represent the desired Q-values. Each trial was a complete route from state i 
to the destination in state 1. The starting state for each trial was chosen at random. The 
learning-rate parameter Tln(i, a) was defined by 

. "vn(i, a) Tln(l, a) = K + ( . ) Vn l, a 
where vn(i, a) is the number of times the state-action pairs (i, a) was visited up to the 
current time n, " = 1.6, and K = 600. After a total of 1000 trials were performed, the 
optimal route was found to be 

A --> D --> F --> 1 --> 1  
which is recognized to be one of the optimal routes with an overall cost of 11 .  

Figure 12.12 presents the corresponding results obtained using a multilayer per
ceptron with two input nodes, 10 hidden neurons, and one output neuron. One of the 
input nodes represented the state and the other nodes represented the action taken in 
moving from one state to the next. The output of the multilayer perceptron repre
sented the Q-value computed by the network. The network was trained using the stan
dard back-propagation algorithm. The target Q-value used at time n was calculated 
using Eq. (12.44). The learning-rate parameter was set at 0.012, and no momentum was 
used. The network was trained for 10,000 trials for each state-action pair. Figure 12.12 
presents the learning histories for the Q-values: Q(A, up), Q( C, straight), Q(E, 
straight), and Q(I, up). The optimal route found by the network was 

A --> D --> E--> H-->l 
which is also recognized to be one of the optimal routes with a total cost of 1 1 .  



628 Chapter 1 2  Neurodynamic Programming 

20 ,---,-----,-----,-----, 20 ,-----,------,-------,-----, 

15 15 

l\tl�------I 
5 5 

O L-____ � ____ � ______ L-� 
10 20 30 40 10 20 30 

Trial Trial 

(a) (b) 

20 ,---.---,----.----,---, 

15 15 -

' VV 
5 5 �------------------� 

O '----�----�----�--�� 
10 20 30 40 50 100 20U 300 400 

Trial Trial 

(e) (d) 

FIGURE 12.11 Learning curves for the stagecoach problem using a look up table 
(a) Learning curve for Q (A, up). (b) Learning curve for Q (C, straight). (c) Learning 
curve for Q (E, straight). (d) Learning curve for Q (I, up). 

The computational requirements for the two methods of implementation are 
summarized as follows: 

(a) Neural network: 
Number of inputs = 2 
Number of hidden neurons = 10 
Number of output neurons = 1 
Total number of synaptic weights and biases = 2 X 10 + 10 + 10 x 1 + 1 = 41  

(b) Look-up table: 
Number of states = 1 0 
Number of actions = 2 or 3 
Size of table = 21 

In this experiment the number of possible states is small. with the result that the 
look-up table requires less storage than the neural network. When, however, the num
ber of states is large as in large-scale problems, the neural network usually gains an 
advantage over the table method in storage requirement. 
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FIGURE 12.12 Learning curves for the stagecoach problem using a neural network. 
(a) Learning curve for Q (A, up). (b) Learning curve for Q (C, straight). (c) Learning 
curve for Q (E, straight). (d) Learning curve for Q (I, up). 

12.10 SUMMARY AND DISCUSSION 

Neurodynamic programming, combining the mathematical formalism of classical 
dynamic programming and the learning capability of neural networks, offers a power
ful approach to the solution of behavioral tasks that require planning. In this modern 
approach to reinforcement learning, a system learns to do two things: make good deci
sions by observing its own behavior, and improve its actions through a reinforcement 
mechanism. The underlying decision-making process follows a Markovian model. 

In this chapter we have described two neurodynamic programming procedures: 

L Approximate policy iteration. Policy iteration alternates between two basic steps: 
• Policy evaluation, in which the cost-to-go function for the current policy is 

determined. 
• Policy improvement, in which the current policy is updated to be greedy with 

respect to the current cost-to-go function. 
In approximate policy iteration, simulation and function approximation are com
bined for the purpose of policy evaluation. To simUlate the Markovian model of 
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the system, knowledge of the state-transition probabilities is required. To per
form the function approximation, we may use a neural network (e.g., multilayer 
perceptron, radial-basis function network, or support vector machine), for which 
it is well suited because of its universal approximation property. 

2. Approximate Q-learning. In value iteration, the alternative to policy iteration, a 
Markovian decision problem is solved by using a successive approximation pro
cedure that converges to the optimal policy. Q-Iearning is an asynchronous form 
of value iteration formulated to avoid the need for explicit knowledge of the 
state-transition probabilities. It offers the following attractive properties: 
• Q-Iearning converges to the optimal Q-factors with probability 1, provided 

that all state-action pairs are visited infinitely often and the learning-rate para
meters satisfy the conditions specified in Eq. ( 12.41). 

• Q-Iearning directly updates estimates of the Q-factors associated with an opti
mal policy, and thereby avoids the multiple policy evaluation steps involved in 
policy iteration. 

In approximate Q-learning, a neural network is used to approximate estimates of the 
Q-factors in order to avoid the need for excessive memory requirement when the 
number of possible states is large. In short, approximatc Q-Iearning is a simulation
based algorithm for solving a Markovian decision problem when a model of the system 
is unavailable and memory requirement is at a premium. Of course, it can be applied 
even if a model of the system is available, in which case it provides an alternative to 
approximate policy iteration. 

Neurodynamic programming techniques are particularly effective in solving 
large-scale problems where planning is of major concern. Traditional approaches to 
dynamic programming arc hardly applicable to problems of this kind because of the 
enormous size of the state space that would have to be explored. Indeed, neura
dynamic programming has been successfully applied to solve difficult real-world prob
lems in many diverse fields, which include baCkgammon (Tesauro, 1989, 1994), 
combinatorial optimization (Bertsekas and Tsitsiklis. 1996), elevator dispatching 
(Crites and Barto, 1996), and dynamic channel allocation (Singh and Bertsekas, 1997: 
Nie and Haykin, 1996, 1 998). In what follows, the application to backgammon is 
described in some detail. 

The development of a neural network-based computer program player to play 
backgammon, first reported in Tesauro (1989) and subsequently improved in Tesauro 
(1 994), is a particularly impressive success story that has been a source of motivation 
for research in neurodynamic programming. Backgammon is an ancient two-player 
board game. It is played along an effectively one-dimensional track. The players take 
turns rolling a pair of dice, and accordingly move their checkers in opposite directions 
along the track. The legal moves made by each player depend on the outcome of the 
dice roll and the board configuration. The first player to move all of his or her checkers 
all the way forward to the ultimate end of the board is the winner. The game can be 
modeled as a Markov decision process. with a state being defined by a description of 
the board configuration, the outcome of the dice roll, and the identity of the player 
making a move. The first version of the neuro-backgammon built by Tesauro ( 1 989) 
used supervised learning. It was able to learn at a strong intermediate level, given only 
a "raw" description of the state. Perhaps the most interesting finding reported was a 
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good scaling behavior, in the sense that as the size of the neural network and amount 
of training experience were increased, substantial improvements in performance were 
observed, The neural network used in the study was a multilayer perceptron (MLP) 
trained with the back -propagation algorithm, The best performance was obtained 
using an MLP with 40 hidden neurons, and the training was performed over a total of 
200,000 games. In a subsequent study reported in Tesauro (1994), a form of policy iter
ation called optimistic TD(A) was used to train the neural network; TO stands for tem
poral difference learning due to Sutton (1988). Optimistic TO(A) is a simulation-based 
method for approximating the cost-to-go function J", in which the policy Il. is replaced 
with a new policy Il. that is greedy with respect to the approximation to J" at every 
state transition (Bertsekas and Tsitsiklis, 1996). The computer program based on this 
neurodynamic programming method is commonly referred to as TD-gammon. 
Handcrafted functions of the state (i.e., features) were added by Tesauro to the neural 
network's input representation, enabling TO-gammon to play at a strong master level, 
extremely close to the world's best human player. Among the indications contributing 
to this assessment are numerous tests of TO-gammon playing against several world 
class human grandmasters (Tesauro, 1995). 

NOTES AND REFERENCES 

1. The classical approach to reinforcement learning is rooted in psychology, going back to 
the early work of Thorndike (1911) on animal learning and that of Pavlov (1927) on con
ditioning. Contributions to classical reinforcement learning also include the work of 
Widrow et al. (1973); in that paper, the notion of a critic was introduced. Classical rein
forcement learning is discussed in book form in Hampson (1990). 

Major contributions to modern reinforcement learning include the works of 
Samuel (1959) on his celebrated checkers playing program. Barto et al. ( 1983) on adap
tive critic systems, Sutton ( 1988) on temporal difference methods, and Watkins ( 1989) on 
Q-learning. The handbook of intelligent control by White and Sofge ( 1992) presents 
material on optimal control by White and Jordan, reinforcement learning and adaptive 
critic methods by Barto, and heuristic dynamic programming by Werbos. 

Bertsekas and Tsitsiklis (1996) present the first treatment of modern reinforce
ment learning in book form. For a historical account of reinforcement learning, see 
Sutton and Barto ( 1998). 

2. Dynamic programming was developed by R.E. Bellman in the late 1950s; see Bellman 
(1957), Bellman and Dreyfus (1962). For a detailed exposition olthe subject. see the two
volume book by Bertsekas (1995b). 

3. Policy iteration and value iteration arc two principal methods of dynamic programming. 
There are two other dynamic programming methods that deserve to be mentioned: the 
Gauss-Seidel method and asynchronous dynamic programming (Barto et aI., 1995; 
Bertsekas, 1995b). In the Gauss-Seidel method, the cost-to-go function is updated at one 
state at a time in a sequential sweep of all the states, with the competition for each state 
based on the most recent costs of the other states. Asynchronous dynamic programming 
differs from the Gauss-Seidel method in that it is not organized in terms of systematic 
successive sweeps of the set of states. 

4. On page 96 of his Ph.D. thesis, Watkins (1989) makes the following remarks on Q-learning: 

"Appendix 1 presents a proof that this learning method doe� work for finite 
Markov decision processes. The proof also shows that the learning method will 
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PROBLEMS 

converge rapidly to the optimal action-value function. Although this is a very sim
ple idea, it has not, as far as I know, been suggested previously. However, it must be 
said that finite Markov decision processes and stochastic dynamic programming 
have been extensively studied for use in several different fields for over thirty 
years, and it is unlikely that nobody has considered the Monte-Carlo method 
before." 

In a footnote commentary on these remarks, Barto et al. (1995) point out that although 
the idea of assigning values to state-action pairs formed the basis of the approach to 
dynamic programming taken in Denardo (1967), they have not seen algorithms like 
Q-Iearning for estimating these values that predate Watkins' 1989 thesis. 

5. The outline of a proof of the convergence theorem for Q-learning was presented in 
Watkins (1989), which was refincd later in Watkins and Dayan (1992). More general 
results on the convergence of Q-learning were presented in Tsitsiklis ( 1994); see also 
Bertsekas and Tsitsiklis (1996). 

Bellman's optimality criterion 
12.1 When the discount factor 'Y approaches 1 ,  computation of the cost-to-go function in 

Eg. (12.22) becomes longer. Why? Justify your answer. 
12.2 In this problem we present another proof of Bellman's optimality cquation (12.22) due 

to Ross ( 1983). 
(a) Let 'IT be any arbitrary policy, and suppose that 'IT chooses action a at lime step 0 with 

probability P a and a E ,r;4;. Then, 

where W'IT( j )  represents the expected cost-to-go function from time step 1 onward, 
given that policy 1T is being used and that j is the state at time step 1. Hence, show 
that 

where 

W" (j) '" � J(j) 

(b) Let 'IT be the policy that chooses action an at time step 0 and, if the next state is j, it 
views the process as originating in statc j, following a policy 'ITj such that 

where E is a small positive number. Hence, show that 

J(i) ". max (cU, a) + � f pu(a)J(j») - �E 
aE:fi, J" I 

(e) Using the results derived in parts (a) and (b), prove Eq. (12.22). 
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12.3 Equation (12.22) represents a linear system of N equations, with one equation per state. 
Let 

l' = [J"(1), J"(2), . .  . ,r(N)]T 
c(fL) = [e(l, fL), e(2, fL), . . .  , erN, fL)]T 

PlN(fL)] 
P2N(fL) 

PNN(fL) 
Show that Eq. (12.22) may be reformulated in the equivalent matrix form: 

(I - �P(fL» J" = c(fL) 

where I is the identity matrix. Comment on the uniqueness of the vector Jfi. representing 
the cost-ta-go functions for the N states. 

12.4 In Section 12.3 we derive the dynamic programming algorithm for a finite-horizon prob
lem. In this problem we rederive this algorithm for a discounted problem for which the 
cost-la-go function is defined by 

J"(Xo) = k� [:% �" g(Xm fLeX"), X"H) ] 
In particular, show that 

Policy iteration 
12.5 In Section 12.4 we say that the cost-la-go function satisfies the statement 

Justify this statement. 
12.6 Discuss the significance of the statement described in Eg. (12.25.) 
12.7 Using a two-dimensional picture, illustrate the interaction between the policy update and 

policy evaluation in the policy iteration algorithm. 

Valne iteration 
12.8 A dynamic programming problem involves a total of N possible states and M admissible 

actions. Assuming the use of a stationary policy, show that a single iteration of the value 
iteration algorithm requires on the order of N2M operations. 

U.9 Table 12.2 presents a summary of the value iteration algorithm formulated in terms of 
the cost-to-go function P'(i) for states i E 2£. Reformulate this algorithm in terms of the 
Q-factors QU, a). 

12.10 Policy iteration always terminates finitely, whereas value iteration may require an infinite 
number of iterations. Discuss other differences between these two methods of dynamic 
programming. 

Q.learning 
U.l1 Show that 

J*(i) = min QU, a) 
a E Jt, 
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12.12 The Q-Iearning algorithm is sometimes referred to as an adaptive form of the value iter
ation policy. Justify the validity of this description. 

12.13 Construct a signal-flow graph for the approximate Q-learning algorithm summarized in 
Table 12.4. 

12.14 The approximate Q-Iearning algorithm summarized in Table 12.4 assumes lack of knowl
edge of the state-transition probabilities. Reformulate this algorithm assuming the avail
ability of these probabilities. 



Temporal Processing Using 

Feedforward Networks 

13.1 INTRODUCTION 

Time constitutes an essential ingredient of the learning process. It can be continuous or 
discrete. Whatever its form. time is an ordered entity that is basic to many of the cogni
tive tasks encountered in practice such as vision, speech, signal processing, and motor 
control. It is through the incorporation of time into the operation of a neural network 
that it is enabled to follow statistical variations in nonstationary processes such as 
speech signals. radar signals. signals picked up from the engine of an automobile, and 
fluctuations in stock market prices, just to mention a few. The question is: How do we 
build time into the operation of a neural network? The answer to this fundamental 
question lies in one of two possible ways: 

• Implicit representation. Time is represented by the effect it has on signal process
ing in an implicit manner.' For example, the input signal is uniformly sampled, 
and the sequence of synaptic weights of each neuron connected to the input layer 
of the network is convolved with a different sequence of input samples. In so 
doing, the temporal structure of the input signal is embedded in the spatial struc
ture of the network. 

• Explicit representation. Time is given its own particular representation.2 For 
example. the echo-location system of a bat operates by emitting a short fre
quency modulated (FM) signal, so that the same intensity level is maintained for 
each frequency channel restricted to a very short period within the FM sweep. 
Multiple comparisons between several different frequencies encoded by an array 
of auditory receptors are made for the purpose of extracting accurate distance 
(range) information about a target (Suga and Kanwal, 1995). When an echo is 
received from the target with an unknown delay, a neuron (in the auditory sys
tem) with a matching delay line responds, thereby providing an estimate of the 
range to the target. 

635 
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In this chapter we are concerned with the implicit representation of time, whereby a 
"static" neural network (e.g., multilayer perceptron) is provided with dynamic proper
ties. This, in turn, makes the network responsive to the temporal structure of informa
tion-bearing signals. 

For a neural network to be dynamic, it must be given memory. As pointed out in 
Chapter 2, memory may be divided into "short-term" and "long-term" memory, 
depending on the retention time. Long-term memory is built into a neural network 
through supervised learning, whereby the information content of the training data set 
is stored (in part or in full) in the synaptic weights of the network. However, if the task 
at hand has a temporal dimension, we need some form of short-term memory to make 
the network dynamic. One simple way of building short-term memory into the struc
ture of a neural network is through the use of time delays, which can be implemented 
at the synaptic level inside the network or at the input layer of the network. The use of 
time delays in neural networks is neurobiologically motivated, since it is well known 
that signal delays are omnipresent in the brain and play an important role in neurobio
logical information processing (Braitenberg, 1967, 1977, 1986; Miller, 1987). 

Organization of the Chapter 

The material in this chapter is organized in three parts. The first part, consisting of 
Sections 13.2 and 13.3, deals with network structures and models. In Section 13.2 we 
present a discussion of memory structures, followed by Section 13.3 on a description of 
two different network architectures for temporal processing of signals. 

The second part of the chapter, consisting of Sections 13.4 to 13.6, deals with a 
class of neural networks known as focused time lagged feedforward networks; the 
term "focused" refers to the fact that the short-term memory is located entirely at the 
front end of the network. A computer experiment on this structure is described in 
Section 13.6. 

The third part of the chapter, consisting of Sections 13.7 to 13.9, deals with dis
tributed time lagged feedforward networks, where delay lines are distributed through
out the network. Section 13.7 describes spatia-temporal models of a neuron, followed 
by a discussion in Section 13.8 on the second class of neural networks just mentioned. 
In Section 1 3.9 we describe the "temporal" back-propagation algorithm for the super
vised training of distributed time lagged feedforward networks. 

The chapter concludes with some final remarks in Section 13.10. 

13.2 SHORT-TERM MEMORY STRUCTURES 

The primary role of memory is to transform a static network into a dynamic one. In par
ticular, by embedding memory into the structure of a static network such as an ordi
nary multilayer perceptron, the output of the network becomes a function of time. This 
approach for building a nonlinear dynamical system is straightforward because it pro
vides for a clear separation of responsibilities: The static network accounts for nonlin
earity, and the memory accounts for time. 

Short-term memory3 can be implemented in continuous time or in discrete time. 
Continuous time is denoted by t, and discrete time is denoted by n. The resistance-
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capacitance circuit in Fig. 13.1 is an example of continuous-time memory, which is 
characterized by an impulse response (i.e., memory trace) h(t) that decays exponen
tially with time t. This circuit is responsible for memory, at the synaptic level, in an ana
log implementation of the additive model of a neuron to be described later in the 
chapter. In this section we are concerned mainly with discrete-time memory. 

A useful tool for dealing with discrete-time systems is the z-transform. Let (x(n)) 
denote a discrete-time sequence, which may extend into the infinite past. The z-transform 
of this sequence, denoted by X(z), is defined by 

" 

X(z) = 2: x(nVn (13.1) 
n = - e<:  

where Z-l is the unit delay operator; that is, Z-l operating on x(n) yields its delayed ver
sion x(n - 1). Suppose x(n) is applied to a discrete-time system of impulse response 
hen). The output of the system,y(n), is defined by the convolution sum 

" 

yen) = 2: h(k)x(n - k) (13.2) 
k == - ",  

For x(n) equal to the unit impulse,y(n) reduces to the impulse response hen) of the sys
tem. An important property of the z-transform is that convolution in the time domain is 
transformed into multiplication in the z-domain (Oppenheim and Schafer, 1 989; 
Haykin and Van Veen, 1998). If we denote the z-transform of the sequences (hen)) and 
(yen)) by H(z) and Y(z), respectively, application of the z-transform to Eq. (13.2) yields 

Y(z) = H(z)X(z) (13.3) 

or equivalently 

H( ) = 
Y(z) 

z 
X(z) 

(13.4) 

The function H(z) is called the transfer junction of the system. 
Figure 13.2 shows a block diagram of a discrete-time memory consisting of p 

identical sections connected in cascade; hereafter p is referred to as the order of the 

ln�put 
signal I signal 

o 0 

Unit 1 Unit 2 
Input 
signaI O--.-..{ G(z) I--.... -..{ 

FIGURE 13.1 Resistance
capacitance circuit. 

Unitp 

n 
�---------,v----------� 

Output terminals 
FIGURE 13.2 Generalized tapped delay line memory of order p. 
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memory. Each delay section. viewed as an operator, is characterized by a transfer func
tion G(z), as indicated in the flgure. Equivalently. each section may be described in 
terms of impulse response gin). which has the following two properties: 

• It is causal, that is, g(n) = 0 for n < O . 
• It is normalized, which means that L:"o I g(n) I = 1 .  

Henceforth g( n) is referred to as the generating kernel of the discrete-time memory. 
In light of Fig. 13.2, we may formally define a discrete-time memory as a linear 

time invariant, single input-multiple output (SIMO) system whose generating kernel 
satisfies these properties. The junction points. to which the output terminals of the 
memory are connected, are commonly called taps. Note that for a memory of order p, 
there are p + 1 taps with one tap belonging to the input. 

The attributes of a memory structure are measured in terms of depth and resolu
tion. Let g/n) denote the overall impulse response of the memory, defined as p succes
sive convolutions of g(n), or equivalently, the inverse z-transform of GP(z). Memory 
depth, denoted by D, is defined as the first time moment of gp(n), as shown by 

x 

D = � ngp(n) (13.5) 
n-=O 

A memory of low depth D only holds its information content for a relatively short 
period of time, whereas a high depth memory holds its information content much fur
ther into the past. Memory resolution, denoted by R,is defined as the number of taps in 
the memory structure per unit time. A memory of high resolution R is able to hold 
information about the input sequence at a fine level. whereas a low resolution memory 
can only do so at a much coarser level. For a fixed number of taps, the product of mem
ory depth and memory resolution is a constant equal to the memory order p. 

Different choices of the generating kernel gp(n) naturally result in different val
ues for the depth D and resolution R,  as illustrated in the following two memory struc
tures. 

Tapped delay line memory. Figure 13.3 shows the block diagram of the simplest and 
most commonly used form of short-term memory called a tapped delay line memory. It 
consists of p unit delay operators, each of which is characterized by G(z) = z - ' . That is, 
the generating kernel is gin) = B(n - I), where B(n) is the unit impulse: 

ben) = { I ,  
0, 

Unit 1 Unit 2 

n = 0 
n "" () 

xCn - 2) Input 
signal o-..... -� 
x(n) 

L-________ �y�--------� 
Output terminals 

FIGURE 13.3 Ordinary tapped delay line memory of order p. 

( 13.6) 
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The overall impulse response of the tapped delay line in Fig. 13.3 is gp(n) � o(n - pl. 
Substituting this gp(n) in Eq. (l3.5) yields the memory depth D � P. which is intuitively 
satisfying. From Fig. 13.3 we see that there is only one tap per unit time; hence, R � 1 .  
Thus the memory depth of a tapped delay line increases linearly with its order p ,  but its 
memory depth is fixed at unity; the depth-resolution product is constant at p. 

We need an additional degree of freedom in order to exercise control over mem
ory depth. Such a provision is made possible by an alternative to the tapped delay line 
considered next. 

Gamma memory. Figure 13.4 shows the signal-flow graph of the basic functional 
block G(z) used in a memory structure called the gamma memory (de Vries and 
Principe, 1992). Specifically, each section of this memory structure consists of a feed
back loop with unit delay Z -I and adjustable parameter jl.. The transfer function of 
each such section is 

G(z) � 
I _ (1 - jl.)z I 

jl. 

z - (1 - jl.) 

(13.7) 

For stability, the only pole of G(z) at z � 1 - jl. must lie inside the unit circle in the 
z-plane. This in turn requires that 

(13.8) 

The generating kernel of the gamma memory is the inverse z-transform of G(z), that is, 

n 2! l  (13.9) 

The condition of Eq. (13.8) ensures that g(n) decays exponentially ,to zero as n 
approaches infinity. 

The overall impulse response of the gamma memory is the inverse z-transform of 
the overall transfer function 

That is, 

(n - 1) g (n) � jl.P(1 - ILY-P, P P - 1 
n "2:. p (13.10) 

h ( ) 
. b· 

. 
I ff· · d f· d b  (') n(, - 1) · · · (n - p + I) 

f
· I w ere : IS a momla coe Jelent e me y p = _. --pi -- -- or Integer va -

ues of n and p. The overall impulse response g/n) for varying p represents a discrete 
version of the integrand of the gamma function (de Vries and Principe, 1992), hence the 

Input Jl 
signal O��---<Q 

I - I' 

Output 
o signal FIGURE 13.4 Signal-flow 

graph for one section of 
gamma memory. 
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0.8 
g,(n) 

0.6 

0.4 g,(n) 

\�/ g4(n) 
/ 0.2 

2 4 6 8 10 
FIGURE 13.5 Family of impulse responses for the gamma memory 
for order p � 1 , 2, 3, 4  and fL � 0.7. 

name of the memory. Figure 13.5 shows a family of impulse responses gp(n), normalized 
with respect to fL, for p � 1, 2, 3, 4 and fL � 0.7. Note that the time axis in Fig. 13.5 is 
scaled by the parameter fL. This scaling has the effect of positioning the peak value of 
gp(n) at n � p. 

The depth of the gamma memory is p / fL and its resolution is fL, for a depth-resolution 
product of p. Accordingly, by choosing fL to be less than unity, the gamma memory pro
vides improvement in depth (but sacrifices resolution) over the tapped delay line for a 
specified order p. When fL � 1 ,  these quantities reduce to the respective values assumed 
by the tapped delay line. Thus the gamma memory includes the tapped delay line as a spe
cial case. This observation is also readily ascertained by setting fL � 1 in Eq. (13.9). If fL is 
greater than 1 but less than 2, then ( 1  - fL) in this equation becomes negative but with an 
absolute value less than I .  

13.3 NETWORK ARCHITECTURES FOR TEMPORAL PROCESSING 

Network architectures for temporal processing take more than one form, just as mem
ory structures do. In this section we will describe two feedforward network architectures 
that have enriched the literature on temporal processing in their own individual ways. 

NETtalk 

NETtalk, devised by Sejnowski and Rosenberg (1987), was the first demonstration of a 
massively parallel distributed network that converts English speech to phonemes; a 
phoneme is a basic linguistic unit. Figure 13.6 shows a schematic diagram of the 
NETtalk system, which is based on a multilayer perceptron with an input layer of 203 
sensory nodes, a hidden layer of 80 neurons, and an output layer of 26 neurons. All the 
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TEACHER 
..... 

Output neurons 

/ k /  
CfXDX) 

/ 1 "  
Hidden neurons 

/ / ! 1 \ \ " 
Source nodes CCfXJ CCfXJ CCfXJ CCfXJ CCfXJ CCfXJ CCfXJ 

( - a c a - ) 
FIGURE 13.6 Schematic diagram of the NETtalk network architecture. 

neurons used sigmoid (logistic) activation functions. The synaptic counections in the 
network were specified by a total of 18,629 weights, induding a variable threshold for 
each neuron; threshold is the negative of bias. The standard back-propagation algo
rithm was used to train the network. 

The network had seven groups of nodes in the input layer, with each group encod
ing one letter of the input text. Strings of seven letters were thus presented to the input 
layer at any one time. The desired response for the training process was specified as the 
correct phoneme associated with the center (i.e., fourth) letter in the seven-letter window. 
The other six letters (three on either side of the center letter) provided a partial context 
for each decision made by the network. The text was stepped through the window on a 
letter-by-letter basis. At each step in the process, the network computed a phoneme, and 
after each word the synaptic weights of the network were adjusted according to how 
closely the computed pronunciation matched the correct one. 

The performance of NETtaik exhibited some similarities with observed human 
performance, as summarized here (Sejnowski and Rosenberg, 1987). 

• The training followed a power law. 
• The more words the network learned, the better it was at generalizing and cor

rectly pronouncing new words. 
• The performance of the network degraded very slowly as synaptic connections in 

the network were damaged. 
• Relearning after damage to the network was much faster than learning during 

the original training. 

NETtalk was a brilliant illustration in miniature of many aspects of learning, starting 
out with considerable "innate" knowledge of its input patterns and then gradually 
acquiring competence at converting English speech to phonemes through practice. 
However, it did not lead to practical applications. 

Time-delay Neural Network 

A popular neural network that uses ordinary time delays to perform temporal process
ing is the so-called time delay neural network (TDNN), which was first described in 
Lang and Hinton (1988) and Waibel et a1. (1989). The TDNN is a multilayer feedforward 
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FIGURE 13.7 (a) A network whose hidden neurons and output neurons 
are replicated across time. (b) Time delay neural network (TDNN) 
representation. (From K. J. Lang and G. E. Hinton, 1988, with permission) 

network whose hidden neurons and output neurons are replicated across time. It was 
devised to capture explicitly the concept of time symmetry as encountered in the 
recognition of an isolated word (phoneme) using a spectrogram. A spectrogram is a 
two-dimensional image in which the vertical dimension corresponds to frequency and 
the horizontal dimension corresponds to time; the intensity (darkness) of the image 
corresponds to signal energy (Rabiner and Schafer, 1978). Figure 13.7a illustrates a sin
gle hidden layer version of the TDNN (Lang and Hinton, 1988). The input layer con
sists of 192 (16 by 12) sensory nodes encoding the spectrogram; the hidden layer 
contains 1 0  copies of 8 hidden neurons; and the output layer contains 6 copies of 4 out
put neurons. The various replicas of a hidden neuron apply the same set of synaptic 
weights to narrow (three-time-step) windows of the spectrogram; similarly, the various 
replicas of an output neuron apply the same set of synaptic weights to narrow (five-time
step) windows of the pseudospectrogram computed by the hidden layer. Figure 13.7b 
presents a time delay interpretation of the replicated neural network of Fig. 13.7a
hence the name "time delay neural network". This network has a total of 544 synaptic 
weights. Lang and Hinton (1 988) used the TDNN for the recognition of four isolated 
words: "bee", "dee", "ee", and "vee", which accounts for the use of four output neurons 
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in Fig. 13.7. A recognition score of 93 percent was obtained on test data different from 
the training data. In a more elaborate study reported by Waibel et a1. (1989), a TDNN 
with two hidden layers was used for the recognition of three isolated words: "bee", 
"dee", and "gee". In performance evaluation involving the use of test data from three 
speakers, the TDNN achieved an average recognition score of 98.5 percent. 

The TDNN appears to work best for classifying a temporal pattern that consists 
of a sequence of fixed dimensional feature vectors such as phonemes. In a practical 
speech recognizer, however, it is unrealistic to assume that the speech signal can be 
accurately segmented into its constituent phonemes. Rather, it is essential to ade
quately model the super-segmented temporal structure of speech patterns. In particu
lar, the speech recognizer has to deal with word and sentence segments that vary 
significantly in their duration and nonlinear temporal structure. To model these natural 
characteristics of speech signals, the traditional approach in the speech recognition 
field has been to use a state transition structure like the hidden Markov model 
(Rabiner, 1989; Jelinek, 1997). Basically, a hidden Markov model (HMM) represents a 
stochastic process generated by an underlying Markov chain, and a set of observation 
distributions associated with its hidden states; see note 1 1  in Chapter 1 1 .  Many hybrids 
of TDNN and HMM have been studied in the literature.' 

13.4 FOCUSED TIME LAGGED FEEDFORWARD NETWORKS 

The prototypical use of a static neural network (e.g., multilayer perceptron, radial
basis function network) is in structural pattern recognition. In contrast, temporal pattern 
recognition requires processing of patterns that evolve over time, with the response at 
a particular instant of time depending not only on the present value of the input but 
also on its past values. Figure 13.8 shows the block diagram of a nonlinear filter built on 
a static neural network (Mozer, 1994). The network is stimulated through a short-term 
memory. Specifically, given an input signal consisting of the present value x(n) and the 
p past values x(n - 1), . . .  ,x(n - p) stored in a delay line memory of order p, for exam
ple, the free parameters of the neural network are adjusted to minimize the mean
square error between the output of the network. y(n), and the desired response den). 

The structure of Fig. 13.8 can be implemented at the level of a single neuron or a 
network of neurons. These two cases are illustrated in Figs. 13.9 and 13.10 respectively. 

d(n) 
FIGURE 13.8 Nonlinear filter built on a static neural network. 
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Input 
x(n) 

Input 
x(n) 

Synaptic 
weights 

Activation 
function 

vj{n) � _Output 
� y,(n) 

FIGURE 13.9 Focused neuronal filter. 

Output 
;I--- y(n) 

FIGURE 13.10 Focused time lagged feedforward network (TLFN); the bias 
levels have been omitted for convenience of presentation. 

To simplify the presentation, we have used a tapped delay line memory as the short
term memory structure in Figs. 13.9 and 13.10. Clearly, both of these figures could be 
generalized by using a unit with transfer function G(z) in place of z" . 

The temporal processing unit of Fig. 13.9 is composed of a tapped delay line 
memory with its taps connected to the synapses of a neuron. The tapped delay line 
memory captures temporal information contained in the input signal and the neuron 
embeds that information in its own synaptic weights. The processing unit of Fig. 13.9 is 
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called a focused neuronal filter. focused in the sense that the entire memory structure is 
located at the input end of the unit. The output of the filter. in response to the input 
x(n) and its past values x(n - 1), . . .  , x(n -p), is given by 

y/n) � 'I'(� wj(l)x(n - I) + bj) (13 .11) 

where '1'( . ) is  the activation function of neuron j,  the wj(l) are its synaptic weights, and 
bj is the bias. Note that the input to the activation function consists of a bias plus the 
convolution of sequences of input samples and synaptic weights of the neuron. 

Turning next to Fig. 13.10, referred to as a focused time lagged feedforward net
work (TLFN), here we have a more powerful nonlinear filter consisting of a tapped 
delay line memory of order p and a multilayer perceptron. To train the filter, we may 
use the standard back-propagation algorithm described in Chapter 4. At time n, the 
"temporal pattern" applied to the input layer of the network is the signal vector 

x(n) � [x(n), x(n - 1 ) ,  . . .  , x(n - p)f 

which may be viewed as a description of the state of the nonlinear filter at time n. An 
epoch consists of a sequence of states (patterns), the number of which is determined by 
the memory order p and the size N of the training sample. 

The output of the nonlinear filter, assuming that the multilayer perceptron has a 
single hidden layer as shown in Fig. 13.10, is given by 

m, 
y(n) � L wjyJ (n) 

i' =' 1 

� J� Wj'l'(� wj(l)x(n - I) + bj) + b" 
(13.12) 

where the output neuron in the focused TLFN is assumed to be linear; the synaptic 
weights of the output neuron are denoted by the set IWj}j� 1 ,  where m1 is the size of the 
hidden layer, and the bias is denoted by bu' 

1 3.5 COMPUTER EXPERIMENT 

In this computer experiment, we investigate the use of the focused TLFN in Fig. 13.10 
to simulate a time series representing a difficult frequency modulated signal: 

x(n) � sin (n + sin (n
'
)), n � 0, 1 , 2, . . . 

The network was used as a one-step predictor with x(n + 1 )  providing the desired 
response for an input consisting of the set 

Ix(n - I) }f�o. The composition of the network 
and its parameters were as follows: 

Order of tapped delay line memory, p: 
Hidden layer, m1: 
Activation function of hidden neurons: 
Output layer: 
Activation function of output neuron: 
Learning-rate parameter (both layers): 
Momentum constant: 

20 
10 neurons 
logistic 
1 neuron 
linear 
0.01 
none 



646 Chapter 1 3  

1 .5 

0.5 
0 -0 
.f c. 0 
" « 

-U.5 

- 1  

- 1 .5 

.1J 0.2

0 � 
� 

0 

Temporal Processing Using Feedforward Networks 

1 \  / 1\1 I jI 
It 

It! 

"" \J J 
50 100 150 200 250 300 

(a) 

« -0.2 '----�---�-'-----_'_:_---�c_--___:c"_:_---� 
o 50 1110 150 200 250 300 

Time, n 
(h) 

FIGURE 13.11  Results of computer experiment on one-step prediction. (a) Super
position of actual (continuous) and predicted (dashed) waveforms. (b) Wave
form of prediction error. 

The data set used to train the network consisted of SOO randomized patterns, with each 
pattern consisting of 20 time-ordered samples selected from the time series (x(n)}. 

Figure 13.11a shows a superposition of the one-step prediction performed by the 
network on test data (not seen before) and the actual waveform. Figure 13. l lb displays 
the waveform of the prediction error defined as the difference between the actual and 
predicted waveforms. The mean-square value of the prediction error is 1.2 X 10-3, 

13,6 UNIVERSAL MYOPIC MAPPING THEOREM 

The nonlinear filter of Fig. 13.9 may be generalized as shown in Fig. 13.12. This generic 
dynamic structure consists of two functional blocks. The block labeled {h]lf� l repre
sents multiple convolutions in the time domain, that is, a bank of linear filters operating 
in parallel. The h] are drawn from a large set of real-valued kernels, each one of which 
represents the impulse response of a linear filter. The block labeled H represents a sta
tic (i.e" memoryless) nonlinear feedforward network such as an ordinary multilayer 
perceptron, The structure of Fig. 13.12 is a universal dynamic mapper. In Sandberg and 
Xu (1997a) it is shown that any shift-invariant myopic map can be uniformly approxi
mated arbitrarily well by a structure of the form depicted in Fig. 1 3.12 under mild con
ditions. The requirement that a map be myopic is equivalent to "uniform fading 
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memory"; it is assumed here that the map is causal, which means that an output signal 
is produced by the map at time n 2: 0 only when the input signal is applied at time 
n = O. By "shift invariant" we mean: If yen) is the output of the map due to an input 
x(n), then the output of the map due to the shifted input x(n - no) is yen - no) where 
the time shift no is an integer. In Sandberg and Xu (1997b), it is further shown that for 
any single-variable, shift-invariant, causal, uniformly-fading-memory map, there is a 
gamma memory and static neural network, the combination of which approximates the 
map uniformly and arbitrarily well. 

We may now formally state the universal myopic mapping theorem' as follows 
(Sandberg and Xu, 1997a, 1997b): 

Any shift-invariant myopic dynamic map can be uniformly approximated arbitrarily well 
by a structure consisting of two functional blocks: a bank of linear filters feeding a static 
neural network. 

The structure embodied in this theorem may take the form of a focused TLFN. It is 
also noteworthy that this theorem holds when the input and output signals are func
tions of a finite number of variables as in image processing, for example. 

The universal myopic mapping theorem has profound practical implications. Not 
only does it provide mathematical justification for NETtalk and its possible gamma 
memory extension, but it also lays down the framework for the design of more elabo
rate models of nonlinear dynamical processes. The multiple convolutions at the front 
end of the structure in Fig. 13.12 may be implemented using linear filters with a finite
duration impulse response (FIR) or infinite-duration impulse response (UR). As for 
the static neural network, it can be implemented using a multilayer perceptron, radial
basis function network, or support vector machine trained by means of the algorithms 
described in Chapters 4, 5, and 6. In other word� we may naturally build on the mater
ial presented in those chapters on supervised learning to build nonlinear filters or 
models of nonlinear dynamic processes. Most importantly, the structure of Fig. 13.12 is 
inherently stable, provided that the linear filters are themselves stable. We thus have a 
clear-cut separation of roles as to how to take care of short-term memory and memo
ryless nonlinearity. 
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13.7 SPATIO-TEMPORAl MODELS OF A NEURON 

The focused neuronal filter in Fig. 13.9 has an interesting interpretation as described here. 
The combination of unit delay elements and associated synaptic weights may be viewed 
as a finite-duration impulse response (FIR) filter of order p, as shown in Fig. 13.13a; the 
FIR filter is one of the basic building blocks in digital signal processing (Oppenheim 
and Schafer, 1989; Haykin and Van Veen, 1998). Accordingly, the focused neuronal fil
ter of Fig. 13.9 is, in fact, a nonlinear FIR filter, as shown in Fig. 13.13b. We may build 
on this representation and thereby extend the processing power of the neuron in a spa
tial sense through the use of multiple inputs, mo in number, as depicted in Fig. 13.14. 
The spatio-temporal model of Fig. 13.14 is referred to as a multiple input neuronal filter. 

Yet another way of describing the model in Fig. 13.14 is to think of it as a distributed 
neuronal filter, in the sense that the filtering action is distributed across different points 
in space. The spatio-temporal characterization of the model is represented as follows: 

x/en - 2) x,(n - p + 1) 

wpCp - l ) 

(a) 
Bias 
b, 

(b) 

Activation 
function 

, 
s/n) = l wji(k) xj(n - k) 

k =1J 

FIGURE 13.13 (a) Finite-duration impulse response (FIR) fi lter. (b) Interpretation of neuronal 
filter as a nonlinear FIR fi lter. 

Multiple x1(n) 
inputs 

function 

FIGURE 13.14 Multiple input neuronal filter. 
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• The neuron has mo "primary" synapses, each of which consists of a linear discrete
time filter implemented in the form of an FIR filter of order p; the primary 
synapses account for the spatial dimension of signal processing . 

• Each primary synapse has (p + 1 )  "secondary" synapses that are connected to its 
respective input and the memory taps of its FIR filter, thereby accounting for the 
temporal dimension of signal processing. 

The synaptic structure of the neuronal filter in Fig. 13.14 is thus tree-like, as depicted in 
Fig. 13.15. The total number of synaptic weights in the structure is mo(p + 1).  

In mathematical terms, we may describe the spatia-temporal processing per
formed by the neuronal filter in Fig. 13.14 by expressing its output,y/n), as 

Yj (n) = '1'( � � wji(/)x,(n - I) + bj) (13.13) 

where wj,(l) is the weight of the Ith secondary synapse belonging to 1he ith primary 
synapse,x,(n) is the input applied to the ith primary synapse at time n, and bj is the bias 
applied to the neuron. The induced local field vj(n) of the neuron, that is, the argument 
of the activation function 'P in Eq. (13.13) may be viewed as the discrete time "approx
imation" to the continuous-time formula 

To taps of 
memory 1 
(including 
the input) 

To taps of 
memory 2 
(including 
the input) 

To taps of 
memory mo 
(including 
the input) 

Secondary 
synapses 

Primary 
synapses 

Activation 
node 

FIGURE 13.15 Tree-like description of the synaptic structure of 
a mUltiple input neuronal filter. 

(13.14) 
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The integral in Eq. (13.14) is the convolution of the continuous-time input signal x,(t) 
and the impulse response hij(t) characterizing a linear continuous-time filter represent
ing synapse i. Equation (13.14) is the most general way in which the spatia-temporal 
behavior of the induced local field of a neuron can be described. 

Additive Model 

Equation (13.14) provides the basis for another commonly used spatia-temporal 
model of a neuron. Specifically, suppose we simplify the temporal behavior of the neu
ron by using a scaling parameter to determine the sign and strength of a "typical" 
synaptic impulse response, in which case we write 

for all i (13.15) 

where hj (t) models the temporal characteristics of a typical postsynaptic potential, and 
wji is a scalar that determines its sign (excitatory or inhibitory) and the overall strength 
of the connection between neuron j and input i (Shamma, 1989). Thus using Eq. (13.15) 
in (13.14) and by interchanging the order of integration and summation, we obtain 

Vj(t) � f'" hj(A) (� Wjix,(t - A) )dA + hj 
(13.16) 

� h/t) * (�WjiXi(t») + bl 

where the asterisk denotcs convolution. The form of the common impulse response 
h/t) depends on the amount of detail required. A popular choice is an exponential 
function defined by 

(13.17) 

where TI is a time constant that is a characteristic of neuron j. The time function hi (t) of 
Eq. (13.17) is recognized as the impulse response of a simple circuit consisting of resis
tor Rj and capacitor Cj connected in parallel and fed from a current source; that is, 

(13.18) 

Accordingly, we may use Eqs. (13.16) and (13.17) to formulate the model shown 
in Fig. 13.16. In physical terms, the synaptic weights Wjl, Wj2, . . " wjmo are represented 
by conductances (i.e., reciprocals of resistances), and the respective inputs xl(t), 
X2(t), . . .  , xm,,(t) are represented by potentials (i.e., voltages). The summing junction is 
characterized by a low input resistance, unity current gain, and high output resistance; 
that is, it acts as a summing node for incoming currents. The total current fed into the 
resistance-capacitance (Re) circuit is therefore 

m" � WliX,(t) + Ij 
;=1  

where the first (summation) term is due to the stimuli Xl(t), X2(t), . . .  , xm,,(t) acting on 
the synaptic weights (conductances) Wjl' Wjz, . .  ,' wjmlO' respectively, and the second term 
is the current source I} representing the externally applied bias br 
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FIGURE 13.16 Additive model of a neuron. 

In the neural network literature, the neuronal model shown in Fig. 13.16 is com
monly referred to as the additive model. This model may be viewed as a lumped circuit 
approximation of the distributed transmission line model of a biological dendritic neu
ron (Rail, 1989). The low-pass nature of the RC circuit in Fig. 13.16 may also be justi
fied by the fact that a biological synapse is itself a low-pass filter to an excellent 
approximation (Scott, 1977). 

13.8 DISTRIBUTED TIME LAGGED FEED FORWARD NETWORKS 

The universal myopic mapping algorithm, which provides the mathematical justifica
tion for focused TLFNs, is limited to maps that are shift invariant. The implication of 
this limitation is that the use of focused TLFNs is only suitable for use in stationary 
(i.e., time-invariant) environments. We may overcome this limitation by using a distrib
uted time lagged feedforward network (TLFN), distributed in the sense that the implicit 
influence of time is distributed throughout the network. The construction of such a 
network is based on the mUltiple input neuronal filter of Fig. 13.14 as the spatio-temporal 
model of a neuron. 

Let wj,(l) denote the weight connected to the lth tap of the FIR filter modeling 
the synapse that connects the output of neuron i to neuron j. The index I ranges from 0 
to p, where p is the order of the FIR filter. According to this model, the signal sji(n) 
appearing at the output of the ith synapse of neuron j is given by the convolution sum 

p sl,
{n) � L wj,(l)xi(n - I) 

/=0 
(13.19) 

where n denotes discrete time. We may rewrite Eq. (13.19) in matrix form by introducing 
the following definitions for the state vector and weight vector for synapse i, respectively: 

x,(n) � [x,(n), x,(n - 1),  . . . , x,(n - PlY 
Wj' � [wji(O), wl,(I), . . . , Wj,(PlY 

(13.20) 

(13.21) 
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We may thus express the (scalar) signal sji(n) as the inner product of the vectors wii(n) 
and x,(n); that is, 

sji(n) = wJ x,(n) (13.22) 

Equation (13.22) defines the output s/n) of the ith synapse of neuronj in the model of 
Fig. 13.14 in response to the input vector x,(n) where i = 1 , 2, . . .  , mo' The vector x,(n) is 
referred to as a "state" in that it represents the condition of the ith synapse at time n. 
Hence, summing the contributions of the complete set of mil synapses depicted in this 
model (i.e., summing over the index i), we may describe the output y/n) of neuronj by 
the following pair of equations: 

vi(n) = f sin) + bl = f wf, Xi(n) + bi 
i= 1  i = i  

(13.23) 

(13.24) 

where v;(n) denotes the induced local field of neuron j, hi is the externally applied bias, 
and <p( • ) denotes the nonlinear activation function of the neuron. It is assumed that the 
same form of nonlinearity is used for all the neurons in the network. Note that if the 
weight vector wii and the state vector x,(n) are replaced by the scalars wji and Xi' respec
tively, and if the operation of inner product is correspondingly replaced by ordinary mul
tiplication, the dynamic model of a neuron described in Eqs. (13.23) and (13.24) reduces 
to the static model of the ordinary multilayer perceptron described in Chapter 4. 

13.9 TEMPORAL BACK-PROPAGATION ALGORITHM 

To train a distributed TLFN network, we need a supervised learning algorithm in which 
the actual response of each neuron in the output layer is compared with a desired (tar
get) response at each time instant. Assume that neuron j lies in the output layer with its 
actual response denoted by y/n) and that the desired response for this neuron is 
denoted by d/n), both of which are measured at time n. We may then define an instan
taneous value for the sum of squared errors produced by the network as follows: 

1 \!S(n) = 2: 2: eJ(n) 
I 

(13.25) 

where the index j refers to a neuron in the output layer only, and ei(n) is the error sig
nal defined by 

eJn) = dJn) - y/n) (13.26) 

The goal is to minimize a cost function defined as the value of \!S(n) computed over all 
time: 

\!Stol,j = 2: \!S(n) (13.27) 
" 

The algorithm we have in mind for computing an estimate of the optimum weight vector 
that attains this goal is based on an approximation to the method of steepest descent. 

An obvious way of proceeding with this development is to differentiate the cost 
function of Eq. (13.27) with respect to the weight vector Wli' and so write 
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(13.28) 

To proceed further with the instantaneous gradient approach, we unfold the network in 
time. The strategy here is first to try to remove all the time delays in the network by 
expanding it into an equivalent but larger "static" network, and then to apply the stan
dard back-propagation algorithm to compute the instantaneous error gradients. 
Unfortunately, such an approach is handicapped by the following negative attributes: 

• A loss of a sense of symmetry between the forward propagation of states and 
the backward propagation of terms needed to calculate instantaneous error 
gradients 

• No nice recursive formula for propagating the error terms 
• Need for global bookkeeping to keep track of which static weights are actually 

the same in the equivalent network obtained by unfolding the distributed TLFN 

Although using instantaneous gradient estimates is the obvious approach to develop
ing a temporal version of back propagation, from a practical standpoint it is not the 
way to proceed. 

To overcome the problems associated with the instantaneous gradient approach, 
we propose to proceed as follows (Wan, 1 990, 1994). First, we recognize that the expan
sion of the total error gradient into a sum of instantaneous error gradients, as shown in 
Eq. ( 13.28), is not unique. In particular, we may consider an alternative way of express
ing the partial derivative of the cost function \lito,"! with respect to the weight vector 
win) by writing 

a�total = L. a�lotal rlvj(n) 

dWji /I dVj(n) dWji 
( 13.29) 

where the time index n runs only over v/n). We may interpret the partial derivative 
a\li",,/avi(n) as the change in the cost function \lito,"! produced by a change in the 
induced local field Vi of neuron j at time n. However, it is important to note that 

a\lito,,! av/n) a\li(n) -- -- * --
aV,(n) aWi' aWl' 

It is only when we take the sum over all n, as in Eqs. (13.28) and (13.29), that the equal
ity holds. 

Given the expansion of Eq. ( 13.29), we may now use the idea of gradient descent 
in weight space. In particular, we postulate a recursion for updating the tap-weight vec
tor w],(n) as shown by 

( + 1 )  � .. ( )  _ a\litot"! av/n) 
w]' n WI' n Tj .

(
) 

( )  av, n dWji n 
(13.30) 

where Tj is the learning-rate parameter. From the defining equation (13.23), we find that 
for any neuron j in the network, the partial derivative of the induced local field v/n) 
with respect to the weight vector wj,(n) is given by 

av/n) � x,{n) (13.31) 
aw],{n) 



654 Chapter 1 3  Temporal Processing Using Feedforward Networks 

where x,(n) is the input vector applied to synapse i of neuron j. Moreover. we may 
define the local gradient for neuron j as 

o (n) = _ a� tot'l 
J dvJn) 

Accordingly, we may rewrite Eq. (13.30) in the familiar form 

(13.32) 

(13.33) 

As in the derivation of the standard back-propagation algorithm described in Chapter 4, 
the explicit form of the local gradient 0j(n) depends on whether or not neuronj lies in 
the output layer or in a hidden layer of the network. These two different cases are con
sidered next. 

CASE 1. Neuronj is an output unit 

For the output layer, we simply have 

o (n) = d�to,,' 
I aVj(n) 

_ a�(n) 
avj(n) 

= eJn)tp'(vJn» 

(13.34) 

where el (n) is the error signal measured at the output of neuron j, and tp'( ' )  is the 
derivative of the activation function tp( . ) with respect to its argument. 

CASE 2. Neuron j is a hidden unit 

For neuron j located in a hidden layer, we define .'1l as the set of all neurons whose 
inputs are fed by neuronj in a forward manner. Let v,(n) denote the induced local field 
of neuron r that belongs to the set s1. We may then write 

o-(n) = _ if{;total 
I avJn) 

a'8 to'" i!v,( k) 
i!v,(k) dv/n) 

(13.35) 

where we have used the index k in place of n in those positions that are of particular 
concern. Using the definition of Eq. (13.32) (with index r used in place ofj) in Eq. ( 13.35), 
we may thus write 

(13.36) 



Section 1 3.9 Temporal Back-Propagation Algorithm 655 

where y;(n) is the output of neuron j. Next we recognize that the partial derivative 
ay/n)/avj(n) is equal to <p'(vj(n)). referring to neuron j that lies outside the set .'fl. We 
may therefore take this term outside the double summation and rewrite Eq. ( 13.36) as 

(13 .37) 

As defined previously. v,(n) denotes the induced local field of neuron r fed by the out
put of neuron j. Hence. adapting the meaning of Eqs. (13.19) and (13.23) to the situa
tion at hand. we may express v,(k) as 

111., p 
v,(k) � � � w,JI)yJn - I) 

j=O /=0 
(13.38) 

In Eq. (13.38) we have included the bias b, applied to neuron r as the term correspond
ing to j � 0 by defining 

w,o(l) � b, and yo(n - I) � 1 for ali i and n (13 .39) 

The index p defining the upper limit of the inner summation in Eq. (13 .38) is the order 
of each synaptic filter of neuron r. and every other neuron in the layer in question. The 
index mo. defining the upper limit of the outer summation in Eq. ( 13.38). is the total 
number of primary synapses belonging to neuron r. Recognizing that the convolution 
sum with respect to I is commutative. we may rewrite Eq. (13.38) in the equivalent form 

mo p 
v,(k) � � � yJI)w'j(n - I)  

1=0 /=0 

Differentiating Eq. ( 13.40) with respect to yj' we thus obtain 

av,(k) 
� 
{W,Jk - I). n -s k -s n + p 

ayJn) O. otherwise 

(13.40) 

(13.41) 

In light of Eq. (13.41). the partial derivatives aV,(k)/aYj(n) in Eq. (13.37), for which n is 
outside the range n -s k -s n + p, evaluate to zero. For the case of a hidden neuron j. 
the use of Eq. (13.41) in (13.37) yields 

n+p 
0j(ll) � <p'(vJn)) � � o,(k)w,/k - I) 

r E sl  k=n 

p 
� <p'(vJn)) � � o,(n+ l)w,j(n) 

rEst /=0 

Define a new (p + I )-by-l vector 

1I.,(n) � [o,(n), o,(n + I )  . . . . .  o,(n + p)]' 

(13.42) 

(13.43) 

Earlier we defined the weight vector wji as in Eq. (13.21). By using matrix notation we 
may therefore rewrite Eq. (13.42) in the compact form 

o/n) � <p'(vj(n)) � 11.; (n)w'j (13.44) 
rEs] 
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where il.;'(n)w'j is the inner product of the vectors il.,(n) and W,j' both of which have 
dimension (p + 1), Equation (13.44) completes the evaluation of oj(n) for neuron j in 
the hidden layer, 

We are now ready to summarize the weight update equation for temporal back 
propagation as the following pair of relations (Wan, 1990, 1994): 

wl,(n + 1) = wl,(n) + Tjol(n)x,(n) ( 13.45) 

{ e,(n)'P'(vj(n» , neuron j  in the output layer 
0l(n) = ,  T (13.46) 

<jl (v,(n» 2: il., (n)w,1' neuron j in a hidden layer 
rEst 

which may be readily generalized to any number of hidden layers, We immediately 
observe that these relations represent a vector generalization of the standard back
propagation algorithm. If we replace the input vector x,(n), the weight vector W,j' and 
the local gradient vector il., by their scalar counterparts, the temporal back-propagation 
algorithm reduces to the standard form of the back-propagation algorithm derived in 
Chapter 4. 

To compute oj(n) for neuronj located in a hidden layer, we propagate the os from 
the next layer backward through those synaptic filters whose excitation is derived from 
neuron j, in accordance with Eq, (13.44), This backward-propagation mechanism is 
illustrated in Fig. 13,17. The local gradient o/n) is thus formed not by simply taking a 
weighted sum but by backward filtering through each primary synapse. In particular, 
for each new set of input and desired response vectors, the forward filters are incre
mented one time step and the backward filters are incremented one time step, 

We now see the practical benefits gained by using the temporal back-propagation 
algorithm described herein: 

Neurons 
r in 

set sf1 

FIGURE 13,17 Back propagation of local gradients through 
a distributed TLFN, 
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1. The symmetry between the forward propagation of states and the backward 
propagation of error terms is preserved, and the sense of parallel distributed pro
cessing is thereby maintained. 

2. Each unique weight of synaptic filter is used only once in the calculation of the 
os; there is no redundant use of terms experienced in the instantaneous gradient 
method. 

In deriving the temporal back-propagation algorithm' described in Eqs. (13.45) 
and (13.46), it is assumed that the synaptic filter weights are fixed for all gradient cal
culations. This is clearly not a valid assumption during actual adaptation. Accordingly, 
discrepancies in performance will arise between the temporal back-propagation algo
rithm and the temporal version obtained using the instantaneous gradient method. 
However, these discrepancies are usually of a minor nature. For a small learning-rate 
parameter T], the differences in the learning characteristics of these two algorithms are 
negligible for all practical purposes. 

Causality Constraints 

Careful examination of Eq. (13.42) reveals that the computation of o/n) is noncausal 
because it requires knowledge of future values of the os and the ws. To make this com
putation causal, we first note that the exact time reference used for adaptation is unim
portant. Moreover, the synaptic structures employed in the network are all FIR filters. 
Accordingly, causality requires the use of additional buffering to store internal states 
of the network. In what follows we thus require that the adaptation of all weight vec
tors be based only on the current and past values of error signals. We may therefore 
immediately set up o/n) for neuron j in the output layer and so adapt the synaptic fil
ter weights in that layer. For the next layer back (i.e., one hidden layer back from the 
output layer), causality constraints imply that for neuron j in this layer the computa
tion of the local gradient 

oj(n - p) � 'P'(v;(n - p)) 2: 4;(n - p)w'j 
rE"l 

is based only on current and past values of the vector 4,; that is, 

4,(n - p) � [o,(n - p), o,(n + 1 - p), " "  o,(nlY 

( 13.47) 

(13.48) 

Equation (13.47) is obtained from the second line of Eq. ( 13.46) simply by replacing 
the time index n by n - p, where p is the order of each synaptic FIR filter. As pointed 
out earlier, the states x,(n - p) must be stored so that we may compute the product 
oj(n - p )x,(n - p) for the adaptation of the weight vector connecting neuron j in the 
last hidden layer to neuron i one layer farther back. For a network with multiple hid
den layers, we may continue the operation described here for one more layer back (i.e., 
two layers back from the output layer) simply by making the time shift twice as long. 
The operation is continued in this fashion until all the computation layers in the net
work are accounted for. 

We may formulate the causal form of the temporal back-propagation algorithm 
as summarized in Table 13. 1 .  
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TABLE 13.1 Summary of the Temporal Back-Propagation Algorithm 

1. Propagate the input signal through the network in the forward direction, layer by 
layer. Determine the error signal ej(n) for neuronj in the output layer by subtracting 
its actual output from the corresponding desired response. Also record the state vec
tor for each synapse in the network. 

2. For neuronj in the output layer compute 

8/n) = e/n)'I'j(n) 

wJi(n + 1) = wj,(n) + 1)8j(n)xi(n) 

where x;(n) is the state of synapse i of a hidden neuron connected to output neuron j. 
3. For neuronj in a hidden layer, compute 

8j(n - lp) = 'I" (vj(n - lp» 2: A;(n - lp)w'j 
rE.iI 

wJi(n + 1) = wJi(n) + T)8/n - lp)x,(n - lp) 

where p is the order of each synaptic FIR filter, and the index I identifies the hidden 
layer in question. Specifically, for networks with multiple hidden layers, l = 1 corre
sponds to one layer back from the output layer, 1 =  2 corresponds to two layers back 
from the output layer, and so on. 

Although this algorithm is less aesthetically pleasing than the noncausal form 
described in Eqs. (13.45) and (13.46). basically the two forms of the algorithm differ 
from each other only in terms of a simple change of indices. 

Summarizing. then, we may state the following: 

• The 8s are propagated through the layers of the network backward and continu
ously without added delays. This kind of propagation forces the internal values of 
the os to be shifted in time. 

• To correct for this time shift, the states (i.e . •  the values of x,(n)) are stored so as to 
form the proper product terms needed for adaptation of the weight vectors. In 
other words. added storage delays are required only for the states. whereas the 
backward propagation of the deltas is performed without delays. 

• The hack ward propagation of the os remains symmetric with respect to the for
ward propagation of the states. 

• The order of computations is linear in the number of synaptic weights in the net
work as in the instantaneous gradient approach. 

The distributed TLFN is naturally a more elaborate structure than the focused 
TLFN described in Section 13.4. Moreover, the temporal back-propagation algorithm 
needed to train the distributed TLFN is more computationally demanding than the 
standard back -propagation algorithm that is adequate to train the focused TLFN. In 
the final analysis, the use of one or the other of these two approaches is determined by 
whether the temporal processing task that needs to be solved pertains to a stationary 
environment or a nonstationary one.7 
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13.10 SUMMARY AND DISCUSSION 

The need for temporal processing arises in numerous applications that include the fol· 
lowing: 

• Prediction and modeling of time series (Box and Jenkins. 1976; Haykin, 1996) 
• Noise cancelation, where the requirement is to use a primary sensor (supplying a 

desired signal contaminated with noise) and a reference sensor (supplying a cor· 
related version of the noise) to cancel the effect of noise (Widrow and Stearns, 
1985; Haykin, 1996) 

• Adaptive equalization of an unknown communication channel (Proakis. 1989; 
Haykin, 1996) 

• Adaptive control (Narendra and Annaswamy, 1989) 
• System identification (Ljung, 1 987) 

We already have well·developed theories for solving these problems when the system 
under study or the underlying physical mechanism of interest is linear; see the books 
cited above. However, when the system or physical mechanism is nonlinear, we have a 
more difficult task on our hands. It is in situations of this kind that neural networks 
have the potential to provide a viable solution and thereby make a significant differ· 
ence in their application. 

In the context of neural networks, we have two candidate networks for temporal 
processing: 

• Time lagged feedforward networks 
• Recurrent networks 

Discussion of recurrent networks is taken up in the next two chapters. In this chapter 
we describe two classes of time lagged feedforward networks (TLFNs): focused and 
distributed. In a focused TLFN, the short·term memory is located entirely at the front 
end of a static network, which makes it straightforward to design. The training of the 
focused TLFN is accomplished by using the standard back·propagation algorithm, 
assuming that a multilayer perceptron is used for implementing the static neural net· 
work. In the universal myopic mapping theorem due to Sanberg and Xu (1997a, 1997b), 
we have an existence theorem in the sense that it provides the mathematical justifica
tion for the approximation of an arbitrary myopic map (i.e., a causal map with uniform
fading memory) by using a cascade of two functional blocks: a bank of linear filters and 
a static neural network. Such a structure may be implemented by using the focused 
TLFN, thereby providing a physical realization of this theorem. 

The other class ofTLFNs, that is, distributed TLFNs, relies on the use of a spatia· 
temporal model of a neuron, namely, a multiple-input neuronal filter. This model uses 
finite-duration impulse response (FIR) filters as synaptic filters. As such, the mUltiple 
input neuronal filter provides a powerful functional block in its own right for spatio
temporal signal processing built around a single neuron. To train it, we may use the 
least-mean-square (LMS) algorithm described in Chapter 3. However, to train a dis
tributed TLFN, we require an elaborate learning algorithm exemplified by the tempo
ral back·propagation algorithm described in Section 13.9. A distinctive feature of 
distributed TLFNs is the way in which the implicit representation of time is distributed 
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throughout the network, hence the ability to cope with nonstationary (i.e .. time-varying) 
environments. In contrast, in a focused TLFN, by definition, the implicit representation 
of time is concentrated at the front end of the network, which therefore limits its prac
tical use to stationary (i.e., time-invariant) environments. 

NOTES AND REFERENCES 

PROBLEMS 

1.  For an essay on the role of time in neural processing, see the classic paper entitled 
"Finding Structure in Time" by Elman (1990). 

2. In Hopfield (1995), a method for the explicit representation of time in neural processing 
is described. In particular, analog information is represented by using the timing of action 
potentials with respect to an ongoing collective oscillatory pattern of activity, for which 
neurobiological evidence is cited� action potentials are described in Chapter l. 

3. For a review of short-term memory structures and their role in temporal rrocessing, see 
Mozer (1994). 

4. For a discussion of hybrids ofTDNN and HMM for speech recognition, see Bourlard and 
Morgan (1994). Katagiri and McDermott (1996), and Bengio (1996). 

Somc TDNN-HMM hyhrids comhine the use of a TDNN frame coder (i.e., map
ping "acoustic feature detector" into a "phoneme code") and an HMM word/sentence 
path finder (i.e., mapping "phoneme symbol" into "word/sentence class"), where the 
coder and path finder are designed separately. In some advanced TDNN-HMM hybrids 
the squared error loss function for the entire system is used so that a loss related to 
word/sentence error count can be minimized. An example of this latter scheme is the 
multi-state TDNN descrihed in Haffner ct al. (1991) and Haffner (1994). A simple hyhrid 
of separately designed modules oftcn causes a mismatch between the training and testing 
performances of the design. The multi-state TDNN performs better in this regard. 

In a fundamental sense, recurrent networks (discussed in Chapter 15) have a larger 
capability of modeling the temporal structure of speech signals than "replica" networks 
like the TDNN. Howevcr, since thc nonstationarity and nonlinearity of speech signals are 
considerable, even recurrent networks may not be sufficient for accurate speech recogni
tion by themselves. 

5. For the origins of the universal myopic mapping theorem, see Sandberg (1991). 
6. For an alternative diagrammatic derivation of the temporal back-propagation algorithm, 

see Wan and Beaufays (1996). 
7. In Wan (1994), thc temporal back-propagation algorithm was used to perform nonlinear 

prediction on a nonstationary time series exhibiting chaotic pulsations of an NH3 laser. 
This particular time series was part of the Santa Fe Institute Time-Series Competition 
that was held in the United States in 1992. Wan's solution for this temporal processing 
task won the competition from a diverse list of submissions that included standard recur
rent and feedforward neural networks as well as many traditional linear techniques 
(Wan, 1994). Chaos is discussed in Chapter 14. 

Focused time lagged feedforward networks (TLFNs) 
13.1 Summarize the main attributes of a focused TLFN used to model a nonlinear dynamical 

process. 
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13.2 The focused TLFN depicted in Fig. 13.10 uses a tapped delay line memory for imple
menting short-term memory. What are the benefits and shortcomings of a focused TLFN 
that uses a gamma memory for implementing the short-term memory? 

13.3 In Chapter 2 we describe qualitatively a dynamic approach for implementing a nonlinear 
adaptive filter. The method involves the use of a static neural network whose stimulation 
is derived by feeding the input data through a sliding window. The window is moved on 
the arrival of each new data sample, with the oldest sample inside the window dropped to 
make room for the new sample. Discuss how a focused TLFN can be used to implement 
this form of continuous learning. 

Spatio-temporal models of a neuron 
13.4 Consider a neuronal filter whose induced local field vP) is defined by Eq. (13.16). 

Suppose that the time function h/t) in this equation is replaced by the shifted unit 
impulse 

h/t) � a(t - Ti) 
where 'Tj is a fixed delay. Describe the way in which the neuronal filter is changed by this 
modification. 

13.5 Using the LMS algorithm, formulate a learning algorithm for the multiple-input neu
ronal filter of Fig. 13.14. 

Temporal back-propagation 
13.6 Figure P13.6 illustrates the use of a Gaussian·shaped time window as a method for tem

poral processing (Bodenhausen and Waibel, 1991). The time window associated with 
synapse i of neuronjis denoted by e(n, 'Tji, (Tji)' where 'Tji and (Tji are measures of time delay 
and width of the windows, respectively, as shown by 

e(n, Tii. O"i') � • � exp (-2� (n - Tii)
2) 

V 2'Tr(Tji (Tji 
The output of neuronj is thus modeled as 

Input 
",(n) 

Move this window 
to the left 

Make this 
window 

������� wider 
---�, Time n 

FIGURE P13.6 
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where ui(n) is the convolution of the input x;(n) and the time window 8(n, Tfi• CTj;) ' The 
weight 1DJi, and time delay 'Til of synapse i belonging to neuron j are all to be learned in a 
supervised manner. 

This learning may be accomplished by using the standard back-propagation algo
rithm. Demonstrate this learning process by deriving update equations for Wii, "'Ii' and (Til' 

13.7 The material presented in Section 13.9 on the temporal back-propagation algorithm 
deals with synaptic FIR filters of equal lcngth. How could you handle the case of synaptic 
FIR filters of different lengths? 

13.8 Discuss how the temporal back-propagation algorithm may be used for the training of a 
distributed TLFN for single-step prediction. 

13.9 The discrepancies between the constrained (causal) and unconstrained (noncausal) 
forms of the temporal back-propagation algorithm are analogous to the standard least
mean-square (LMS) versu� delayed LMS algorithm: the LMS algorithm is discussed in 
Chapter 3. Expand on this analogy. 

Computer experiment 
13.10 Tn this problem we usc the standard back-propagation algorithm to solve a difficult non

linear prediction problem and compare its performance with that of the LMS algorithm. 
The time series to be considered is created using a discrete Volterra model that has the 
form 

x(n) = 2: given - i) + 2: 2: g'iv(n - i)v(n - j) + . .  

where gi' gil' " .  are the Volterra coefficients, the v(n) are samples of a white, indepen
dently distributed Gaussian noise sequence, and x(n) is the resulting Volterra model out
put. The first summation term is the familiar moving average (MA) time series model, 
and the remaining summation terms are nonlinear components of ever-increasing order. 
In general, the estimation of the Volterra coefficients is considered to be difficult, primar
ily because of their nonlinear relationship to the data. 

In this problem we consider the simple example 

x(n) = v(n) + J3v(n - I )v(n - 2) 

The time series has zero mean, is uncorrelated, and therefore has a white spectrum. 
However. the time series samples arc not independent of each other, and therefore a 
higher-order predictor can he constructed. The variance of the model output is given by 

where a; is the white noise variance. 
(3) Construct a multilayer perceptron with an input layer of 6 nodes, a hidden layer of 

16 neurons, and a single output neuron. A tapped delay line memory is used to feed 
the input layer of the network. The hidden neurons use sigmoid activation functions 
limited to the interval lO. I ], whereas the output neuron operates as a linear com
biner. The network is trained with the standard back-propagation algorithm having 
the following description: 

Learning-rate parameter 
Momentum constant 
Total number of samples processed 
Numher of samples per epoch 
Total number of epochs 

'1 � 0.001 
" � 0.6 
100,000 
1 .000 
100 
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The white noise variance (T� is set equal to unity. Hence, with j3 = 0.5, we find that the 
output variance of the predictor is a; = 1.25. 

Compute the learning curve of the nonlinear predictor, with the variance of the 
predictor output x(n) plotted as a function of the number of epochs of training sam
ples up to 200 epochs. For the preparation of each epoch used to perform the train
ing, explore the following two modes: 
(i) The time ordering of the training sample is maintained from one epoch to the 

next in exactly the same form as it is generated. 
(ii) The ordering of the training sample is randomized from one pattern (state) to 

another. 
Also, use cross-validation (described in Chapter 4) with a validation set of 1000 sam
ples to monitor the learning behavior of the predictor. 

(b) Repeat the experiment using the LMS algorithm designed to perform a linear pre
diction on an input of six samples. The learning-rate parameter of the algorithm is set 
equal to 11 = 10-5• 

(c) Repeat the entire experiment for (3 = 1, u; = 2, and then for (3 = 2, u; = 5. 
The results of each experiment should reveal that initially the back-propagation algorithm 
and the LMS algorithm follow essentially a similar path, and then the back-propagation 
algorithm continues to improve, finally producing a prediction variance close to the pre
scribed value of 0"_;. 



Neurodynamics 

14.1 INTRODUCTION 

664 

In the previous chapter on temporal processing. we studied short-time memory struc
tures and how to operate a static neural network (e.g., multilayer perceptron) as a 
dynamic mapper by stimulating it via a memory structure. Another important way in 
which time can be built into the operation of a neural network in an implicit manner is 
through the use of feedback. There are two basic ways of applying feedback to a neural 
network: local feedback at the level of a single neuron inside the network, and global 
feedback encompassing the whole network. Local feedback is a relatively simple mat
ter to deal with, but global feedback has much more profound implications. In the 
neural network literature, neural networks with onc or more feedback loops are 
referred to as recurrent networks. In this chapter and the next one, we focus attention 
on recurrent networks that use global feedback. 

Feedback is like a two-edged sword, in that when it is applied improperly it can 
produce harmful effects. In particular, the application of feedback can cause a system 
that is originally stable to become unstable. Our primary interest in this chapter is in 
the stability of recurrent networks. Other aspects of recurrent networks are considered 
in the next chapter. 

The subject of neural networks viewed as nonlinear dynamical systems, with par
ticular emphasis on the stability problem. is referred to as neurodynamics (Hirsch, 
1989). An important feature of the stability (or instability) of a nonlinear dynamical 
system is that it is a property of the whole system. As a corollary. the presence of stabil
ity always implies some form of coordination between the individual parts of the system 
(Ashby, 1960). It appears that the study of neurodynamics began in 1938 with the work 
of Nicholas Rashevsky, in whose visionary mind the application of dynamics to biology 
came into view for the first time. 

The stability of a nonlinear dynamical system is a difficult issue to deal with. 
When we speak of the stability problem, those with an engineering background usually 
think in terms of the bounded input-bounded output (BIBO) stability criterion. 
According to this criterion, stability means that the output of a system must not grow 
without bound as a result of a bounded input, initial condition, or unwanted distur
bance (Brogan, 1985). The BlBO stability criterion is well suited for a linear dynamical 
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system. However. it is useless to apply it to neural networks because all such nonlinear 
dynamical systems are BIBO stable because of the saturating nonlinearity built into 
the constitution of a neuron. 

When we speak of stability in the context of a nonlinear dynamical system, we 
usually mean stability in the sense of Lyapunov. In a celebrated memoire dated 1892, 
Lyapunov (a Russian mathematician and engineer) presented the fundamental con
cepts of the stability theory known as the direct method of Lyapunov.

' 
This method is 

widely used for the stability analysis of linear and nonlinear systems, both time-invariant 
and time-varying. As such it is directly applicable to the stability analysis of neural net
works. Indeed, much of the material presented in this chapter is concerned with the 
direct method of Lyapunov. However, its application is no easy task. 

The study of neurodynamics may follow one of two routes, depending on the 
application of interest: 

• Deterministic neurodynamics, in which the neural network model has a determin
istic behavior. In mathematical terms, it is described by a set of nonlinear differ
ential equations that define the exact evolution of the model as a function of time 
(Grossberg, 1967; Cohen and Grossberg, 1983; Hopfield, 1984) . 

• Statistical neurodynamics, in which the neural network model is perturbed by the 
presence of noise. In this case, we have to deal with stochastic nonlinear differen
tial equations, thereby expressing the solution in probabilistic terms (Amari et aI., 
1972; Peretto, 1984; Amari, 1990). The combination of stochasticity and nonlin
earity makes the subject more difficult to handle. 

In this chapter we restrict ourselves to deterministic neurodynamics. 

Organization of the Chapter 

The material in this chapter is organized in three parts. In the first part of the chapter, 
consisting of Sections 14.2 through 14.6, we provide introductory material. Section 14.2 
introduces some fundamental concepts in dynamical systems, followed by a discussion 
of the stability of equilibrium points in Section 14.3. In Section 14.4 we describe vari
ous types of attractors that arise in the study of dynamical systems. In Section 14.5 we 
revisit the additive model of a neuron that was derived in Chapter 13. In Section 14.6 
we discuss the manipulation of attractors as a neural network paradigm. 

The second part of the chapter, consisting of Sections 14.7 through 14.1 1 ,  deals 
with associative memories. Section 14.7 is devoted to a detailed discussion of Hopfield 
models and the use of discrete Hopfield models as a content-addressable memory. 
Section 14.8 presents a computer experiment on this application of the Hopfield net
work. In Section 14.9 we present the Cohen-Grossberg theorem for nonlinear dynam
ical systems that includes the Hopfield network and other associative memories as 
special cases. In Section 14.10, we describe another neurodynamical model known as 
the brain state-in-a-box model that is well suited for clustering. Section 14.1 1  presents 
a computer experiment on this second model. 

The last part of the chapter, conSisting of Sections 14.12 through 14.14, deals with 
the topic of chaos. Section 14.12 discusses the invariant characteristics of a chaotic 
process, followed by a discussion of the closely related topic of dynamic reconstruction 
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of a chaotic process in Section 14.13. A computer experiment on dynamic reconstruc
tion is presented in Section 14.14. 

The chapter concludes with some final remarks in Section 14.15. 

14.2 DYNAMICAL SYSTEMS 

In order to proceed with the study of neurodynamics, we need a mathematical model 
for describing the dynamics of a nonlinear system. A model most naturally suited for 
this purpose is the state-space model. According to this model, we think in terms of a 
set of state variables whose values (at any particular instant of time) are supposed to 
contain sufficient information to predict the future evolution of the system. Let Xl (t), 
x,(t), . . .  , xN(t) denote the state variables of a nonlinear dynamical system, where con
tinuous time t is the independent variable and N is the order of the system. For conve
nience of notation, these state variables are collected into an N-by-l vector x(t) called 
the state vector of the system. The dynamics of a large class of nonlinear dynamical sys
tems may then be cast in the form of a system of first-order differential equations writ
ten as follows: 

(14. 1 )  

where the function FJ') is, in general, a nonlinear function of its argument. We may put 
this system of equations in a compact form by using vector notation, as shown by 

d 
d/(t) = F(x(t» (14.2) 

where the nonlinear function F is vector valued, each element of which operates on a 
corresponding element of the state vector: 

( 14.3) 

A nonlinear dynamical system for which the vector function F(x(t» does not depend 
explicitly on time t, as in Eq. (14.2), is said to be autonomous; otherwise, it is nonau
tonomous.

2 
We will concern ourselves with autonomous systems only. 

Regardless of the exact form of the nonlinear function F(-), the state vector x(t) 
must vary with time t ;  otherwise, x(t) is constant and the system is no longer dynamic. 
We may therefore formally define a dynamical system as follows: 

A dynamical system is a system whose state varies with time. 

Moreover, we may think of dxldt as a "velocity" vector, not in a physical but rather in 
an abstract sense. Then, according to Eq. (14.2), we may refer to the vector function 
F(x) as a velocity vector field or simply as a vector field. 

State Space 

It is informative to view the state-space equation (14.2) as describing the motion of a 
point in an N-dimensional state space. The state space can be a Euclidean space or a 
subset thereof. It can also be a non-Euclidean space such as a circle, a sphere, a torus, or 
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some other differentiable manifold. Our interest, however, is confined to a Euclidean 
space. 

The state space is important because it provides us with a visual/conceptual tool 
for analyzing the dynamics of a nonlinear system described by Eq. (14.2). It does so by 
focusing our attention on the global characteristics of the motion rather than the 
detailed aspects of analytic or numeric solutions of the equation. 

At a particular instant of time t, the observed state of the system (i.e., the state 
vector x(t)) is represented by a single point in the N-dimensional state space. Changes 
in the state of the system with time t are represented as a curve in the state space, with 
each point on the curve carrying (explicitly or implicitly) a label that records the time 
of observation. This curve is called a trajectory or orbit of the system. Figure 14.1 illus
trates the trajectory of a two-dimensional system. The instantaneous velocity of the 
trajectory, (i.e., the velocity vector dx(t)ldt) is represented by the tangent vector, shown 
as a dashed line in Fig. 14.1 for time t � to- We may thus derive a velocity vector for 
each point of the trajectory. 

The family of trajectories, for different initial conditions, is referred to as the state 
portrait of the system. The state portrait includes all those points in the state space 
where the vector field F(x) is defined. Note that for an autonomous system there will 
be only one trajectory passing through an initial state. A useful idea that emerges from 
the state portrait is the flow of a dynamical system, defined as the motion of the space 
of states within itself. In other words, we may imagine the space of states to flow, just 
like a fluid, around in itself with each point (state) following a particular trajectory 
(Abraham and Shaw, 1992). The idea of flow as described here is vividly illustrated in 
the state portrait of Fig. 14.2. 

Given a state portrait of a dynamical system, we may construct a field of velocity 
(tangent) vectors, one for every point of the state space. The picture so obtained in turn 
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FIGURE 14.1 A two
dimensiona I trajectory (orbit) 
of a dynamical system. 
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FIGURE 14.2 A two
dimensional state (phase) 
portrait of a dynamical 
system. 

FIGURE 14.3 A two
dimensional vector field 
of a dynamical system. 
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provides a portrayal of the vector field of the system. In Fig. 14.3 we show a number of 
velocity vectors to develop a feeling for what a filll field looks like. The usefulness of a 
vector field thus lies in the fact that it gives us a visual description of the inherent ten
dency of a dynamical system to move with a habitual velocity at each specific point of a 
state space. 

Lipschitz Condition 

For the state-space equation (14.2) to have a solution and for the solution to be unique, 
we must impose certain restrictions on the vector function F(x). For convenience of 
presentation, we have dropped dependence of the state vector x on time t, a practice 



Section 14.3 Stability of Equilibrium States 669 

that we follow from time to time. For a solution to exist, it is sufficient that F(x) be con
tinuous in all of its arguments. However, this restriction by itself does not guarantee 
uniqueness of the solution. To do so, we must impose a further restriction known as the 
Lipschitz condition. Let 

Ilxll denote the norm or Euclidean length of the vector x. Let x 
and u be a pair of vectors in an open set M in a normal vector (state) space. Then, 
according to the Lipschitz condition, there exists a constant K such that (Hirsch and 
Smale, 1974; E.A. Jackson, 1989) 

IIF(x) - F(u)11 '" Kllx - ull (14.4) 

for all x and u in M. A vector function F(x) that satisfies Eq. ( 14.4) is said to be 
Lipschitz, and K is called the Lipschitz constant for F(x). Equation (14.4) also implies 
the continuity of the function F(x) with respect to x. It follows, therefore, that in the 
case of autonomous systems, the Lipschitz condition guarantees both the existence and 
uniqueness of solutions for the state-space equation (14.2). In particular, if all partial 
derivatives of;! oXi are finite everywhere, then the function F(x) satisfies the LipSChitz 
condition. 

Divergence Theorem 

Consider a region of volume V and surface S in the state space of an autonomous sys
tem and assume a "flow" of points from this region. From our earlier discussion, we 
recognize that the velocity vector dxldt is equal to the vector field F(x). Provided that 
the vector field F(x) within the volume V is "well behaved," we may apply the diver
gence theorem from vector calculus (Jackson, 1975). Let n denote a unit vector normal 
to the surface at dS pointing outward from the enclosed volume. Then, according to the 
divergence theorem, the relation Is (F(x) . u)dS = Iv (V , F(x))dV (14.5) 

holds between the volume integral of the divergence of F(x) and the surface integral of 
the outwardly directed normal component of F(x). The quantity on the left-hand side 
of Eq. (14.5) is recognized as the net flux flowing out of the region surrounded by the 
closed surface S. If this quantity is zero, the system is conservative; if it is negative, the 
system is dissipative. In light of Eq. (14.5), we may state equivalently that if the diver
gence V '  F(x) (which is a scalar) is zero the system is conservative, and if it is negative 
the system is dissipative. 

14.3 STABILITY OF EQUILIBRIUM STATES 

Consider an autonomous dynamical system described by the state-space equation (14.2). 
A constant vector x E M is said to be an equilibrium (stationary) state of the system if 
the following condition is satisfied: 

F(i) = 0 (14.6) 

where 0 is the null vector. The velocity vector dxldt vanishes at the equilibrium state X, 
and therefore the constant function x(t) = x is a solution of Eq. (14.2). Furthermore, 
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because of the uniqueness property of solutions, no other solution curve can pass 
through the equilibrium state x, The equilibrium state is also referred to as a singular 
point, signifying the fact that in the case of an equilibrium point the trajectory will 
degenerate into the point itself, 

Tn order to develop a deeper understanding of the equilibrium condition, sup
pose that the nonlinear function F(x) is smooth enough for the state-space equation ( 14.2) 
to be linearized in the neighborhood of x. Specifically, let 

x(t) = x + aX(I) (14.7) 

where ax(t) is a small deviation from x. Then, retaining the first two terms in the Taylor 
series expansion of F(x), we may approximate it as follows 

F(x) = x + A ax(t) ( 14.8) 

The matrix A is the Jacobian of the nonlinear function F(x), evaluated at the point 
x = x, as shown by 

a 
A = -F(x)I,�,  

iJx 
(14.9) 

By substituting Eqs. (14.7) and (14.8) in (14.2), and then using the definition of an equi
librium state, we get 

d 
dt

ax(t) = A ax(t) (14.10) 

Provided that the 1acobian A is nonsingular, that is, the inverse matrix A -1 exists, the 
approximation described in Eq. (14.10) is sufficient to determine the local behavior of 
the trajectories of the system in the neighborhood of the equilibrium state X. If A is 
nonsingular, the nature of the equilibrium state is essentially determined by its eigen
values. and may therefore be classified in a corresponding fashion. Tn particular, when 
the 1acobian matrix A has m eigenvalues with positive real parts, we say that the equi
librium state x is of type m.  

For the special case of  a second-order system, we may classify the equilibrium 
state as summarized in Table 14.1 and illustrated in Fig. 14.4 (Cook, 1986; Arrowsmith 
and Place, 1 990). Without loss of generality, the equilibrium state is assumed to be at 
the origin of the state space, that is, x = O. Note also that in the case of a saddle point, 

TABLE 14.1 Classification of the Equil ibrium State of a Second
Order System 

Type of Equilibrium 
State i 

Stable node 
Stable focus 
Unstable node 
Unstable focus 
Saddle poin t 
Center 

Eigenvalues of the Jacobian Matrix A 

Real and negative 
Complex conjugate with negative real parts 
Real and positive 
Complex conjugate with positive real parts 
Real with opposite signs 
Conjugate purely imaginary 
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shown in Fig. 14.4e. the trajectories going to the saddle point are stable. whereas the 
trajectories coming from the saddle point are unstable. 

Definitions of Stability 

Linearization of the state-space equation, as outlined, provides useful information 
about the local stability properties of an equilibrium state. However. for us to be able 
to investigate the stability of a nonlinear dynamical system in a more detailed fashion, 
we need precise definitions of the stability and convergence of an equilibrium state. 

In the context of an autonomous nonlinear dynamical system with equilibrium 
state X, the definitions of stability and convergence are as follows (Cook, 1986): 

DEFINITION 1. The equilibrium state x is said to be uniformly stable if for any given 
positive E there exists a positive & such that the condition 

implies 

for all t > O. 

II x(O) - x II < & 

II x(t) - x ll < E  

This definition states that a trajectory of the system can be made to stay within a 
small neighborhood of the equilibrium state x if the initial state x(O) is close to x. 

DEIi1NITION 2. The equilibrium state x is said to be convergent if there exists a pos
itive & such that the condition 

implies that 

IIx(O) - xII < & 

x(t) --7 X as t --7 ex 
The meaning of this second definition is that if the initial state x(O) of a trajectory 

is close enough to the equilibrium state X, then the trajectory described by the state 
vector x(t) will approach x as time t approaches infinity. 

DEIi1NITION 3. The equilibrium state x is said to be asymptotically stable if it is both 
stable and convergent. 

Here we note that stability and convergence are independent properties. It is 
only when both properties are satisfied that we have asymptotic stability. 

DEFINITION 4. The equilibrium state x is said to be asymptotically stable or globally 
asymptotically stable if it is stable and all trajectories of the system converge to x as 
time t approaches infinity. 

This definition implies that the system cannot have other equilibrium states, and 
it requires that every trajectory of the system remain bounded for all time t > O. In 
other words, global asymptotic stability implies that the system will ultimately settle 
down to a steady state for any choice of initial conditions. 
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FIGURE 14.5 I l lustration of the notion of uniform stability 
(convergence) of a state vector. 

Example 14.1 

Let a solution u(t) of the nonlinear dynamical system described by Eq. (14.2) vary with time t as 
indicated in Fig. 14.5. For the solution net) to be uniformly stable, we require that net) and any 
other solution vet) remain close to each other for the same values of t (i.e., time "ticks"), as illus
trated in Fig. 14.5. This kind of behavior is referred to as an isochronous correspondence of the 
two solutions v(t) and u(t) (E.A. Jackson, 1989). The solution u(t) is convergent provided that, 
for every other solution v(t) for which Ilv(O) - u(O)11 '" S(E) at time t � 0, the solutions v(t) and 
net) converge to an equilibrium state as t approaches infinity. 

• 

lyapunov's Theorems 

Having defined stability and asymptotic stability of an equilibrium state of a dynamical 
system, the next issue to be considered is that of determining stability. We may obvi
ously do so by actually finding all possible solutions to the state-space equation of the 
system; however, such an approach is often difficult if not impossible. A more elegant 
approach is to be found in modern stability theory, founded by Lyapunov. Specifically, 
we may investigate the stability problem by applying the direct method of Lyapunov, 
which makes use of a continuous scalar function of the state vector, called a Lyapunov 
function. 

Lyapunov's theorems on the stability and asymptotic stability of the state-space 
equation (14.2) describing an autonomous nonlinear dynamical system with state vec
tor x(t) and equilibrium state x may be stated as follows: 

THEOREM 1. The equilibrium state x is stable if in a small neighborhood of x there 
exists a positive definite function Vex) such that its derivative with respect to time is 
negative semidefinite in that region. 

THEOREM 2. The equilibrium state x is asymptotically stable if in a small neighbor
hood of x there exists a positive definite function Vex) such that its derivative with 
respect to time is negative definite in that region. 
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A scalar function V(x) that satisfies these requirements is called a Lyapunov function 
for the equilibrium state x. 

These theorems require the Lyapunov function V(x) to be a positive definite 
function. Such a function is defined as: The function V(x) is positive definite in the state 
space '£ if, for all x in '£, it satisfies the following requirements: 

1. The function V(x) has continuous partial derivatives with respect to the elements 
of the state vector x 

2. V(X) � 0 
3. V(x) > O if x  0/ x 

Given that V(x) is a Lyapunov function, according to Theorem 1 the equilibrium state 
x is stable if 

d 
- V(x) 0:; 0 for x E au - x dt 

(14.11) 

where au is a small neighborhood around x. Furthermore, according to Theorem 2, the 
equilibrium state x is asymptotically stable if 

d 
- V(x) < 0 for x E au - x dt 

(14.12) 

The important point of this discussion is that Lyapunov's theorems can be 
applied without having to solve the state-space equation of the system. Unfortunately, 
the theorems give no indication of how to find a Lyapunov function; it is a matter of 
ingenuity and trial and error in each case. In many problems of interest, the energy 
function can serve as a Lyapunov function. The inability to find a suitable Lyapunov 
function does not, however, prove instability of the system. The existence of a 
Lyapunov function is sufficient but not necessary for stability. 

The Lyapunov function V(x) provides the mathematical basis for the global sta
bility analysis of the nonlinear dynamical system described by Eq. ( 14.2). On the other 
hand, the use of Eq. (14.10) based on the Jacobian matrix A provides the basis for the 
local stability analysis of the system. The global stability analysis is much more power
ful in its conclusions than local stability analysis; that is, every globally stable system is 
also locally stable, but not vice versa. 

14.4 ATTRACTORS 

Dissipative systems are generally characterized by the presence of attracting sets or 
manifolds of dimensionality lower than that of the state space. By a "manifold" we 
mean a k-dimensional surface embedded in the N-dimensional state space, which is 
defined by a set of equations: 

( 
{'

k
' �

<
l
N
, 2, . . .  , k  Mj X l o X2, . . .  , XN) � 0, (14.13) 

where Xl ' x2, . . .  , X N are elements of the N-dimensional state vector of the system, and 
Mj is some function of these elements. These manifolds are called attractors3 in that 
they are bounded subsets to which regions of initial conditions of nonzero state space 
volume converge as time t increases (Ott, 1993). 
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FIGURE 14.6 Illustration of the notion of a basin of attraction, and 
the idea of a separatrix. 

The manifold may consist of a single point in the state space. in which case we 
speak of a point attractor. Alternatively, it may be in the form of a periodic orbit, in 
which case we speak of a stable limit cycle, stable in the sense that nearby trajectories 
approach it asymptotically. Figure 14.6 illustrates these two types of attractors. 
Attractors represent the only equilibrium states of a dynamical system that may be 
observed experimentally. Note, however, that in the context of attractors an equilib
rium state does not imply a static equilibrium, nor a steady state. For example, a limit 
cycle represents a stable state of an attractor, but it varies continuously with time. 

In Fig. 14.6 we note that each attractor is encompassed by a distinct region of its 
own. Such a region is called a basin (domain) of attraction. Note also that every initial 
state of the system is in the basin of some attractor. The boundary separating one basin 
of attraction from another is called a separatrix. In the case of Fig. 14.6, the basin 
boundary is represented by the union of the trajectory T" the saddle point Q, and the 
trajectory T2• 

A limit cycle constitutes the typical form of an oscillatory behavior that arises 
when an equilibrium point of a nonlinear system becomes unstable. As such, it can 
arise in nonlinear systems of any order. Nevertheless, limit cycles are particularly char
acteristic of second-order systems. 

Hyperbolic Attractors 

Consider a point attractor whose nonlinear dynamical equations are linearized around 
the equilibrium state x in the manner described in Section 14.2. Let A denote the 
Jacobian matrix of the system evaluated at x � X. The attractor is said to be a hyper
bolic attractor if the eigenvalues of the Jacobian matrix A all have an absolute value 
less than 1 (Ott, 1993). For example, the flow of a second-order hyperbolic attractor 
may have the form shown in Fig. 14.4a or that of Fig. 14.4b; in both cases the eigenval
ues of the Jacobian matrix A have negative real parts. Hyperbolic attractors are of par
ticular interest in the study of a problem known as the vanishing gradients problem 
that arises in dynamically driven recurrent networks; this problem is discussed in the 
next chapter. 
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14.5 NEURODYNAMICAL MODELS 

Having familiarized ourselves with the behavior of nonlinear dynamical systems. we are 
now ready to discuss some of the important issues involved in neufodynamics, which we 
do in this and the following sections. We emphasize that there is no universally agreed 
upon definition of what we mean by neurodynamics. Rather than try to present such a 
definition, we will instead define the most general properties of the neurodynamical 
systems considered in this chapter. In particular, the discussion is limited to neurody
namical systems whose state variables are continuous-valued, and whose equations of 
motion are described by differential equations or difference equations. The systems of 
interest possess four general characteristics (Peretto and Niez, 1986; Pineda, 1988a): 

1. A large number of degrees of freedom. The human cortex is a highly parallel, dis
tributed system that is estimated to possess about 10 billion neurons, with each 
neuron modeled by one or more state variables. It is generally believed that both 
the computational power and the fault-tolerant capability of such a neurodynam
ieal system are the result of the collective dynamics of the system. The system is 
characterized by a very large number of coupling constants represented by the 
strengths (efficacies) of the individual synaptic junctions. 

2. Nonlinearity. A neurodynamical system is nonlinear. In fact, nonlinearity is 
essential to create a universal computing machine. 

3. Dissipation. A neurodynamical system is dissipative. It is therefore characterized 
by the convergence of the state-space volume onto a manifold of lower dimen
sionality as time goes on. 

4. Noise. Finally, noise is an intrinsic characteristic of neurodynamical systems. In 
real-life neurons, membrane noise is generated at synaptic junctions (Katz, 1966). 

The presence of noise necessitates the use of a probabilistic treatment of neural 
activity, adding another level of complexity to the analysis of neurodynamical systems. 
A detailed treatment of stochastic neurodynamics is beyond the scope of this book. 
The effect of noise is therefore ignored in the material that follows. 

Additive Model 

Consider the noiseless, dynamical model of a neuron shown in Fig. 14.7, the mathemat
ical basis of which was discussed in Chapter 13. Tn physical terms, the synaptic weights 
wjl, wjl, . .  "' WjN represent conductances, and the respective inputs x l (t), x2(t), . .  " '  x N(t) 
represent potentials; N is the number of inputs. These inputs are applied to a current
summing junction characterized as follows: 

• Low input resistance 
• Unity current gain 
• High output resistance 

It thus acts as a summing node for the input currents. The total current flowing toward 
the input node of the nonlinear element (activation function) in Fig. 14.7 is therefore 

N 
L WjiXi(t) + II i =  1 
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FIGURE 14.7 Additive model of a neuron. 
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where the first (summation) term is due to the stimuli Xl(t),X2(t) • . . . .  xN(t) acting on the 
synaptic weights (conductances) wjl' Wj" . . . . WI'" respectively, and the second term is 
due to the current source Ii representing an externally applied bias. Let v/t) denote the 
induced local field at the input of the nonlinear activation function <pO. We may then 
express the total current flowing away from the input node of the nonlinear element as 
follows: 

viCt) + C dv/t) 
R I dt I 

where the first term is due to leakage resistance Ri and the second term is due to leak
age capacitance C/ . From Kirchoff's current law. we know that the total current flowing 
toward any node of an electrical circuit is zero. By applying Kirchoff's current law to 
the input node of the nonlinearity in Fig. 14.7, we get 

dv (t) v et) N 
C _I - + _1- � 

"
w x (t) + I (14.14) I dt R. � }I I J 

J 1 = 1 

The capacitive term Cidv/t)/ dt on the left-hand side of Eq. (14.14) is the simplest way 
to add dynamics (memory) to the model of a neuron. Given the induced local field 
vi (t). we may determine the output of neuronj by using the nonlinear relation 

x/t) � <p(v/t)) (14.15) 

The RC model described by Eq. (14.14) is commonly referred to as the additive model; 
this terminology is used to discriminate the model from multiplicative (or shunting) 
models where wi' is dependent on Xi (Grossberg. 1982). 

A characteristic feature of the additive model described by Eq. (14.14) is that the 
signal xlt) applied to neuron j by adjoining neuron i is a slowly varying function of 
time t. The model thus described constitutes the basis of classical neurodynamics.

4 
To proceed, consider a recurrent network consisting of an interconnection of N 

neurons, each one of which is assumed to have the same mathematical model 



678 Chapter 1 4  Neurodynamics 

described in Eqs. (14.14) and (14.15). Then, ignoring interneuron propagation time 
delays. we may define the dynamics of the network by the following system of coupled 
first-order differential equations: 

dv/t) _ Vj(t) N 
Cj-d- - --R. + 2: WjiXi(t) + IJ , j = 1 , 2, . . .  , N t j 1 =  I 

(14.16) 

which has the same mathematical form as the state equations (14.1), and which follows 
from a simple rearrangement of terms in Eq. (14.14). It is assumed that the activation 
function 'PO relating the output x/t) of neuron j to its induced local field vJ (t) is a con
tinuous function and therefore differentiable. A commonly used activation function is 
the logistic function 

1 'P(VI) = 1 + exp( -v/ j = 1 , 2, . . .  , N (14.17) 

A necessary condition for the learning algorithms described in Sections 14.6 through 
14.11 to exist is that the recurrent network described by Eqs. (14.15) and (14.16) pos
sesses fixed points (i.e., point attractors). 

Related Model 

To simplify the exposition, we assume that the time constant 7J = RjCj of neuron j in 
Eq. (14.16) is the same for allj. Then, by normalizing time t with respect to the common 
value of this time constant, and normalizing the wji and IJ with respect to the Rj, we 
may recast the model of Eq. (14.16) as follows: 

dvit) -d- = -v/t) + 2:wji 'P(v,(t» + II' j = 1 , 2, . . . , N  (14.18) t i 

where we have also incorporated Eq. (14.15). The attractor strncture of the system of 
coupled first-order nonlinear differential equations (14.18) is basically the same as that 
of a closely related model described by (Pineda, 1987): d�;t) 

= -xJ(t) + 'P( � WI'X(t») + Kj, j = 1 , 2, . . . , N  (14.19) 

In the additive model described by Eq. (14.18), the induced local fields v,(t), v2(t), . . .  , 
v.vet) of the individual neurons constitute the state vector. On the other hand, in the 
related model of Eq. (14.19), the outputs of the neurons x,(t) ,x2(t), . . .  , xN(t) constitute 
the state vector. 

These two neurodynamical models are in fact related to each other by a linear, 
invertible transformation. Specifically, by mUltiplying both sides of Eq. (14.19) by wk" 
summing with respect to j, and then substituting the transformation 

"k(t) = 2: wkJ4t) 
J 

we obtain a model of the type described by Eq. (14.18), and so find that the bias terms 
of the two models are related by 
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The important point to note here is that results concerning the stability of the additive 
model of Eq. (14.18) are applicable to the related model of Eq. (14.19). 

The close relationship between the two neurodynamical models described here is 
also illustrated in the block diagrams shown in Fig. 14.8. Parts a and b of this figure cor
respond to the matrix formulations of Eqs. (14.18) and (14.19), respectively; W is the 
matrix of synaptic weights, vet) is the vector of induced local fields at time t, and x(t) is 
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FIGURE 14.8 (a) Block 
diagram of a neurodynamical 
system represented by the 
coupled, first-order 
differential equations (14.18). 
(b) Block diagram of related 
model described by 
Eqs. (14.19). 
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the vector of neuronal outputs at time t. The presence of feedback in both models is 
clearly visible in Fig. 14.8. 

14.6 MANIPULATION OF ATIRACTORS AS A RECURRENT 
NETWORK PARADIGM 

When the number of neurons, N, is vcry large, the neurodynamical model described by 
Eq. (14.16) possesses, except for the effect of noise, the general properties outlined ear
lier in Section 14.5: very many degrees of freedom, nonlinearity, and dissipation. 
Accordingly, such a neurodynamical model can have complicated altractor structures 
and therefore exhibit useful computational capabilities. 

The identification of altractors with computational objects (e.g., associative 
memories, input-output mappers) is one of the foundations of neural network para
digms, In order to implement this idea, we must exercise control over the locations of 
the attractors in the state space of the system. A learning algorithm then takes the form 
of a nonlinear dynamical equation that manipulates the locations of the altractors for 
the purpose of encoding information in a desired form, or learning temporal structures 
of interest. In this way, it is possible to establish an intimate relationship between the 
physics of the machine and the algorithms of the computation. 

One way in which the collective properties of a neural network may be used to 
implement a computational task is by way of the concept of energy minimization. The 
Hopfield network and the brain-state-in-a-box model, to be considered in Sections 14.7 
and 14,10, respectively, are well-known examples of such an approach. Both of these 
models are energy-minimizing networks; they differ from each other in their areas of 
application. The Hopfield network is useful as a content addressable memory or an 
analog computer for solving combinatorial-type optimization problems. The brain
state-in-a-box model, on the other hand, is useful for clustering types of applications. 
More will be said about these applications in subsequent sections of the chapter. 

The Hopfield network and brain-state-in-a-box model are examples of an asso
ciative memory with no hidden neurons: An associative memory is an important 
resource for intelligent behavior. Another neurodynamical model is that of an input
output mapper, the operation of which relies on the availability of hidden neurons. In 
this latter case, the method of steepest descent is often used to minimize a cost function 
defined in terms of the network parameters, and thereby to change the attractor loca
tions. This latter application of a neurodynamical model is exemplified by the dynami
cally driven recurrent networks discussed in the next chapter. 

14.7 HOPFIELD MODEL 

The Hopfield network (model) consists of a set of neurons and a corresponding set of 
unit delays, forming a multiple-loop feedback system, as illustrated in Fig. 14.9. The 
number of feedback loops is equal to the number of neurons. Basically, the output of 
each neuron is fed back, via a unit delay element, to each of the other neurons in the 
network. In other words, there is no self-feedback in the network; the reason for avoid
ing the use of self-feedback is explained later. 
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FIGURE 14.9 Architectural 
graph of a Hopfield network 
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To study the dynamics of the Hopfield network, we use the neurodynamical 
model described in Eq. (14.16), which is based on the additive model of a neuron. 

Recognizing that xi(t) = <p,(v,(t)), we may rewrite Eq. (14.16) in the form 

d v/t) N 
Cj -d vM = 

--R + L Wji<Pi(V,(t)) + Ij, j = 1, . . .  , N (14.20) 
t j i= 1 

To proceed with the discussion, we make the following assumptions: 

1. The matrix of synaptic weights is symmetric, as shown by 

Wjj = wij for all i and j (14.21) 

2. Each neuron has a nonlinear activation of its own-hence the use of <p,( -) in 
Eq. (14.20). 

3. The inverse of the nonlinear activation function exists, so we may write 

(14.22) 

Let the sigmoid function <Pi( v) be defined by the hyperbolic tangent function 

x = <p(v) = tanh(aiv) = 1 - exp( -aiv) 
(14.23) , 2 1 + exp( -aiv) 

which has a slope of aJ2 at the origin as shown by 

ai d<Pi I "2 = dv v=o 
Henceforth we refer to aj as the gain of neuron i. 

(14.24) 
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The inverse output-input relation of Eq. (14.22) may thus be rewritten in the form 

v = <pc'(x) = -- log --1 ( 1 - x) 
I ai 1 + x ( 14.25) 

The standard form of the inverse output-input relation for a neuron of unity gain is 
defined by 

<p '(x) = -log 
( 1 - x) 

1 + x 
We may rewrite Eq. ( 14.25) in terms of this standard relation as 

1 <Pi" (X) = -<p" (x) ai 

(14.26) 

(14.27) 

Figure 14.lOa shows a plot of the standard sigmoidal nonlinearity <p(v), and Fig. 14.10b 
shows the corresponding plot of the inverse nonlinearity <P " (x). 

The energy (Lyapunov) function of the Hopfield network in Fig. 14.9 is defined 
by (Hopfield, 1984) 

(14.28) 

The energy function E defined by Eq. (14.28) may have a complicated landscape with 
many minima. The dynamics of the network are described by a mechanism that seeks 
out those minima. 

Hence, differentiating E with respect to time, we get 

dE N
( N v )� -d = - L LWjiXi - .-L + Ij -d ' I j= I j = I Rj t (14.29) 

The quantity inside the parentheses on the right-hand side of Eq. (14.29) is recognized 
as Cj dv/dt by virtue of the neurodynamical equation (14.20). We may thus simplify 
Eq. (14.29) to 

dE 
= 

_ f C(dV/)dXj 
dt I� '  I dt , dt (14.30) 

We now recognize the inverse relation that defines Vj in terms of xi' The use of Eq. 
( 14.22) in (14.30) yields 

dE _ � [ d . [  ]�j 
dt - -

I� Cj dt <Pj (XI) dt 

= -#,C{;)' [�/j ' (X) ] 
(14.31) 

From Fig. 14.lOb we see that the inverse output-input relation <pj'(Xj) is a monotoni
cally increasing function of the output xi' It follows therefore that 

d ., -<Pj (x) 20 0 for all Xj ( 14.32) �, 
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We also note that 
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FIGURE 14.10 Plots of (a) the 
standard sigmoidal 
nonlinearity, and (b) its 
inverse. 

-] � 0 
(dX')2 
dt for all Xj (14.33) 

Hence, all the factors that make up the sum on the right-hand side of Eq. (14.31) are 
nonnegative. In other words, for the energy function E defined in Eq. (14.28), we have 

dE - :5 0  dt 
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From the definition of Eq. (14.28), we note that the function E is bounded. 
Accordingly. we may make the following two statements: 

1. The energy function E is a Lyapunov function of the continuous Hopfield model. 
2. The model is stable in accordance with Lyapunov's Theorem I .  

In other words, the time evolution of the continuous Hopfield model described by the 
system of nonlinear first-order differential equations (14.20) represents a trajectory in 
state space, which seeks out the minima of the energy (Lyapunov) function E and 
comes to a stop at such fixed points. From Eq. (14.31 )  we also note that the derivative 
dEl dt vanishes only if 

We may thus go one step further and write 

dE 
f' d . dt < 0 except at a Ixe pomt 

Equation (14.34) provides the basis for the following theorem: 

(14.34) 

The (Lyapunov) energy function E of a lJopJie/d network is a monotonically decreasing 
function of time . 

Accordingly, the Hopfield network is globally asymptotically stable; the attractor 
fixed-points are the minima of the energy function. and vice versa. 

Relation between the Stable States of the Discrete and 
Continuous Versions of the Hopfield Model 

The Hopfield network may be operated in a continuous mode or discrete mode, 
depending on the model adopted for describing the neurons. The continuous mode of 
operation is based on an additive model, as previously described. On the other hand, 
the discrete mode of operation is based on the McCulloch-Pitts model. We may readily 
establish the relationship between the stable states of the continuous Hopfield model 
and those of the corresponding discrete Hopfield model by redefining the mput-output 
relation for a neuron such that we may satisfy two simplifying characteristics: 

1. The output of a neuron has the asymptotic values 

x. = {+ 1 for Vj = x 
) - 1  for Vj = -·x (14.35) 

2. The midpoint of the activation function of a neuron lies at the origin. as shown by 

(14.36) 

Correspondingly, we may set the bias IJ equal to zero for allj. 
In formulating the energy function E for a continuous Hopfield model, the neu

rons are permitted to have self-loops. A discrete Hopfield model, on the other hand, 
need not have self-loops. We may therefore simplify our discussion by setting WII � 0 
for all ; in both models. 
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In light of these observations, we may redefine the energy function of a continu
ous Hopfield model given in Eq. (14.28) as follows: 

1 N N  N t f" 
E = -2� ,� wjix,x, + � RJ Jo <jlT'(x)dx 

iof=j 
(14.37) 

The inverse function <jl}' (x) is defined by Eq. (14.27). We may thus rewrite the energy 
function of Eq. (14.37) as follows: 

(14.38) 

The integral 

r'<jl-'(X)dx 

has the standard form plotted in Fig. 14.11. Its value is zero for xJ = 0, and positive oth
erwise. It assumes a very large value as xi approaches ± 1 .  If, however, the gain ai of 
neuron j becomes infinitely large (i.e., the sigmoidal nonlinearity approaches the ideal
ized hard-limiting form), the second term of Eq. ( 14.38) becomes negligibly small. In 
the limiting case when aJ = en for all j, the maxima and minima of the continuous 
Hopfield model become identical with those of the corresponding discrete Hopfield 
model. In the latter case, the energy (Lyapunov) function is defined simply by 

1 N N 
E = --L LW;ix,xi 2 i = \  j = !  

i t-j 

(14.39) 

where the jth neuron state Xi = ± 1. We conclude, therefore, that the only stable points 
of the very high-gain, continuous, deterministic Hopfield model correspond to the sta
ble points of the discrete stochastic Hopfield model. 

When, however, each neuron j has a large but finite gain ai' we find that the sec
ond term on the right-hand side of Eq. (14.38) makes a noticeable contribution to the 

"j f cp-l(x) dx o 
0.8 

0.6 

0.4 

0.2 

�----t-�+-��---+-- � o -I  +1 
FIGURE 14.11 Plot ofthe 
integral f;''I' -'(x) dx. 
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energy function of the continuous model. In particular, this contribution is large and 
positive near all surfaces, edges, and corners of the unit hypercube that defines the 
state space of the modeL On the other hand, the contribution is negligibly small at 
points that are far removed from the surface, Accordingly, the energy function of such 
a model has its maxima at corners, but the minima are displaced slightly toward the 
interior of the hypercube (Hopfield, 1984). 

Figure 14.12 depicts the energy contour map or energy landscape for a continuous 
Hopfield model using two neurons. The outputs of the two neurons define the two axes 
of the map. The lower left- and upper right-hand corners of Fig. 14.12 represent stable 
minima for the limiting case of infinite gain; the minima for the case of finite gain are 
displaced inward. The flow to the fixed points (i.e., stable minima) may be interpreted 
as the solution to the minimization of the energy function E defined in Eq. ( 14.28). 

t 
t 
t 

t 
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t 

t 

+ t 

� t 

t 
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t 

t 

FIGURE 14,12 An energy contour map for a two-neuron, two-stable
state system. The ordinate and abscissa are the outputs of the two 
neurons. Stable states are located near the lower left and upper right 
corners, and unstable extrema at the other two corners. The arrows show 
the motion of the state. This motion is not generally perpendicular to the 
energy contours. (From J.J. Hopfield, 1 984, with permission of the 
National Academy of Sciences of the U.S.A.) 
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The Discrete Hopfield Model as a Content-Addressable Memory 

The Hopfield network has attracted a great deal of attention in the literature as a con
tent-addressable memory. In this application, we know the fixed points of the network a 
priori in that they correspond to the patterns to be stored. However, the synaptic 
weights of the network that produce the desired fixed points are unknown, and the 
problem is how to determine them. The primary function of a content-addressable 
memory is to retrieve a pattern (item) stored in memory in response to the presentation 
of an incomplete or noisy version of that pattern. To illustrate the meaning of this state
ment in a succinct way, we can do no better than to quote from Hopfield's 1982 paper: 

Suppose that an item stored in memory is "H.A. Kramers & G.R. Wannier Physi Rev. 60, 
252 (1941)." A general content-addressable memory would be capable of retrieving this 
entire memory item on the basis of sufficient partial information. The input "& Wannier 
(1941)" might suffice. An ideal memory could deal with errors and retrieve this reference 
even from the input "Wannier, (1941 ) ." 

An important property of a content -addressable memory is therefore the ability to 
retrieve a stored pattern, given a reasonable subset of the information content of that 
pattern. Moreover, a content-addressable memory is error-correcting in the sense that 
it can override inconsistent information in the cues presented to it. 

The essence of a content-addressable memory (CAM) is to map a fundamental 
memory t, onto a fixed (stable) point x, of a dynamic system, as illustrated in Fig. 
14.13. Mathematically, we may express this mapping in the form 

t, � x, 

The arrow from left to right describes an encoding operation, whereas the arrow from 
right to left describes a decoding operation. The attractor fixed points of the state space 
of the network are the fundamental memories or prototype states of the network. 

Space of 
fundamental 

memories 

Encoding 

Decoding 

Space of 
stored vectors 

FIGURE 14.13 I l lustration of the encoding-decoding performed 
by a recurrent network. 
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Suppose now that the network is presented a pattern containing partial but sufficient 
information about one of the fundamental memories. We may then represent that par
ticular pattern as a starting point in the state space. In principle, provided that the start
ing point is close to the fixed point representing the memory being retrieved (i.e., it lies 
inside the basin of attraction belonging to the fixed point), the system should evolve 
with time and finally converge onto the memory state itself. At that point the entire 
memory is generated by the network. Consequently, the Hopfield network has an 
emergent property, which helps it retrieve information and cope with errors. 

With the Hopfield model using the formal neuron of McCulloch and Pitts (1943) 
as its basic processing unit, each such neuron has two states determined by the level of 
the induced local field acting on it. The "on" or "firing" state of neuron i is denoted by 
the output Xi = + 1 ,  and the "off" or "quiescent" state is represented by Xi = -1.  For a 
network made up of N neurons, the state of the network is thus defined by the vector 

With x; = :': 1, the state of neuron i represents one bit of information, and the N-by-l 
state vector x represents a binary word of N bits of information. 

The induced local field Vi of neuron j is defined by 
N 

Vj = L. WjiXi + bj 
i = l  

(14.40) 

where bi is a fixed bias applied externally to neuron j. Hence, neuron j modifies its state 
Xj according to the deterministic rule 

x = { + 1 
I - 1  

This relation may be rewritten in the compact form 

Xi = sgn[vJ 

where sgn is the signum function. What if vJ is exactly zero? The action taken here can 
be quite arbitrary. For example, we may set Xi = :':1 if Vj = O. However, we will use the 
following convention: If Vj is zero, neuron j remains in its previous state, regardless of 
whether it is on or off. The significance of this assumption is that the resulting flow dia
gram is symmetrical, as will be illustrated later. 

There are two phases to the operation of the discrete Hopfield network as a 
content-addressable memory, namely the storage phase and the retrieval phase, as 
described here. 

1. Storage Phase. Suppose that we wish to store a set of N-dimensional vectors 
(binary words), denoted by i§Mi", = 1 , 2, . . . , Mj. We call these M vectors fundamental 
memories, representing the patterns to be memorized by the network. Let �M. ;  denote 
the ith element of the fundamental memory §M' where the class ", = 1, 2, . . .  , M. 
According to the outer product rule of storage, that is, the generalization of Hebb s pos
tulate of learning, the synaptic weight from neuron i to neuron j is defined by 

1 M 
wp = N 22 �M.I�M ; )1 = 1  

(14.41 ) 
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The reason for using liN as the constant of proportionality is to simplify the mathemat
ical description of information retrieval. Note also that the learning rule of Eq. (14.41) 
is a "one shot'· computation. In the normal operation of the Hopfield network. we set 

W" = 0 for all i (14.42) 

which means that the neurons have no self-feedback. Let W denote the N-by-N synap
tic weight matrix of the network, with wI' as its jith element. We may then combine 
Eqs. (14.41) and ( 14.42) into a single equation written in matrix form as follows: 

1 M 
W = -L �"�� - MI (14.43) 

Nf.l= 1  

where �"�� represents the outer product of the vector �" with itsel� and I denotes the 
identity matrix. From these defining equations of the synaptic weights/weight matrix, 
we may reconfirm the following: 

• The output of each neuron in the network is fed back to all other neurons. 
• There is no self-feedback in the network (i.e., w;; = 0). 
• The weight matrix of the network is symmetric as shown by (see Eq. (14.21)) 

WT = W (14.44) 

2. Retrieval Phase. During the retrieval phase, an N-dimensional vector �pmb" 
called a probe, is imposed on the Hopfield network as its state. The probe vector has 
elements equal to :+:1 .  It typically represents an incomplete or noisy version of a funda
mental memory of the network. Information retrieval then proceeds in accordance 
with a dynamical rule in which each neuron j of the network randomly but at some 
fixed rate examines the induced local field VI (induding any nonzero bias b) applied to 
it. If, at that instant of time, vi is greater than zero, neuron j will switch its state to + 1 or 
remain in that state if it is already there. Similarly, if VI is less than zero, neuron j will 
switch its state to - l or remain in that state if it is already there. If vi is exactly zero, 
neuron j is left in its previous state, regardless of whether it is on or off. The state 
updating from one iteration to the next is therefore deterministic, but the selection of a 
neuron to perform the updating is done randomly. The asynchronous (serial) updating 
procedure described here is continued until there are no further changes to report. 
That is, starting with the probe vector x, the network finally produces a time invariant 
state vector y whose individual elements satisfy the condition for stability: 

or, in matrix form, 

y; = sgn( ± WHY; + bj) , j = 1 , 2, . . .  , N (14.45) 
1 = 1  

y = sgn(Wy + b) ( 14.46) 

where W is the synaptic weight matrix of the network, and b is the externally applied bias 
vector. The stability condition described here is also referred to as the alignment condition. 
The state vector y that satisfies it is called a stable state or fixed point of the state space of 
the system. We may therefore make the statement that the Hopfield network will always 
converge to a stable state when the retrieval operation is performed asynchronously 5 
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TABLE 14.2 Summary of the Hopfield Model 

1. Learning. Let �1' �2' . . .  , �M denote a known set of N-dimensional fundamental 
memories. Use the outer product rule (Le., Hebb's postulate of learning) to com
pute the synaptic weights of the network: 

Wji � 
(��, �" j �".i. j '" i 

o. j � i 

where wji is the synaptic weight from neuron i to neuron j. The elements of the 
vector �,.,. equal ::!::: l. Once they are computed, the synaptic weights are kept fixed. 

2. Initialization. Let tprobe denote an unknown N-dimensional input vector (probe) 
presented to the network. The algorithm is initialized by setting 

x/Oj � �ip,,,b'. j � I . . . . . N 

where Xj(O) is the state of neuron j at time n = 0, and � j, probe is the jlh element of 
the probe vector tprobe' 

3. iteration Until Convergence. Update the elements of state vector x(n) asynchro
nously (i.e., randomly and one at a time) according to the rule 

x/n + I) � sgn[ � wj,xi(n) J. j � 1. 2 • . . . •  N 

Repeat the iteration until the state vector x remains unchanged. 
4. Outputting. Let xfixed denote the fixed point (stable state) computed at the end 

of step 3. The resulting output vector y of the network is 

y = Xfixcd 
Step 1 is the storage phase, and steps 2 through 4 constitute the retrieval phase. 

Table 14.2 presents a summary of the steps involved in the storage phase and 
retrieval phase of operating a Hopfield network. 

Example 14.2 

To illustrate the emergent behavior of the HopfieJd model, consider the network of Fig. 14.14a, 
which consists of three neurons. The weight matrix of the network is 

w � �[�� 
+2 

�2 
o 

� 2  +

2l �2 
o 

which is legitimate since it satisfies the conditions of Eqs. (14.42) and (14.44). The bias applied to 
each neuron is assumed to be zero. With three neurons in the network, there are 23 = 8 possible 
states to consider. Of these eight states, only the two states (1, -1 ,  1) and ( - 1, 1 ,  - 1)  are stable; 
the remaining six states are all unstable. We say that these two particular states are stable 
because they both satisfy the alignment condition of Eq. (14.46). For the state vector (1. � I. l) 
we have 
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FIGURE 14.14 
(a) Architectural graph of 
Hopfield network for N = 3 
neurons. (b) Diagram 
depicting the two stable 
states and flow of the 
network. 

Hard limiting this result yields 

sgn[Wy] = l ��] = y 

Similarly, for the state vector (-1, 1 ,  - 1 )  we have 

-2 
o 

-2 

+2][-1 ] [-4] -� �� = � �: 
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which, after hard limiting, yields 

Hence, both of these state vectors satisfy the alignment condition. 
Moreover, following the asynchronous updating procedure summarized in Table 14.2, we 

get the flow described in Fig. 14.14b. This flow map exhibits symmetry with respect to the two 
stable states of the network, which is intuitively satisfying. This symmetry is the result of leaving 
a neuron in its previous state if the induced local field acting on it is exactly zero. 

Flgure 14.14b also shows that if the network of Fig. 14.14a is in the initial state (1 ,  1 ,  1), 
(-1 ,  - 1 , 1 ), or (1, - I ,  - I ), it will converge onto the stable state (1, - 1 , 1) after one iteration. If 
the initial state is (-1, - 1 .  - I ), ( -1 ,  1, 1), or (1, 1, - I), it will converge onto the second stable 
state (-1, I ,  - I ). 

The network therefore has two fundamental memories, ( 1 ,  � l ,  1) and ( - 1 , 1 ,  -1),  repre
senting the two stable states. The application of Eq. ( 14.43) yields the synaptic weight matrix 

w � �l :n+ " - I, +1] + �l �i}-1' + 1, -I J  - �U 
� �l-� 

+2 

-2 
o 

-2 

+ 2l -2 
o 

which checks with the synaptic weights shown in Fig. 14.14a. 

o 

o 

The error correcting capability of the Bopfield network is readily seen by examining the 
flow map of Fig. 14.14b: 

1. If the probe vector tpwhe applied to the network equals ( - I ,  - 1 , 1 ), (1 . 1 ,  I).  or ( 1 .  -1 ,  - I ), 
the resulting output is the fundamental memory ( 1 ,  - 1 ,  1). Each of these values or the 
probe represents a single error, compared to the stored pattern. 

2. If the probe vector �pmbe equals (1 ,  1, -1).  (-1 ,  -1, - I), or ( - I ,  I ,  1). the resulting net
work output is the fundamental memory ( -L 1 ,  -1). Here again. each of these values of 
the probe represents a single error, compared to the stored pattern. 

• 

Spurious States 

The weight matrix W of a discrete Hopfield network is symmetric, as indicated in 
Eq. (14.44). The eigenvalues of W are therefore all real. However, for large M, the 
eigenvalues are ordinarily degenerate, which means that there are several eigenvectors 
with the same eigenvalue. The eigenvectors associated with a degenerate eigenvalue 
form a subspace. Furthermore, the weight matrix W has a degenerate eigenvalue with a 
value of zero, in which case the subspace is called the null space. The null space exists 
by virtue of the fact that the number of fundamental memories, M, is smaller than the 
number of neurons, N, in the network. The presence of a null subspace is an intrinsic 
characteristic of the Hopfield network. 

An eigenanalysis of the weight matrix W leads us to take the following viewpoint of 
the discrete Hopfield network used as a content-addressable memory (Aiyer et al.. 1990): 
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1. The discrete Hopfield network acts as a vector projector in the sense that it projects 
a probe vector onto a subspace At spanned by the fundamental memory vectors. 

2. The underlying dynamics of the network drive the resulting projected vector to 
one of the corners of a unit hypercube where the energy function is minimized. 

The unit hypercube is N-dimensional. The M fundamental memory vectors. span
ning the subspace At, constitute a set of fixed points (stable states) represented by cer
tain corners of the unit hypercube. The other comers of the unit hypercube that lie in 
or near subspace At are potential locations for spurious states, also referred to as spuri
ous attraetors (Amit, 1989). Spurious states represent stable states of the Hopfield net
work that are different from the fundamental memories of the network. 

In the design of a Hopfield network as a content-addressable memory, we are 
therefore faced with a tradeoff between two conflicting requirements: (1)  the need to 
preserve the fundamental memory vectors as fixed points in the state space, and (2) the 
desire to have few spurious states. 

Storage Capacity of the Hopfield Network 

Unfortunately, the fundamental memories of a Hopfield network are not always sta
ble. Moreover, spurious states representing other stable states that are different from 
the fundamental memories can arise. These two phenomena tend to decrease the effi
ciency of the Hopfield network as a content -addressable memory. Here we explore the 
first of these two phenomena. 

Let a probe equal to one of the fundamental memories, �" be applied to the net
work. Then, permitting the use of self-feedback for generality and assuming zero bias, 
we find using Eq. (14.41) that the induced local field of neuronj is 

N 
Vj = L Wji�v, i i= l 

1 M N 
= -N� �·.j� �··i�,.i 

J.l = 1  i = 1  

1 M N 
= �,j + N � �.j � � •• i �'.i 

. * '  

(14.47) 

The first term on the right-hand side of Eq. (14.47) is simply the jth element of the fun
damental memory �"; now we can see why the scaling factor I/N was introduced in the 
definition of the synaptic weight wji in Eq. (14.41). This term may therefore be 
viewed as the desired "signal" component of vi" The second term on the right-hand 
side of Eq. ( 14.47) is the result of "crosstalk" between the elements of the fundamental 
memory �v under test and those of some other fundamental memory � •. This second 
term may therefore be viewed as the "noise" component of Vj' We therefore have a sit
uation similar to the classical "signal-in-noise detection problem" in communication 
theory (Haykin, 1994b). 

We assume that the fundamental memories are random, being generated as a 
sequence of MNBernoulli trials. The noise term of Eq. (14.47) then consists of a sum of 
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N(M - 1 )  independent random variables, taking values :+: 1  divided by N. This is a situ
ation where the central limit theorem of probability theory applies, The central limit 
theorem states (Feller, 1 968): 

Let {Xd be a sequence of mutually independent random variables with a common distrib
ution. Suppose that XI; has mean f.l and variance (J2, and let Y = XI + X2 + . . . + XI! Then, 
as n approaches infinity, the probability distribution of the sum random variable Y 
approaches a Gaussian distribution. 

Hence, by applying the ccntral limit theorem to the noise term in Eq. (14.47), we find 
that the noise is asymptotically Gaussian distributed. Each of the N(M - 1 )  random 
variables constituting the noise term in this equation has a mean of zero and a variance 
of l /  N2 It follows, therefore, that the statistics of the Gaussian distribution are 

• Zero mean 
• Variance equal to (M - l )jN 

The signal component �",j has a value of + I or - I  with equal probability, and therefore 
a mean of zero and variance of one. The signal-ta-noise ratio is thus defined by 

variance of signal 
p = 

variance of noise 

I 

(M - l )jN 

N 
= 

M 
for large M 

(14.48) 

The components of the fundamental memory �" will be stable if, and only if, the signal
to-noise ratio p is high. Now, the number M of fundamental memories provides a direct 
measure of the storage capacity of the nctwork. Therefore, it follows from Eq. (14.48) 
that so long as the storage capacity of the network is not overloaded-that is, the num
ber M of fundamental memories is smali compared to the number N of neurons in the 
network-the fundamental memories are stable in a probabilistic sense. 

The reciprocal of the signal-to-noise ratio, that is, 

M 
Ct' = �  

N 
( 14.49) 

is called the load parameter. Statistical physics considerations reveal that the quality of 
memory recall of the Hopfield network deteriorates with increasing load parameter (l(, 
and breaks down at the critical value (l(,. = 0.14 (Amit, 1989; Muller and Reinhardt, 
1 990) . This critical value is in agreement with the estimate of Hopfield (1982), where it 
is reported that as a result of computer simulations O.lSN states can be recalled simul
taneously before errors become severe. 

With (l(,. = 0.14, we find from Eq. (14.48) that the critical value of the signal-to
noise ratio is Pc = 7, or equivalently 8.45 dB. For a signal-ta-noise ratio below this criti
cal value, memory recall breaks down. 
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The critical value 

M, � a,N � O.14 N (1 4.50) 

defines the storage capacity with errors on recall. To determine the storage capacity 
without errors we must use a more stringent criterion defined in terms of probability 
of error as described next. 

Let the jth bit of the probe �pmb' � �, be a symbol 1. that is. �'. j � 1. Then the 
conditional probability of bit error on recall is defined by the shaded area in Fig. 14.15. 
The rest of the area under this curve is the conditional probability that bit j of the probe 
is retrieved correctly. Using the well-known formula for a Gaussian distribution. this 
latter conditional probability is given by 

1 f > ( V] - fL)2) P(Vj > Ol�,.j � + 1 )  � , ;;;- exp - 2 dVj 
v 2'lT0" 0 2IT 

(14.5 1 )  

With � '.j set to + 1 .  and the mean of the noise term i n  Eq. (14.47) equal to zero. it fol· 
lows that the mean of the random variable V is fL � 1 and its variance is 
(J"2 � (M - 1)/N. From the definition of the error function commonly used in calcula
tions involving the Gaussian distribution, we have 

2 f' , erf (y) � y;;;: 0 e' J dz (14.52) 

where y is a variable defining the upper limit of integration. We may now simplify the 
expression for the conditional probability of correctly retrieving the jth bit of the fun
damental memory �, by rewriting Eq. (14.51) in terms of the error function as: 

P(v] > Ol�,.j � + 1) � HI + erf 
( �) ] (14.53) 

where p is the signal-to-noise ratio defined in Eq. (14.48). Each fundamental memory 
consists of n bits. Also, the fundamental memories are usually equiprobable. It follows 
therefore that the probability of stable patterns is defined by 

P,"b � (P(vj > Ol�, ]  � + It (14.54) 
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FIGURE 14.15 Conditional 
probability of bit error, 
assuming a Gaussian 
distribution for the induced 
local field Vj of neuron j; the 
subscript V in the probability 
density function f,(v) denotes 
a random variable with Vj 
representing a realization of it. 
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FIGURE 14.16 Plots of storage capacity of the Hopfield network versus network 
size for two cases: with errors and almost without errors. 

We may use this probability to formulate an expression for the capacity of a Hopfield 
network. Specifically, we define the storage capacity almost without errors, Mmax, as the 
largest number of fundamental memories that can be stored in the network and yet 
insist that most of them be recalled correctly. In Problem 14.8 it is shown that this defi
nition of storage capacity yields the formula 

N Mm<lX = 
2 10geN 

where log, denotes the natural logarithm. 

( 14 .55) 

Figure 14.16 shows graphs of the storage capacity with errors defined in Eq. (14.50) 
and the storage capacity almost without errors defined in Eq. (14.55). both plotted ver
sus the network size N. From this figure we note the following points: 

• Storage capacity of the Hopfield network scales essentially linearly with the size 
N of the network . 

• A major limitation of the Hopfield network is that its storage capacity must be 
maintained small for the fundamental memories to be recoverable.6 

14.8 COMPUTER EXPERIMENT I 

In this section we use a computer experiment to illustrate the behavior of the discrete 
Hopfield network as a content-addressable memory. The network used in the experiment 
consists of N = 120 neurons, and therefore N2 - N = 12.280 synaptic weights. It was 
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FIGURE 14.17 Set of handcrafted patterns for computer experiment on the Hopfield 
network. 

trained to retrieve the eight digitlike black and white patterns shown in Fig. 14.17. with 
each pattern containing 120 pixels (picture elements) and designed specially to produce 
good performance (Lippmann. 1987). The inputs applied to the network assume the value 
+ 1 for black pixels and -1 for white pixels. The eight patterns of Fig. 14.17 were used as 
fundamental memories in the storage (learning) phase of the Hopfield network to create 
the synaptic weight matrix W, which was done using Eq. (14.43). The retrieval phase of 
the network's operation was performed asynchronously, as described in Table 14.2. 

During the first stage of the retrieval part of the experiment, the fundamental 
memories were presented to the network to test its ability to recover them correctly 
from the information stored in the synaptic weight matrix. In each case, the desired 
pattern was produced by the network after One iteration. 

Next, to demonstrate the error-correcting capability of the Hopfield network, a pat
tern of interest was distorted by randomly and independently reversing each pixel of 
the pattern from + 1 to - 1  and vice versa with a probability of 0.25, and then using the 
corrupted pattern as a probe for the network. The result of this experiment for digit 3 is 
presented in Fig. 14.18. The pattern in the mid-top part of this figure represents a cor
rupted version of digit 3, which is applied to the network at zero time. The patterns 
produced by the network after 5, 10, 15, 20, 25, 30, and 35 iterations are presented in 
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Original Corrupted 5 

1 0  15  20 

25 30 Final (35) 
FIGURE 14.18 Correct recollection of corrupted pattern 3. 

the rest of the figure. As the number of iterations is increased, we see that the resem
blance of the network output to digit 3 is progressively improved. Indeed. after 35 iter
ations, the network converges onto the exactly correct form of digit 3. 

Since, in theory, one quarter of the 120 neurons of the Hopfield network cnd up 
changing state for each corrupted pattern, the number of iterations needed for recall, 
on average, is 30. In our experiment, the number of iterations needed for the recall of 
the different patterns from their corrupted versions were as follows: 

Number of patterns 
Pattern needed for recall 

0 34 
1 32 
2 26 
3 35 
4 25 
6 37 

" -:1" 32 
9 26 



Section 14.8 computer Experiment I 699 

Original Corrupted 

21 

35 Final (47) 
FIGURE 14.19 Incorrect recollection of corrupted pattern 2. 

The average number of iterations needed for recall, averaged over the eight patterns, 
was about 31,  which shows that the Hopfield network behaved as expected. 

A problem inherent to the Hopfield network arises when the network is pre
sented with a corrupted version of a fundamental memory, and the network then pro
ceeds to converge onto the wrong fundamental memory. This is illustrated in Fig. 14.19, 
where the network is presented with a corrupted pattern "2," but after 47 iterations it 
converged to the fundamental memory "6." 

As mentioned earlier, there is another problem that arises in the Hopfield net
work: the presence of spurious states. Figure 14.20 (viewed as a matrix of 14-by-8 net
work states) presents a listing of 108 spurious attractors found in 43,097 tests of 
randomly selected digits corrupted with the probability of flipping a bit set at 0.25. The 
spurious states may be grouped as follows (Amit, 1989): 

1. Reversed fundamental memories. These spurious states are reversed (i.e., nega
tive) versions of the fundamental memories of the network; see, for example, the 
state in location I-by-l in Fig. 14.20, which represents the negative of digit 6 in 
Fig. 14.17. To explain this kind of a spurious state, we note that the energy func
tion E is symmetric in the sense that its value remains unchanged if the states of 
the neurons are reversed (i.e., the state Xi is replaced by -Xi for all i). 



FIGURE 14.20 Compilation of the spurious states produced in the computer experiment 
on the Hopfield network. 
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Accordingly, if the fundamental memory �. corresponds to a particular local 
minimum of the energy landscape, that same local minimum also corresponds to 
-l; •. This sign reversal does not pose a problem in the retrieval of information if 
it is agreed to reverse all the information bits of a retrieved pattern if it is found 
that a particular bit designated as the "sign" bit is - 1  instead of + 1. 

2. Mixture states. A mixture spurious state is a linear combination of an odd number 
of stored patterns. For example, consider the state 

x, = sgn(�j.' + �2.' + �3.,) 

which is a three-mixture spurious state. It is a state formed out of three fundamental 
memories l;j, �2' and l;3 by a majority rule. The stability condition of Eq. (14.45) is 
satisfied by such a state for a large network. The state in location row 6, column 4 
in Fig. 14.20 represents a three-mixture spurious state formed by a combination of 
the fundamental memories: l;1 = negative of digit 1 ,  l;, = digit 4, and l;3 = digit 9. 

3. Spin-glass states. This kind of a spurious state is so named by analogy with spin
glass models of statistical mechanics. Spin-glass states are defined by local 
minima of the energy landscape that are not correlated with any of the funda
mental memories of the network; see, for example, the state in location row 7, 
column 6 in Fig. 14.20. 

14.9 COHEN-GROSSBERG THEOREM 

In Cohen and Grossberg (1983), a general principle for assessing the stability of a cer
tain class of neural networks is described by the following system of coupled nonlinear 
differential equations: 

d
d 
Uj = a/uj) [ b/uj) - :f Cji'IJi(Ui) ] , j = 1, . . . , N t / = 1  

(14.56) 

According to Cohen and Grossberg, this class of neural networks admits a Lyapunov 
function defined as 

(14.57) 

where 

(14.58) 

For the definition of Eq. (14.57) to be valid, however, we require the following condi
tions to hold: 

1. The synaptic weights of the network are "symmetric:" 

2. The function a/uj) satisfies the condition for "nonnegativity:" 

a/uj) 2' 0 

(14.59) 

(14.60) 
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3. The nonlinear input-<lUtput function 'I'/u) satisfies the condition for "monotonicity:" 

(14.61) 

We may now formally state the Cohen-Grossberg theorem: 
Provided that the system of nonlinear differential equations (14.56) satisfies the condi
tions of symmetry. nonegativity, and mono tonicity, the Lyapunov function E of the system 
defined by Eq. (14.57) satisfies the condition 

dE - ::::; 0 
dt 

Once this basic property of the Lyapunov function E is in place, global stability of the 
system follows from Lyapunov's Theorem 1 .  

Hopfield Model as a Special Case of the Cohen-Grossberg 
Theorem 

By comparing the general system of Eq. (14.56) with the system of Eq. (14.20) for a 
continuous Hopfield model. we may make the correspondence between the Hopfield 
model and the Cohen-Grossberg theorem that are summarized in Table 14.3. The use 
of this table in Eq. ( 14.57) yields the following Lyapunov function for the continuous 
Hopfield model: 

1 N N N f"'(V ) E = - - -2: 2: Wji'l'i(Vi)'I'/v) + 2: --L -- Ij 'I';(v)dv 2 i= l j= 1 J = l  0 Rj 
where the nonlinear activation function 'I'/") is defined by Eq. (14.23). 

We next make the following observations: 

1. '1',( v,) = Xi 
2. r:{<pJ(v)dv = fddx = XI 
3. j'(;v'l';(v)dv = fddx = f,;'I'1-1 (X) dx 

(14.62) 

Basically, relations 2 and 3 result from the use of x = 'I',(v). Thus the use of these obser
vations in the Lyapunov function of Eq. (14.62) yields a result identical to that we 

TABLE 14.3 Correspondence between the 
Cohen-Grossberg Theorem and 
the Hopfield Model 

Cohen-Grossberg Theorem 

Uj 
aluJ) 
blu,) 

cji 
<p,(u,) 

Hopfield Model 

CjVj 
1 

-(v/R) + Ij 
-wjl 
<p,(v,) 
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defined earlier; see Eq. ( 14.28). Note. however. that although ",/v) must be a nonde
creasing function of the input v. it does not need to have an inverse in order for the 
generalized Lyapunov function of Eq. (14.62) to hold. 

The Cohen-Grossberg theorem is a general principle of neurodynamics with a 
wide range of applications (Grossberg. 1990). In the next section we consider another 
application of this important theorem. 

14.10 BRAIN-STATE-IN-A-BOX MODEL 

In this section we continue the neurodynamical analysis of an associative memory by 
studying the brain·state-in-a-box (BSB) model. which was first described by Anderson 
et al. (1 977). The BSB model is basically a positive feedback system with amplitude lim· 
itation. It consists of a highly interconnected set of neurons that feed back upon them
selves. This model operates by using the built-in positive feedback to amplify an input 
pattern until all the neurons in the model are driven into saturation. The BSB model 
may thus be viewed as a categorization device in that an analog input pattern is given a 
digital representation defined by a stable state of the model. 

Let W denote a symmetric weight matrix whose largest eigenvalues have positive 
real components. Let x(O) denote the initial state vector of the model. representing an 
input activation pattern. Assuming that there are N neurons in the model. the state 
vector of the model has dimensiou N. and the weight matrix W is an N-by-N matrix. 
The BSB algorithm is then completely defined by the following pair of equations: 

y(n) = x(n) + �Wx(n) 
x(n + 1)  = ",(y(n)) 

(14.63) 

(14.64) 

where � is a small positive constant called the feedback factor and x(n) is the state vec
tor of the model at discrete time n. Figure 14.21a shows a block diagram of the combi
nation of Eqs. (14.63) and (14.64); the block labeled W represents a single-layer linear 
neural network, as depicted in Fig. 14.21b. The activation function ", is apiecewise·linear 
function that operates on y;(n), the jth component of the vector y(n), as follows (see 
Fig. 14.22): 

x/n + 1) = ",(y/n)) { + 1  
= yin) 

- 1  

if y/n) > + 1  
if - 1 :s Yin) :S + 1  
if y/n) < -1 

(14.65) 

Equation (14.65) constrains the state vector of the BSB model to lie within an 
N-dimensional unit cube centered on the origin. 

The algorithm thus proceeds as follows. An activation pattern x(O) is input into 
the BSB model as the initial state vector, and Eq. (14.63) is used to compute the vector 
y(O). Equation (14.64) is then used to truncate y(O), obtaining the updated state vector 
x(1) . Next, x(1) is cycled through Eqs. (14.63) and (14.64), thereby obtaining x(2). This 
procedure is repeated until the BSB model reaches a stable state represented by a par
ticular corner of the unit hypercube. Intuitively, positive feedback in the BSB model 
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FIGURE 14.21 (a) Block 
diagram of the brain-state-in
a-box (BSB) model. (b) Signal
flow graph of the linear 
associater represented by the 
weight matrix W. 

FIGURE 14.22 Piecewise
linear activation function 
used in the BSB model. 
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causes the initial state vector x(O) to increase in Euclidean length (norm) with an 
increasing number of iterations until it hits a wall of the box (unit hypercube). then 
slides along the wall and eventually ends up in a stable corner of the box, where it 
keeps on "pushing" but cannot get out of the box (Kawamoto and Anderson, 1 985), 
hence the name of the model. 

Lyapunov Function of the BSB Model 

The BSB may be redefined as a special case of the neurodynamical model described in 
Eq. (14.16) as follows (Grossberg, 1990). To see this, we first rewrite the jth component 
of the BSB algorithm described by Eqs. (14.63) and (14.64) in the form 

xin + 1) = 'P(�CjiX;(n»), j = 1, 2, . . .  , N (14.66) 

The coefficients cji are defined by 

(14.67) 

where o}i is the Kronecker delta equal to 1 if j = i and 0 otherwise, and w}i is the ji-th 
element of the weight matrix W. Equation (14.66) is written in discrete time form. To 
proceed further, we need to reformulate it in a continuous time form, as shown by 

d
d xit) = -Xj(t) + 'P("fCjiX,(t»), j = 1, 2, . . .  , N t 1 = 1 

(14.68) 

where the bias IJ is zero for all j. However, for us to apply the Cohen-Grossberg theo
rem, we have to go one step further and transform Eq. (14.68) into the same form as 
the additive model. We may do so by introducing a new set of variables, N 

v/t) = L CjiX,(t) 
i = 1  

Then, by virtue of the definition of  cji given in Eq. (14.67), we find that N 
x/t) = L c}iv/t) 

; = 1  

(14.69) 

(14.70) 

Correspondingly, we may recast the model of Eq. (14.68) in the equivalent form 

d N 
dtv/t) = -v/t) + � c}i'P(v,(t» , j = 1, 2, . . .  , N (14.71) 

We are now ready to apply the Cohen-Grossberg theorem to the BSB model. 
By comparing Eq. (14.71) with (14.56), we may deduce the correspondence listed in 
Table 14.4 between the BSB model and the Cohen-Grossberg theorem. Therefore, 
using the results of Table 14.4 in Eq. (14.57), we find that the Lyapunov function of 
the BSB model is given by 

1 N N N f " E = -2� �Cji'P(VJ)'P(v,) + � () v'P'(v)dv (14.72) 
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TABLE 14.4 Correspondence between the 
Cohen-Grossberg Theorem 
and the BSB Model 

Cohen-Grossberg Theorem 

U; a/u) bj(u) 
cp �/u) 

BSB Model 

-Vj -eji 'P/v) 

where ,!,' (v) is the first derivative of the sigmoid function ,!,(v) with respect to its argu
ment. Finally, substituting the definitions of Eqs. (14.65), (14.67), and (14.69) in (14.72), 
we can define the Lyapunov (energy) function of the BSB model in terms of the origi
nal state variables as follows (Grossberg, 1990): 

rJ N N 
E = - - L. L. WjiXjXi 

2 i", 1  j = l  

rJ � - -x'Wx 
2 

(14.73) 

The evaluation of the Lyapunov function for the Hopfield network presented in 
Section 1 4.7 assumes the existence of the derivative of the inverse of the model's sig
moidal nonlinearity, which is satisfIed by the use of a hyperbolic tangent function. In 
contrast, this condition is not satisfied in the BSB model when the state variable of the 
jth neuron in the model is either + l or - I. Despite this difficulty, the Lyapunov func
tion of the BSB model can be evaluated via the Cohen-Grossberg theorem, which 
clearly illustrates the general applicability of this important theorem. 

Dynamics of the BSB Model 

In a direct analysis carried out by Golden (1986), it is demonstrated that the BSB 
model is in fact a gradient descent algorithm that minimizes the energy function E 
defined by Eq. (14.73). This important property of the BSB model, however, presumes 
that the weight matrix W satisfies the following two conditions: 

• The weight matrix W is symmetric: 
W � W' 

• The weight matrix W is positive semidefinite; that is, in terms of the eigenvalues of 
W,we have 

where Amin is the smallest eigenvalue of W. 
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The energy function E of the BSB model thus decreases with increasing n (number of 
iterations) whenever the state vector x(n + 1) at time n + 1 is different from the state 
vector x(n) at time n. Moreover. the minimum points of the energy function E define 
the equilibrium states of the BSB model that are characterized by 

x(n + 1) = x(n) 
In other words. like the Hopfield model. the BSB model is an energy-minimizing net
work. 

The equilibrium states of the BSB model are defined by certain corners of the 
unit hypercube and its origin. In the latter case. any fluctuation in the state vector. no 
matter how small. is amplified by positive feedback in the model. and therefore causes 
the state of the model to shift away from the origin in the direction of a stable configu
ration; in other words. the origin is a saddle point. For every corner of the hypercube to 
serve as a possible equilibrium state of the BSB model, the weight matrix W has to sat
isfy a third condition (Greenberg, 1988): 

• The weight matrix W is diagonal dominant, which means that 

Wjj ;e: L IW;jl for j = 1 , 2, . . . , N 
iif-j 

where W;j is the ij-th element of W. 

(14.74) 

For an equilibrium state x to be stable-that is, for a certain corner of the unit 
hypercube to be a fixed point attraetor-there has to be a basin of attraction H(x) in 
the unit hypercube such that for all initial state vectors x(O) in H(x) the BSB model 
converges onto x. For every corner of the unit hypercube to be a possible point attrac
taL the weight matrix W has to satisfy a fourth condition (Greenberg, 1988): 

• The weight matrix W is strongly diagonal-dominant, as shown by 

Wjj ;e: L IWul + a fori = 1 , 2, . . .  , N 
i*.j 

where 0'. is a positive constant. 

(14.75) 

The important point in this discussion is that in the case of a BSB model for 
which the weight matrix W is symmetric and positive semidefinite, as is often the case, 
only some (but not all) of the corners of the unit hypercube act as point attractors. For 
all the corners of the unit hypercube to act as potential point attractors, the weight 
matrix W has to satisfy Eq. (14.75) as well, which of course subsumes the condition of 
Eq. (14.74). 

Clustering 

A natural application for the BSB model is clustering. This follows from the fact that 
the stable corners of the unit hypercube act as point attractors with well-behaved 
basins of attraction, which therefore divide the state space into a corresponding set of 
well-defined regions. Consequently, the BSB model may be used as an unsupervised 
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clusteriug algorithm. with each stable corner of the unit hypercube representing a 
"cluster" of related data. The self-amplification provided by positive feedback (in con
formity with Principle 1 of self-organization described in Chapter 8) is an important 
ingredient of this clustering property. 

Anderson et aI. (1990b) describe the use of the BSB model to cluster and there
fore identify radar signals from different emitters. In this application the weight matrix 
W. basic to the operation of the BSB model. is learned using the linear associator (asso
ciative memory) with error correction learning that is described in Chapter 2. To be spe
cific. suppose that information is represented by a set of K training vectors that are 
associated with themselves as follows: 

( 14.76) 
Let a training vector xk be selected at random. Then the weight matrix W is incre
mented in accordance with the error correction algorithm (see Problem 3.9) 

d W = 'l(Xk - Wx,)x, (14.77) 

where 'l is the learning-rate parameter. The goal of learning the set of stimuli Xl' x2, · . . •  

Xx is to have the linear associator behave as 

WX, = Xk, k = 1, 2 . . . .  , K  (14.78) 
The error correction algorithm described by Eq. (14.77) approximates the ideal condi
tion of Eq. (14.78) in a least-me an-square error sense. The net effect of this learning 
process is to force the linear associator to develop a particular set of eigenvectors 
(defined by the training vectors) with eigenvalues equal to unity. 

To perform radar clustering, the BSB model uses the linear associatar with error 
correction learning to construct the weight matrix W and performs the following com
putation (Anderson et al.. 1990): 

x(n + 1) = '1>C'yx(n) + f3Wx(n) + 8x(0)) (14.79) 
which is slightly different from the version of the BSB algorithm described in Eqs. (14.63) 
and (14.64). The difference is in two respects: 

• The decay constant '! in the first term ,!x(n) is included to cause the current state 
to decay slightly; provided that ,! is a positive constant less than unity. the errors 
may eventually decay to zero . 

• The third term 8x(0) is included to keep the initial state vector x(O) constantly 
present; it has the effect of limiting the possible states of the BSB model. 

Repeated iteration of the BSB model leads to an activity dominated by the 
eigenvectors of the weight matrix W with the largest positive eigenvalues. and there
fore the vectors Xl' x2 . . . .  , xK learned by the linear associator. The clustering ability of 
the BSB model develops largely as a result of signal-related eigenvectors being associ
ated with large eigenvalues, becoming enhanced by positive feedback in the model, 
and thereby dominating the state of the model after a number of iterations. On the 
other hand, noise-related eigenvectors are usually associated with small eigenvalues, 
and therefore have a diminishing influence on the state of the BSB model. provided 
that the received signal-to-noise ratio is sufficiently high. 
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In a radar surveillance environment, detailed descriptions of emitters operating 
in the environment are not known a priori. Hundreds of thousands of radar pulses are 
typically received for processing in fractions of seconds. Hence there is no lack of data; 
the challenge is how to make sense of the data. The BSB model is able to help by learn
ing the microwave structure of the radar environment through its inherent clustering 
property. Clusters are formed around the point attractors of the BSB model (i.e., stable 
corners of the unit hypercube), with each point attractor representing a particular 
emitter. The BSB model may thus identify received pulses as being produced by a par
ticular emitter. 

14.11  COMPUTER EXPERIMENT II 

Figure 14.23 presents the results of an experiment performed on a BSB model contain
ing two neurons. The two-by-two weight matrix W is defined by 

W = [ 0.035 
-0.005 

-0.005 ] 
0.035 

which is symmetric, positive-definite, and satisfies Eq. (14.75). 
The four different parts of Fig. 14.23 correspond to four different settings of the 

initial state x(O), as follows: 

(a) x(O) = [ 0.1, 0.2]' 
(b) x(O) = [-0.2, 0.31' 
(c) x(O) = [-0.8, -DAY 
(d) x(O) = [ 0.6, 0.11' 

The areas shown shaded in this figure are the four basins of attraction character
izing the model. The figure clearly illustrates that when the initial state of the model 
lies in a particular basin of attraction, the underlying dynamics of the model drive the 
weight matrix W(n) with increasing number of iterations n, until the network state x(n) 
terminates on the fixed point attractor (i.e., a corner of the two-by-two square) belong
ing to that basin of attraction. A case of particular interest is the trajectory shown in 
Fig. 14.23d: The initial condition x(O) lies in the first quadrant, yet the trajectory termi
nates on the corner ( + 1 ,  -1) in the fourth quadrant because that is where the point 
attractor is for the pertinent basin of attraction. 

14.12 STRANGE ATIRACTORS AND CHAOS 

Up to this point in our discussion of neurodynamics we have focused attention on the 
kind of behavior exhibited by nonlinear dynamical systems characterized as fixed point 
attractors. In this section we consider another class of attractors called strange attrac
tors that characterize certain nonlinear dynamical systems of order greater than 2. 

A strange attractor exhibits a chaotic behavior that is highly complex. What makes 
the study of strange attractors and chaos particularly interesting is the fact that the system 
in question is deterministic in the sense that its operation is governed by fixed rules, yet 
such a system with only a few degrees of freedom can exhibit a behavior so complicated 
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FIGURE 14.23 Trajectories for computer experiment on the BSB model; the results 
shown in parts (a) through (d) correspond to different initial conditions. 

that it looks random. Indeed, the randomness is fundamental in the sense that the second
order statistics of a chaotic time series seem to indicate that it is random. However, 
unlike a true random phenomenon, the randomness exhibited by a chaotic system does 
not go away by gathering more information! In principle, the future behavior of a 
chaotic system is completely determined by the past, but in practice, any uncertainty in 
the choice of initial conditions, no matter how small, grows exponentially with time. 
Consequently, even though the dynamic behavior of a chaotic system is predictable in 
the short term, it is impossible to predict the long-term hehavior of the system. A 
chaotic time series is therefore paradoxical in the sense that its generation is governed 
by a deterministic dynamical system, and yet it has a randomlike appearance. It is this 
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attribute of a chaotic phenomenon that was originally emphasized by Lorenz with the 
discovery of an attractor that bears his name (Lorenz, 1963). 

In a nonlinear dynamical system, when the orbits in an attractor with neighbor
ing initial conditions tend to move apart with increasing time, the system is said to pos
sess a strange attractor and the system itself is said to be chaotic. In other words, a 
fundamental property that makes an attractor "strange" is the sensitive dependence on 
initial conditions. Sensitivity in this context means that if two identical nonlinear sys
tems are started at slightly different initial conditions, namely, x and x + E, where E is a 
very small quantity, their dynamic states will diverge from each other in state space 
and their separation will increase exponentially on the average. 

Invariant Characteristics of Chaotic Dynamics 

Two major features, namely fractal dimensions and Lyapunov exponents, have 
emerged as the classifiers of a chaotic process. Fractal dimensions characterize the geo
metric structure of a strange attractor. The term "fractal" was coined by Mandelbrot 
(1982). Unlike integer dimensions (as in a two-dimensional surface or a three-dimen
sional object), fractal dimensions are not integers. As for Lyapunov exponents, they 
describe how orbits on the attractor move under the evolution of the dynamics. These 
two invariant characteristics of chaotic dynamics are discussed in what follows. The 
term "invariant" signifies the fact that both fractal dimensions and Lyapunov expo
nents of a chaotic process remain unChanged under smooth nonlinear changes of the 
coordinate system of the process (Abarbanal, 1996). 

Fractal Dimensions 
Consider a strange attractor whose dynamics in d-dimensional state space are 
described by 

x(n + 1) = F(x(n)), n = 0, 1 , 2, . . .  (14.80) 

which is the discrete-time version of Eq. (14.2). This is readily seen by setting t = ntJ.t, 
where tl.t is the sampling period. Assuming that tl.t is sufficiently small, we may corre
spondingly set 

d 1 
dt x(t) = tJ.t[x(ntl.t + tl.t) - x(ntl.t)] 

We may thus formulate the discrete-time version of Eq. (14.2) as follows: 

1 - [x(ntl.t + tl.t) - x(ntl.t)] = F(x(ntl.t)) for small tl.t tl.t 
By putting tl.t = 1 for convenience of presentation and rearranging terms, we get 

x(n + 1) = x(n) + F(x(n)) 
which may be cast into the form shown in Eq. (14.80) simply by redefining the vector
valued function F(·). 
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Returning to Eg. (14.80). suppose we construct a small sphere of radius r around 
some location y on or near an orbit of the attractor. We may then define a natural dis
tribution of points for the attractor as follows: 

1 N p(y) � lim - L ii(y - x(n» 
N""""'''''Nn'''- l (14.81) 

where ii(·) is a d-dimensional delta function, and N is the number of data points. Note 
the change of notation concerning the use of N. The natural distribution p(y) plays a 
role for a strange attractor that is analogous to that of the probability density function 
for a random variable. Accordingly, we may define an invariant 1 with respect to a 
function [(y) under the evolution of the dynamics described as the multifold integral 

1 � f!(Y)P(Y)dY (14.82) 

A function tty) of interest is one that gives us a measure of how the number of points 
within the small sphere scales as the radius r of the sphere is reduced to zero. 
Recognizing that the volume occupied by the d-dimensional sphere is proportional to 
rd, we may get a sense of attractor dimension by seeing how the density of points on 
the attractor behaves at small distances in state space. 

The Euclidean distance between the center y of the sphere and the point x(n) at 
time step n is Ily - x(n)lI. Hence, the point x(n) lies inside the sphere of radius r pro
vided that 

lIy - x(n)1I < r 

or equivalently, 

r - lly - x(n)1I > 0  
Thus the function [(x) for the situation described here may be written in the general 
form 

[(x) � (N � 1 � S(r - lIy - x(klll) t' 
Hn 

where q is an integer, and 8(') is the Heaviside function defined by 

8(z) � g for z > 0 

foc ( 1 N )q- l (  1 N ) C(q, r) � -_- L 8(r - lly - x(k)ll) -Lii(y - x(n» dy 
-'X N l k"'- I Nn= 1 Hn 

Hence, using the sifting property of a delta function, namely the relation 

[g(Y)ii(Y - x(n))dy � g(x(n» 

(14.83) 
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for some function g(.), and interchanging the order of summation, we may redefine the 
function C(q, r) as 

1 N ( 1 N )q-I 
C(q, r) = N�I N _ 1�6(r - llx(n) - x(k)11 

Hn 

(14.84) 

The function C( q, r) is called the correlation function;' it is a measure of the probability 
that two points x(n) and x(k) on the attractor are separated by a distance r. The num
ber of data points N in the defining equation (14.84) is assumed to be large. 

The correlation function C(q, r) is an invariant of the attractor in its own right. 
Nevertheless, the customary practice is to focus on the behavior of C(q, r) for small r. 
This limiting behavior is described by 

C(q, r) = r(q- I)D, (14.85) 

where D q' called a fractal dimension of the attractor, is assumed to exist. Taking the log
arithm of both sides of Eq. (14.85), we may formally define Dq as 

D = lim .;.l.::.,;og,--
C
=}(

:,:-q ,:..:.rf-) q 
,�o (q - 1)log r (14.86) 

However, since we usually have a finite number of data points, the radius r must be just 
small enough to permit enough points to fall inside the sphere. For a prescribed q, we 
may then determine the fractal dimension D q as the slope of the part of the function 
C(q, r) that is linear in log r. 

For q = 2, the definition of the fractal dimension D q assumes a simple form that 
lends it to reliable computation. The resulting dimension, D" is called the correlation 
dimension of the attractor (Grassberger and Procaccia, 1983). The correlation dimen
sion reflects the complexity of the underlying dynamical system and bounds the 
degrees of freedom required to describe the system. 

Lyapnnov Exponents 
The Lyapunov exponents are statistical quantities that describe the uncertainty about 
the future state of an a!tractor. More specifically, they quantify the exponential rate at 
which nearby trajectories separate from each other while moving on the attractor. Let 
x(O) be an initial condition and (x(n), n = 0, 1, 2, . . .  j be the corresponding orbit. 
Consider an infinitesimal displacement from the initial condition x(O) in the direction 
of a vector y(O) tangential to the orbit. Then, the evolution of the tangent vector deter
mines the evolution of the infinitesimal displacement of the perturbed orbit (y(n), n = 
0, 1, 2, . . .  j from the unperturbed orbit (x(n), n = 0, 1, 2, . . .  j. In particular, the ratio 
y(n)/lly(n)11 defines the infinitesimal displacement of the orbit from x(n), and the ratio 
IIY<n)ll/lly(O)11 is the factor by which the infinitesimal displacement grows if 
I ly(n)11 > Ily(O)11 or shrinks if I ly(n)11 < IIY(O)II· For an initial condition x(O) and initial dis
placement "'0 = y(O)/lly(O)II, the Lyapunov exponent is defined by 

. 1 ( 1Iy(n)ll) A(X(O), "') = �� ;; log Ily(O)11 
(14.87) 

A d-dimensional chaotic process has a total of d Lyapunov exponents that can be posi
tive, negative, or zero. Positive Lyapunov exponents account for the instability of an 
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orbit throughout the state space. Stated in another way, positive Lyapunov exponents 
are responsible for the sensitivity of a chaotic process to initial conditions. Negative 
Lyapunov exponents, on the other hand, govern the decay of transients in the orbit. A 
zero Lyapunov exponent signifies the fact that the underlying dynamics responsible for 
the generation of chaos are describable by a coupled system of nonlinear differential 
equations, that is, the chaotic process is a flow. A volume in d-dimensional state space 
behaves as exp(L(AI + A2+ · · · + Ad)), where L is the number of time steps into the 
future. It follows therefore that for a dissipative process. the sum of all Lyapunov expo
nents must be negative. This is a necessary condition for a volume in state space to 
shrink as time progresses. which is a requirement for physical realizability. 

Lyapunov Dimension 
Given the Lyapunov spectrum AI.  A" . . .  , Ad' Kaplan and Yorke (1979) suggested a 
Lyapunov dimension for a strange attractor as follows: 

K 
2 >i i= 1 DL � K +  -1 -1 AK + l  

where K is an integer that satisfies the two conditions: 
K K + !  

2: Ai > 0 and 2: Ai < 0 i-- l  i= \  

(14.88) 

Ordinarily, the Lyapunov dimension DL is about the same size as the correlation 
dimension Dz. This is an important property of a chaotic process. That is. although the 
Lyapunov and correlation dimensions are defined in entirely different ways, their val
ues for a strange attractor are usually quite close to each other. 

Definition of a Chaotic Process 
Throughout this section we have spoken of a chaotic process without a formal defini
tion of it. In  light of what we now know about Lyapunov exponents, we can offer the 
following definition: 

.4 chaotic process is generated by a nonlinear deterministic system, with at least one positive 
Lyapunov exponent. 

The positivity of at least one Lyapunov exponent is a necessary condition for sensitiv
ity to initial conditions, which is the hallmark of a strange attractor. 

The largest Lyapunov exponent also defines the horizon of predictability of a 
chaotic process. Specifically, the short-term predictability of a chaotic process is approx
imately equal to the reciprocal of the largest Lyapunov exponent (Abarbanal. I996). 

14.13 DYNAMIC RECONSTRUCTION 

Dynamic reconstruction may be defined as the identification of a mapping that pro
vides a model for an unknown dynamical system of dimensionality m. OUf interest 
here is in the dynamic modeling of a time series produced by a physical system that is 
known to be chaotic. In other words, given a time series {y(n)};;c b we wish to build a 
model that captures the underlying dynamics responsible for generation of the observ
able y(n). As we pointed out earlier in the previous section, N denotes the sample size. 
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The primary motivation for dynamic reconstruction is to make physical sense from 
such a time series. thereby bypassing the need for a detailed mathematical knowledge 
of the underlying dynamics. The system of interest is typically much too complex to 
characterize in mathematical terms. The only information available to us is contained 
in a time series obtained from measurements on one of the observables of the system. 

A fundamental result in dynamic reconstruction theory8 is a geometric theorem 
called the delay-embedding theorem due to Takens (1981). Takens considered a noise
free situation, focusing on delay coordinate maps or predictive models that are con
structed from a time series representing an observable from a dynamical system. In 
particular, Takens showed that if the dynamical system and the observable are generic, 
then the delay coordinate map from a d-dimensional smooth compact manifold to 
[f;l2d + 1 is a diffeomorphism on that manifold, where d is the dimension of the state space 
of the dynamical system. (Diffeomorphism is discussed on p. 744.) 

For an interpretation ofTakens' theorem in signal processing terms, first consider 
an unknown dynamical system whose evolution in discrete time is described by the 
nonlinear difference equation 

x(n + I) � F(x(n» (14.89) 

where x(n) is the d-dimensional state vector of the system at time n, and F(') is a vector
valued function. It is assumed here that the sampling period is normalized to unity. Let 
the time series {y(n)} observable at the output of the system be defined in terms of the 
state vector x(n) as follows: 

yen) � g(x(n)) + v(n) ( 14.90) 

where g(.) is a scalar-valued function, and v(n) denotes additive noise. The noise v(n) 
accounts for the combined effects of imperfections and imprecisions in the observable 
yen). Equation ( 14.89) and (14.90) describe the state-space behavior of the dynamical 
system. According to Takens' theorem, the geometric structure of the multivariable 
dynamics of the system can be unfolded from the observable yen) with v(n) � 0 in 
a D-dimensional space constructed from the new vector 

YR(n) = [y(n),y(n - T), . . . , y(n - (D - I)T)]', (14.91) 

where T is a positive integer called the normalized embedding delay. That is, given the 
observable yen) for varying discrete time n, which pertains to a single observable (com
ponent) of an unknown dynamical system, dynamic reconstruction is possible using 
the D-dimensional vector Y R(n) provided that D 2: 2d + 1, where d is the dimension of 
the state space of the system. Hereafter we refer to this statement as the delay-embedding 
theorem. The condition D 2: 2d + 1 is a sufficient but not necessary condition for 
dynamic reconstruction. The procedure for finding a suitable D is called embedding, 
and the minimum integer D that achieves dynamic reconstruction is called the embed
ding dimension; it is denoted by DE' 

The delay-embedding theorem has a powerful implication: Evolution of the 
points YR(n) -> YR(n + 1) in the reconstruction space follows that of the unknown 
dynamics x(n) -> x(n + 1) in the original state space. That is, many important prop
erties of the unobservable state vector x(n) are reproduced without ambiguity in the 
reconstruction space defined by Y R(n). However, for this important result to be 
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attainable, we need reliable estimates of the embedding dimension DE and the nor
malized embedding delay T, as summarized here: 

• The sufficient condition D 2- 2d + 1 makes it possible to undo the intersections 
of an orbit of the attractor with itself, which arise from projection of that orbit to 
lower dimensions. The embedding dimension DE can be less than 2d + 1 .  The rec
ommended procedure is to estimate DE directly from the observable data. A reli
able method for estimating DE is the method of false nearest neighbors described 
in Abarbanal (1996). In this method we systematically survey the data points and 
their neighbors in dimension d = 1, then d = 2, and so on. We thereby establish 
the condition when apparent neighbors stop being "unprojected" by the addition 
of more elements to the reconstruction vector Y R(n), and thus obtain an estimate 
for the embedding dimension DE' 

• Unfortunately, the delay-embedding theorem has nothing to say on the choice of 
the normalized embedding delay T. In fact, it permits the use of any T so long as 
the available time series is infinitely long. In practice, however, we always have to 
work with observable data of finite length N. The proper prescription for choosing 
T is to recognize that the normalized embedding delay T should be large enough 
for yen) and yen - T) to be essentially independent of each other so as to serve as 
coordinates of the reconstruction space, but not so independent as to have no cor
relation with each other. This requirement is best satisfied by using the particular T 
for which the mutual information between y(n) and yen - T) attains its first mini
mum (Fraser, 1989). Mutual information is discussed in Chapter 10. 

Recursive Prediction 

From the discussion presented, the dynamic reconstruction problem may be inter
preted as one representing the signal dynamics properly (the embedding step), as well 
as the construction of a predictive mapping (the identification step). Thus in practical 
terms we have the following network topology for dynamic modeling: 

• A short-term memory (e.g., delay-line memory) structure to perform the embed
ding, whereby the reconstruction vector YR(n) is defined in terms of the observ
able yen) and its delayed versions: see Eq. (14.91). 

• A multiple input, single output (MISO) adaptive nonlinear system trained as a 
one-step predictor (e.g., neural network) to identify the unknown mapping 
f:�D -> �1, which is defined by 

(14.92) 

The predictive mapping described in Eq. ( 14.92) is the center piece of dynamic model
ing: Once it is determined, the evolution YR(n) -> YR(n + 1) becomes known, which in 
turn determines the unknown evolution x(n) -> x(n + 1). 

Presently, we do not have a rigorous theory to help us decide if the nonlinear predic
tor has successfully identified the unknown mapping f In linear prediction, minimizing 
the mean-square value of the prediction error leads to an accurate model. However, a 
chaotic time series is different. Two trajectories in the same attractor are vastly different 
on a sample-by-sample basis, so minimizing the mean-square value of the prediction error 
is a necessary but not a sufficient condition of a successful mapping. 
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� yin) 

Unit delay 

Trained 
predictor f-;;yin + 1) L---__ -----' 

FIGURE 14.24 One-step 
predictor used in iterated 
prediction for dynamic 
reconstruction of a chaotic 
process. 

The dynamic invariants, namely correlation dimension and Lyapunov exponents, 
measure global properties of the attractor, so they should gauge the success of dynamic 
modeling. Hence, a pragmatic approach tor testing the dynamic model is to seed it with a 
point on the strange attractor, and to teed the output back to its input as an autonomous 
system as illustrated in Fig. 14.24. Such an operation is called iterated prediction or 
recursive prediction. Once the initialization is completed, the output of the 
autonomous system is a realization of the dynamic reconstruction process. This of 
course presumes that the predictor has been designed properly in the first place. 

We say that dynamic reconstruction performed by means of the autonomous sys
tem described in Fig. 14.24 is successful if the following two conditions are satisfied 
(Haykin and Principe, 1998): 

1. Short-term behavior. Once the initialization is completed, the reconstructed time 
series fY(n)} in Fig. 14.24 closely follows the original time series (y(n») for a 
period of time, on average equal to the horizon of predictability determined from 
the Lyapunov spectrum of the process. 

2. Long-term behavior. The dynamic invariants computed from the reconstructed 
time series (y(n)} closely match the corresponding ones computed from the orig
inal time series (y(n»). 

To gauge the long-term behavior of the reconstructed dynamics, we need to estimate 
(1) the correlation dimension as a measure of attractor complexity, and (2) the 
Lyapunov spectrum as a framework for assessing sensitivity to initial conditions and 
for estimating the Lyapunov dimension; see Eq. (14.88). The Lyapunov dimension 
should have a value close to that of the correlation dimension. 

Two Possible Formulations for Recursive Prediction 

The reconstruction vector YR(n) defined in Eq. (14.91) is of dimension DE< assuming 
that the dimension D is set equal to the embedding dimension DE' The size of the delay 
line memory required to perform the embedding is TDE. But the delay line memory is 
required to provide only DE outputs (the dimension of the reconstruction space); that 
is, we use T equally spaced taps, representing sparse connections. 

Alternatively, we may define the reconstruction vector Y R(n) as a full m-dimensional 
vector as follows: 

YR(n) = [y(n), y(n - 1), . . .  , y(n - m + 1)]' (14.93) 

where m is an integer defined by 

(14.94) 
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This second formulation of the reconstruction vector Y R(n) supplies more information 
to the predictive model than that provided by Eq. (14.91) and may therefore yield a 
more accurate dynamic reconstruction. However, both formulations share a common 
feature: their compositions are uniquely defined by knowledge of the embedding 
dimension D,,-. Tn any event, it is wise to use the minimum permissible value of D, 
namely DE> to minimize the effect of additive noise v(n) on the quality of dynamic 
reconstruction. 

Dynamic Reconstruction Is an III-Posed Filtering Problem 

The dynamic reconstruction problem is, in reality, an ill-posed inverse problem for one 
or more of the following reasons. (The conditions for an inverse problem to be well 
posed are discussed in Chapter 5.) First, for some unknown reason the existence condi
tion may be violated. Second, there may not be sufficient information in the observ
able time series to reconstruct the nonlinear dynamics uniquely; hence, the uniqueness 
criterion is violated. Third, the unavoidable presence of additive noise or some form of 
imprecision in the observable time series adds uncertainty to the dynamic reconstruc
tion. In particular, if the noise level is too high, it is possible for the continuity criterion 
to be violated. How then do we make the dynamic reconstruction problem well posed? 
The answer lies in the inclusion of some form of prior knowledge about the input-output 
mapping as an essential requirement. In other words, some form of constraints (e.g., 
smoothness of input-output mapping) would have to be imposed on the predictive 
model designed for solving the dynamic reconstruction problem. One effective way in 
which this requirement can be satisfied is to invoke Tikhonov's regularization theory, 
which is also discussed in Chapter 5. 

Another issue that needs to be considered is the ability of the predictive model to 
solve the inverse problem with sufficient accuracy. In this context, the use of a neural 
network to build the predictive model is appropriate. In particular, the universal 
approximation property of a multilayer perceptron or that of a radial-basis function 
network means that we can take care of the issue of reconstruction accuracy by using 
one or the other of these neural networks with an appropriate size. In addition, how
ever, we need the solution to be regularized for the reasons explained. In theory, both 
multilayer perceptrons and radial-basis function networks lend themselves to the use 
of regularization; in practice, it is in radial-basis function networks that we find regular
ization theory included in a mathematically tractable manner as an integral part of 
their design. Accordingly, in the computer experiment described in the next section, we 
focus on the regularized radial-hasis function (RBF) network (described in Chapter 5) 
as the basis for solving the dynamic reconstruction problem. 

14.14 COMPUTER EXPERIMENT III 

To illustrate the idea of dynamic reconstruction, we consider the system of three cou
pled ordinary differential equations, abstracted by Lorenz (1963) from the Galerkin 
approximation to the partial differential equations of thermal convection in the lower 
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atmosphere, which stands as a workhorse set of equations for testing ideas in nonlin
ear dynamics. The equations for the Lorenz attract or are: 

dx(t) 
-- = -<Tx(t) + <Ty(t) 

dt 
dy(t) --:it = -x(t)z(t) + rx(t) - yet) 

dz(t) --:it = x(t)y(t) - bz(t) 

(14.95) 

where <T. r. and b are dimensionless parameters. Typical values for these parameters are 
<T = 10. b = 8/3, and r = 28. 

Figure 14.25 shows the results of iterated prediction performed on two RBF net
works with 400 centers using a "noisy" time series based on the component x(t) of the 
Lorenz attractor. The signal-to-noise ratio was +25 dB. In Fig. 14.25a, the design of the 
network is regularized. In Fig. 14.25b, the design of the network is unregularized. These 
two parts of Fig. 14.25 clearly demonstrate the practical importance of regularization. 
Without regularization, the solution to the dynamic reconstruction problem presented 
in Fig. 14.25b is unacceptable as it fails to approximate the true trajectory of the 
Lorenz attractor; the unregularized system is just a predictor. On the other hand, the 
solution to the dynamic reconstruction problem presented in Fig. 14.2Sa using a regu
larized form of the RBF network has learned the dynamics, in the sense that the output 
of the network under iterated prediction closely approximates the actual trajectory of 
the Lorenz attractor in the short term. This is borne out by the results presented in 
Table 14.5, where we have a summary of Lorenz data for three cases: 

(a) Noise-free Lorenz system. 
(b) Noisy Lorenz system with signal-to-noise ratio SNR = 25 dB. 
(e) Reconstructed data. using the noisy Lorenz time series described under Case b. 

The invariants of the reconstructed data using noisy data are close to the correspond
ing ones pertaining to the noise-free Lorenz data. The deviations in absolute values are 
due to the residual effect of noise embedded in the reconstructed attractor and to inac
curacies in the estimation procedure. Figure 14.25 clearly shows that there is more to 
dynamic modeling than just prediction. This figure, and many others not included here, 
demonstrate the "robustness" of the regularized RBF solution with respect to the 
point on the attractor that is used to initialize the iterated prediction process. 

The following two observations from Fig. 14.25a, pertaining to the use of regular
ization, are particularly noteworthy: 

1. The short-term predictability of the reconstructed time series in Fig. 1 4.25a is 
about 60 samples. The theoretical horizon of predictability computed from the 
Lyapunov spectrum of the noiseless Lorenz attractor is approximately 100 sam
ples. The experimental deviation from the horizon of predictability of the noise
free Lorenz attractor is merely a manifestation of the presence of noise in the 
actual data used to perform the dynamic reconstruction. The theoretical horizon 
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FIGURE 14.25 (a) Regularized iterated prediction (N � 400, m � 20) on 
Lorenz data at SNR � +25 dB. (b) U nregularized iterated prediction 
(N � 400, m � 20) on Lorenz data at SNR � +25 dB. In both parts (a) and (b), 
the solid curve is the actual chaotic signal and the dahsed curve is the 
reconstructed signal. 

of predictability computed from the reconstructed data was 61 (Table 14.5), 
which is quite close to the experimentaIly observed value of short-term pre
dictability. 

2. Once the period of short-term predictability is over, the reconstructed time series 
in Fig. 14.25a begins to deviate from the noiseless realization of the actual Lorenz 
attractor. This is basically a manifestation of chaotic dynamics, namely sensitivity 
to initial conditions. As mentioned previously, sensitivity to initial conditions is a 
hallmark of chaos. 
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TABLE 14.5 Summary of Parameters for Experiment on 
Dynamic Reconstruction Using the Lorenz 
System 

(a) Noise-free Lorenz System 
Number of samples used: 35,000 

1. Normalized embedding delay, 'T = 4 
2. Embedding dimension, DE = 3 
3. Lyapunov exponents: 

�, � 1.5697 
�2 � -0.0314 
�l � -22.3054 

4. Horizon of predictability = 100 samples 

(b) Noisy Lorenz system: 25 dB SNR 
Number of samples used: 35,000 

1. Normalized embedding delay, 'T = 4 
2. Embedding dimension, DE = 5 
3. Lyapunov exponents: 

�I � 13.2689 
�2 � 5.8562 
�3 � -3.1447 
�4 � -18.0082 
�5 � -47.0572 

4. Horizon of predictability = 12 samples 

(c) Reconstructed system using the noisy Lorenz data under (b) 
Number of samples generated (recursively): 35,000 

1. Normalized embedding delay, T � 4 
2. Embedding dimension, DE = 3 
3. Lyapunov exponents: 

�I � 2.5655 
�2 � -0.6275 
�3 � -15.0342 

4. Horizon of predictability = 61 samples 

Notes: All of the Lyapunov exponents are expressed in nats per sec
ond; a nat is a natural unit for measuring information as discussed in 
Chapter lO.Also, in case b, the effect of noise is to increase the size 
of the Lyapunov spectrum, and the number and magnitude of posi
tive Lyapunov exponents. 

Choice of m and " 

The size of the input layer, m, is determined in accordance with Eq. ( 14.94). As 
explained previously, the recommended method is to use the smallest permissihle 
value of m in accordance with the equality sign so as to minimize the effect of noise on 
dynamic reconstruction. 

The estimated value of the normalized embedding delay T is essentially indepen
dent of the presence of noise for moderate to high signal-to-noise ratios. In contrast, 
the presence of noise has a profound impact on the estimated value of the embedding 
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dimension DD which is intuitively satisfying. For example, for the noise-free Lorenz 
attractor, the correlation dimension is 2.01. We may therefore choose the embedding 
dimension DIC = 3, which is confirmed by the method of false nearest neighbors. The 
normalized embedding delay is T = 4. Thus, using Eq. (14.94) with the equality sign 
yields m = 12 for dynamic reconstruction. However, for a noisy Lorenz attractor with 
SNR = +25 dB, the use of the method of false nearest neighbors yields DE = 5, and 
the use of the method of mutual information yields T = 4. By suhstituting these esti
mated values in Eq. (14.94) with the equality sign, we get m = 20 for the noisy dynamic 
reconstruction reported in Fig. 14.25. Table 14.5 includes the normalized embedding 
delay T and embedding dimension D" for the three cases summarized therein. 

As for thc regularization parameter A used in Fig. 14.25a, it was determined from 
the training data using the generalized cross-validation (GCY); this method is dis
cussed in Chapter 5. The value of A that was used in Fig. 14.25a, calculated on the basis 
of GCY, varied between a minimum value of 10-14 to a maximum value of 10-2 in 
accordance with the data. 

14. 15  SUMMARY AND DISCUSSION 

Much of the material in this chapter is devoted to the Hopfield model and the brain
state-in-a-box (BSB) model as examples of an associative memory rooted in neuro
dynamics. These two models share some common features: 

o They both employ positive feedback. 
o They both have an energy (Lyapunov) function, and the underlying dynamics 

tend to minimize it in an iterative fashion. 
o They both learn in a self-organized manncr using Hebb's postulate of learning. 
o They arc both capable of performing computation using attractor dynamics. 

Naturally, they differ in their areas of application. 
The BSB model has an inherent clustering capability that may be put to good use 

for data representation and concept formation. The most interesting application of the 
BSB model is perhaps as the basic computational unit in a network of networks pro
posed as a plausible model of describing different levels of system organization within 
the brain (Anderson and Sutton, 1 995). In this model, the computational units form 
local networks that are distributed in a two-dimensional array, hence the term "net
work of networks." Instead of communicating only average activity from column to col
umn, these local networks are designed to communicate with other local networks by 
means of activity patterns (vectors). In place of synaptic weights between neurons as in 
a conventional neural network, we now have a set of interaction matrices that describe 
the coupling between attractors in two local networks. The local networks form clusters 
and levels, based on their interconnections, with the result that the anatomical connec
tivity is sparse. That is, the local networks are more densely connected within clusters 
than across clusters. However, the functional connectivity among clusters has a rich 
dynamic, due in part to temporally correlated activity among local networks. 

In contrast, the Hopfield model may be used to solve the following computa
tional problems: 
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1. Content-addressable memory, which involves the recall of a stored pattern by 
presenting a partial or distorted version of it to the memory. For this application, 
the usual procedure is to use the "discrete" Hopfield model that is based on the 
McCulloch-Pitts neuron (i.e., one using a hard limiting activation function). 
Viewed in a computational context, the construction of a content -addressable 
memory is a trivial matter. Nevertheles� the Hopfield model of a content
addressable memory is important because it elucidates the link between dynam
ics and computation in a novel way. In particular, the Hopfield model exhibits the 
following properties that have neurobiological relevance: 
• The dynamics of the model are dominated by a large number of point attrac

tors in a high-dimensional state space. 
• A point attractor (i.e., fundamental memory) of interest may be located by 

merely initializing the model with an inexact description of that attractor's 
location and then allowing the dynamics to evolve the state of the model to the 
nearest point attractor. 

• Learning (i.e., computation of the free parameters of the model) takes place in 
accordance with Hebb's postulate of learning. Moreover, this learning mecha
nism permits the insertion of new point attractors into the model if so desired. 

2. Combinatorial optimization problems, which rank among the most difficult 
known to mathematicians. This class of optimization problems includes the trav
eling salesman problem (TSP), considered to be a classic. Given the positions of a 
specified number of cities, assumed to lie in a plane, the problem is to find the 
shortest tour that starts and finishes at the same city. The TSP is simple to state 
but hard to solve exactly, in that there is no known method of finding the opti
mum tour, short of computing the length of every possible tour and then select
ing the shortest one. It is said to be NP-complete (Hopcroft and Ullman, 1 979). In 
a pioneering paper, Hopfield and Tank (1985) demonstrated how an analog net
work, based on the system of coupled first-order differential equations (14.20) 
can be used to represent a solution of the TSP. Specifically, the synaptic weights 
of the network are determined by distances between the cities visited on the tour, 
and the optimum solution to the problem is a fixed point of the neurodynamical 
equations (14.20). Herein lie the difficulties encountered with "mapping" combi
natorial optimization problems onto the continuous (analog) Hopfield network. 
The network acts to minimize a single energy (Lyapunov) function, and yet the 
typical combinatorial optimization problem requires the minimization of an 
objective function subject to some hard constraints (Gee et aI., 1993). If any of 
these constraints are violated, the solution is considered to be invalid. The early 
mapping procedures were based on a Lyapunov function constructed in an ad 
hoc manner, usually employing one term for each constraint, as shown by 

(14.96) 

The first term, £"P" is the objective function to be minimized (e.g., the length of a 
TSP tour); it is determined by the problem at hand. The remaining terms 
E�ns, Efns, . . .  , represent penalty functions whose minimization satisfies the con
straints. The scalars c1 ' e2' " ' , are constant weights assigned to the respective 
penalty functions £j"', £jn., . . .  , usually by trial and error. Unfortunately, the 
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many terms in the Lyapunov function of Eq. (14.96) tend to frustrate one 
another, and the success of the Hopfield network is highly sensitive to the rela
tive values of c1, c" . .  , (Gee et aI., 1 993). It is therefore not surprising that the net
work often produces a large number of invalid solutions (Wilson and Pawley, 
1988; Ansari and Hou, 1997). In Gee ( 1 993) a number of basic questions concern
ing the use of the continuous Hopfield network as a tool for solving combinator
ial optimization problems is addressed; the main findings reported therein may 
be summarized as follows: 
• Given a combinatorial optimization problem expressed in terms of quadratic 

0-1 programming, as in the traveling salesman problem, there is a straightfor
ward method for programming the network for its solution, and the solution 
found will not violate any of the problem's constraints . 

• Building on results from complexity theory and mathematical programming, it 
is shown that, except when the problem's constraints have special properties 
producing an integral polytope, it is not possible to force the network to con
verge to a valid, interpretable solution. In geometric terms, a polytope, that is a 
bounded polyhedron, is said to be an integral polytope if all the vertices of the 
polytope are 0-1 points. Even when dealing with integral polytopes, if the 
objective function £"pt is quadratic, the problem is NP-complete and there is 
no guarantee that the network will find the optimum solution; this class of 
problems includes the traveling salesman problem. However, a valid solution 
will be found and, given the nature of the descent process to this solution, 
there is a good chance that the solution will be reliable. 

The Hopfield model, considered in this chapter, uses symmetric couplings 
between its neurons. The dynamics of such a structure are similar to gradient descent 
dynamics, thereby assuring convergence to a fixed point. However, the dynamics of a 
brain differ from that of the Hopfield model in two important respects: 

• The interneuron connections in the brain are asymmetric. 
• Oscillatory and complex nonperiodic behavior are observed in the brain. 

Indeed, it is because of these special features of the brain that there has been a long
standing interest in the study of asymmetric networks,' predating the Hopfield model. 

If we abandon the restriction of symmetry, the next simplest model is the excitatory
inhibitory network whose neurons fall into two populations: one with only excitatory 
outputs, and the other with only inhibitory outputs. The synaptic connections between 
the two populations are antisymmetric, while the synaptic connections within each 
population are symmetric. In Seung et al. (1998), the dynamics of such a network are 
considered. The analysis presented therein exploits the similarity of the underlying 
dynamics of the inhibitory-excitatory network to gradient descent-gradient ascent 
dynamics, where the equations of motion arc gradient descent in some state variables 
and gradient ascent in the others. Consequently, unlike the gradient descent dynamics 
characterizing the Hopfield model, the dynamics of the model considered by Seung et. al. 
can converge to a fixed point or a limit cycle, depending on the choice of network para
meters. Thus the antisymmetric model studied in Seung et al. (1998) represents an 
advance on the symmetric Hopfield model. 



Notes and References 725 

NOTES AND REFERENCES 

1. The direct method of Lyapunov is also referred in the literature as the second method. 
For an early account of this pioneering work, see the book by LaSalle and Lefschetz 
(1961). 

The alternative spelling, Liapunov, is frequently used in literature; the difference in 
spelling arose during transliteration from Russian characters (Brogan, 1985). 

2. A nonautonomous dynamical system is defined by the state equation 

d 
dtx(t) � F(x(t), t) 

with the initial condition x(to) = Xo. For a nonautonomous system the vector field F(x(t), t) 
depends on time t. Therefore, unlike the case of an autonomous system, we generally can� 
not set the initial time equal to zero (Parker and Chua, 1989). 

3. For a rigorous definition of an attractor we offer the following (Lanford, 1981; 
Lichtenberg and Lieberman, 1992): 

A subset (manifold) M of the state space is called an attractor if: 
• M is invariant under the flow 
• There is an (open) neighborhood around M that shrinks down to M under the flow 
• No part of M is transient 
• M cannot be decomposed into two nonoveriapping invariant pieces. 

4. Integrate�and�Fire Neuron 
The additive model of Eq. (14.14) does not fully capture the essence of what a biological 
neuron does. In particular, it ignores the timing information encoded into action poten� 
tials; action potentials are described briefly in qualitative terms in Chapter 1. Hopfield 
(1994) describes a dynamical model that accounts for action potentials by considering an 
integrate-and-fire neuron. The operation of such a neuron is described by the first-order 
differential equation 

where 

d 1 
C-u(t) � --(u(t) - uo) + i(t) dt R 

u(t) = interior potential of the neuron 
C = capacitance of the membrane surrounding the neuron 
R = leakage resistance of the membrane 

i(t) = electrical current injected into the neuron by another neuron 
Uo = potential to which the neuron is reduced when i(t) vanishes. 

(1) 

An action potential is generated each time the interior potential u(t) reaches a threshold 
value. 

The action potentials are treated as Dirac delta (impulse) functions as shown by 

(2) 

where tk m n = 1, 2, 3, . . . denotes the times at which neuron k fires action potentials. 
These ti�es are defined by Eq. (1). 

The behavior of total current iit) flowing into neuron k is modeled as 

(3) 
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where 'Wkj is the synaptic weight from neuron} to neuron k, T is a characteristic time con
stant of neuron k, and the function gJt) is defined in accordance with Eq. (2). 

The additive model of Eq. (14.14) may be viewed as a special case of Eq. (3). 
SpecificallY, the spiky nature of gj(t) is ignored by replacing it with the convolution of 
g;(t) with a smoothing function. Such a move is justified if, during a reasonable time inter
vaL there are many contributions to the sum all the right-hand side of Eq. (3) due to high 
connectivity, and all that we arc really interested in is the short-term behavior of the fir
ing rate of neuron k. 

5. The Little model (Little, 1974; Little and Shaw, 1975) uses the same synaptic weights as 
the Hopfield model. However, they differ from each other in that the Hopfield model 
uses asynchronous (serial) dynamics, whereas the Little model uses synchronous (paral
lel) dynamics. Accordingly, they exhibit different convergence properties (Bruck, 1990; 
Goles and Martinez, 1990): The Hopfield network will always converge to a stable state, 
whereas the Little model will always converge to a stable state or a limit cycle of length 
at most 2. By such a "limit cycle" we mean that the cycles in the state space of the net
work are of a length less than or equal to 2. 

6. Nonmonotonic Activation Function 
Various proposals have been made in literature for overcoming the limitations of the 
Hopfield model as a content-addressable memory. Perhaps the most significant improve
ment suggested to date is that due to Morita (1993), which applies to the continuous 
(analog) form of the Hopfield model. The modification is confined to the activation func
tion 'P(') of a neuron, thereby retaining the simplicity of the network as an associative 
memory. Specifically, the usual hard-limiting or sigmoid activation function of each neu
ron in the network is replaced by a nonmonotonic function. In mathematical terms this 
activation function is defined as the product of two factors, as shown hy 

'P(o) 
� 
( 1 - exp( -a.U)) (1 + Kexp(b(lvl - e))) 
I + exp( -au) 1 + exp(b(lvl - b)) (I )  

where v is the induced local field. The first factor on the right-hand side of Eg. ( 1 )  is the 
usual sigmoid function (hyperholic tangent) used in the continuous version of the 
Hopfield network; the parameter a is the gain of the neuron. The second factor is respon
sible for making the activation function I.p(v) nonmonotonic. Two of the parameters char
acterizing this second factor, namely b and c, are positive constants; the remaining 
parameter K is usually negative. In the experiments performed hy Morita (1993), the fol
lowing parameter values were used: 

a � 50; b � 15 

c = 0.5; K = - }  
According to Morita, the exact form of the activation function and the parameters used 
to describe it are not very critical; the essential factor is the nonmonotonic property of 
the activation function. 

The model of a content-addressable memory described by Morita exhibits two 
interesting properties (Yoshizawa et aI., 1993): 

1. For a network made up of N neurons, the storage capacity of the model is about 
O.3N, which (for large N) is much greater than the corresponding value N/(2IogN) 
of the conventional Hopfield model. 

2. The model exhibits no spurious states; instead, when it fails to recall a correct memo
rized pattern, the stale of the network is driven into a chaotic behavior. The notion 
of chaos is discussed in Section 14.13. 
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7. The idea of a correlation function qq, r) as defined in Eq. (14.84) was known in statistics 
from the work of Renyi (1970). However, the use of it to characterize a strange attractor 
is due to Grassberger and Procaccia (1983). They originally discussed the use of C(q, r) in 
the context of correlation dimension for q = 2. 

8. The construction of dynamics using independent coordinates from a time series was first 
advocated by Packard et a1. (1980). However, this paper does not give proof, and uses 
"derivative" embeddings rather than time-delay embeddings. The idea of time-delay or 
delay coordinate embeddings is attributed to Ruelle and Takens. Specifically, in 1981, 
Takens published a mathematically profound paper on time-delay embeddings, which 
applies to attractors that are surfaces, or like a torus; see also the paper by Mane (1981) 
on the same subject published in the same issue. Takens' paper is difficult to read for non
mathematicians, and Manes paper is even more difficult to read. The idea of delay coor
dinate mapping was refined in 1991 by Sauer et a1. The approach taken in this latter paper 
integrates and expands on previous results due to Whitney (1936) and Takens (1981). 

9. The treatment of biological neural networks as nonlinear dynamical systems that 
exhibit oscillatory behavior and traveling waves has a long history (Wilson and Cowan, 
1972; Amari, 1977a, 1977b; Amari and Arbib, 1977); see also the discussion in Carpenter 
et al. (1987). 

Dynamical Systems 
14.1 Restate Lyapunov's theorems for the state vector x(O) as the equilibrium state of a 

dynamical system. 
14.2 Verify the block diagrams of Figs. 14.8a and 14.8b for the neurodynamical equations 

(14.18) and (14.19), respectively. 
14.3 Consider a general neurodynamical system with an unspecified dependence on internal 

dynamical parameters, external dynamical stimuli, and state variables. The system is 
defined by the state equations 

dXj _ dt - 'P/W, u, x), j � 1 , 2, . . . , N  

where the matrix W represents the internal dynamical parameters of the system, the vec
tor u represents the external dynamical stimuli, and x is the state vector whose jth ele
ment is denoted by Xj' Assume that trajectories of the system converge onto point 
attractors for values of W, u, and initial states x(O) in some operating region of the state 
space (Pineda, 1988b). Discuss how the system described may be used for the following 
applications: 
(a) Continuous mapper, with u as input and x(oo) as output 
(b) Autoassociative memory, with x(O) as input and x(cc) as output 

Hopfield Models 
14.4 Consider a Hopfield network made up of five neurons, which is required to store the fol

lowing three fundamental memories: 

�l � [+1 ,  + 1, +1 , + 1, + 1 ]' 

�2 � [ + 1 ,  -1 ,  -1, + 1, -1]' 

IdJ � [-1, + 1, -1, + 1, + 1 ]' 



728 Chapter 1 4  Neurodynamics 

(a) Evaluate the S·by-5 synaptic weight matrix of the network. 
(b) Use asynchronous updating to demonstrate that all three fundamental memories, tl, 

t2' and S3' satisfy the alignment condition. 
(c) lnvestigate the retrieval performance of the network when it is presented with a 

noisy version of t I in which the second element is reversed in polarity. 
14.5 Investigate the use of synchronous updating for the retrieval performance of the 

Hopfield network described in Problem 14.4. 
14.6 (a) Show that 

�I � [-1 ,  -1,  -1 ,  - 1, - W  

�2 � [ - 1 ,  + 1 ,  + 1 ,  - 1 ,  + If 
�3 � [ + 1 ,  -1,  + 1, -1 , - W  

are also fundamental memories of the Hopficld network described i n  Problem 14.4. 
How are these fundamental memories related to those of Problem 14.4? 

(b) Suppose that the first element of the fundamental memory tJ in Problem 14.4 is 
masked (i.e., reduced to zero). Determine the resulting pattern produced by the 
Hopfield network. Compare this result with the original form of t3' 

14.7 Consider a simple Hopfield network made up of two neurons. The synaptic weight matrix 
of the network is 

The bias applied to each neuron is zero. The four possible states of the network are 

XI � [+1 ,  + 1]' 

x2 � [-1 , + lr 

xJ � [-1 , - l ]' 

X4 � [ + I , -1V 

(a) Demonstrate that states x2 and x4 are stable, whereas states Xl and X3 exhibit a limit 
cycle. Do this demonstration using the following tools: 

1. The alignment (stability) condition 
2. The energy fUnction 

(b) What is the length of the limit cycle characterizing states Xl and xJ? 
14.8 1n this problem we derive the formula of Eq. (14.55) for the storage capacity almost with

out errors pertaining to the Hopfield network used as a content-addressable memory. 
(a) The asymptotic behavior of the error function is closely described by 

-y' 
cr!(y) = 1 - ,er- for large y v 1Ty 

Using this approximation, show that the conditional probability of Eg. (14.53) may 
be approximated as 

e p/2 
P(Vj > Dis,,} � + 1) = 1 - , r-:

v 21TP 

where p is the signal-to-noise ratio. Show that thc probability of stable patterns is 
correspondingly approximated as 



Ne-p/2 
P,"b = 1 - • r 

V 'lTP 

Problems 729 

(b) The second term in the formula for P"tab given in part (a) is the probability that a bit 
in a fundamental memory is unstable. For the definition of storage capacity almost 
without errors it is not sufficient to require that this term be small; rather it must be 
small compared to lIN, where N is the size of the Hopfield network. Show that the 
signal-le-noise ratio must satisfy the condition 

1 P > 2log,N + Zlog,(2'lTp) 

(c) Using the result derived in part (b), show that the minimum permissible value of the 
signal-te-noise ratio for the perfect recall of most of the fundamental memories is 

Pmin = 210ge N 

What is the corresponding value ofPstab? 
(d) Using the results of part (c), show that 

Mmax = 
N 

2log,N 

as described in Eq, (14.55). 
(e) The formula derived in part (d) for the storage capacity is based on the premise that 

most of the fundamental memories are stable. For a more stringent definition of stor
age capacity without errors, we require that all of the fundamental memories be 
retrieved correctly. Using this latter definition, show that the maximum number of 
fundamental memories that can be stored in the Hopfield network is given by (Amit, 
1989) 

14.9 Show that the energy function of a Hopfield network may be expressed as 

N M  
E � --Lm2 

2 " "" I  v 

where m "  denotes overlaps defined by 

1 N 
mv = N L.Xj�V,j, v = 1, 2, . . .  , M 

j == 1  
where Xj is the jth element of the state vector x, �V,j is the jth element of the fundamental 
memory �V' and M is the number of fundamental memories. 

14.10 A Hopfield network is designed to store the two fundamental memory patterns (+  1, + 1, 
- 1, +1, +1) and (+1, -1, +1, -1 ,  +1). The synaptic matrix of the network is given by 

o 
o 

-2 
2 
o 

o 
-2 

o 
-2 

o 

o 
2 

-2  
o 
o II 
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(a) The sum or the eigenvalues of the matrix W is zero. Why? 
(b) The state space of the network is a subspace of /R.5. Specify the configuration of this 

subspace. 
(c) Specify the subspace At spanned by the fundamental memory vectors, and the null 

subspace .N of the weight matrix W. What afC the fixed points (stable states) and spu
rious states of the network? 

(The reader may wish to refer to the paper by deSilva and Attikiouzzel ( 1992) for a more 
detailed description ofthe dynamics ofthe network described here.) 

14.11 Figure P14.11 shows a piecewise-linear form of nonrnonotonic activation function. The 
recalling dynamics of the Hopfield network using this approximation are defined by 

d 
div(t) � -vet) + Wx(t), x(t) � sgn(v(t» - kv(t) 

where vet) is the vector of induced local fields, W is the synaptic weight matrix, x(t) is the 
state (output) vector, and -k is a negative constant slope. Let v be an equilibrium state of 
the network that lies in the quadrant of the fundamental memory � 1 '  and let 

x � sgn(v) - kv 
Show that x is characterized by the following three conditions (Yoshizawa ct aI., 1993): 

N 
(a) �Xi�", i � 0, JJ. � 2, 3, . .  " M ; = 1  

N 
(b) �Xi�l,i � M 

i = [  
(e) Xi < 1 ,  i � 1 , 2, " . ,  N 

where �l' �2' . . .  , �M are the fundamental memories stored in the network, £,..,. 1  is the ith 
element of �,.." Xi is the ith element of x, and N is the number of neurons. 

14.12 Consider the simple neurodynamical model described by the system of equations 

dv 
d: � -vj + �Wji<P(Vi) + Ii' j �  1 , 2, . " , N 

+,(D) 

----'..-----r---',:---- v 

FIGURE P14,11 
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The system described always converges to a unique point attractor, provided that the 
synaptic weights wji satisfy the condition 

-t � wJ, < (ma:I'I" 1l2 

where !:p' = dl,fJ/dvj. Explore the validity of this condition. You may refer to the paper 
(Atiya, 1987) where this condition is derived. 

Cohen-Grossberg Theorem 
14.13 Consider the Lyapunov function E defined in Eq. (14.57). Show that 

dE - ::; 0 
dt 

provided that the conditions in Eqs. ( 14.59) to (14.61) are satisfied. 
14.14 In Section 14. 10  we derived the Lyapunov function of the BSB model by applying the 

Cohen-Grossberg theorem. In carrying out the derivation, we omitted some of the 
details leading to Eq. (14.73). Fill in the details. 

14.15 Figure P14. 15  shows a plot of the nonmonotonic activation function due to Morita ( 1993) 
discussed in note 6. This activation function is used in place of the hyperbolic tangent 
function in the construction of a Hopfield network. Is the Cohen-Grossberg theorem 
applicable to the associative memory so constructed? Justify your answer. 

�(v) 

O.R 

- K  

-h h :  v 

-1.0 0 1.0 

K 

O.S 

FIGURE P14.1S 
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Recurrent Networks 

1 5.1 INTRODUCTION 

732 

As mentioned in the previous chapter, recurrent networks are neural networks with 
one or more feedback loops. The feedback can be of a local or global kind. In this chap
ter we continue the study of recurrent networks with global feedback. 

Given a multilayer perceptron as the basic building block. the application of 
global feedback can take a variety of forms. We may have feedback from the output 
neurons of the multilayer perceptron to the input layer. Yet another possible form of 
global feedback is from the hidden neurons of the network to the input layer. When 
the multilayer perceptron has two or more hidden layers. the possible forms of global 
feedback expand even further. The point is that recurrent networks have a rich reper
toire of architectural layouts. 

Basically, there are two functional uses of recurrent networks: 

• Associative memories 
• Input-output mapping networks 

The use of recurrent networks as associative memories is considered in detail in 
Chapter 14. In the present chapter, we will study their use as input-output mapping 
networks. Whatever the use, an issue of particular concern in the study of recurrent 
networks is that of stability; that issue is also considered in Chapter 14. 

By definition, the input space of a mapping network is mapped onto an output 
space. For this kind of an application, a recurrent network responds temporally to an 
externally applied input signal. We may therefore speak of the recurrent networks con
sidered in this chapter as dynamically driven recurrent networks. Moreover, the appli
cation of feedback enables recurrent networks to acquire state representations, which 
make them suitable devices for such diverse applications as nonlinear prediction and 
modeling, adaptive equalization of communication channels, speech processing. plant 
control, and automobile engine diagnostics. As such, recurrent networks offer an alter
native to the dynamically driven feedforward networks described in Chapter 13. 
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Because of the beneficial effects of global feedback, they may actually fare better in 
these applications. The use of global feedback has the potential of reducing the mem
ory requirement significantly. 

Organization of the Chapter 

The chapter is organized in four parts: architectures, theory, learning algorithms, and 
applications. Part 1 ,  consisting of Section 15.2, deals with recurrent network architectures. 

Part 2, consisting of Sections 15.3 to 15.5, deals with theoretical aspects of recur
rent networks. Section 15.3 describes the state-space model and the related issues of 
controllability and observability. Section 15.4 derives an equivalent to the state-space 
model known as the nonlinear autoregressive with exogenous inputs model. Section 15.5 
discusses some theoretical issues pertaining to the computational power of recurrent 
networks. 

Part 3, consisting of Sections 15.6 to 15.12, is devoted to learning algorithms and 
related issues. It starts with an overview of the subject matter in Section 15.6. Then 
Section 15.7 discusses back-propagation through time that builds on material pre
sented in Chapter 4. Section 15.8 discusses another popular algorithm: real-time recur
rent learning. In Section 15.9 we present a brief review of classical Kalman filter 
theory, followed by a description of the decoupled extended Kalman filtering algo
rithm in Section 15.10. A computer experiment on this latter algorithm for recurrent 
learning is presented in Section 15.11 .  Gradient-based recurrent learning suffers from 
the vanishing gradients problem, which is discussed in Section 15.12. 

The fourth and last part of the chapter, consisting of Sections 15.13 and 15.14, 
deals with two important applications of recurrent networks. Section 15.13 discusses 
system identification. Section 15.14 discusses model-reference adaptive control. 

The chapter concludes with some final remarks in Section 15.15. 

1 5.2 RECURRENT NETWORK ARCHITECTURES 

As mentioned in the introduction, the architectural layout of a recurrent network 
takes many different forms. In this section we describe four specific network architec
tures, each of which highlights a specific form of global feedback.' They share the fol
lowing common features: 

• They all incorporate a static multilayer perceptron or parts thereof. 
• They all exploit the nonlinear mapping capability of the multilayer perceptron. 

Input-Output Recurrent Model 

Figure 15.1 shows the architecture of a generic recurrent network that follows natu
rally from a multilayer perceptron. The model has a single input that is applied to a 
tapped-delay-line memory of q units. It has a single output that is fed back to the input 
via another tapped-delay-line memory also of q units. The contents of these two 
tapped-delay-line memories are used to feed the input layer of the multilayer percep
tron. The present value of the model input is denoted by u(n), and the corresponding 
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FIGURE 1 5.1 Nonlinear 
autoregressive with 
exogenous inputs 
(NARX) model. 

Input 
u(n) 

Multilayer 
perceptron 

f--....-- Output 
yen + I) 

value of the model output is denoted by yen + 1); that is. the output is ahead of the 
input by one time unit. Thus. the signal vector applied to the input layer of the multi
layer perceptron consists of a data window made up as follows: 

• Present and past values of the input. namely urn). urn - 1) • . . . •  u(n - q + 1). 
which represent exogenous inputs originating from outside the network. 

• Delayed values of the output. namely, y(n), yen - 1 ), . . .  , yen - q + 1), on which 
the model output yen + 1) is regressed. 

Thus the recurrent network of Fig. 15.1 is referred to as a nonlinear autoregressive with 
exogenous inputs (NARX) modei.2 The dynamic behavior of the NARX model is 
described by 

yen + 1) = F(y(n), . . .  , yen - q + 1), urn), . . .  , urn - q + 1)) (15.1) 
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FIGURE 1 5.2 State-space model. 
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where F is a nonlinear function of its arguments. Note that in Fig. 15.1 we have 
assumed that the two delay-line memories in the model are both of size q; they are 
generally different. The NARX model is explored in greater detail in Section 15.4. 

State-Space Model 

Figure 15.2 shows the block diagram of another generic recurrent network. called a 
state-space model. The hidden neurons define the state of the network. The output of 
the hidden layer is fed back to the input layer via a bank of unit delays. The input layer 
consists of a concatenation of feedback nodes and source nodes. The network is con
nected to tbe external environment via the source nodes. The number of unit delays 
used to feed the output of the hidden layer back to the input layer determines the 
order of the model. Let the m-by-1 vector urn) denote the input vector. and the q-by-1 
vector x( n) denote the output of the bidden layer at time n. We may then describe the 
dynamic behavior of the model in Fig. 15.2 by the pair of coupled equations: 

x(n + 1 )  = f(x(n). urn)) 
y(n) = Cx(n) 

(15.2) 

( 15.3) 

where f(· • . ) is a nonlinear function characterizing the hidden layer. and C is the matrix 
of synaptic weights characterizing the output layer. The hidden layer is nonlinear, but 
the output layer is linear. 

The recurrent network of Fig. 15.2 includes several recurrent architectures as 
special cases. Consider, for example, the simple recurrent network (SRN) described in 
Elman (1990) and depicted in Fig. 15.3. Elman's network has an architecture similar to 
that of Fig. 15.2 except for the fact that the output layer may be nonlinear and the bank 
of unit delays at tbe output is omitted. 

Elman's network contains recurrent connections from the hidden neurons to a 
layer of context units consisting of unit delays. These context units store the outputs of 
tbe hidden neurons for one time step, and tben feed them back to tbe input layer. The 
hidden neurons tbus bave some record of their prior activations, which enables the net
work to perform learning tasks tbat extend over time. The hidden neurons also feed 
the output neurons that report the response of the network to the externally applied 
stimulus. Due to tbe nature of feedback around the hidden neurons, these neurons may 
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FIGURE 15.4 Recurrent multilayer perceptron. 

continue to recycle information through the network over mUltiple time steps. and 
thereby discover abstract representations of time. The simple recurrent network is 
therefore not merely a tape recording of past data. 

Elman (1990) discusses the use of the simple recurrent network shown in Fig. 1 5.3 
to discover word boundaries in a continuous stream of phonemes without any built-in 
represe,ntational constraints. The input to the network represents the current pho
neme. The output represents the network·s best guess as to what the next phoneme is 
in the sequence. The role of the context units is to provide the network with dynamic 
memory so as to encode the information contained in the sequence of phonemes, 
which is relevant to the prediction. 

Recurrent Multilayer Perceptron 

The third recurrent architecture considered here is known as a recurrent multilayer 
perceptron (RMLP) (Puskorius et al . .  1996). It has one or more hidden layers, basically 
for the same reasons that static multilayer perceptrons are often more effective and 
parsimonious than those using a single hidden layer. Each computation layer of an 
RMLP has feedback around it. as illustrated in Fig. 15.4 for the case of an RMLP with 
two hidden layers.3 
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Let the vector xl(n) denote the output of the first hidden layer, xlI(n) denote the 
output of the second hidden layer, and so on. Let the vector xo(n) denote the output of 
the output layer. Then the dynamic behavior of the RMLP, in general, in response to an 
input vector u(n) is described by the following system of coupled equations: 

xl(n + 1) = 'Pbl(n), u(n)) 
xlI(n + 1 )  = 'P1I(xll(n), xl(n + 1»  

(15.4) 

where 'PI(-")' 'PuC ·), . . .  , 'PoC .) denote the activation functions characterizing the first 
hidden layer, second hidden layer, . . .  , and output layer of the RMLP, respectively; and 
K denotes the number of hidden layers in the network. 

The RMLP described herein subsumes the Elman network of Fig. 15.3 and the 
state-space model of Fig. 15.2 since the output layer of the RMLP or any of its hidden 
layers is not constrained to have a particular form of activation function. 

Second-Order Network 

In describing the state-space model of Fig. 15.2 we used the term "order" to refer to the 
number of hidden neurons whose outputs are fed back to the input layer via a bank of 
unit delays. 

In yet another context, the term "order" is sometimes used to refer to the way in 
which the induced local field of a neuron is defined. Consider, for example, a multi
layer perceptron where the induced local field vk of neuron k is defined by 

Vk = " W k"X- + " Wh k U � a, ) J � , 1  I 
j . (15.5) 

where Xj is the feedback signal derived from hidden neuron j and ui is the source signal 
applied to node i in the input layer; the w's represent the pertinent synaptic weights in 
the network. We refer to a neuron described in Eq. (15.5) as a first-order neuron. 
When, however, the induced local field vk is combined using multiplications, as shown by 

11k = � � UkijXiUj (15.6) 
. j 

we refer to the neuron as a second-order neuron. The second-order neuron k uses a sin
gle weight, Wkji' that connects it to the input nodes i and j. 

Second-order neurons constitute the basis of second-order recurrent networks 
(Giles et aI., 1 990), an example of which is shown in Fig. 15.5. The network accepts a 
time-ordered sequence of inputs and evolves with dynamics defined by the following 
pair of equations: 

(15.7) 
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FIGURE 1 5.5 Second-order recurrent network; bias connections to the neurons are 
omitted to simplify the presentation. The network has 2 inputs and 3 state neurons, 
hence the need for 3 x 2 = 6 multipl iers. 

and 

(15.8) 

1 + exp (-v,(n)) 

where vk(n) is the induced local field of hidden neuron k, bk is the associated bias,xk(n) 
is the state (output) of neuron k, u/n) is the input applied to source node j, and wkij is a 
weight of second-order neuron k. 

A unique feature of the second-order recurrent network in Fig. 1 5.5 is that the 
product x/n)u/n) represents the pair {state, input} and that a positive weight Wkij rep
resents the presence of the state transition, {state, input} -> {next state}. while a nega
tive weight represents the absence of the transition. The state transition is described by 

8(Xi. u) = Xk (15.9) 
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In light of this relationship, second-order networks are readily used for representing 
and learning deterministic finite-state automata' (DFA); a DFA is an information pro
cessing device with a finite number of states. More information on the relationship 
between neural networks and automata is found in Section 15.5. 

The recurrent network architectures discussed in this section emphasize the use 
of global feedback. As mentioned in the introduction, it is also possible for a recurrent 
network architecture to have only local feedback. A summary of the properties of this 
latter class of recurrent networks is presented in Tsoi and Back (1994); see also 
Problem 15.7. 

1 5.3 STATE-SPACE MODEL 

The notion of state plays a vital role in the mathematical formulation of a dynamical 
system. The state of a dynamical system is formally defined as a set of quantities that 
summarizes all the information about the past behavior of the system that is needed to 
uniquely describe its future behavior, except for the purely external effects arising from 
the applied input (excitation). Let the q-by-l vector x(n) denote the state of a nonlinear 
discrete-time system. Let the m-by-l vector urn) denote the input applied to the sys
tem, and the p-by-l vector y(n) denote the corresponding output of the system. In 
mathematical terms, the dynamic behavior of the system, assumed to be noise free, is 
described by the following pair of nonlinear equations (Sontag, 1996): 

x(n + 1) � 'I'(Wax(n) + Wbu(n» 
yen) � C x(n) 

(15.10) 

(15.11 ) 

where W, is a q-by-q matrix, Wb is a q-by-(m + 1)  matrix, C is a p-by-q matrix; and 
'I' : [I;lq --> [I;lq is a diagonal map described by [x!� ['P(X!): 

x, 'P(x,) '1' : . --> . 

. �q 'P(.�q) 
(15.12) 

for some memoryless, component-wise nonlinearity '1': [I;l -> R  The spaces [I;lm, [I;lq, and 
[I;lP are called the input space, state space, and output space, respectively. The dimension
ality of the state space, namely q, is the order of the system. Thus the state-space model 
of Fig. 15.2 is an m-input, p-output recurrent model of order q. Equation (15.10) is the 
process equation of the model and Eq. (15.11) is the measurement equation. The 
process equation (15.10) is a special form of Eq. (15.2). 

The recurrent network of Fig. 15.2, based on the use of a static multilayer per
ceptron and two delay-line memories, provides a method for implementing the non
linear feedback system described by Eqs. (15.10) to (15.12). Note that in Fig. 15.2 
only those neurons in the multilayer perceptron that feed back their outputs to the 
input layer via delays are responsible for defining the state of the recurrent network. 
This statement therefore excludes the neurons in the output layer from the defini
tion of the state. 
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For the interpretation of matrices W", Wb, and C, and nonlinear function 'P( ' ) ,  we 
may say: 

o The matrix W" represents the synaptic weights of the q neurons in the hidden 
layer that are connected to the feedback nodes in the input layer. The matrix W b 
represents the synaptic weights of these hidden neurons that are connected to 
the source nodes in the input layer. It is assumed that the bias lerms for the hid
den neurons are absorbed in the weight matrix W b' 

o The matrix C represents the synaptic weights of the p linear neurons in the out
put layer that are connected to the hidden neurons. It is assumed that the bias 
terms for the output neurons are absorbed in the weight matrix C. 

o The nonlinear function 'PC) represents the sigmoid activation function of a hid
den neuron. The activation function typically takes the form of a hyperbolic tan
gent function: 

or a logistic function: 

1 -2x - e 
'P(x) = tanh (x) = 1 2x + e  

1 
'P(x) = 1 + e x 

(15.13) 

(15.14) 

An important property of a recurrent network described by the state-space 
model of Eqs. (15.10) and (15. 1 1 ) is that it can approximate a wide class of nonlinear 
dynamical systems. However, the approximations are only valid on compact subsets of 
the state space and for finite time intervals, so that interesting dynamical characteris
tics are not reflected (Sontag, 1992). 

Example 1 5.1 

To illustrate the compositions of matrices Wa, Wh and C. consider the fully connected recurrent 
network shown in Fig. 15.6, where the feedback paths originate from the hidden neurons. In this 
example we have m = 2, q = 3, and p :::=: 1 .  The matrices Wil and W b are defined as follows: 

lWI1 W12 WI) J Wa = 'W2! W22 W23 
'W31 W32 W" 

and 

lb1 WI4 1V15J 
Wb = b2 W24 W2.� 

bx W34 WJ5 
where the first column of W b consisting of hj, b2, and b3 represents the bias terms applied to neu
rons 1 , 2, and 3, respectively. The matrix C is a row vector defined by 

C = [1 ,  0, 0] 

• 
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FIGURE 15.6 Fully connected recurrent network with 2 inputs, 2 hidden neurons, 
and 1 output neuron. 

Controllability and Observability 

In the study of system theory, stability, controllability, and observability are prominent 
features, each in its own fundamental way. In this section we discuss controllability and 
observability since they are usually treated together; stability is discussed in the previ
ous chapter and will therefore not be pursued further. 

As mentioned earlier, many recurrent networks can be represented by the state
space model shown in Fig. 15.2, where the state is defined by the output of the hidden 
layer fed back to the input layer via a set of unit delays. In that context, it is important 
to know whether or not the recurrent network is controllable and observable. 
Controllability is concerned with whether or not we can control the dynamic behavior 
of the recurrent network. Observability is concerned with whether or not we can 
observe the result of the control applied to the recurrent network. In that sense, 
observability is the dual of controllability. 
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A recurrent network is said to be controllable if an initial state is steerable to any 
desired state within a finite number of time steps; the output is irrelevant to this defin
ition. The recurrent network is said to be observable if the state of the nclwork can be 
determined from a finite set of input/output measurements. A rigorous treatment of 
controllability and observability of recurrent networks is beyond the scope of this 
book s Here we confine ourselves to local forms of controllability and observability, 
local in the sense that these notions apply in the neighborhood of an equilibrium state 
of the network (Levin and Narendra, 1993). 

A state x is said to be an equilibrium state of Eq. (15.10) if, for an input n, it satis
fies the condition: 

x � <p(Ax + Bn) (1 5.15) 

Without loss of generality, we may set x � 0 and Ii � O. The equilibrium state is then 
described by 

o � <p(0) 

In other words, the equilibrium point is represented by the origin (0, 0). 
Also without loss of generality, we may simplify the exposition by limiting our

selves to a single input, single output (SISO) system. We may then rewrite Eqs. (15. 10) 
and (15.ll) as follows, respectively: 

x(n + 1) � <p(W,x(n) + wbu(n)) 

yen) � cTx(n) 

(15 .16) 

( 15 . 17) 

where both Wb and c are q-by-I vectors, u(n) is the scalar input, and yen) is the scalar 
output. Since <p is continuously differentiable for the sigmoid function of Eq. (15.13) or 
that of Eq. (15,14), we may linearize Eq. ( 15 .16) by expanding it as a Taylor series 
around the equilibrium point i � 0 and Ii � 0 and retaining first-order terms as fol
lows: 

oxen + 1 )  � <p'(O)W,ox(n) + <P'(O)wbou(n) (15.18) 

where oxen) and ou(n) are small displacements applied to the state and input, respec
tively, and the q-by-q matrix <p'(0) is the 1acobian of <p(v) with respect to its argument v, 
evaluated at v � O. We may thus describe the linearized system by writing 

8x(n + 1) � Aox(n) + bou(n) 

oy(n) � c1ox(n) 

where the q-by-q matrix A and the q-by-l vector b are respectively defined by 

and 

b � <P'(O)Wb 

(15.19) 

(15.20) 

(15.21) 

(15.22) 

The state equations (15.19) and ( 15 .20) are in the standard linear form. We may there
fore make use of well-known results on the controllability and observability of linear 
dynamical systems that are a standard part of mathematical control theory. 
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Local Controllability 

From the linearized equation (15.19), we readily find that its repeated use yields the 
following equations: 

&x(n + 1) � A&x(n) + b&u(n) 

&x(n + 2) � A&x(n + 1 )  + b&u(n + 1) 

&x(n + q) � Aqb&x(n) + Aq-lb&u(n + q - 1) + . . . + Ab&u(n + 1) + b&u(n) 

where q is the dimensionality of the state space. Accordingly, we may state that (Levin 
and N arendra, 1993): 

The linearized system represented by Eq. (15.19) is controllable if the matrix 

M, � [A,-lb, . . .  , Ab, b] (15.23) 

is of rank q, that is, full rank, because then the linearized process equation (15.19) would 
have a unique solution. 

The matrix M, is called the controllability matrix of the linearized system. 
Let the recurrent network described by Eqs. (15.16) and (15.17) be driven by a 

sequence of inputs uin) defined by 

uin) � [urn), urn + 1), . . . , urn + q - Ill' (15.24) 

Hence we may consider the mapping 

G(x(n), uq(n)) � (x(n), x(n + q)) 

where G : n;l2q -> n;l2q. In Problem 15.4, it is shown that: 

(15.25) 

• The state x(n + q) is a nested nonlinear function of its past value x(n) and the 
inputs urn), urn + 1),  . . . , urn + q - 1). 

• The 1acobian of x(n + q) with respect to uin), evaluated at the origin, is equal to 
the controllability matrix M, of Eq. (15.23). 

We may express the Jacobian of the mapping G with respect to x(n) and uin), evalu
ated at the origin (0,0), as follows: [ (ax(n)) 

J(') � 
ax(n) (0,0) 

(0,0) ( ax(n) ) 
auq(n) (0.0) 

� [! �J 

(aX(n + q)) 1 
ax(n) (0.0) 

ax(n + q) ( 
auq(n)

-t.O) (15.26) 

where I is the identity matrix, 0 is the null matrix, and the entry X is of no interest. 
Because of its special form, the determinant of the Jacobian J��O) is equal to the prod
uct of the determinant of the identity matrix I (which equals 1) and the determinant of 
the controllability matrix M,. If M, is of fuJI rank, then so is J��:O)' 
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To proceed further, we need to invoke the inverse function theorem, which may 
be stated as follows (Vidyasagar, 1993): 

Consider the mapping f :  �q � [Rq, and suppose that each component of the mapping f is 
differentiable with respect to its argument at the equilibrium point Xo E [Rq, and let 
Yo = f(xo)· Then there exist open sets OU � IRq containing Xo and V � IRq containing Yo such 
that f is a diffeomorphism of GfL onto "V'. If, in addition f is smooth, then the inverse map
ping (-l : ]H.q..-...? IRq is also smooth. that is, f is a smooth diffeomorphism. 

The mapping f :  au --> 'V is said to be a diffeomorphism of au onto 'V if it satisfies the fol
lowing three conditions: 

1, f(au) = 'V. 
2. The mapping f :  ql, --> 'V is one-to-one (i.e., invertible). 
3. Each component of the inverse mapping f-1 : 'V --> au is continuously differen

tiable with respect to its argument. 

Returning to the issue of controllability, we may identify f(au) = 'V in the inverse 
function theorem with the mapping defined in Eq. (15.25). By using the inverse func
tion theorem, we may say that if the controllability matrix M, is of rank q, then locally 
there exists an inverse mapping defined by 

(x(n), x(n + q» = G-1 (x(n), uq(n» (15.27) 

Equation (15.27), in effect, states that there exists an input sequence {uin)} that can 
locally drive the network from state x(n) to state x(n + q) in q time steps. Accordingly, 
we may formally state the local controllability theorem as follows (Levin and 
Narendra, 1993): 

Let a recurrent network be defined by Eqs. (15.16) and (15.17), and let its linearized ver
sion around the origin (i.e., equilibrium point) be defined by Eqs. (15.19) and (15.20). If 
the linearized system is controllable, then the recurrent network is locally controllable 
around the origin. 

Local Observability 

Using the linearized equations (15.19) and (15.20) repeatedly, we may write 

Dy(n) = eTox(n) 

oy(" + 1) = eTox(n + 1 )  
c'Aox(n) + eTbou(n) 

oy(n + q - 1) = eTAq-1ox(n) + eTAq 'b8u(n) + . . . + e'Abou(n + q - 3) 

+ e'bou(n + q - 2) 

where q is the dimensionality of the state space. Accordingly, we may state that (Levin 
and Narendra, 1993): 
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The linearized system described by Eqs. (15.19) and (15.20) is observable if the matrix 

(15.28) 

is of rank q, that is, full rank. 

The matrix Mo is called the observability matrix of the linearized system. 
Let the recurrent network described by Eqs. (15.16) and (15.17) be driven by a 

sequence of inputs defined by 

nq_t(n) = [u(n), u(n + 1) ,  . . . , u(n + q - 2)]' (15.29) 

Corresponilingly, let 

Yq(n) = [yen), yen + 1), . . .  , yen + q - 1)]' (15.30) 

denote the vector of outputs produced by the initial state x(n) and the sequence of 
inpnts nq_t(n). We may then consider the mapping: 

H(uq_t(n), x(n» = (nq_t(n), Yq(n» (15.31 ) 

where H : H;l'q-t --> H;l'q-t . In Problem 15.5 it is shown that the Jacobian of Yq(n) with 
respect to x(n), evaluated at the origin, is equal to the observability matrix Mo of 
Eq. (15.28). We may thus express the Jacobian of H with respect to uq_ t(n) and x(n), 
evaluated at the origin (0, 0), as follows: [ (auq-t(n») 

J(o) _ aUq_t (n) (0.0) 
(0.0) - (a ( ») Uq-l n 

ax(n) (0,0) 

( ayq(n» ) 1 
aU

.

q_t(n) (0.0) (ayq(n») 
ax(n) (0.0) 

(15.32) 

where again the entry X is of no interest. The determinant of the Jacobian J��)O) is equal 
to the product of the determinant of the identity matrix I (which equals 1 )  and the 
determinant of Mo' If Mo is of full rank, then so is Jf�)o). Invoking the inverse function 
theorem, we may therefore say that if the observability matrix Mo of the linearized sys
tem is of full rank, then locally there exists an inverse mapping defined by 

(15.33) 

In effect, this equation states that in the local neighborhood of the origin, x(n) is some 
nonlinear function of both uq_t(n) and Yin), and that nonlinear function is an 
observer of the recurrent network. We may therefore formally state the local observ
ability theorem as follows (Levin and Narendra, 1993): 

Let a recurrent network be defined by Eqs. (15.16) and (15.17), and let its linearized ver
sion around the origin (i.e., equilibrium point) be defined by Eqs. (15.19) and (15.20). If 
the linearized system is observable, then the recurrent network is locally observable 
around the origin. 
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Example 1 5.2 

Consider a state-space model with matrix A = aI, where a is a scalar and I is the identity matrix. 
Then the controllability matrix M, of Eg. (15.23) reduces to 

M, � alb, . . .  , b, b] 

The rank of this matrix is 1. Hence, the linearized system with this value of matrix A is not con
trollable. 

Putting A � al in Eg. (15.28), we obtain the observability matrix 

M" = a[c, c, . . . , c] 

whose rank is also 1. The linearized system is also not observable. 

1 5.4 NONLINEAR AUTOGRESSIVE WITH EXOGENOUS INPUTS MODEL 

• 

Consider a recurrent network with a single input and single output, whose behavior is 
described by the state equations ( 15 . 16) and (15.17). Given this state-space model, we 
wish to modify it into an input-output model as an equivalent representation of the 
recurrent network. 

Using Eqs. (15.16) and (15. 17), we may readily show that the output yen + q) is 
expressible in terms of the state x(n) and the vector of inputs u,/n) as follows (see 
Problem 1 5.8): 

yen + q) � <I>(x(n), uin» ( 15 .34) 

where q is the dimensionality of the state space, and <I> : �2q -> R Provided that the 
recurrent network is observable, we may use the local observability theorem to write 

x(n) � W(Yq(n), u,, _ ln)) (15.35) 

where 'II : �2q-l -> �". Hence, substituting Eq. ( 15 .35) in (15.34), we get 

yen + q) � <I>(W(y,,(n), uq_l(n)). uq(n» 

� F(Yq(n), uq(n)) 
(15.36) 

where uq- l (n) is contained in u,,(n) as its first (q - 1) elements, and the nonlinear map
ping F :  �2q -> IR takes care of both <I> and W. Using the definitions of Yin) and uq(n) 
given in Eqs. ( 15.30) and (15.29), we may rewrite Eg. ( 15.36) in the expanded form: 

yen + q) � F(y(n + q - 1), . . .  , yen), urn + q - 1), . . .  , urn»� 
Replacing n with n - q + 1, we may equivalently write (Narendra. 1995): 

yen + 1) � F(y(n), . . .  , y(n - q + 1 ), urn), . . . , urn - q + 1)) (15.37) 

Stated in words, some nonlinear mapping F :  �2q -> � exists whereby the present 
value of the output yen + I )  is uniquely defined in terms of its past values yen), . . .  , 
yen - q + 1) and the present and past values of the input urn), . . .  , urn - q + 1 ). For 
this input-output representation to be equivalent to the state-space model of Eqs. (15.16) 
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and (15.17), the recurrent network must be observable. The practical implication of 
this equivalence is that the NARX model of Fig. 15.1, with its global feedback limited 
to the output neuron, is in fact able to simulate the corresponding fully recurrent state
space model of Fig. 15.2 (assuming that m = 1 and p = 1 )  with no difference between 
their input-output behavior. 

Example 1 5.3 

Consider again the fully connected recurrent network of Fig. 15.6. For the purpose of our present 
discussion, suppose that one of the inputs, uz{n) say, is reduced to zero, so that we have a single 
input, single output network. We may then replace this fully connected recurrent network by the 
NARX model shown in Fig. 15.7, provided that the network is locally observable. This equiva
lence holds despite the fact that the NARX model has limited feedback that originates only from 
the output neuron, whereas in the fully connected recurrent network of Fig. 15.6 the feedback 
around the multilayer perceptron originates froth the three hidden/output neurons. 

1 5.5 COMPUTATIONAL POWER OF RECURRENT NETWORKS 

• 

Recurrent networks, exemplified by the state-space model of Fig. 15.2 and the NARX 
model of Fig. 15.1, have an inherent ability to simulate finite-state automata. Automata 
represent abstractions of information processing devices such as computers. Indeed, 
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automata and neural networks share a long history.' In his 1967 book (p. 55), Minsky 
makes the following consequential statement: 

" Every finite-state machine is equivalent to, and can be 'simulated' by, some neural net. 
That is, given any finite-state machine M, we can build a certain neural net X··j.t which, 
regarded as a black-box machine, will behave precisely like M!" 

The early work on recurrent networks used hard threshold logic for the activation 
function of a neuron rather than soft sigmoid function. 

Perhaps the first experimental demonstration of whether or not a recurrent net
work could learn the contingencies implied by a small finite-state grammar was 
reported in Cleeremans et al. (1989). Specifically, the simple recurrent network (Fig. lS.3) 
was presented with strings derived from the grammar and required to predict the next 
letter at every step. The predictions were context dependent since each letter appeared 
twice in the grammar and was followed in each case by different successors. It was 
shown that the network is able to develop internal representations in its hidden neu
rons that correspond to the states of the automaton (finite-state machine). In Kremer 
(1995) a formal proof is presented that the simple recurrent network has a computa
tional power as great as that of any finite-state machine. 

In a generic sense, the computational power of a recurrent network is embodied 
in two main theorems: 

Theorem I (Siegelmann and Sontag, 1991). 

All Turing machines may be simulated by fully connected recurrent networks built on 
neurons with sigmoid activation functions. 

The Turing machine is an abstract computing device invented by Turing (1936). It con
sists of three functional blocks as depicted in Fig. 15.8: (\) control unit that can assume 
any one of a finite number of possible states; (2) linear tape (assumed to be infinite in 
both directions) that is marked off into discrete squares with each square available to 
store a single symbol taken from a finite set of symbols; and (3) read-write head that 
moves along the tape and transmits information to and from the control unit (Fischler 
and Firschein, 1 987). For the present discussion it suffices to say that the Turing 
machine is an abstraction that is functionally as powerful as any computer. This idea is 
known as the Church-Turing hypothesis. 

FIGURE 15.8 Turing Machine. 

Control 
unit 

Square for 
storing a 
symbol 

Linear tape 



Section 1 5.5 (omputational Power of Recurrent Networks 749 

Theorem II (Siegelmann et aI., 1997) 

NARX networks with one layer of hidden neurons with bounded, one·sided saturated 
activation functions and a linear output neuron can simulate fully connected recurrent 
networks with bounded, one-sided saturated activation functions, except for a linear slow
down. 

A "linear slowdown" means that if the fully connected recurrent network with N neu
rons computes a task of interest in time T, then the total time taken by the equivalent 
NARX network is (N + 1)T. A function 'P(') is said to be a bounded, one-sided satu
rated (BOSS) [unction if it satisfies the following three conditions: 

1. The function 'P(' ) has a bounded range; that is, a <; 'P(x) <; b, a * b, for all x E �. 
2. The function 'P(') is saturated on the left side; that is, there exist values s and S 

such that 'P(x) = S for all x <; s. 
3. The function 'P(') is noneonstant; that is, 'P(x,) * 'P(x2) for some Xl and x2. 

The threshold (Heaviside) and piecewise-linear functions satisfy the BOSS conditions. 
However, in a strict sense, a sigmoid function is not a BOSS function because it does 
not satisfy condition 2. Nevertheless, with a minor modification, it can be made into a 
BOSS function by writing (in the case of a logistic function) 1 1 

- for X >  s 
'P(x) = 1 +0 exp ( -x) 

for x � s 

where S E �. In effect, the logistic function is truncated for x <; s. 
As a corollary to Theorems I and II, we may state the following (Giles, 1996): 

NARX networks with one hidden layer of neurons with BOSS activations functions and a 
linear output neuron are Thring equivalent. 

Figure 15.9 presents a portrayal of Theorems I and II and this corollary. It should, how
ever, be noted that when the network architecture is constrained, the computational 
power of a recurrent network may no longer hold, as described in Sperduti(1997). 
References to examples of constrained network architectures are presented in note 7. 

Turing 
machine 

Fully connected 
recurrent 
network 

NARX 
network 

FIGURE 15.9 I l lustration of 
Thereoms I and II, and 
corollary to them. 
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1 5.6 LEARNING ALGORITHMS 

We now turn to the issue of training recurrent networks. From Chapter 4 we recall that 
there are two modes of training an ordinary (static) multilayer perceptron: batch mode 
and sequential mode. In the batch mode, the sensitivity of the network is computed for 
the entire training set before adjusting the free parameters of the network. In the 
sequential mode, on the other hand, parameter adjustments are made after the presen
tation of each pattern in the training set. Likewise, we have two modes of training a 
recurrent network, as described here (Williams and Zipser, 1995): 

1. Epochwise training. For a given epoch, the recurrent network starts running 
from some initial state until it reaches a new state, at which point the training is stopped 
and the network is reset to an initial state for the next epoch. The initial state doesn't 
have to be the same for each epoch of training. Rather, what is important is for the ini
tial state for the new epoch to be different from the state reached by the network at the 
end of the previous epoch. Consider, for example, the use of a recurrent network to 
emulate the operation of a finite-state machine, that is, a device whose distinguishable 
internal configurations (states) are finite in number. In such a situation it is reasonable 
to use epochwise training since we have a good possibility for a number of distinct ini
tial states and a set of distinct final statcs in the machine to be emulated by the recur
rent network. In epochwise training for recurrent networks the term "epoch" is used in 
a sense different from that for an ordinary multilayer perceptron.ln the current termi
nology, the epoch for the recurrent network corresponds to one training pattern for 
the ordinary multilayer perceptron. 

2. Continuous training. This second method of training is suitable for situations 
where there arc no reset states available and/or on-line learning is required. The distin
guishing feature of continuous training is that the network learns while signal process
ing is being performed by the network. Simply put, the learning process never stops. 
Consider. for example. the use of a recurrent network to model a nonstationary 
process such as a speech signal. In this kind of situation. continuous operation of the 
network offers no convenient times at which to stop the training and begin anew with 
different values for the frec parameters of the network. 

Keeping these two modes of training in mind, in the next two sections we will 
describe different learning algorithms for recurrent networks as summarized here: 

• The back-propagation-through-time algorithm, discussed in Section 15.7, oper
ates on the premise that the temporal operation of a recurrent network may be 
unfolded into a multilayer perccptron. This would then pave the way [or applica
tion of the standard back-propagation algorithm. Back-propagallon through 
time can be implemented in the epochwise mode, continuous (real· lime) mode, 
or combination thereof. 

• The real-time recurrent learning algorithm, discussed in Section 15.8, is derived 
from the state-space model described by Eqs. ( 1 5 . 1 0) and (15 .11). 

These two algorithms share many common features. First, they are both based on the 
method of gradient descent, whereby the instantaneous value of a cost function (based 
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on a squared-error criterion) is minimized with respect to the synaptic weights of the 
network. Second. they are both relatively simple to implement. but can be slow to con
verge. Third. they are related in that the signal-flow graph representation of the back
propagation-through-time algorithm can be obtained from transposition of the 
signal-flow graph representation of a certain form of the real-time recurrent learning 
algorithm (Lefebvre, 1991; Beaufays and Wan, 1994). 

Real-time (continuous) learning, based on gradient descent, uses the minimum 
amount of available information, namely an instantaneous estimate of the gradient of 
the cost function with respect to the parameter vector to be adjusted. We may acceler
ate the learning process by exploiting Kalman filter theory, which utilizes information 
contained in the training data more effectively. In Section 15.10 we describe the decou
pled extended Kalman filter, by means of which we are able to tackle dynamic learning 
tasks that would be very difficult for gradient-descent based methods. A brief review of 
Kalman filters is presented in Section 15.9. Note that the decoupled extended Kalman 
filter is applicable to both static feedforward networks as well as recurrent networks. 

Some Heuristics 

Before proceeding to describe the new learning algorithms mentioned, we will list 
some heuristics for the improved training of recurrent networks that involve the use of 
gradient-descent methods (Giles, 1996): 

• Lexigraphic order of training samples should be followed, with the shortest 
strings of symbols being presented to the network first. 

• The training should begin with a small training sample, and then its size should be 
incrementally increased as the training proceeds. 

• The synaptic weights of the network should be updated only if the absolute error 
on the training sample currently being processed by the network is greater than 
some prescribed criterion. 

• The use of weight decay during training is recommended; weight decay, a crude 
form of complexity regularization, is discussed in Chapter 4. 

The first heuristic is of particular interest. If implementable, it provides a proce
dure for alleviating the vanishing gradients problem that arises in recurrent networks 
trained by means of gradient-descent methods. This problem is discussed in Section 
15.12. 

1 5.7 BACK·PROPAGATION THROUGH TIME 

The back-propagation-through-time (EPTT) algorithm for training a recurrent net
work is an extension of the standard back-propagation algorithm.' It may be derived 
by unfolding the temporal operation of the network into a layered feedforward net
work, the topology of which grows by one layer at every time step. 

To be specific, let H denote a recurrent network required to learn a temporal task, 
starting from time no all the way up to time n. Let H* denote the feedforward network 
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that results from unfolding the temporal operation of the recurrent network N. The 
unfolded network N* is related to the original network N as follows: 

1. For each time step in the interval (no. n]. the network N* has a layer containing K 
neurons, where K is the number of neurons contained in the network N. 

2. In every layer of the network N* there is a copy of each neuron in the network N. 
3. For each time step I EO [no, n], the synaptic connection from neuron i in layer I to 

neuron j in layer I + 1 of the network N* is a copy of the synaptic connection 
from neuron i to neuronj in the network N. 

These points are illustrated in the following example. 

Example 1 5.4 

Consider the two-neuron recurrent network .N shown in Fig. 15.10a. To simplify the presentation 
we have omitted unit delay operators Z-l that should be inserted in each of the synaptic connec
tions (including the self-loops) in Fig. 15.l Oa. By unfolding the temporal operation of this net
work in a step-by-step manner, we get the signal-flow graph shown in Fig. 15.lOb where the 
starting time no = O. The graph of Fig. 15.1Gb represents the layered feedforward H*, where a 
new layer is added at each step of the temporal operation. 

• 
Application of the unfolding procedure leads to two basically different imple

mentations of back-propagation through time, depending on whether epochwise train
ing or continuous (real-time) training is used. These two methods of recurrent learning 
are now described in that order. 

W" w12 
w" 

(a) 

Wl1 xl(1) WI I  xl (2) x1(n) WlI x/OJ xj(n + 1 )  

wll w12 wI2 

W21 w21 WZI 

"2(0) 
W22 x2(l ) W22 x,(2) x2(n) W22 

xin + I )  

Time 0 2 n n + 1  

(b) 
FIGURE 15.10 (a) Architectural graph of a two-neuron recurrent network X. 
(b) Signal-flow graph of the network N unfolded in time. 
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Epochwise Back-propagation through Time 

Let the data set used to train a recurrent network be partitioned into independent 
epochs, with each epoch representing a temporal pattern of interest. Let no denote the 
start time of an epoch and nj denote its end time. Given this epoch, we may define the 
cost function 

(15.38) 

where sa is the set of indices j pertaining to those neurons in the network for which 
desired responses are specified, and e/n) is the error signal at the output of such a 
neuron measured with respect to some desired response. We wish to compute sensi
tivity of the network, that is, the partial derivatives of the cost function 't:""I(nO' nl) 
with respect to synaptic weights of the network. To do so, we may use the epoch wise 
back-propagation-through-time (BPTT) algorithm, which builds on the batch mode of 
standard back-propagation learning that is described in Chapter 4. The epochwise 
BPTT algorithm proceeds as follows (Williams and Peng, 1990): 

o First, a single forward pass of the data through the network for the interval (no, nl) 
is performed. The complete record of input data, network state (i.e., synaptic 
weights of the network), and desired responses over this interval is saved. 

o A single backward pass over this past record is performed to compute the values 
of the local gradients 

a't:tot,l(nO, nl) 
av) (n) (15.39) 

for all j E sa and no < n .,; nl• This computation is performed by using the formula: 

for n = n J  
(15.40) 

for no < n < nl 

where <p'( - )  is the derivative of an activation function with respect to its argu
ment, and v/n) is the induced local field of neuron j. It is assumed that all neu
rons in the network have the same activation function <p(')' The use of Eq. (15.40) 
is repeated, starting from time n1 and working back, step by step, to time no: the 
number of steps involved here is equal to the number of time steps contained in 
the epoch. 

o Once the computation of back -propagation has been performed back to time 
no + I, the following adjustment is applied to the synaptic weight Wj; of neuronj: 

I!.w 
= 

-TJ a%to"l(n", nj) 
)' , uWji 

n, 
= TJ 2: oj (n)x,(n - 1 )  

n=n{) + J  

(15.41) 
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where '11 is the learning-rate parameter and x,(n - 1 )  is the input applied to the 
ith synapse of neuron j at time n - l. 

Comparing the procedure just described for epochwise BPTT with the batch mode of 
standard back-propagation learning, we see that the basic difference between them is 
that in the former case the desired responses are specified for neurons in many layers 
of the network because the actual output layer is replicated many times when the tem
poral behavior of the network is unfolded. 

Truncated Back-propagation through Time 

To use back-propagation through time in a real-time fashion, we use the instantaneous 
value of the sum of squared errors, namely, 

1 �(n) � -
2 
2: eJ (n) 

jE:J1 

as the cost function to be minimized. As with the sequential (stochastic) mode of stan
dard back-propagation learnmg, we use the negative gradient of the cost function �(n) 
to compute the appropriate adjustments to the synaptic weights of the network at each 
time instant n. The adjustments are made on a continuous basis, while the network is 
running. However, in order to do this in a computationally feasible manner, we only 
save the relevant history of input data and network state for a fixed number of time 
steps, called the truncation depth. Henceforth the truncation depth is denoted by h. 
Any information older than h time steps into the past is considered irrelevant, and may 
therefore be ignored. If we were not to truncate the computation, thereby permitting it 
to go back to the starting time, the computation time and storage requirement would 
grow linearly with time as the network runs, eventually reaching a point where the 
whole learning process becomes impractical. 

This second form of the algorithm is called the truncated back-propagation
through-time (BPTT(h)) algorithm (Williams and Peng, 1990). The local gradient for 
neuron j is now defined by 

8j(l) � 
_ a�(l) 
aVI (I) 

which in turn leads to the formula: 

for all j E :1L 

and n - h < l -s n  

for I � n 

for n - h < 1 <  n 

( 15.42) 

(15.43) 

Once the computation of back-propagation has been performed back to time n - h + 1, 
the following adjustment is applied to the synaptic weight wj' of neuron j: 

n 

!lwji(n) � '11 2: 8J (l)x,(I - I ) ( 15.44) 
l"'n-h+! 
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where T] and xi(l - 1) are as defined previously. Note that the use of wkj(l) in Eq. (15.43) 
requires that a history of weight values be maintained. The use of wkj in this equation 
may be justified only if the learning-rate parameter T] is small enough to ensure that the 
weight values do not change significantly from one time step to the next. 

In comparing Eq. (15.43) with (15.40), we see that, unlike the epochwise BPTT 
algorithm, the error signal is only injected into the computation at the current time n. 
This explains the reason for not keeping a record of past values of the desired 
responses. In effect, the truncated back-propagation-through-time algorithm treats the 
computation for all earlier time steps similar to the way in which the stochastic back
propagation algorithm (discussed in Chapter 4) treats the computations for hidden 
neurons in a multilayer perceptron. 

Some Practical Considerations 

In real-life applications of BPTT, the use of truncation is not as artificial as it may 
sound. Unless the recurrent network is unstable, there should be a convergence of the 
derivatives a'&(1)/ av/l) because computations farther back in time correspond to 
higher powers of feedback strengths (roughly equal to sigmoid slopes multiplied by 
weights). In any event, the truncation depth h must be large enough to produce deriva
tives that closely approximate the actual values. This requirement places a lower 
bound on the value of h. For example, in the application of dynamically driven recur
rent networks to engine idle-speed control, the value h = 30 is considered to be a rea
sonably conservative choice for that learning task to be accomplished (Puskorius 
et aI., 1996). 

One other practical matter needs to be discussed. The unfolding procedure 
described in this section for back-propagation through time provides a useful tool for 
picturing it in terms of a cascade of similar layers progressing forward in time, thereby 
helping us to develop an understanding of how the procedure functions. This strong 
point is unfortunately the cause of its weakness. The procedure works perfectly fine for 
relatively simple recurrent networks consisting of a few neurons. However, the under
lying formulas, partiCUlarly Eq. (15.43), become unwieldy when the unfolding proce
dure is applied to more general architectures that are typical of those encountered in 
practice. In situations of this kind, the preferred procedure is to use the more general 
approach described in Werbos (1990,) in which each expression in the forward propa
gation of a layer gives rise to a corresponding set of back-propagation expressions. An 
advantage of this approach is its homogeneous treatment of forward and recurrent 
(feedback) connections. 

To describe the mechanics of this particular form of BPTT(h), let F -'x denote an 
ordered derivative of the network output at node I with respect to x. To derive the back
propagation equations, the forward propagation equations are considered in reverse 
order. From each equation we derive one or more back -propagation expressions 
according to the following principle: 

_ I _ d<p I If a - <pCb, c), then F_b -
ab

F-" and (15.45) 
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Example 1 5.5 

To clarify the notion of ordered derivatives, consider a nonlinear system described by the follow
ing pair of equations: 

Xl = log u + xi 

Y = XI + 3xz 

The variable Xl influences the output y in two ways: dire,ctly via the second equation, and indi
rectly via the first equation. The ordered derivative of y with respect to x2 is defined by the total 
causal impact that includes the direct and indirect effects of Xz on y, as shown by 

• 

In programming the ordered derivatives for BPTT(h), the quantity on the right-hand 
side of each ordered derivative in Eq. (15.45) is added to the previous value of the left
hand side. In this way, the appropriate derivatives are distributed from a given node in 
the network to all the nodes and synaptic weights that feed it in the forward direction, 
with due allowance being made for any delays that may be present in each connection. 
The simplicity of the formulation described herein reduces the need for visualizations 
such as unfolding in time or signal-flow graphs. In Feldkamp and Puskorius (1998) and 
Puskorius et al. (1996), this procedure is used to develop a pseudocode for implement
ing the BPTT(h) algorithm. 

1 5.8 REAL·TIME RECURRENT LEARNING 

In this section we describe another learning algorithm referred to as real-time recurrent 
learning (RTRL) 9 The algorithm derives its name from the fact that adjustments are 
made to the synaptic weights of a fully connected recurrent network in real time, that is, 
while the network continues to perform its signal processing function (Williams and 
Zipser, 1989). Figure 15.11  shows the layout of such a recurrent network. It consists of 
q neurons with m external inputs. The network has two distinct layers: a concatenated input
feedback layer and a processing layer of computation nodes. Correspondingly, the synaptic 
connections of the network are made up of feedforward and feedback connections. 

The state-space description of the network is defined by Eqs. (15.10) and (15.11) .  
The process equation (15.10) is reproduced here in the following expanded form: 

<p(wil;(n)) 

x(n + 1 )  � <p(wWn)) ( 15.46) 



Section 1 5.8 Real-Time Recurrent Learning 151 

,----------1 ,-1 1------, 

State 
vector 
x(n) 

;���� { u(n) 

--oE-----'> 

} ���fo�
t 

y(n + 1) 

f--",,*--

FIGURE 15.11 Fully connected recurrent network for formula
tion of the RTRL algorithm. 

where it is assumed that all the neurons have a common activation function <p( . ). The 
(q + m + 1 )-by-1 vector wi is the synaptic weight vector of neuron j in the recurrent 
network, that is, Wi = [ wa•i]. j = 1 .  2, . . . , q (15.47) Wb,j 
where Wa,j and wb,j are the jth columns of the transposed weight matrices Wr and wI, 
respectively. The (q + m + 1)-by-1 vector �(n) is defined by 

!;(n) = 
[ x(n)] n(n) (15.48) 

where x(n) is the q-by-1 state vector and urn) is the (m + 1)-by-1 input vector. The first 
element of urn) is + 1  and, in a corresponding way, the first element of Wb•i is equal to 
the bias hi applied to neuron j. 
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To simplify the presentation, we introduce three new matrices A/n), V/n), and 
<1>( n), described as follows: 

1, AI (n) is a q-by-(q + m + 1 )  matrix defined as the partial derivative of the state 
vector x(n) with respect to the weight vector WI : 

j = 1, 2, . " , q  (15.49) 

2, V,(n) is a q-by-(q + m + I )  matrix whose rows arc all zero, except for the jth row 
that is equal to the transpose of vector �(n): 

j = 1 , 2, " "  q (15.50) 

3. <I>(n) is a q-by-q diagonal matrix whose kth diagonal element is the partial dcriv
ative of the activation function with respect to its argument, evaluated at wTtCn): 

<I>(n) = diag ('P ' (w{t(n)), . " , 'P' (w!t(n» . " . , 'P(w;tCn))) (15.51) 

With these definitions, we may now differentiate Eq. (15.46) with respect to w)' Then, 
using the chain rule of calculus, we obtain the following recursive equation: 

j = I , 2, , , . , q (15.52) 

This recursive equation describes the nonlinear state dynamics (i,c., evolution of the 
state) of the real-time recurrent learning process. 

To complete the description of this learning process, we need to relate the matrix 
Aj(n) to the gradient of the error surface with respect to Wi To do this, we first use the 
measurement equation (15.11) to define the p-by-l error vector: 

e(n) = den) - yen) 
= den) - ex(n) 

(15.53) 

The instantaneous sum of squared errors at time n is defined in terms of e(n) by 

1 T 1O:(n) = :2 e (n)e(n) (15.54) 

The objective of the learning process is to minimize a cost function obtained by sum
ming 1O:(n) over all time n; that is, 

%"1<,, = 2: %(n) 
" 

To accomplish this objective we may use the method of stcepest descent, which 
requires knowledge of the gradient matrix, written as 



Section 1 5.8 Real-Time Recurrent Learning 759 

v '€o = a'€o,oto' w total aw 

= 2: o'€o(n) 
n oW 

where Vw'€o(n) is the gradient of '€o(n) with respect to the weight matrix W = {wk}. We 
may. if desired, continue with this equation and derive update equations for the synap
tic weights of the recurrent network without invoking approximations. However, in 
order to develop a learning algorithm that can be used to train the recurrent network 
in real time, we must use an instantaneous estimate of the gradient, namely V w'€o(n), 
which results in an approximation to the method of steepest descent. 

Returning to Eq. (15.54) as the cost function to be minimized, we differentiate it 
with respect to the weight vector WI' obtaining 

o'€o(n) = (ae(n
»
)e(n) aWl aWl 

= _c(ax(n
»
)e(n) 

aWj 

= -CA/n)e(n), j = 1, 2, " "  q 

(15.55) 

The adjustment applied to synaptic weight vector wj(n) of neuron j is therefore deter
mined by 

J'€o(n) 6.w (n) = -T] --] ow' ] (15.56) 

j = 1, 2, . . .  , q 

where T] is the learning-rate parameter and Aj(n) is itself governed by Eq. ( 15.52). 
The only remaining item is that of specifying the initial conditions to start the 

learning process. For this purpose we set 

for allj (15.57) 

the implication of which is that initially the recurrent network resides in a constant state. 
Table 15.1 presents a summary of the real· time recurrent learning algorithm. The 

formulation of the algorithm as described here applies to an arbitrary activation func
tion <p( ' ) that is differentiable with respect to its argument. For the special case of a sig· 
moidal nonlinearity in the form of a hyperbolic tangent function, we have 

x/n + 1)  = <p(v/n)) 
= tanh (vj(n)) 
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TABLE 15.1 Summary ofthe Real-Time Recurrent Learning Algorithm 

Parameters: 

m = dimensionality of input space 
q = dimensionality of state space 
p = dimensionality of output space 

Wj = synaptic weight vector of neuronj,j = 1,2, . . .  , q . 

Initialization: 

1. Set the synaptic weights of the algorithm to small values selected 
from a uniform distribution. 

2. Set the initial value of the state vector x(O) = O. 
3. Set A/D) � 0 for j � 1 , 2, . . .  , q. 

Computations: Compute for n = 0, 1 ,2, . " , 

A/n + 1 )  � <I>(n)[W,(n)Ai(n) + Ui(n)] 

ern) � den) - Cx(n) 

t.w/n) � T]CA/n)e(n) 

The definitions of x(n), Ai(n), Ui(n), and <I>(n) are given in Eqs. (15.46), 
(15 .49), (15.50), and (15.51), respectively. 

'
( 

.
( » � 

a<p(v,(n)) 
<p vj n  

( ) aVj n 

� sech2 (vj(n» 

� 1 - xJ(n + 1)  

(15.58) 

where v/n) is the induced local field of neuronj and xj(n + 1) is its state at n + 1 .  
The use of  the instantaneous gradient Vw'&(n) means that the real-time recur

rent learning algorithm described here deviates from a non-real-time one based on 
the true gradient V w'&total' However, this deviation is exactly analogous to that cncoun� 
tered in the standard back-propagation algorithm used in Chapter 4 to train an ordi
nary multilayer perceptron, where weight changes are made after each pattern 
presentation. While the real-time recurrent learning algorithm is not guaranteed to 
follow the precise negative gradient of the total error function '&to,,'(W) with respect 
to the weight matrix W, the practical differences between the real-time and non-real
time versions are often slight; these two versions become nearly identical as the learn� 
ing-rate parameter 11 is reduced. The most severe potentia} consequence of this 
deviation from the true gradient-following behavior is that the observed trajectory 
(obtained by plotting '&(n) versus the elements of the weight matrix Wen»� may itself 
depend on the weight changes produced by the algorithm. which may be viewed as 
another source of feedback and therefore a cause of instability in the system. We can 
avoid this effect by using a learning-rate parameter 1] small enough to make the time 
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scale of the weight changes much smaller than the time scale of the network opera
tion (Williams and Zipser, 1989). 

Example 1 5.6 

In  this example we fonnulate the RTRL algorithm for the fully recurrent network shown in Fig. 15.6 
with two inputs and single output. The network has three neurons, with the composition of 
matrices Wa. Wb, and C as described in Example 15.1. 

With m � 2 and q � 3, we find from Eq. (15.48) that 

�(n) � 

xj(n) 
x2(n) 
x,(n) 

1 
uj(n) 
u2(n) 

Let \,k/(n) denote the kl-th element of matrix AJn). The use of Eqs. (15.52) and (15.56) then 
yields, respectively, 

Aj,kI(n + 1) � qi(vj(n)) [� wj,(n)Aj.k/(n) + 8kjs/(n)] 
t.wk/(n) � T](dj(n» - xj(n))Al,k/(n) 

where 5kj is the Kronecker delta, which is equal to 1 for k = j and zero otherwise; and (j,k) = 1,2,3 
and 1 = 1 ,  2, . , . , 6. Figure 15.12 presents a sensitivity graph determining the evolution of the 
weight adjustment t.wk/(n). Note that W. � {wji) for U, i) � 1 ,2, 3, and Wb � {wA for j = 1 , 2, 3  
and l � 4,5,6. 

FIGURE 15.12 Sensitivity graph of the fully recurrent network of Fig. 1 5.6. 
Note: The three nodes labeled s/(n) are all to be viewed as a single input. 

• 
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Teacher Forcing 

A strategy that is frequently used in the training of recurrent networks is teacher forc
ing (Williams and Zipser, 1989, 1 995); in adaptive filtering, teacher forcing is known as 
the equation-error method (Mendel, 1 995). Basically, teacher forcing involves replacing 
the actual output of a neuron, during training of the network, with the corresponding 
desired response (i.e., target signal) in subsequent computation of the dynamic behav
ior of the network, whenever that desired response is available. Although teacher forc
ing is being described under the RTRL algorithm, its use applies to any other learning 
algorithm. For it to be applicable, however, the neuron in question must feed its output 
back to the network. 

Beneficial effects of teacher forcing include (Williams and Zipscr, 1995): 

• Teacher forcing may lead to Jaster training. The reason for this improvement is the 
use of teacher forcing amounts to the assumption that the network has correctly 
learned all the earlier parts of the task that pertain to the neurons where teacher 
forcing has been applied. 

• Teacher forcing may serve as a corrective mechanism during training. For exam
ple, the synaptic weights of the network may have the correct values, but some
how the network is currently operating in the wrong region of the state space. 
Clearly, adjusting the synaptic weights is the wrong strategy in such a situation. 

A gradient-based learning algorithm that uses teacher forcing is in actual fact 
optimizing a cost function different from its unforced counterpart. The teacher forced 
and unforced versions of the algorithm may therefore yield different solutions, unless 
the pertinent error signals are zero, in which case learning is unnecessary_ 

1 5.9 KALMAN FILTERS 

As mentioned previously, continuous learning based on gradient descent, exemplified 
by the real-time recurrent learning algorithm, is typically slow due to reliance on instan
taneous estimates of gradients. We may overcome this serious limitation by viewing the 
supervised training of a recurrent network as an optimum filtering problem, the solu
tion of which recursively utilizes information contained in the training data in a manner 
going back to the first iteration of the learning process. The idea described here is the 
essence of Kalman filtering (Kalman, 1960). Novel features of Kalman filters include: 

• The theory is formulated in terms of state-space concepts. providing efficient uti
lization of the information contained in the input data. 

• Estimation of the state is computed recursively; that is, each updated estimate of 
the state is computed from the previous estimate and the data currently avail
able, so only the previous estimate requires storage. 

In this section we present a brief review of Kalman filter theory 10 to pave the way 
for the derivation of the decoupled extended Kalman filter described in the next sec
tion. The development of the theory usually begins with linear dynamical systems. To 
extend its use to nonlinear dynamical systems, a form of linearization is applied to the 
system; this latter part of the discussion is deferred to the next section. 
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w(n + 1) z-II w(n) qn) d(n) � I}---�O FIGURE 15.13 Signal·flow 

� graph of linear, discrete-time 
dynamical system for 

v(n) describing the Kalman filter. 

Consider then a linear, discrete-time dynamical system described by the signal
flow graph shown in Fig. 15 . 13 .  The time-domain description of the system presented 
here is along similar lines to the state-space formalism presented in Section 15.3. In 
mathematical terms, Fig. 15 . 13 embodies the following pair of equations: 

wen + 1)  = wen) 
den) = C(n)w(n) + v(n) 

(15.59) 

( 15.60) 

The various quantities in the process equation (15.59) and the measurement equation 
( 15.60) are described as follows: 

• wen) is the state vector of the system. 
• den) is the observation vector. 
• C(n) is the measurement matrix. 
• v(n) is the m,easuremen( noise. 

In the process equation (15.59) we have made two simplifying assumptions. First, the 
process equation is noiseless. Second, the transition matrix relating the states of the sys
tem at times n + 1 and n is equal to the identity matrix. We have also used a new nota
tion for the state in Fig. 15.13 for reasons that will become apparent in the next section. 

The Kalman filtering problem may now be stated as follows: 

Use the entire observed data, consisting at the set of vectors {d(i) r=h to find for each n ;:::: 1 
the minimum mean-square error estimate of the state w( i). 

Note that information on the state vector is not available. The problem is called filter
ing if i = n,prediction if i > n, and smoothing if 1 ,;; i ,;; n. The solution to the problem 
is derived on the basis of the following assumptions (beyond the assumed linearity of 
the system): 

1. The measurement noise v(n) is a zero mean, white noise process whose covari
ance matrix is defined by {K(n), E[v(n)vT(k)] = 0, 

n = k  
n * k  

2. The initial value of the state, w(O), is uncorrelated with v(n) for all n 2 O. 

(15.61) 

For an elegant derivation of the Kalman filter, we may use the notion of innova
tions (Kailath, 1968). Specifically, the innovations process associated with the observa
tion vector d(n) is defined by 

«(n) = den) - d(n ln  - 1 )  ( 15.62) 

where den In - 1) is the minimum mean-square error estimate of den), given all past 
values of the observation vector starting at time n = 1 and extending up to time n - 1 .  
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By the "minimum mean-square eiror estimate" we mean that particular estimate that 
minimizes the mean-square error measured with respect to den). The innovations 
process "'(n) may be regarded as a measure of the new information contained in den) 
that is not available in the predictable part den I n - 1 ) .  The innovations process ",(n) 
has some nice properties as summarized here (Kailath. 1 968): 

1. The innovations process a(n) associated with den) is uncorrelated to all past 
observations del), d(2), . . .  , den - 1), as shown by 

E[a(n)dT(k)] = 0 for 1 -s k :5 n - 1 

2. The innovations process consists of a sequence of random vectors that are unCOf
related with each other, as shown by 

E["'(n)aT(k)] = 0 for 1 -s k :5 n - 1 

3. There is a one-ta-one correspondence between the sequence of random vectors 
representing the observed data and the sequence of random vectors representing 
the innovations process, as shown by 

(d(l), d(2) , . . .  , d(n)1 � (a(l), a(2), . . .  , a(n)1 (15.63) 

We may now replace the correlated sequence of observed data with the uncorre
lated (and therefore simpler) sequence of innovations without any loss of information. 
In so doing, the derivation of the Kalman filter is simplified by expressing the estimate 
of the state at time i, given the set of innovations (a(k)IZ�l '  In carrying out the analysis 
on this basis, we may derive the standard Kalman filter as summarized in Table 15.2. 
There are three new quantities in this algorithm that need to be defined: 

• K(n, n - 1 )  is the error covariance matrix defined by 

K(n, n - 1 )  = E[E(n, n - I)ET(n, n - 1)] 

where the state error E(n, n - 1 )  is itself defined by 

E(n, n - 1 )  = wen) - w(n l n  - 1 )  

( 15.64) 

( 15.65) 

where wen) is the actual state and wen I n - 1 )  is its one-step prediction based on 
past values of the observed data up to time n - 1 .  

TABLE 1 5,2 Summary of the Kalman Filter 

Compute for n = 1,2,3, . . .  
r(n) = [C(n)K(n, n - l )eT(n) + R(nJr' 

G(n) = K(n, n - I)CT(n)rCn) 

a(n) = yen) - C(n)w(nln - I )  

wCn + lin) = w(nln - I )  + G(n)a(n) 

K(n + I, n) = K(n, n - I) - G(n)C(n)K(n, n - 1) 
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• r(n) is the conversion factor that relates the filtered estimation error e(n) to the 
innovations a(n) as shown by 

e(n) = R(n)r(n)a(n) ( 15.66) 

where 

e(n) = den) - d(n l n) (15.67) 

where d(n I n) is the estimate of the observation vector den) gIven all the 
observed data up to time n . 

• G(n) is the Kalman gain. which determines the correction used to update the esti
mate of the state. 

The type of Kalman filter summarized in Table 15.2 is designed to propagate the 
error covariance matrix K(n, n - 1) .  This algorithm is therefore called the covariance 
Kalman filtering algorithm. 

Square Root Kalman Filter 

The covariance Kalman filter is prone to serious numerical difficulties. In particular, 
the updated matrix K(n + 1, n) is determined by the Riccati equation, which is defined 
by the last line of computation in Table 15.2. The right-hand side of the Riccati equa
tion is the difference between two matrix quantities. Unless the numerical accuracy 
employed at every iteration of the algorithm is high enough, the updated matrix 
K(n + 1, n) resulting from this computation may not be nonnegative definite. Such a 
solution is clearly unacceptable because K(n + 1, n) represents a covariance matrix, 
which by definition is nonnegative definite. The unstable behavior of the Kalman filter, 
which results from numerical inaccuracies due to the use of finite word length arith
metic, is called the divergence phenomenon. 

This problem may be overcome by propagating the square root of the error covari
ance matrix, K'/2(n, n - 1), rather than K(n, n - 1 )  itself. Specifically, using the Cholesky 
factorization, we may express K(n,n - 1) as follows (Golub and Van Loan, 1996): 

K(n, n - 1 )  = Kl/2(n, n - I)KTI2(n, n - 1) ( 15.68) 

where KI/2(n, n - 1) is a lower triangular matrix, and K'r2(n, n - I )  is its transpose. In 
linear algebra, the Cholesky factor KI/2(n, n - 1) is commonly referred to as the 
square root of K(n, n - 1). Thus a Kalman filter based on the Cholesky factorization is 
called a square root Kalman filter. ] ]  The important point is that the matrix product 
KI/2(n, n - I)KTI2(n, n - 1 )  is much less likely to become indefinite because the prod
uct of any square matrix and its transpose is always positive definite. 

1 5.10 DECOU PLED EXTENDED KALMAN FILTER 

Our primary interest in the Kalman filter is to exploit its unique properties to perform 
the supervised training of a recurrent network ]' Given the architectural complexity of a 
recurrent network (e.g., recurrent multilayer perceptron), the important issue is how to 
proceed with this approach in a computationally feasible manner without compromising 
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the application of Kalman filter theory. The answer is found in using a decoupled form of 
the extended Kalman filter, in which the computational complexity is made to suit the 
requirements of a particular application and of available computational resources 
(Puskorius and Feldkamp, 1 991). 

Consider a recurrent network built around a static multilayer perceptron with W 
synaptic weights and p output nodes. Let the vector w(n) denote the synaptic weights 
of the entire network at time n. With adaptive filtering in mind, the state-space equa
tions for the network may be modeled as follows (Singhal and Wu, 1989; Haykin, 1996): 

wen + I )  � wen) 

d,(n) � c(w(n), urn), v(n)) + v(n) 

( 15.69) 

(15.70) 

where the weight vector wen) plays the role of a state. The second argument urn) and 
third argument v(n) pertaining to the vector valued function c( · , - , - )  denote the input 
vector and vector of recurrent node activities, respectively. In effect, Eq. (15.69) states 
that the model is residing in its "optimum" condition, with the transition matrix that 
takes the weight vector wen) at time n and transforms it into wen + 1 )  at time n + 1 
being equal to the identity matrix. The optimum condition described here refers to a 
local or global minimum on the error surface of the recurrent network. The only 
source of nonlinearity in the model resides in the measurement equation (15.70). The 
vector do denotes the desired response of the model. With Eq. (15.70) representing the 
input-output equation of the model, it follows that c(· , - ,. ) is the overall nonlinearity 
from the input layer to the output layer of the multilayer perceptron. The measure
ment noise vector v(n) in Eq. (15.70) is assumed to be a multivariate white noise 
process with zero mean and diagonal covariance matrix R(n). 

It is important to note that in applying the extended Kalman filter to a recurrent 
network, there are two different contexts in which the term "state" is used: 

• Evolution of the system via adaptive filtering, which manifests itself in changes to 
the recurrent network's weights through training; the vector wen) takes care of 
this first notion of state. 

• Operation of the recurrent network itself, exemplified by the recurrent node 
activities on which the function c depends; the vector v(n) takes care of this sec
ond notion of state. 

By comparing the model described in Eqs. (15.69) and ( 1 5.70) with the linear 
dynamical model of Eqs. ( 15.59) and (15.60), we see that the only difference between 
these two models is in the nonlinear form of the measurement equation. To prepare 
the way for the application of Kalman filter theory to the state-space model just 
described, we must therefore first linearize Eq. (15.70) and recast it in the form 

den) � C(n)w(n) + v(n) (15.71 ) 

where C(n) is the p-by-W measurement matrix of the linearized model, and we have 
used den) to distinguish it from dAn) in Eq. (15.70). The linearization consists of the 
partial derivatives of the p outputs of the whole network with respect to the W weights 
of the model as shown by 
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BCl Bel Bel 

aWl aW2 dWW 
Be, oCz Be, 

C(n) = 
aWl BW2 Bww (15.72) 

Ac,} Bcp Clep 

Bw, Bw, Bww 

where Ci' i = 1, 2, . . .  ,p denotes the ith element of the nonlinearity c(w(n), u(n), v(n)). 
The partial derivatives in Eq. (15.72) are evaluated at wen) = w en), where w en) is the 
estimate of the weight vector wen) computed by the extended Kalman filter at time n, 
given the observed data up to time n - 1 (Haykin, 1 996). In practice, these partial 
derivatives are computed by using the back-propagation-through-time or real-time 
recurrent learning algorithm. In effect, the extended Kalman filter builds on one or 
the other of these two algorithms described in Sections 15.7 and 15.8. This implies that 
c must be a function of the recurrent node activities as stated. In fact, for a single
layer recurrent network the matrix C(n) can be composed from the elements of the 
matrices A/n) as computed by the RTRL algorithm in Eq. (15.52). Thus the measure
ment matrix C(n) is the dynamic derivative matrix of the network outputs with 
respect to the network's free parameters. Just as the recurrent node activities of the 
network at time step (n + 1 )  are a function of the corresponding values from the pre
vious time step n, in an analogous manner we find that the derivatives of recurrent 
node activities with respect to the network's free parameters at time step (n + 1) are 
a function of the corresponding values from the previous time step n as expressed in 
the RTRL equations. 

Suppose now the synaptic weights of the network are partitioned into g groups, 
with group i containing ki neurons, for example. The measurement matrix C defined in 
Eq. (15.72) is the p-by-W matrix of derivatives of network outputs with respect to all 
the weights in the network. The dependence of matrix C(n) on the input vector u(n) is 
implicitly defined in Eq. (15.72). The matrix C(n) thus defined contains all the deriva
tives that are necessary for any decoupled version of the extended Kalman filter. For 
example, if the global extended Kalman filter (GEKF) is used (i.e., we have no decou
piing), g = 1 and the whole C(n) is as defined in Eq. (15.72). On the other hand, if the 
decoupled extended Kalman filter (DEKF) is used, then the "global" measurement 
matrix C(n) must be arranged so that the weigbts corresponding to a given neuron in 
the network are grouped as a single block within C(n), where each block is identified 
by index i = 1 , 2, . . .  , g. In the latter case, the matrix C(n) is merely the concatenation of 
the individual Cis, as shown here 

C(n) = [Cl (n), C,(n), . . .  , Cin)] 

In any event, regardless of the level of decoupling employed, the entire matrix C(n) 
must be computed as defined in Eq. (15.72). 
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The stage is now set for the application of the Kalman filtering algorithm sum
marized in Table 15.2. In particular, for the linearized dynamic model described by 
Eqs. (15.69) and (15.71), we have (Puskorius and Feldkamp, 1991): 

r(n) � [ � C,(n)K,(n, n - 1 )CT(n) + R(n) r 
G,(n) � K,(n, n - I)CT(n)r(n) 
a(n) � den) - d(nln - 1 )  

w,(n + l in) � "'i(nln - 1 )  + G,(n)01(n) 
Ki(n + 1, n) = Ki(n, n - I )  - Gi(n)Ci(n)Ki(n, n - 1 )  

(15.73) 

(15.74) 

(15.75) 

(15.76) 

(15.77) 

where i � 1 , 2, . . .  , g. The parameter vectors and signal vectors in Eq. (15.73) to (IS .77) 
are described as follows: 

r(n) � p-by-p matrix, denoting the global conversion factor for the entire 
network 

G,(n) � Wi-by-p matrix, denoting the Kalman gain for group i of neurons 

a(n) � p-by-1 vector, denoting the innovations defined as the difference 
between the desired response den) for the linearized system and 
its estimate d(n ln - 1 )  based on input data available at time 
n - 1 ;  the estimate d(n l n  - 1) is represented by the actual output 
vector y(n) of the network residing in state {",,(n In - 1 »), which is 
produced in response to the input u(n) 

w,(n ln - 1 )  � W-by-l vector, denoting the estimate of the weight vector w,(n) 
for group i at time n, given the observed data up to time n - 1 

K,(n, n - 1) � k,-by-ki matrix, denoting the error covariance matrix for group i 
of neurons 

The summation included in the definition of the global conversion factor r(n) in 
Eq. (1 5.73) accounts for the decoupled nature of the extended Kalman filter. 

It is important to understand that in the DEKF algorithm the decoupling 
really determines which particular elements of the global error covariance matrix 
K(n, n - 1 )  are to be maintained and updated. In fact, all computational savings are 
due to ignoring the maintenance and updates associated with those off-diagonal 
blocks of the global error covariance matrix K(n, n - I ), which would otherwise 
correspond to coupling of different groups of synaptic weights. 

The DEKF algorithm encoded by Eqs. (15.73) to (15.77) minimizes the cost 
function: 

1 " 
'C:(n) = 2: ;?, I le(j) II' ( 15.78) 
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where e(j) is the error vector defined by 

e(j) = d(j) - y(j), 
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j = 1 , 2, . . .  , n  

where y(j) is the actual output of the network using all available information up to and 
including time j. Note that, in general, e(j) * «U). 

Artificial Process Noise 

The nonlinear dynamical system modeled in Eqs. (15.69) and (15.70) is unforced, in 
that the process equation (15.69) has no external inputs. This deficiency can lead to 
serious numerical difficulties, and therefore the divergence of the Kalman filter when 
it operates in a finite preciSion environment. As explained in Section 15.9, the diver
gence phenomenon may be overcome through the use of square root filtering. 

Another way of circumventing the divergence phenomenon is to use a heuristic 
mechanism that involves artificially adding process noise to the process equation, as 
shown by 

w,(n + 1) = w,(n) + ",,en) ,  i = 1 , 2, . . .  , g  (15.79) 

where ",,en) is the process noise. It is assumed that "',(n) is a multivariate white noise of 
zero mean and diagonal covariance matrix Q,(n). The artificially added process noise 
",,(n) is naturally independent of both the measurement noise "(n) and the initial state of 
the network. The net effect of adding ",,(n) to the process equation (15.79) is to modify 
the Riccati equation for updating the error covariance matrix as follows (Haykin, 1996): 

K,(n + 1, n) = K,(n, n - 1 )  - G,(n)C,(n)K,(n, n - 1 )  + Q,(n) (15.80) 

Provided that Q,(n) is large enough for all i, then K,(n + 1 ,  n) is assured of remaining 
nonnegative definite for all n. 

In addition to overcoming these numerical difficulties, the artificial insertion of 
process noise "',(n) into the process equation has the following beneficial effect: There 
is less likelihood for the algorithm to be trapped at a local minimum during the train
ing process. This in turn results in a significant improvement in training performance in 
terms of rate of convergence and quality of solution (Puskorius and Feldkamp, 1991). 

Summary of the DEKF Algorithm 

Table 15.3 presents a summary of the DEKF algorithm based on Eqs. (15.73) to (15.76), 
and Eq. (15.80). This table also includes details of initialization of the algorithm. 

A final comment on the extended Kalman filter is in order. The DEKF algorithm 
summarized in Table 1 5.3 refers to an entire family of possible information-preserving 
learning procedures, including the GEKF. As a general rule, we expect the DEKF to 
produce a performance, in terms of solution quality, that approaches the GEKF but is 
not expected to surpass it. On the other hand, the DEKF is always computationally 
less demanding than the GEKF. Notwithstanding this computational advantage, cur
rent computer speeds and memory sizes have now made GEKF feasible for some 
practical problems, especially in off-line training of recurrent networks. 
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TABLE 1 5.3 Summary of the DEKF Algorithm 

Initialization: 

1 .  Set the synaptic weights of the recurrent network to small values selected 
from a uniform distribution. 

2. Set the diagonal clements of the covariance matrix Q(n) (characterizing 
the artificially inserted process noise wen»� equal to 10-6 to 10 .. 2• 

3. Set K(1 , D) � 8- '1, B � small positive constant. 

Computations: 

For n = 1, 2, . . . , compute 

r(n) � [ � C,(n)K;(n, n - 1 )  C; (n) + R(n) r 
G,(n) � K;(n, n - I)CT(n)r(n) 

n(n) � den) - d(nln - I )  

",,(n + lin) � ",,(nln - 1 )  + G;(n)n(n) 

K,(n + I , n) � K,(n, n - I) - G,(n)C,(n)K,(n, n - 1) + Q,(n) 

where in thc third line. d(nln - 1) is the actual output vector y(n) of the net
work produced in response to the input vector u(n). 

Note: For g = 1 (i.e., no decoupling), the DEKF algorithm becomes the 
global extended Kalman tittering (GEKF) algorithm. 

Computational Complexity 

Table 15.4 presents a comparison of the computational complexity of the three learn
ing algorithms discussed in this chapter: back-propagation through time, real-time 
recurrent learning, and decoupled extended Kalman filter. The computational com
plexity of these algorithms increases in the order arranged here. 

15 . 11  COMPUTER EXPERIMENT 

In this experiment we revisit the simulation of the nonlinear time series studied in 
Section 13.5. The time series is defined by the frequency-modulated signal: 

x(n) � sin (n + sin (n2)) n � 0, 1 , 2, . . .  

We will investigate two different structures for the simulation: 

• Recurrent multilayer perceptron (RMLP) consisting of 1 input node, first hidden 
layer of 10  recurrent neurons, second hidden layer of 10  neurons, and 1 linear 
output neuron . 

• Focused time lagged feed forward network (TLFN), consisting of a tapped-delay
time memory with 20 taps and a multilayer perceptron with 10 hidden neurons 
and 1 linear output neuron. 

The RMLP has slightly more synaptic weights than the focused TLFN, but half the 
memory ( 10  recurrent nodes versus 20 taps). 
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TABLE 1 5.4 Comparison of the Computational Complexity of Learning 
Algorithms for Recurrent Networks 

S = number of states 
W = number of synaptic weights 
L = length of training sequence 

1. Back-propagation-through-time (BPTI) algorithm: 
• Time. storage space requirements: O(WL + SL), O(W L + SL) 

2. Real-time recurrent learning (RTRL) algorithm: 
• Time, storage space requirements: O(WS2 L), O(WS) 

3. Decoupled extended Kalman filtering (DEKF) algorithm: 
• At the minimum, DEKF incurs the same expense (in both time and space) for 

computing derivatives via RTRL or BPIT; for BPIT the time and space 
requirements are scaled by p, the number of network outputs, relative to the 
standard BPIT for which derivatives of a single scalar error term are computed. 

• In addition, DEKF requires time complexity O(p2W + P �f= l kf) and storage 
space O(Lf= 1 kT), where g is the number of groups and k; is the number of neu
rons in group i. In the limit of a single weight group as in GEKF, these require
ments become time and space storage: O(pW2) and O(W2), respectively. 

The RMLP was trained using the DEKF algorithm. The TLFN was trained using 
two versions of the extended Kalman filter: (1)  the GEKF algorithm (i.e., global ver
sion), and (2) the DEKF algorithm (i.e., decoupled version). The details of these two 
algorithms are: 

• GEKF: 0 =  parameter used to initialize the error covariance matrix K(n, n - I) = 0.01 
K{n) = covariance matrix of measurement noise v(n) : K(O) = 100 at the start of 

training and then annealed to K(n) = 3 at the end of training 
Q(n) = covariance matrix of artificial process noise wen) : Q(O) = 10-2 at the 

start of training and then annealed to Q(n) = 10-6 at the end of training 
The annealing of K(n) and Q(n) has the effect of accelerating the learning rate as 
the training progresses . 

• DEKF: 
g = number of groups {21 for the RMLP 

-
11 for the focused TLFN 

All other parameters are the same as those used for the GEKF. 
The training was performed on a sequence of 4000 samples. For the RMLP, subsets of 
length 100 were used, with the processing of 30,000 subsets over the entire training 
run. Each data point in the training set of 4000 samples was processed approxi
mately 750 times. For the focused TLFN, each data point in the training set was also 
processed about 750 times. In both cases the testing was performed on 300 data 
points. 

Figure 15.14 presents the one-step predicted waveform yen) computed by the 
RMLP trained on the DEKF algorithm. This figure also includes the actual waveform 
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FIGURE 1 5.14 Superposition of actual waveform (solid) and predicted wave· 
form (dashed) for the computer experiment on modeling; the predicted 
waveform was computed using the RMLP trained on the DEKF algorithm. 

yen). These two waveforms are hardly distinguishable from each other. Figure 15.15a 
shows the prediction error 

e(n) � yen) - yen) 
produced by the RMLP. The corresponding prediction errors produced by the focused 
TLFN trained on the GEKF and DEKF algorithms are shown in Figs. IS . 15b and 
IS.ISc, respectively. By comparing the results presented in Fig. 15.15 among them· 
selves and also against the simulation results reported in Section 13.5, we may make 
the following observations: 

1. The most accurate simulation in a mean-square error sense was produced by the 
RMLP trained on the DEKF algorithm; the variance of the prediction error was 
1.1839 X 10-4, computed over 5980 samples. 

2. For the focused TLFN, the most accurate simulation in a mean-square error sense 
was produced by using GEKF training. For GEKF training the variance of the pre
diction error was 1 .3351 X 10-', whereas for DEKF training it was 1.5871 X 10-4 

Both computations were again made using 5980 samples. 
3. For the focused TLFN trained on the standard back-propagation algorithm, the 

variance of the prediction error reported in Section 13.5 was 1.2 X 10-3, an order 
of magnitude worse than tbat obtained with the GEKF and DEKF algorithms. 

The superior learning performance of the extended Kalman filter over back-propagation 
is due to its information-preserving property. 
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FIGURE 15.15 Prediction error waveforms for three different simulations: (a) RMLP with 
DEKF training, error variance � 1 . 1 839 X 10-4 (b) Focused TLFN with GEKF training, 
error variance � 1 .3351 x 10-4 (c) Focused TLFN with DEKF training, error variance 
� 1 5871 x 1 0-4• 

1 5.12 VANISHING GRADIENTS IN RECURRENT NETWORKS 

A problem that may require attention in practical applications of a recurrent network 
is the vanishing gradients problem, which pertains to the training of the network to 
produce a desired response at the current time that depends on input data in the dis
tant past (Hochreiter, 1991; Bengio et aI., 1994). The point is that because of the com
bined nonlinearities, an infinitesimal change of a temporally distant input may have 
almost no effect on network training. The problem may arise even if a large change in 
the temporally distant input has an effect, but the effect is not measurable by the gra
dient. This vanishing gradients problem makes the learning of long-term dependen
cies in gradient-based training algorithms difficult if not virtually impossible in 
certain cases. 

In Bengio et al. (1994), it is argued that for many practical applications it is neces
sary that a recurrent network be able to store state information for an arbitrary duration 
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and to do so in the presence of noise. The long-term storage of definite hits of informa
tion in the state variables of the recurrent network is referred to as information latch
ing. The information latching must be robust so that the stored state information 
cannot be easily deleted by events that are unrelated to the learning task at hand. In 
specific terms, we may state the following (Bengio et aI., 1994): 

Robust information latching in a recurrent network is accomplished if the states of the 
network are contained in the reduced attracting set of a hyperbolic attractor. 

The notion of a hyperbolic attractor was discussed in Chapter 14. The reduced attract
ing set of a hyperbolic attractor is the set of points in the basin of attraction for which 
all the eigenvalues of the associated Jacobian have an absolute value less than 1 .  The 
implication here is that if a state x(n) of the recurrent network is in the basin of attrac
tion of a hyperbolic attractor but not in the reduced attracting set, then the size of a 
ball of uncertainty around x(n) will grow exponentially with increasing time n, as illus
trated in Fig. 15.16a. Therefore, small perturbations (noise) in the input applied to the 
recurrent network could push the trajectory toward another (possibly wrong) basin of 
attraction. If, however, the state x(n) remains in the reduced attracting set of the hyper
bolic attractor, a bound on the input can be found that guarantees x(n) to remain 
within a certain distance of the attractor, as illustrated in Fig. 15.16b. 

FIGURE 1 5.16 (a) State x(n) 
resides in  the basin of 
attraction f3 but outside the 
reduced attration set -y. 
(b) State x(n) resides inside 
the reduced attraction set "I. 

Domain of state x(n) 

(a) 

Domain of state x(n) 

(b) 

P: hyperbolic 
attractor 

{3: basin of 
attraction 
of P 

y: reduced 
attraction 
set of P 
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Long-Term Dependencies 

To appreciate the impact of robust information latching on gradient -based learning. we 
note that the adjustment applied to the weight vector w of a recurrent network at time 
n is defined by 

A ( ) a]gto,,' uW n = -"1] --aw 

where "1] is the learning-rate parameter and a\Sto"Jaw is the gradient of the cost func
tion \Sto", with respect to w. The cost function \Sto,,' is typically defined by 

\Sto,,' = � 2: Il d,(n) - y,(n) 112 
, 

where d,(n) is the desired response and y,(n) is the actual response of the network at 
time n for the ith pattern. Hence, we may write 

bowen) = "1] 2: (ay,(n» ) (d,(n) - y;(n)) i ow 
(15.81) 

where in the second line we have used the chain rule of calculus; the state vector xi(n) 
pertains to the ith pattern (example) in the training sample. In applying algorithms 
such as back-propagation through time, the partial derivatives of the cost function are 
computed with respect to independent weights at different time indices. We may 
expand on the result in Eq. (15.81) by writing (ay;(n) n ax;(n» ) bowen) = "1] 2: -

(
-

) 
2: -(k) (d,(n) - y;(n)) 

i iJxi n k=1 oW 

Applying the chain rule of calculus a second time yields 

(15.82) 

We now recognize that in light of the state equation (15.2), we have 

xi(n) = <p(x,(k), urn)), l o; k < n  

Hence, we may interpret dx,(n)/ ax,(k) as the Jacobian of the nonlinear function <pc- , . )  
expanded over n - k time steps, as shown by 

d<p(Xi(k), urn)) 
ax;(k) 

= JxCn, n - k) 
(15.83) 
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In Bengio et al. (1994), it is shown that if the input u(n) is such that the recurrent net
work remains robustly latched to a hyperbolic attractor after time n � 0, then the 
Jacobian J,(n, k) is an exponentially decreasing function of k so that 

det(J,(n, k)) -> 0 as k -> 00 for all n (15.84) 

The implication of Eq. (15.84) is that a small change in the weight vector w af the net
work is experienced mostly in the near past (i.e., values of k close to the current time n). 
There may exist an adjustment dw to the weight vector w at time n that would permit 
the current state x(n) to move to another possibly better basin of attraction, but the 
gradient of the cost function 'gtotal with respect to w does not carry that information. 

To conclude. assuming that hyperbolic attractors are used to store state informa
tion in a recurrent network by means of gradient-based learning, we find that either 

• the network is not robust to the presence of noise in the input signal or 
• the network is unable to discover long-term dependencies (i.e., relationships 

between target outputs and inputs that occur in the distant past). 

Possible procedures for alleviating the difficulties that arise due to vanishing gradients 
in recurrent networks include the following:!3 

• Increased temporal span of input-output dependencies by presenting the net
work, during training, with the shortcst strings of symbols first; see the heuristics 
presented in Section 15.6 

• Use of the extended Kalman filter or its decoupled version for a more efficient 
use of available information than gradient-based learning algorithms;the extended 
Kalman filter is discussed in Section 1 5.10 

• Use of elaborate optimization methods such as pseudo-Newton and simulated 
annealing (Bengio et aI., 1994); second-order optimization methods and simu
lated annealing are described in Chapters 4 and 1 1 ,  respectively 

1 5.13 SYSTEM IDENTIFICATION 

System identification is the experimental approach to the modeling of a process or a 
plant of unknown parameters.14 11 involves the following steps: experimental planning, 
the selection of a model structure, parameter estimation, and model validation. The pro
cedure of system identification, as pursued in practice, is iterative in nature in that we 
may have to go back and forth between these steps until a satisfactory model is built. 

Suppose then we have an unknown nonlinear dynamical plant, and the requirement 
is to build a suitably parameterized identification model for it. We have the choice of bas
ing the identification procedure on a state-space model or an input -output model. The 
decision as to which of these two representations is used hinges on prior information of the 
inputs and observables of the system. In what follows, both representations are discussed. 

System Identification Using the State-Space Model 

Suppose that the given plant is described by the state-space model: 

x(n + 1) = f(x(n) , u(n)) 

yen) = h(x(n)) 

( 15.85) 

(15.86) 
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where C( '. ' ) and h( . ) are vector-valued nonlinear functions. both of which are assumed 
to be unknown; Eq. (15.86) is a generalization of Eq. (15.11).  We use two neural net
works to identify the system. one for dealing with the process equation (15.85) and the 
other for dealing with the measurement equation (15.86). as depicted in Fig. 15.17. 

We recognize that the state x(n) is the one-step delayed version of x(n + 1).  Let 
x(n + 1 )  denote the estimate ofx(n + 1 )  produced by the first neural network. labeled 
network I in Fig. 15.17a. This network operates on a concatenated input consisting of 
the external input u(n) and the state x(n) to produce x(n + 1). The estimate x(n + 1 )  
i s  subtracted from the actual state x(n + 1 )  to produce the error vector 

eI(n + 1 )  = x(n + 1 )  - x(n + 1 )  

where x(n + 1 )  plays the role of desired response. I t  is assumed that the actual state 
x(n) is physically accessible for it to be used in this way. The error vector eI(n + 1 )  is in 

Unknown 
Input "'Crq���_s,,-ys_te_ml 
u(n) � In:�D'D(nlJ+:uil)1IJI 

State 
x(n) 

(a) 

Unknown system 
h(· ) 

+ 

Neural 1.h=:()1 network f'!::=IJIJ!i 
II 

(b) 

+ 

y(n) 

FIGURE 15.17 State-space solution for the system identifi
cation problem. 
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turn used to adjust the synaptic weights of ueural network L as indicated in Fig. 15. 17a, 
so as to minimize the cost fnnction based on the error vector el(n + 1) in some statisti
cal sense. 

The second neural network, labeled network II in Fig. 15.17b, operates on the 
actual state x(n) of the unknown plant to produce an estimate yen) of the actual out
put yen). The estimate yen) is subtracted from yen) to produce the second error vector 

ell(n) = yen) - yen) 

where yen) plays the role of desired response. The error vector ell(n) is then used to 
adjust the synaptic weights of network I I  to minimize the Euclidean norm of the error 
vector ell(n) in some statistical sense. 

The two neural networks shown in Fig. 15.17 operate in a synchronous fashion 
to provide a state-space solution to the system identification problem (Narendra and 
Parthasarathy, 1990). Such a model is referred to as a series-parallel identification 
model in recognition of the fact that the actual statc of the unknown system (rather 
than that of the identification model) is fed into the identification model, as depicted 
in Fig. 15.17a. In light of the discussion presented at the end of Section 1 5.9. this form 
of training is an example of teacher forcing. 

The series-parallel identification model of Fig. 15.17a should be contrasted 
against a parallel identification model where the x( n) applied to the neural network I is 
replaced with x(n); the x(n) is derived from the network's own output x(n + 1) by 
passing it through a unit delay z -I I. The practical benefit of this alternative model of 
training is that the neural network model is operated in exactly the same way as the 
unknown system, that is, the way in which the model will be used after the training is 
completed. It is therefore likely that the model developed via the parallel training 
mode may exhibit an autonomous behavior that is superior to the autonomous behav
ior of the network model developed via the series-parallel training mode. The disad
vantage of the parallel training mode, however, is that it may take longer than the 
series-parallel training mode; see the discussion on teacher forcing in Section 15.9. 
Specifically, in our present situation, the estimate x(n) of the state used in the parallel 
training model is ordinarily not as accurate as the actual state x(n) used in the series
parallel training mode. 

Input-Output Model 

Suppose next that the unknown plant is only accessible through its output. To simplify 
the presentation, let the system be of a single input, single output kind. Let y(n) denote 
the output of the system due to the input «(n) for varying discrete-time n. Then, choos
ing to work with the NARX model, the identification model takes the form: 

yen + 1 )  � ",(y(n) . . . ' , yen - q + 1 ), lI(n), . . .  , u(n - q + 1)) 

where q is the order of the unknown system. At time n + 1, the q past values of the 
input and the q past values of the output are all available. The model output yen + I )  
represents an estimate of the actual output yen + I ) .  The estimate yen + 1 )  is sub
tracted from yen + 1 )  to produce the error signal 
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ern + 1 )  = yen + 1 )  - yen + 1) 

where yen + 1) plays the role of desired response. The error ern + 1) is used to adjust 
the synaptic weights of the neural network so as to minimize the error in some statisti
cal sense. The identification model of Fig. 15.18 is of a series-parallel form (i.e., teacher 
forcing form) because the actual output of the system (rather than that of the identifi
cation model) is fed back to the input of the model. 

Input 
u(n + 1) Unknown 

dynamical 
system 

Multilayer 
perceptron 

Predicted 
output 

Yen + 1) 

Error signal 
e(n + 1) 

Actual 
output 

yen + 1) 

+ 

y(n + l) .L-______________________________ � 
FIGURE 1 5.18 NARX solution for the system identification 
problem. 
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1 5.14 MODEL REFERENCE ADAPTIVE CONTROL 

Another important application of recurrent networks is in the design of feedback con
trol systems where the states of a plant are coupled nonlinearly with imposed controls 
(Puskorius and Feldkamp, 1994; Puskorius et aI., 1996). The design of the system is fur
ther complicated by other factors such as the presence of unmeasured and random dis
turbances, the possibility of a nonunique plant inverse, and the presence of plant states 
that are unobservable. 

A control strategy well suited for the use of neural networks is the model reference 
adaptive control (MRAC),15 where the implicit assumption is that the designer is suffi
ciently familiar with the system under consideration (Narendra and Annaswany, 1989). 
Figure 15. 19  shows the block diagram of such a system, where adaptivity is used to 
account for the fact that the dynamics of the plant are unknown. The controller and the 
plant form a closed loop feedback system, thereby constituting an externally recurrent 
network. The plant receives an input nAn) from the controller along with an external 
disturbance nin). Accordingly, the plant evolves in time as a function of the imposed 
inputs and the plant's own state xp(n) . The output of the plant, denoted by y/n + I ) ,  is a 
function of xp(n). The plant output may also be corrnpted by measurement noise. 

The controller receives two inputs: an externally specified reference signal r(n), 
and yp(n) representing a one-step delayed version of the plant output yp(n + 1). The 
controller produces a vector of control signals defined by 

uJn) = fl(x,(n), yp(n), r(n), w) 

where xJn) is the controller's own state and w is a parameter vector that is available 
for adjustment. The vector-,alued function fl(" " " )  defines the input-output behavior 
of the controller. 

The desired response den + I )  for the plant is supplied by the output of a stable 
reference model, which is produced in response to the reference r(n). The desired 
response den + 1 )  is therefore a function of the reference signal r(n) and the reference 
model's own state x,(n), as shown by 

r(n) ; , 

den + 1 )  = f,(x,(n) ,  r(n» 

+ 
Model li';:::;:;===;::;,'l� reference: F:::::::::::::::::::::::!:':!Juu;:J 
x,(n) d(n + 1) 

e,.(n + 1 ) 

FIGURE 1 5. 19 Model reference adaptive control using direct control. 
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The vector-valued function ',(-,'J defines the input-output behavior of the reference 
model. 

Let the output error (i.e., the error between the plant and model reference out
puts) be denoted by 

eJn + 1 )  = den + 1 )  - y/n + 1 )  

The design goal i s  to adjust the parameter vector w of the controller such that the 
Euclidean norm of the output error eJn) is minimized over time n. 

The method of control used in the MRAC system of Fig. 15.19 is said to be direct 
in the sense that no effort is made to identify the plant parameters, but the parameters 
of the controller are directly adjusted to improve system performance. Unfortunately, 
at present, precise methods for adjusting the parameters of the controller based on the 
output error are not available (Narendra and Parthasarathy, 1990). This is because the 
unknown plant lies between the controller and the output error. To overcome this diffi
culty, we may resort to the use of indirect control, as shown in Fig. 15.20. In this latter 
method, a two-step procedure is used to train the controller: 

1. A model of the plant P, denoted by P, is obtained to derive estimates of the dif
ferential relationships of the plant output with respect to plant input. prior plant 
outputs, and prior internal states of the plant. The procedure described in the pre
vious section is used to train a neural network to identify the plant; the model P 
so obtained is called an identification model. 

e,(n) 

+ 

+ 

l.:�::;::=m:iI<� Model "'u[l[lI!'mC!:!Ei:iJm:dJ � ., f '" reference p den + 1) 

e,.(n + 1) 

FIGURE 15.20 Model reference adaptive control using indirect control via an 
identification model. 
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2. The identification model P is used in place of the plant to derive estimates of the 
dynamic derivatives of the plant output with respect to the adjustable parameter 
vector of the controller. 

In indirect control, the externally recurrent network is composed of the controller and 
an input/output representation of the plant via the identification model P . 

The application of a recurrent network to the controller design in the general 
structure of Fig. 15.20 has been demonstrated in a series of example control problems 
ranging from the well-known cart-pole and bioreactor benchmark problems to an 
automotive subsystem, namely engine idle-speed control (Puskorius and Feldkamp, 
1 994, Puskorius et aI., 1996). The recurrent network used in those studies was a recur
rent multilayer perceptron similar to that described in Section 15.2. The training of the 
network was performed using the DEKF algorithm described in Section 15 . 1 1 .  Note, 
however, that for the engine idle-speed control a linear dynamical system was chosen 
for the identification model since the imposed controls (over appropriately chosen 
ranges) appear to influence engine speed monotonically. 

15 .15  SUMMARY AND DISCUSSION 

In this chapter we discuss recurrent networks that involve the use of global feedback 
applied to a static (memoryless) multilayer perceptron. The application of feedback 
enables neural networks to acquire state representations, making them suitable 
devices for diverse applications in signal processing and control. Four main network 
architectures belonging to the class of recurrent networks with global feedback are 
identified: 

• Nonlinear autoregressive with exogenous inputs (NARX) networks using feed
back from the output layer to the input layer. 

• Fully connected recurrent networks with feedback from the hidden layer to the 
input layer. 

• Recurrent multilayer perceptron with more than onc hidden layer, using feed
back from the output of each computation layer to its own input. 

• Second-order recurrent networks using second-order neurons. 

In all of these recurrent networks, the feedback is applied via tapped-delay-line 
memories. 

The first three recurrent networks permit the use of a state-space framework for 
studying their dynamic behavior. This approach, rooted in modern control theory, 
provides a powerful method for studying the nonlinear dynamics of recurrent net
works. 

We describe three basic learning algorithms for the training of recurrent net
works: back-propagation through time (BPTT), real-time recurrent learning (RTRL), 
and decoupled extended Kalman filtering (DEKF). The BPTT and RTRL algorithms 
are gradient based, whereas the DEKF algorithm uses higher-order information more 
efficiently. It is therefore able to converge much faster than the BPIT and RTRL algo
rithms, but at the expense of a corresponding increase in computational complexity. 
Indeed, the DEKF algorithm may be viewed as an enabling technology, which makes it 
possible to solve difficult signal processing and control problems. 
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In theory, a recurrent network with global feedback (e,g" recurrent multilayer 
perceptron trained with the DEKF algorithm) can learn the underlying dynamics of a 
nonstationary environment and do so by storing the knowledge gained from the train
ing sample in a fixed set of weights. Most importantly, the network can track the statis
tical variations of the environment provided that two conditions are satisfied. 

• The recurrent network does not suffer from underfilling or overfilling . 
• The training sample is representative of the non stationary behavior of the 

environment. 

Throughout this chapter we emphasize the use of recurrent networks for tempo
ral processing. Recurrent networks may also be used to process sequentially ordered 
data that do not have a straightforward temporal interpretation (e.g., chemical struc
tures represented as trees). In Sperduti and Starita (1997) it is shown that recurrent 
networks can represent and classify structured pallerns that are represented as 
directed, labeled, acyclic graphs. The main idea behind the approach described therein 
is the "generalized recursive neuron," which is a structural generalization of a recur
rent neuron (i.e., neuron with local feedback). By using such a model, supervised learn
ing algorithms such as back-propagation through time and real-time recurrent learning 
can be extended to deal with structured pallerns. 

NOTES AND REFERENCES 

1. For other recurrent network architectures, see Jordan (1986), Back and Tsoi (1991), 
Frasconi ot a!. ( 1 992), and Robinson and Fallside (1991). 

2. The NARX model encompasses an important class of discrete-time nonlinear systems 
(Leontaritis and Billings, 1985). In the context of neural networks it is discussed in Chen 
et al. (1990), Narendra and Parthasarathy (1990), Lin et a1. (1996), and Sieglemann et aI., 
(1997). 

It has been demonstrated that the NARX model is well suited for modeling nonlin
ear systems such as heat exchangers (Chen et a1., 1990), waste water treatment plants (Su 
and McAvoy, 1991; Su et al., 1 992), catalytic reforming systems in a petroleum refinery 
(Su et aI., 1992), nonlinear oscillations associated with multilegged locomotion in biologi
cal systems (Venkataraman, 1994), and grammatical inference (Giles and Horne, 1 994). 

The NARX model is also referred to as the nonlinear autoregressive-moving aver
age (NARMA) model, with "moving average" referring to the inputs. 

3. The recurrent multilayer perceptron in Fig. 15.4 is a generalization of the recurrent net
work described in Jordan (1986). 

4. Omlin and Giles (1996) show that, using second-order recurrent networks, any known 
finite-state automata can be mapped into such a network, and the correct classification of 
temporal sequences of finite length is guaranteed. 

5. For a rigorous treatment of controllability and observability, see Zadeh and Desoer 
(1963), Kailath (1980), Sontag (1990), and Lewis and Syrmos (1995). 

6. The first work on neural networks and automata (actually sequential machines-automata 
implementations), also referenced as the first paper on finite-state automata, artificial 
intelligence, and recurrent neural networks, was the classic paper by McCulloch and Pitts 
(1943). The recurrent network (with instantaneous feedback) in the second part of this 
paper was interpreted as a finite-state automaton in Kleene (1956). Kleene's paper 
appeared in the book "Automata Studies" edited by Shannon and McCarthy (authors in 
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this amazing book include Moore, Minsky, von Neumann, Uttley, McCarthy, and Shannon 
among others). Sometimes Kleene's paper is cited as the first article on finite-state 
machines (Perrin, 1990). Minsky (1967) discusses automata and neural networks in his 
book entitled "Computation: Finite and Infinite Machines." 

All of the early work on automata and neural networks was concerned with syn
thesis, that is, how automata are built or designed into neural networks. Because most 
automata (when implemented as sequential machines) require feedback, the neural net
works were necessarily recurrent ones. Note that the early work (with the exception of 
Minsky) did not make a clear distinction between automata (directed, l<lbeled, acyclic 
graphs) and sequential machines (logic and feedback delays), and was mostly concerned 
with finite-state automata. There was little interest (with the exception of Minsky) in 
moving up the automata hierarchy to push down automata and Turing machines. 

After the dark ages of neural networks, research on automata and neural networks 
started again in the 1980s. This work could be broadly classified into three areas: 
( 1 )  learning automata, (2) automata synthesis, extraction, and refinement of knowledge, 
and (3) representation. The first mention of automata and neural networks was in Jordan 
(1986). 

7. A single-layer recurrent network using McCulloch-Pitts neurons cannot simulate any 
finite-state machine (Goudreau et a1., 1994) but Elman's simple recurrent network can 
(Kremer, 1995). Recurrenl netwurks with only local feedback cannot represent all finite
state machines (Frasconi and Gori, 1996; Giles et aI., 1995; Kremer, 1996). 

8. The idea behind back-propagation through time is that for every recurrent network it is 
possible to construct a feedforward network with identical behavior over a particular time 
interval (Minsky and Papert, 1969). Back-propagation through time was first described in 
the Ph.D. thesis ofWerbos (1974);see also Wcrbos (1990). The algorithm was rediscovered 
independently by Rumelhart et a1. ( 1986b). A variant of the back-propagation through 
time algorithm is described in Williams and Peng (1990). For a review of the algorithm and 
related issues, see Williams and Zipser (1995). 

9. The real-time recurrent learning algorithm was described in the neural network litera
ture for the first time by Williams and Zipser (1989). Its origin may be traced to an earlier 
paper by McBride and Narendra (1965) on system identification for tuning the parame
ters of an arbitrary dynamical system. 

The derivation given in Williams and Zipser is for a single layer of fully recurrent 
neurons. It has been extended to more general architectures; see, for example, Kechriotis 
et a1. ( 1994); Puskorius and Feldkamp (1994). 

10. Kalman filter theory owes its origin to the classic paper by Rudolf E. Kalman (1960). lt 
has established itself as an essential part of signal processing and control with numerous 
applications in highly diverse fields. For a detailed treatment of the standard Kalman fil
ter, its variants, and its extended form dealing with nonlinear dynamical systems, see 
Grewal and Andrews (1993) and Haykin (1996). The book by Grewal and Andrews is 
devoted entirely to the theory and practice of Kalman filtering. The book by Haykin dis
cusses Kalman filter theory from the perspective of adaptive filtering. Two other impor
tant books on the subject are lazwinski (1970) and Maybeck (1979, 1982). 

11. For a detailed treatment of the square root Kalman filter and efficient methods for its 
implementation, see Haykin (1996). 

12. Singhal and Wu (1989) were perhaps the first to demonstrate the improved mapping per
formance of a supervised neural network using the extended Kalman filter. Unfor
tunately, the training algorithm described therein is limited by its computational 
complexity. To overcome this limitation, Kollias and Anastassiou ( 1989) and Shah and 
Palmieri (1990) tried to simplify the application of extended Kalman filtering by parti-
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tioning the global problem into a number of subproblems, each of which addresses a sin
gle neuron. However, the treatment of each neuron as an identification problem does not 
rigorously adhere to Kalman filter theory. Moreover, such an approach may lead to unstable 
behavior during training, and may result in solutions that are inferior to those obtained 
by other methods (Puskorius and Feldkamp, 1991). 

13. Other methods for dealing with the vanishing gradients problem involve bypassing some 
of the nonlinearities in the recurrent network so as to provide improved learning of long
term dependencies. Examples of this approach include the following: 
• Use of long time delays in the network architecture (El Hihi and Bengio, 1996; Lin et al., 

1996; Giles et aI., 1997) 
• Hierarchically structuring of the network in multiple levels associated with different 

time scales (EI Hihi and Bengio, 1996) 
• Using gating units to circumvent some of the nonlinearities (Hochreiter and 

Schmidhuber, 1997) 

14. System identification has an extensive literature. For a treatment of the subject in book 
form, see Ljung (1987), and Ljung and Glad (1994). For an overview of the subject with 
an emphasis on neural networks, see Sjoberg et al. (1995), and Narendra (1995). The first 
detailed study of system identification using neural networks appeared in Narendra and 
Parthasarathy (1990). 

15. For detailed treatment of model reference adaptive control, see the book by Landau 
(1979). 

PROBLEMS 

State-space model 
15.1 Fonnulate the state-space equations for Elman's simple recurrent network shown in 

Fig. 15.3. 

15.2 Show that the recurrent multilayer perceptron of Fig. 15.4 can be represented by the 
state-space model: 

x(n + 1) � f(x(n), u(n) 

y(n) � g(x(n),u(n») 

where u(n) denotes the input, y(n) denotes the output, x(n) denotes the state, and f(· , · )  
and g(.,.) denote vector-valued nonlinear functions. 

15.3 Is it possible for a dynamic system to be controllable and unobservable, and vice versa? 
Justify your answers. 

15.4 Referring to the local controllability problem discussed in Section 15.3, show that 
(a) the state x(n + q) is a nested nonlinear function of its past value x(n) and the input 

vector uq(n) of Eq. (15.24), and 
(b) the Jacobian of x(n + q) with respect to uin), evaluated at the origin, is egual to the 

controllability matrix Me of Eq. (15.23). 

15.5 Referring to the local observability problem discussed in Section 15.3, show that the 
Jacobian of the observation vector Yin) defined in Eq. (15.30) with respect to the state 
x(n), evaluated at the origin, is equal to the observability matrix Mo of Eg. (15.28). 

15.6 The process equation of a nonlinear dynamical system is described by 

x(n + 1) � f(x(n), u(n» 

where u(n) is the input vector at time n and x(n) is the corresponding state of the system. 
The input u(n) appears in the process equation in a nonadditive manner. In this problem 
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(a) Local activation feedback architecture 
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(b) Local output feedback architecture 
FIGURE P15.7 

we wish to reformulate the process equation so that the input u(n) appears additively. 
This is done by writing 

x'(n + 1 )  � f"w(x'(n» + u'(n) 

Formulate definitions for the vectors x'(n) and u'(n), and the function fnewC). 
15.7 Figure PIS.? presents two examples of recurrent network architectures using local feed

back at the neuronal leyel. The architectures shown in parts a and b of the figure are 
called local activation feedback and local output feedback, respectively (Tsoi and Back, 
1994). Formulate state-space models for these two recurrent network architectures. 
Comment on their controllability and observability. 

Nonlinear autoregressive with exogenous inputs (NARX) model 
15,8 Referring to the NARX model discussed in Section 15.4, show that the use of Eqs. (15.16) 

and (15.17) leads to the following expression for the output yen + q) of the NARX 
model in terms of the state x(n) and input vector uin): 

y(n + q) � <!>(x(n), uq(n) 

where � :  1R2q "---71R, and uq is defined in accordance with Eq. (15.29). 

15.9 (a) TIle derivation of the NARX model in Section 15.4 is presented for a single input, 
single output system. Discuss how the theory described therein can be extended for a 
multiple input, multiple output system. 



Bias 

Input ---_k' 
urn) 

FIGURE P15, 10 

Problems 787 

Output 
yIn + 1) 

(b) Construct the NARX equivalent to the two input, single output state-space model in 
Fig. 15.6. 

15.10 Construct the NARX equivalent for the fully recurrent network shown in Fig. P15.1O. 

15.11 In Section 15.4 we showed that any state-space model can be represented by a NARX 
model. What about the other way around? Can any NARX model be represented by a 
state-space model of the form described in Section 15.3? Justify your answer. 

Back-propagation through time 
15.12 Unfold the temporal behavior of the state-space model shown in Fig. 1S.3. 

15.13 The truncated BPTT(h) algorithm may be viewed as an approximation to the epochwise 
BPIT algorithm. The approximation can be improved by incorporating aspects of 
epochwise BPTI into the truncated BPTT(h) algorithm. Specifically, we may let the net
work through hi additional steps before performing the next BPIT computation, where 
hi < h. The important feature of the hybrid form of back-propagation through time is 
that the next backward pass is not performed until time step n + h'. In the intervening 
time, past values of the network input, network state, and desired responses are stored in 
a buffer, but no processing is performed on them (Williams and Peng, 1990). Formulate 
the local gradient for neuron j in this hybrid algorithm. 

Real-time recurrent learning algorithm 
15.14 The dynamics of a teacher forced recurrent network during training are as described in 

Section 15.8, except for this change: (u (n) if i E .sil 

Un) � d;(n) ifi E '€ 
y;(n) if i E 00 - '€ 
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where ,<;4 denotes the set of indices i for which �I is an external input, � denotes the set of 
indices i for which ti is the output of a neuron, and C(i denotes the set of output neurons 
that are visible. 
(3) Show that for this scheme, the partial derivative ay/n + l )/awk/(n) is given by 

(Williams and Zipser, 1989) 

aYj(n + 1) l ny;(n) ] 
a ( ) 

� <j>' (v/n» L wji(n) -a ( ) 
+ Ilkj�l(n) Wkl n IE-:1'1".(( 'Uhf n 

(b) Derive the training algorithm for a teacher forced recurrent network. 

Decoupled Extended Kalman Filtering (DEKF) algorithm 
15.15 Describe how the DEKF algorithm can be used to train the simple recurrent network 

shown in Fig. 15.3. You may also invoke the use of the BPIT algorithm for this training. 

15.16 In its usual form, DEKF training is carried out with weight updates, instance by instance. 
By contrast, in standard back-propagation, simple gradient updates are performed, 
enabling us to choose to apply the updates immediately or else accumulate the updates 
for some time and then apply them as a single composite update. Although such an accu
mulation could be attempted in the DEKF algorithm, doing so would cause inconsis
tency between the weight vector and the error covariance matrix, which is updated each 
time a recursion is performed to generate a weight update, Thus the use of DEKF train
ing appears to preclude batch updating. However,it is possible to use multistream DEKF 
training, which allows for multiple training sequences and yet remains consistent with 
Kalman filter theory, as described in Feldkamp et al. (1997) and Feldkamp and Puskorius 
(1998). 
(a) Consider the training problem with Nin inputs, NUUl outputs, and a fixed training sam

ple of N examples. From the training sample, form M ::s; N data streams which feed M 
networks constrained to have identical weights. At each training cycle, one pattern 
from each stream is presented to its respective network and the NOUI network outputs 
for each stream are computed. A single weight update is then computed and applied 
identically to each stream's network. Derive the multistream form of the DEKF 
algorithm, 

(b) For example, consider the standard XOR problem with four training patterns. 
Assume that we have a feedforward network that is augmented with a delay-line 
memory connected to the output layer. We thus effectively have four network out
puts: the actual network output fed into the delay-line memory, and three delayed 
versions of it with each one of them constituting a new network output. Now apply 
each of the four training patterns in some order to this network structure, but do not 
perform any weight updates, After the presentation of the fourth training pattern, we 
have four network outputs that represent the processing of the four training patterns 
performed through a network with identical weights, If we consider performing a sin
gle weight vector update with DEKF on the basis of these four training patterns and 
four network outputs, we have a four-stream problem. Chcck this example out. 

Second-order recurrent networks 
15.17 ]n this problem we explore the construction of the parity finite-state automaton using a 

second order recurrent network, This automaton recognizes an odd number of 1 's in an 
arbitrary length sequential string of O's and 1 's, 

Figure P15.17 shows a two-state automaton. States are represented by circles, and 
transitions by arrows, S means we start in that state, state A in the case shown here. The 
thick circle means that whenever we are in that state, shown as state B in the figure, we 
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FIGURE P15.17 

accept the string. The automaton starts seeing strings in state A and loops back to state A 
if we see a 0 and loops to state B if we see a 1. Similarly, when in state B, it loops to state 
B if we see a 0 and loops back to state A if we see a 1. In this way, the automaton is always 
in state A if we have seen an even (including zero) number of 1 '5 and in state B if we have 
seen an odd number of 1 '5. 

More formally, we define the states as Q � lA, B}, S � A as the start state. the 
input alphabet as k 10, I}, the accepting state as F = B, and the state transition func-
tion as: 

S(A,O) � A 

S(A, I) � B 

S(B, 0) � B 

S(B. 1) � A 

These are the equations needed for the application of Eq. (15.9) pertaining to the second
order recurrent network. For more details on finite-state automata, see Hopcroft (1979). 

Encode the above transition rules into the second-order recurrent network. 

15.18 In Section 15.8 we derive the real-time recurrent learning (RTRL) algorithm for a fully 
connected recurrent network using first-order neurons. In Section 15.2 we describe a 
recurrent network using second-order neurons. 

Extend the theory described in Section 15.8 by deriving the RTRL algorithm for the 
training of a second-order recurrent network. 



E pilogue 

Neural networks represent a multidisciplinary suhject with roots in the neurosciences, 
mathematics, statistics, physics, computer science, and engineering, as evidenced by 
the diversity of topics covered in this book. Their ability to learn from data with or 
without a teacher has endowed them with a powerful property. This learning property 
has profound theoretical as well as practical implications. In one form or another, the 
ability of neural networks to learn from examples (representative of their environ
ment) has made them invaluable tools in such diverse applications as modeling, time 
series analysis, pattern recognition, signal processing, and control. In particular, neural 
networks have a great deal to offer when the solution of a problem of interest is made 
difficult by one or more of the following points: 

• Lack of physicallstatistical understanding of the problem 
• Statistical variations in the observable data 
• Nonlinear mechanism responsible for the generation of the data 

The new wave of neural networks (since the mid 1980s) came into being because 
learning could be performed at multiple levels. Neural network based learning algo
rithms have allowed us to eliminate the need for handcrafted feature extraction in 
handwritting recognizers. Gradient-based learning algorithms inspired by neural net
works have allowed us to simultaneously train feature extractors, classifiers, and con
textual processors (hidden Markov models and language models) simultaneously. 
Because of neural networks we have learning all the way down from pixels to symbols. 

Learning pervades every level or intelligent machines in an increasing number of 
applications. It is therefore befitting that this epilogue concludes the book with final 
remarks on some intelligent machines and the role of neural networks in building them. 

INTELLIGENT MACHINES 

790 

With no agreed upon scientific definition of intelligence I and due to space limitations, 
we will not venture into a discussion of what intelligence is. Rather, we will confine our 
brief exposition to intelligent machines in the context of three specific areas of applica-
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tion: pattern classification, control, and signal processing, It is recognized here that 
there is no "universal" intelligent machine; instead, we have intelligent machines for 
specific applications, 

Much of the research effort on neural networks has focused on pattern classifica
tion. Given the practical importance of pattern classification and its rather pervasive 
nature, and the fact that neural networks are so well suited for the task of pattern clas
sification, this concentration of research effort has been largely the right thing to do, In 
so doing, we have been able to lay down the foundations of adaptive pattern classifica
tion. However, we have reached the stage where we think of classification systems in a 
much broader sense if we are to be successful in solving classification problems of a 
more complex and sophisticated nature. Figure ! depicts the layout of a "hypothetical" 
classification system (Hammerstrom and Rahfuss, 1992). The first level of the system 
receives sensory data generated by some source of information. The second level 
extracts a set of features that characterize the sensory data. The third level classifies 
the features into one or more distinct categories, which are then put into global context 
by the fourth level. Finally, we may, for example, put the parsed input into some form 
of a database for an end user. The important features that characterise the system of 
Fig. ! are: 

• Recognition, resulting from the forward flow of information from one level of the 
system to the next as in a traditional pattern classification system 

• Focusing, whereby a higher level of the system is able to selectively influence 
the information processing at a lower level by virtue of knowledge gained from 
past data 

Thus the novelty of the pattern classification system shown in Fig. 1 lies in knowledge of 
the target domain and its exploitation by lower levels of the system to improve overall sys
tem performance, given the fundamental constraint of a limited information processing 

FIGURE 1 Functional 
architecture of an intelligent 
machine for pattern 
classification. 
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capacity. It is our belief that the evolution of pattern classification using neural net
works will be in the direction of creating models that are continually influenced by 
knowledge of the target domain. We envision a new class of intelligent machines for 
pattern classification that offer the following attributes: 

• Ability to extract contextual knowledge, and exploit it through the use of focusing 
• Localized rather than distributed representation of knowledge 
• Sparse architecture, emphasizing network modularity and hierarchy as principles 

of neural network design 

The realization of such an intelligent machine can only be attained by combining 
neural networks with other appropriate tools. A useful tool that comes to mind here is 
the Viterbi algorithm, which is a form of dynamic programming designed to deal with 
sequential information processing2 that is an inherent characteristic of the system 
described in Fig. 1. (The dynamic programing algorithm is discussed in Chapter 12.) 

Control, another area of application naturally suited for neural networks, is also 
evolving in the direction of intelligent control.3 Autonomy is an important objective of 
control system designers and intelligent controllers are one way to achieve it. Figure 2 
shows a functional architecture for an intelligent autonomous controller with an inter
face at one end to the process (plant) involving sensing and an interface at the other 
end to humans and other systems (Antsaklis et aI., 1996; Passino, 1996). The system has 
three functional levels, as summarized here: 

1. Execution level, which has low-level signal processing and control algorithms for 
adaptive control and identification. 

2. Coordination level, which provides the link bctween the execution and manage
ment levels by looking after such matters as tuning, supervision, crisis manage
ment, and planning. 

3. Management and organization level, which provides for the supervision of lower
level functions and management of the interface to the human(s). 

FIGURE 2 Functional 
architecture of an intelligent 
machine for control. 
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Whereas classical control is rooted in the theory of linear differential equations, intelli
gent control is largely rule based because the dependencies involved in its deployment 
are much too complex to permit an analytical representation. To deal with such depen
dencies, it is expedient to use the mathematics of fuzzy systems aud neural network. 
The power of fuzzy systems4 lies in their ability (1)  to quantify linguistic inputs, and (2) 
to quickly give a working approximation of complex and often unknown system 
input-output rules. The power of neural networks is in their ability to learn from data. 
There is a natural synergy between neural networks and fuzzy systems that makes 
their hybridization a powerful tool for intelligent control and other applications. 

Turning next to signal processing, we have yet another fertile area for the appli
cation of neural networks by virtue of their nonlinear and adaptive characteristics 
(Haykin, 1996). Many of the physical phenomena responsible for the generation of 
information-bearing signals encountered in practice (e.g., speech signals, radar signals, 
sonar signals) are governed by nonlinear dynamics of a nonstationary and complex 
nature, defying an exact mathematical description. To exploit the full information con
tent of such signals at all times, we need intelligent machines for signal processing,' the 
design of which addresses the following key issues: 

• Nonlinearity, which makes it possible to extract the higher-order statistics of the 
input signals 

• Learning and adaptation, by means of which the system is enabled to learn the 
underlying physical mechanism of the environment in which it is embedded and 
to adapt to slow statistical variations in the environment on a continuing basis 

• Attentional mechanism, whereby, through interaction with the end user or in a 
self-organized manner, the system is enabled to focus its computing power 
around a particular point in an image or a particular location in space for more 
detailed analysis6 

Figure 3 shows the functional architecture of an intelligent machine for signal process
ing that involves three levels of operation: 

1. Low-level processing, the purpose of which is to preprocess the received signal 
to prepare it for the second level. The preprocessing involves the use of filtering 
to reduce the effects of noise and other advanced signal processing operations 
such as time-frequency analysis.' The aim of time-frequency analysis is to 
describe how the spectral content of a signal evolves and to understand what a 
time varying spectrum is. Specifically, a one-dimensional (temporal) representa
tion of the received signal is transformed into a two-dimensional image with one 
dimension representing time and the other dimension representing frequency. 
Time-frequency analysis provides an effective method for highlighting the non
stationary nature of the received signal in a manner far more discernible than in 
its original temporal form. 

2. Learning and adaptation level, where memory (of a long-term as well as of a 
short-term nature) and an attentional mechanism are built into the design of the 
system. By having the multilayer perceptron, for example, undergo supervised 
learning with a large enough data set representative of the environment in which 
the system is embedded, overall statistical information about the environment is 
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FIGURE 3 Functional 
architecture of an intelligent 
machine for signal 
processing. 

stored in the synaptic weights of the network. To account for slow statistical vari
ations in the environment with time, a blind adaptation scheme (i.e., a continuous 
learning subsystem operating in an unsupervised manner) is appended to the 
output end of the multilayer perceptron. The learning process also includes pro
vision for an attentional networkS whereby the system can focus its attention on 
important features in the received signal by "gating" the flow of information 
from lower to higher levels as the need arises. 

3. Decision-making level, where the final decisions are made by the system. The 
decision could be whether or not a target of interest is present in the received sig
nal as in radar or sonar, or whether the received bit of information corresponds 
to symbol 1 or symbol 0 as in digital communications: levels of confidence in the 
decisions made are also provided. 

We do not claim that the systems described here are the only ways in which intel
ligence could be built into pattern classification, control, and signal processing. Rather, 
they represent systematic ways in which this important objective could be accom
plished. Despite their differences in terms of the domain of application, they do share 
some common features (Valvanis and Saridis, 1992; Passino, 1 996): 

• There is a bidirectional flow of information, from lower to higher levels and back. 
• Higher levels are often concerned with those aspects of the system's behavior 

that are slower in processing time, broader in scope, and longer in horizon time. 
• There is increasing intelligence with decreasing precision as we move from lower 

to higher levels. 
• At the higher levels, there is a decrease in granularity (i.e., an increase in model 

abstraction ) .  

We hegan the discussion of (artificial) neural networks in Chapter 1 by describ
ing the human brain, the source of motivation for neural networks, as a gigantic infor
mation processing machine. It is appropriate to conclude the book with a brief 
exposition of intelligent machines that are the ultimate in information processing by 
artificial means. The struggle to build intelligent machines continues. 
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1. For a philosophical discussion of intelligence from different perspectives, see Ackerman 
(1990), Albus (1991), and Kosko (1992). 

2. The Viterbi algorithm was originally developed by Viterbi (1967) for solving convolu
tional decoding problems in communication theory. For a tutorial treatment of the 
Viterbi algorithm, see Forney (1973). 

For an application in pattern classification that involves the combined use of the 
convolutional network (described in Chapter 4) and the Viterbi algorithm, see LeCun et a1. 
(1997, 1998). 

3. Intelligent control is discussed in the edited books by White and Sofge (1992), Antsaklis 
and Passino (1993), Gupta and Sinha (1996), and Tzefestas (1997). 

4. Fuzzy set theory was originated by Zadeh (1965, 1973) to provide a mathematical tool 
for dealing with linguistic variables (i.e., concepts described in natural 1anguage). For a 
treatment of fuzzy logic in book form, see Dubois and Prade ( 1980). In the book by 
Kosko (1997), a different viewpoint is taken: Fuzzy systems are viewed as function 
approximators. Therein it is shown that fuzzy systems can model any continuous function 
or system provided they use enough rules. 

5. A special issue of the 1998 Proceedings of the Institute of Electrical and Electronic 
Engineers (IEEE) is devoted to the subject of intelligent signal processing (Haykin and 
Kosko, 1998). 

6. A self-organizing system for hierarchical focusing or selective attention is described in 
Fukushima (1988a). The system is a modification of the layered neocognitron also pio
neered by Fukushima (1975, 1988b). The system is able to focus attention on an individ
ual character in an image composed of multiple characters or on a greatly deformed 
character that is also contaminated with noise. 

A self-organized attentional mechanism also features in the development of adap
tive resonance theory (ART) pioneered by Carpenter and Grossberg (1987, 1995). ART 
for adaptive pattern recognition involves the combination of bottom-up filtering and 
top-down template matching. 

7. For a detailed treatment of the many facets of time-frequency analysis, building on the 
classical Fourier theory, see the book by Cohen (1995). 

For the theory and applications of the Wigner distribution, an important tool for 
bilinear/quadratic time-frequency representations, see the book by Mecklenbrauker and 
Hlawatsch (1997). 

For a different perspective, where we think in terms of scale in place of frequency, 
sec the book by Vetterli and Koracevic (1995) on wavelets and the related topic of sub
band coding. 

S. In van de Laar et a1. ( 1997), a neural network model for selective covert visual attention is 
described. The model is able to learn to focus its attention on important features, depend
ing on the task to be fulfilled, by modulating the flow of information in the preattentive 
stage. 
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Activation fUnction, 1 1 ,  168 
definition of, 1 1  
nonmonotanic, 519, 726, 731 
types of, 12-15, 168-169 

Activation potential, see i,nduced local field 
AdaBoost, 360, see also Boosting, ' 

error performance, 362 
summary of algorithm, 362 

Adaptive filtering, 1 18-120, 
adaptive process, 120 
filtering process, 120 

Adaptive pattern classification, experiments on, 187, 
305,337, 468 

Adaptive principal components extraction (APEX) 
algorithm, 422--429 

Adaptive resonance theory,41, 795. 
Additive model, 650-651, 676-677 
Algorithm, origin of the term, 106 
An information-theoretic criterion, 253 
Anti-Hebbian learning, 56, 423 
Architectural graph, 18 
Artificial intelligence, 34 
Array antenna processing, leA for, 513 
Associative Gaussian mixture model, 366 

mixture of experts (ME) model, 368 
probabilistic generative model, 367 

As)mptotic stability theorem, 406 
Attentional neurocomputing, 74, 793, 795 
Attractors, 674 

basic of attraction, 675 
fixed-point, 675 
hyperbolic, 675, 774 
manipulation of, 680 
strange, 709-722 

Automata, finite-state, 747 
Autoregressive model, 3 1 , 471 
Axon, 7 

Backgammon, 630 
Backprop, see Back-propagation algorithm 
Back-propagation algorithm, 161-175 

accelerated convergence, 233-234 
batch mode, 172 
computational efficiency, 229-230 

convergence, 231 
delta rule, 166 
generalized delta rule, 170 
heuristics, 178-184 
initialization, 182 
learning rate, 169-171 
local gradient, 163 
local minima, 231 
momentum, 170 
output representation and decision rule, 184-187 
scaling, 232 
sensitivity, 230 
sequential mode, 171-172 
stopping criteria, 173 
summary, 173-175 
temporal, 652--658 
virtues and limitations, 226-233 

Back-progation through time, 751-756 
computational complexity, 771 
epochwise,752-754 
ordered derivative, 755-756 
practical considerations, 755-756 
truncated, 754-755 

Barlow's hypothesis, 504 
Bayes classifier, 143-148 

Bayes risk, 143 
Bernoulli variables, 581 
Bias/variance dilemma, 87 

approximation error, 88 
estimation error, 88 

Biomedical records, leA for, 513 
Bit" 486 
Blind deconvolution, 534 
Blind signal (source) separation, 72, 512 
Boltzmann distribution, see Gibbs distribution 
Boltzmann machine, 562-569 

deterministic, 578-579 
learning rule for, 60-61, 566-568 

Boosting, 357, 387 
AdaBoost,360 
filtering method, 357 
reweighting method, 357 
subsampling method, 357 

Bounded, one-sided saturated function, 749 
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Brain, 6 
�tructural organizati�Jn of levels, 9 

Brain-state-in-a-hox (BSB) model, 703-709 
clustering, 707-709 
dynamics of, 706--707 
Lyapunov function of,705-706 
net work of networks using, 722 

Broyden-Fletchcr-Glodfarb-Shanno algorithm, 244 

Cascade-correlation learning, 250 
Cauchy-Schwarz inequality. 140 
Cerebral cortex, cytoarchitectural map, j () 
Chaos, 709-722 

correlation dimension, 713 
definitiun of, 714 
Lyapunov exponents, 713-714 
dynamic reconstruction of, 174-7 1g 

Chernoff bound, 193 
Church-Turing hypothesis, 748 
Classification and regression tree (CART), 374 
Cocktail party phenomenon, 72, 109,534 
Cohen-Grossberg theorem, 701-703, 705 
Combinatorial optimization, 560 

analogy with statistical physics, 561 
Committee machines, 351 
Competitive learning, 56, 294, 448 

rule for, 59 
Computational complexity, 104, 21)2 

exponential time algorithms, 347 
polynomial time algorithms, 347 

Condition number, 132 
Conjugate-direction method, 238 
Conjugate-gradient method, 236-242 

Brent's method, 242 
comparison with Quasi-Newton's method, 244-245 
Fletcher-Reeves formula, 239 
line search, 240--242 
Polak-Ribiere formula, 239 
residual. 239 
summary of, 243 

Correctionism, 226-227 
Content-addressable memory, see Hopfield model 
Contextual maps, 474 
Continuous learning, 83, 750 
Convergence in prohahility, 91 
Convolution networks, 29, 245-247 
Correlation coefficient,473, 507 
Correlation matrix, 127, 397 
Correlation matrix memory, 79-83 

relation to LMS algorithm, 153 
Cortical (computational) maps, 9, 444, 477 
Cover's theorem on the separability of patterns, 

257-261, 
Cross-correlation vector, 128 
Cross-validation, 213-218 

early stopping method, 215-217 
generalized,288 
leave-one-out method, 218 
model selection, 214-215 
multifold cross-validation, 217-21R 

Credit-a�signment problem, 62, 164, 603 
Cumuiants, 516 
Curse of dimensionability, 211-212, 291-292, 617 

Darwinian selective learning, 106 
Darmois' theorem, 543 
Davidon,Fletcher-Poweli algorithm, 244 

Delta,bar-delta learning, 251,253 
Dendrites, 7 
Delt:rmini-;tic annealing, 586--592 

analogy with EM algorithm, 5n 
c1ustering,5R6--591 
Hidden Markov models, 596 
pattern classification, 596 
regres<;ion,596 
vector 4uanti/.ation, 596 

Differential entropy, 488 
Differentiation with respect to a vector, 1.'::1-151 
Dimensionally reduction, 401 
Dot product, see Inner product 
Dynamic programming, 603 

asynchronous, 631 
B�llman's optimality equation, 609-610 
dynamic programming algorithm, 608-609 
Gauss-Seidel method, 631 
principle of optimality, 607-608 

Dvnamic reconstruction 714-718 -
cmbedding delay, 715 
method of false nearest neighbors, 7Ui 
recur�ive prediction, 716--717 
Takcns' theorem,715 

Dynamical systems, 666--669 
definition -of. 666 
Lipshitz condition, 668-669 
state (phase) portrait, 667 
state �pace, 666-668 

E-insensitive loss function, 339-340 
Echo-localing bat, 1,33 
Edgeworth expansion, 540 
Eigervalues, 398 
Eigervalue problem 398 
Eigervectors, 398 

dominant. 403 
Empiric2l risk functional, 91 

strict consistency, 92 
Empirical risk minimization, principle of. 92 
Ememblc averaging method of learning, 353, 387 
Entropy, in information-theoretic sense, 487 
Entropy, in thermodynamics sense, 548 
Equivariant property, 520-521 
Error back-propagation algorithm, see Back-

propagation 
Error-correction learning, 5 !  
Error en�rgy, 52 
Error-performance surface, 63 
Euclidean distance, 26 
Euler-Lagrange equation, 270-271 
Excitatory-inhibitory network, see Gradient descent-

gradient ascent dynamics 
Expectation-maximization (EM) algorithm, 381-382, 

applied to HME model. 383 

Factorial distribution, 4%, 5R! 
Feature space, 199, 258,329 
FUl:dback, 14, 18 

global, 664 
local. 664, 786 

Feedforward networks, 21, 156,256 
fully-connected,22 
multilayer, 21 
partially-connected,22 
single-layer, 21 

Financial market data analysis, leA for. 513 



Finite-duration impulse response filters, 64R 
Fisher's information matrix. 3RR 
Fisher's linear discriminant, 201-202 
Fletcher-Reeves formula. 239 
Frcchct differential, 2615-270 
Free energy. 547 
Fuzzy systems. 793 

Gamma memory, 639--640 
Gauss-Newton method, see Optimization techniques. 

unconstrained 
Generalization. 2, 25. 205-208 

training set size for, 208 
Generalized cross-validation, 287-289 
Generalized Hebbi,m algorithm (GHA),414 

convergence, 416 
optimality of. 417 
summary, 418 

Generalized Lloyd algorithm, 456 
Generalized sideloke canceler. 74 
Gibbs distribution. 547, 594, 599 
Gibbs sampling, 561-562 

convergence theorem. 562 
ergodic theorem, 562 
rate of convergence theorem. 562 

Global minima. definition, 24Y 
Gradient descent-gradient ascent dynamics. 724 
Gram-Charlier expansion, 515, 537-540 
Green's function, 271 
Gre(:n's identity. 270 
Green's matrix. 274 
Growth function, 94 

H", criterion. 151 , 230 
Heaviside function, see Threshold [unction 
Hebbian learning, 55 

covariancc hypothesis. 57 
generalized,79 
Hebb's postulate, 57, 394 
synaptic enhancement, 56 

Hebbian synapse, 55 
anti-Hebhian.56 
properties of, 55 

Helmholtz machine. 574-575 
Hessian matrix, 124, 204 

computation of inversc. 224-225 
Hes(eness-Stiefel formula, 254 
Hidden Markov models, 596, 643 
Hidden neuron, 21 .  157 
Hierarchical clustering, 438 
Hierarchical mixture of experts (HME) model, 372 

learning strategies for, 380 
Hierarchical vector quantization,470 
Hilbert space, 269, 309 
Hopfield model (network). 680-696 

energy function, 682 
energy landscape, 686 
fundamental memories (prototype states). 687 
mixture states, 701 
learning rule for. 6YO 
load parameter, 694 
retrieval (recall) phase, 689-6YO 
revcrse fundamental memories, 699-701 
signal-to-noise ratio, 694 
spin-glass states, 701 
spurious states, 6Y2--693 
storage capacity. 693--696 

stomge phase of learning, 68R--f189 
Hotelling's denatiun technique. 416 
Hybrid systems, 37, 793 
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Hyperbolic tangent function as a�tivation function, 
13, 169 

Identity map. see Replicalor 
Image coding, 419 
Independent components analysis, 510-525 

activution function for, 517-519 
convergence considerations of learning algorithm, 522 
equivariant property. 520-521 
learning algorithm for, 519-520 
TIutural gradient for, 521 
performance index for, 525 
stability of learning algorithm, 521-522 

Induced local field. definition, 1 1  
Infimum. 91 
Influence matrix, 286 
Information preservation rule, 373 
Information-theoretic models of neural networks, 484 
Informon, 537 
Inner product, 2fi 
Inner-product kernel, 330. 433 
Inner-product space. 310 
Integrate-and-fire neuron, 725-726 
Intelligent machines, 790--794 

for control, 792-793 
for pattcrn recognition, 791-792 
for signal processing, 793-794 

Interpolation theorem, 262-264 
interpolation matrix, 264 

Inverse problems, 265 
conditions for well-posedness, 266 

Iteratively reweigh ted least-squares, 3SY 

Jacobian matrix. 125, 204.670 
computation of, 202-204 

Jensen\ inequality, 39[ 

Kalmar filters, 151 , 762-765 
conversion factor, 765 
divergence phenomenon, 765 
error-covariance matrix. 764 
filtered e�timation error, 765 
innovations, 763 
square Toot, 763 
summary, 764 

Kalman filter, decoupled extended. 765-770 
artificial process noise, 769 
computational complexity, 770--771 
multistream,7SS 
summary, 769-770 

Karhunen-Loeve transform, see Principal components 
analysis 

Kernel matrix, 433 
Kernel principal components analysis. 432 

summary, 435 
Knowledge, definition, 23 
Kullback-Leibler divergence (distance), 487. 495--497 

pythagorean decomposition, 497 
relation to mutual information, 4% 

Lateral inhibition, 59 
Learning. 25 

definition, 50 
statistical theory, 84 
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Learning tasks, 66 

beamforming,73 
controL 70 
filtering, 71 

Index 

function approximation, 68 
pattern association, 66 
pattern recognition, 67 

Learning vector quantization, 467 
Learning with a teacher, 63 
Learning without a teacher. 64 
Least-mean-square (LMS) algorithm, 12R-- 135 

convergence, 130-132 
LMS-Newton algorithm, 153 
learning curve. \33-134 
learning-rate annealing, 134-135 
misadjustment,133 
normalized LMS algorithm, 152 

Least-squares filteT, linear, 1 26--12R 
Likelihood ratio, 145. 188 

log-likelihood ratio, 146 
Likelihood ratio te5t. 145 
Line '>earch, 240-242 
Linear separability, 138 
Linsker's model of mammalian visual system, 395 
Little modeL 72f, 

, 

Local minima, definition, 249 
Logistic function, 14, 45, 1 f,8 
Long-term potentiation (LTP), 107 
Lyapunov\ theorems, 673--674 

Lyapunov function, 674 

Mahalanobis distance, 27 
Marginal entropy, 497 
Markov blanket, 583 
Markov chains, 548-556 

Chapman-Kolmogorov identity, 550 
classification, 555 
definition. 548 
ergodic, 551 
ergodicitv theorem, 552 
irredueib-le, 550-551 
principle of detailed balance, 555-556 
recurrent properties, 550 
state-transition diagram, 553 
stochastic matrix, 549 
transition probabilities, 549 

Markovian decision processes, 604---606 
Matrix inversion lemma, 225 
Maximum a posteriori (MAP) estimativn, 389 
Maximum eigonfilter, Hebbian based,4()4 

stability, 408 
Maximum entropy method for blind source separation, 

529-533 
equivalence with maximum likelihood, 531 
learning algorithm. 532-533 

Maximum entropy (Max Ent) principle, 490 
Maximum likelihood estimation, 378 

log-likelihood function, 379 
properties. 388 

Maximum likelihood estimation for blind source sepa
ration, 525-528 

relationship with independent components analysis, 
527-52R 

Maximum mutual information (Informex) principle, 
484.499-503 

model for perceptual system, 504-505 
relation to redundancy reduction. 503-505 

McCulloch-Pitts model, 14,38,135 
Mean-field theory. 576-57H 
Memory. 75 

associative. 67 
correlation matrix. 79-83 
crosstalk, HI 
distributed. 75 
long-term. 75 
recall, 80 
short-term. 75 

Memory, short-term structures. 636-640 
memory depth, 63H 
memorv resolution, 638 

Memory-based learning, 53 
k-nearest neighbor rule, 54 
nearest neighbor rule, 54 

Mercer's theorem. 331 
Method of Lagrange multipliers, 223, 323, 490 

dual problem, 323. 328. 342 
duality theorem. 324 
Kuhn-Tucker conditions, 323 
primal problem, 323, 32S, 342 

Method of steepest descent, see Optimization tech-
niques, unconstrained 

Metropolis algorithm, 556-558 
Michelli's theorem. 264-265 
Minimum description length (MDL) criterion, 253 
Minimum-norm solution. see Pseudoinverse 
Minor components analysis (MCA), 440 
Mixture of experts (ME) model, 368 
Model-reference adaptive control. 780-782 
Modularitv, definition 352 
Monomia{s, 259 
Multilayer pcrccptrons. 156 

bounds on approximation error, 209-211 
feature detection. 199.227 
feature space, 199 
recurrent, 730--737 

Multinomial probability, 369 
Multivariate Gaussian functions (distributions). 275, 

297,492 
Mutual information, 492 

for self-organized learning. 4IJ8 
properties, 493 

NP-complete problems, 347 
Nadaraya-Watson regression estimator, 290, 479 
Natural gradient, 521, 540 
Nats,486 
Neeognitron, 108, 25 J ,  795 
NETtalk, 642-641 
Network pruning techniques, 2 18-226 

approximate smoother. 221-222 
complexity regularization, 2 19-222 
optimal brain damage, 222 
optimal brain surgeon, 222-226 
weight decay. 220 
weight elimination. 220 

Neural networks. 
adaptivity, 3 
an:hitectures, 2 1  
definition, 2, 17 
fault-tolerance, 4 
input-output mapping. 3 
invariances built into, 29 
neurobiological analogy. 4 
properties. 2 



Neurodynamic programming, 603-634 
finite-horizon problems, 606 
infinite-horizon problems, 606 
policy, 106 
relation to reinforcement learning, 603 

Neuron, 7 
models of, 10, 15 

Neuronal filters, 
distributed,648 
focused, 644 

Neuromorphic systems, S 
Newton's method, 235 
Neyman-Pearson criterion, 28 
Nonlinear principal components analysis, 434, 440 
Normed space, 267,309 

Occam's razor, 206, 363 
Optimal brain surgeon algorithm,226 
Optimal hyperplane, 320 

quadratic method for computing, 322-325, 326 
statistical properties, 325 

Optimization techniques, unconstrained, 121-126 
Gauss-Newton method, 124-126 
method of steepest descent, 121-122 
Newton's method, 122-124 
quasi-Newton methods, 242 

Ordered derivatives, 755 
Orthogonal similarity transformation, 399 
Outer product rule, see Hebbian learning 

Partition function, 547 
Perceptron, 135-143 

relation to Bayes classifier, 143-148 
Perceptron convergence algorithm (theorem), 141 

summary, 142 
Piecewise-linear function, 14, 703 
Plasticity, 1 
Polak-Ribiere formula, 239 
Policy, 606 
Policy iteration, 610-612 

approximate, 619--622 
Positive definite matrix, definition, 151 
Prediction, 72, 645, 771 
Principal components, definition, 400 
Principal components analysis, 396 

adaptive methods, 431 
batch methods, 431 
decorrelating algorithms, 430 
eigerstructure, 397 
nonlinear,434,440 
principal subspace, 430 
reestimation algorithms, 430 

Principal curves (surfaces), 440, 461 
Principle of detailed balance, 555-556 
Principle of minimal free energy, 548 
Principle of minimum redundancy, 504 
Principle of orthogonality, 85, 402 
Principle of topographic map formation, 445 
Probably approximately correct (PAC) model, 

102-105,357 
Probability of correct classification, 191 
Probability of error (misclassification), 191 
Pruning, see Network pruning techniques 
Pseudo-differential operator, 276 
Pseudoinverse, 127,284 
Pseudotemperature, 15, 547 

Q-factor, 610-611 
Q-learning, 622--627, 631--632 

approximate, 624-625 
convergence theorem, 623 
exploration, 625--627 

Quadratic programming, 345 
commercial libraries, 348 

Quasi-Newton method, 242 

Radial basis functions, 264 
Gaussian, 264. 275, 297 
inverse multiquadric, 264 
multiquadric,264 
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Radial basis-function (RBF) networks, 256 
approximation properties, 290-293 
comparison with multilayer perceptron, 293 
computational complexity, 292 
generalized, 278-280 
learning strategies, 298-305 
normalized,296 
relation to kernel regression, 294 
sample complexity, 292 

Random walk, 597 
Real-time recurrent learning, 756-762 

computational complexity, 771 
sensitivity graph, 761 
summary, 760 
teacher forcing, 762, 787 

Receptive fields, 28, 45, 87, 282 
Recurrent (neural) networks, 18, 23, 677--678 
Recurrent networks, dynamically driven, 732-789 

computational power, 747-749 
controllability and observability, 741-742 
heuristics, 751 
input-output model, 733-735 
learning algorithms, 750-751 
local controllability, 743-744 
local feedback, 786 
local observability, 744-746 
network architectures, 733-739 
nonlinear autoregressive with exogenous inputs, 

746-747 
recurrent multilayer perceptrons, 736-737 
second-order models, 737-739 
state-space model, 735-736, 739-746 
vanishing gradients, 773-776 

Recursive least-squares (RLS) algorithm, 151 
Redundancy, 394, 503 

measure for, 505 
Regression, 

kernel, 294-298 
nonlinear, 85, 285 
ridge,311 

Regression surface, 371 
Regularization network, 277-278 
Regularization theory, 219, 267 

applied to dynamic reconstruction, 718 
regularization parameter, 268, 284-290 

Reinforcement learning, 64-65, 603, 631 
Relative entropy, see Kullback-Leibler divergence 
Relative gradient, see Natural gradient 
Replicator, 227-229, 250-251 
Retina, 5 
Reimannian space, 540 
Riesz representation theorem, 269 
Robustness, 151, 230 
Rosenblatt's perceptron, see Perceptron 
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Saddle pain , ' ...... .. • 
Saliency, 223 
Sample complexity, 104 
Sauer's lemma, 99, 1 1 0  
Schlafli's theorem, 309 
Search-then-convergence learning schedule, 135 
Self-organization, 65, 393 

principles of, 393 
Self-organizing maps (Kohenen's model),446 

batch version, 459 
competitive process, 448, 478 
conscience algorithm, 481 
convergence phase, 453 
cooperative process, 449 
density matching, 460 
neighborhood function, 450 
ordering phase, 452 
properties, 454 
rcnonurmalized aigorithm,450, 483 
summary, 453 
synaptic adaptation, 451, 478 
topological ordering, 459 

Semantic maps, sec Contextual maps 
Sensitivity, 203, 230 
Shape-from-shading, 438 
Sigmoid belief networks, 569-574 

deterministic, 579-586 
learning rule, 571-573 
mean-field distribution, 580 
mean-field equation, 583 

Sigmoid function, 14 
Signal-flow graph, 15 

basic rules, 1 6  
Singular value decomposition, 431 

singular values, 43\ 
singular vectors, 431 

Simulated annealing, 558-560 
annealing schedule, 559--560 
combinatorial optimization, 560-561 

Slack variables, 327,341 
Smoothing, 72 
Smoothness, measurc of, 310 
Spatially coherent features, 506--508 
Spatially incoherent features. 508-510 
Spectral theorem, 399 
Spectrogram, 642 
Splines, 

thin-plate, 312 
Stability, 672-673 

Lyapunov's theorems, 673-674 
Stability-plasticity dilemma, 4 
Stagecoach problem, 614-617, 627--629 
State-space model of recurrent network. 739-746 
Statistical independence, 495 
Statistical mechanics, 546-548 
Stochastic machines rooted in statistical mechanics, 

545-595 
Storage capacity of a surface, 261-262 
Stochastic approximation, 135 
Structural risk minimization, 100--102 
Sub-Gaussian distribution, 541 
Super-Gaussian distribution, 541 
Supervised learning, 63 

as ill-posed hypersurface reconstruction problem, 
265-266 

as optimization problem, 234-245 

suppo,,�j" l  4 7 
Support vector machines, 318 

comparison with back-proprogation learning, 
338--339 

optimum design, 332 
pattern recognition, 329 
regression 340 

Subspace decomposition, 403 
Supremum, 91 
Synapse, 6 

chemical synapse, 6 
Synaptic convergence, 16 
Synaptic divergence, 17 
System identification, 120,659,776--779 -

input-(1utput model, 77R--779 
state-space model, 776-778 

Tapped-delay-line memory, 638--639 
TD-gammon, 631 
Temporal difference learning, 631 
Temporal processing, 635--663 

network structures for, 640-643 
Threshold function, 12 
Tikhonov functional, 268 
Tikhonov-Philips regularization, see Regularization 

theory 
Timc.635 

explicit representation, 635 
implicit representation, 635 

Time-delay neural network, 641-643 
Timc-frequency analysis, 795 
Time-lagged feedforward networks, 636, 659 

distributed,651 
focused, 643--646 
universal myopic mapping theorem. 646--647 

Topographic maps, 8 
Travelling salesman problem, 597-598 

solution using Hopficld model, 723-724 
Turing machine, 748 

Unit-delay operator. 19 
Universal approximation theorem, 208-209, 229 
Universal myopic mapping thcorem, 646--647 
Unsupervised learning, 65 

Value iteration, 612--617 
Vanishing gradients problem, 773-776 
VC dimension, 94-98 

bounds. 97, 1 1  () 
definition, 95 

Vestibule-ocular reflex, 5 
Voronoi cells, 466 
Volterra models, 762 

Weak learning modeL 358 
Weierstrass theorem, 249 
Weight-sharing, 28, 89 
Weighted norm, 280 
Wiener filters. 127-128 
Willshaw-von der Malsburg's model, 446 
Winner-takes-all neuron, 5H 
Woodbury's equality, see Matrix inversion lemma 

XOR problem, 175-178, 252. 260-261, 282-284, 335-337 

Z-transform, 637 
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